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Abstract: Two variations of Arhangelski’s inequality |X| < 2XX)-L(X) for Hausdorff X [Arhangel’skii A.V., The power of bicom-
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1. Introduction

In [4] the Hausdorff number (finite or infinite) H(X) of a topological space X is defined as the smallest cardinal 7 such
that for every subset A C X, |A| > 7, there exist neighborhoods U,, a € A, such that (),c, Us = 0. A space X is said
to be n-Hausdorff if H(X) = n (where n > 2 is finite). Of course, a space is 2-Hausdorff iff it is Hausdorff. For every
finite n, n-Hausdorff implies (n + 1)-Hausdorff, but there are (n+ 1)-Hausdorff spaces which are not n-Hausdorff [4].
The notion of Hausdorff number was also used in [10].

A space X is Urysohn if for any a,b € X with a # b there exist neighborhoods U, > a and U, 3 b such that
U, N Uy, = @. In [6] the Urysohn number (finite or infinite) U(X) was introduced as the smallest cardinal T such that
for every subset A C X such that |A| > 7 one can pick neighborhoods U, 3 a for all a € A so that (., U, = 0.
A space X is n-Urysohn (where n > 2 is finite) if U(X) = n; of course, a space is 2-Urysohn iff it is Urysohn. The notion

of Urysohn number was also used in [5-10].
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We use standard notation and terminology following [11, 13]: k denotes infinite cardinal; w is the first infinite cardinal,
L(X), ¢(X), c(X), x(X) denote the Lindelof number of X, the pseudocharacter of X, the closed pseudocharacter of X
and the character of X, respectively. Further, if A is a subset of a space X, [A]" denotes the family of all subsets of A
whose cardinality < m.

The Hausdorff pseudocharacter of X, denoted Hy(X), is the smallest « such that for each point x there is a col-
lection {V(a,x) : a < «k} of open neighborhoods of x such that if x # y, then there exist @, < « such that
V(a,x) N V(B,y) = B [14]. The cardinal function Hy(X) is defined only for Hausdorff spaces X. The following holds:

P(X) < Pe(X) < HY(X) < x(X).

In [17] Stavrova introduced the following cardinal invariant: the Urysohn pseudocharacter of X, denoted U¢(X), is the
smallest k such that for each point x there is a collection {V(a,x) : @ < «} of open neighborhoods of x such that if
x # y, then there exist a,B < « such that V(a,x) N V(B,y) = @. The cardinal function U¢(X) is defined only for
Urysohn spaces X. The following holds:

PX) < dhe(X) < HP(X) < UP(X) < x(X).

In [4] Bonanzinga defined the n-Hausdorff pseudocharacter of X (where n > 2 is finite), denoted n-Hy(X), as the
smallest k such that for each point x there is a collection {V(a,x) : a < k} of open neighborhoods of x such that
if x1,...,x, are distinct points from X, then there exist aj,...,a, < k such that ﬂf=1 V(ai,x;) = @. The cardinal
function n-Hy(X) is defined only for n-Hausdorff spaces X. Of course, if X is a Hausdorff space, the 2-Hausdorff
pseudocharacter of X is the Hausdorff pseudocharacter of X.

The following cardinal function n-U¢(X) is defined only for n-Urysohn spaces X.

Definition 1.1.

The n-Urysohn pseudocharacter of X (where n > 2), denoted n-U¢(X), is the smallest k such that for each point x
there is a collection {V(a, x) : @ < «} of open neighborhoods of x such that if xq, ..., x, are distinct points from X, then
there exist aq, ..., a, < k such that ﬂ; V(g x;) = 0.

Of course Ug(X) < k implies n-U(X) < k, for every n > 2. For every n > 2, wU{p}, p € w* is a countable n-Urysohn
space such that n-Ug)(X) = w which is not first countable.

In [5] an (n + 1)-Urysohn space which is not n-Urysohn, n > 2, is constructed. The same space can be used to construct
the following example.

Example 1.2.
There is an (n+1)-Urysohn space such that (n+1)-U¢(X) = w and n-U(X) is not defined.

Proof. Denote R} = {x = (x1,...,x,) € R" : x; = 0}. Put X(n) = Xo U Xy, where Xo = RINQ" and X; = {x =
(x1,...,xn) € Q" : x4 > 0}. Pick (n—1)-dimensional hyperplanes my,..., 7w, € R" such that (1) each of m,..., 7,
contains the origin, (2) normal vectors to mq,...,m, are linearly independent, and (3) for every x € X(n) and i €
{1,....n}, (x+m) N X(n) = {x}. Partition X, into n pairwise disjoint dense (in the Euclidean topology) subspaces X{,
ie{1,...,n}.

Topologize X(n) as follows. X; is open. Points of X} have neighborhoods as in the restriction of the Euclidean topology
of R" to X{. Let x =(x1,...,x,) € X;. Fori € {1,...,n} and € > 0, denote

LX) =(x+m)NRg, i=1,...,n, Uie(x) = {g € X{ : d(q, Li(x)) < €},

where d is the Euclidean distance. The sets Uc(x) = {x} U {U;(x) : 1 < i < n} are basic neighborhoods of x. Since X
is a first countable (n +1)-Urysohn space, we have that (n+1)-U¢(X) = w. O

331

Unauthenticated
Download Date | 7/24/18 8:37 PM



On the cardinality of n-Urysohn and n-Hausdorff spaces

332

The following definition is a paraphrase and combination of [17, Definitions 2, 3, 6].

Definition 1.3.

Let X be a Hausdorff space (Urysohn space, resp.) and for each x € X let H(x) = {V(a,x) : a < x} be a collection
of open neighborhoods of x which is closed under finite intersection and such that if x # y, there exist a, B < « such
that V(a,x) N V(B,y) = 0, resp. V(a,x) N V(B,y) = @. Then we say that H = {H(x) : x € X} canonically realizes
Hy(X) < « (realizes Ug(X) < k, resp.).

We can introduce the following generalization of the previous definition.

Definition 1.4.

Let n > 2, X be an n-Hausdorff space (n-Urysohn space, resp.) and for each x € X let H(x) = {V(a,x) : @ < «} be
a collection of open neighborhoods of x which is closed under finite intersection and such that if x4, ..., x, are distinct
points from X, then there exist a1, ..., a, < k such that (/_; V(a;, x;) = @, resp. (i_; V(ai, x;) = 8. Then we say that
H = {H(x) : x € X} canonically realizes n-HY(X) < «k (H realizes n-U(X) < «k, resp.).

Many variations of Arhangelskii's inequality |X| < 2XX)tX) for Hausdorff X [1] are known in the literature (see [15] for a
survey). Some of these variations involve certain cardinal functions that are a priori less than or equal to the character
and Lindeléf number.

The almost Lindelsf degree of X is aL(X) = min{« : for every open cover U of X, there is a subfamily Uy C U such
that [Ug| < k and J{U : U € Uo} = X} (see [15, 17]; in [3, 19] this function is denoted as aL (X, X)). In [3] Bella
and Cammaroto proved that if X is a Urysohn space, then |X| < 221X |n [17] Stavrova strengthen this result
replacing x(X) with Ug(X).

Theorem 1.5 ([17]).
If X is a Urysohn space, then |X| < 23-X)-U¢(X),

Recently, relative versions of cardinal functions were considered by many authors (see, for example [2, 12, 16]). In [12]
the following cardinal function was introduced: if Y is a subset of a space X, L(Y, X) is the minimum « such that for
every open cover U of X there exists a subfamily Uy C U covering Y such that [Ug| < k. For Y = X this reduces to L(X).

Theorem 1.6 ([17]).
If X is a Hausdorff space and Y C X, then |Y| < 2L X)HuX),

In this paper we extend Theorems 1.5 and 1.6 to the class of spaces with finite Urysohn number and finite Hausdorff
number respectively.

2. Cardinality of cl”*() and cl}()

Recall that the B-closure of a set A in the space X is the set cly(A) = {x € X : for every neighborhood U > x,
UNA=+@}[18]. Aset Ais called 8-closed if A = clg(A).

Let X be a space. Consider the family H = {H(x) : x € X} where, for every x € X, H(x) is a collection of neighborhoods
of x. For every A C X denote by cl™(A) the set

’(A) = {x € X: UNA+0 for every U € H(x)}
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(see the proof of [14, Theorem Il] where this set is denoted as A* and [17, Definition 7] where it is denoted as (A)3) and
by cl}f(A) [17] the set
clg (A) = {x € X : UNA#+0 for every U € H(x)}.

We have cl”(A) C cl7'(A) and clg(A) C cl3 (A). In[17, Lemma 2], it was proved that if A is a subset of an Urysohn space X
and H realizes Uy(X) < k, then |clz{(A)| < |AJ*. The argument from [17, Lemma 2] needs only a slight modification to
restate the result in terms of finite Hausdorff number and finite Urysohn numbers.

Proposition 2.1.

Foraset X and A C X, iffor each x € X, H(x) = {V/(a, x) : a < k} denotes a collection of subsets of X containing x which
is closed under finite intersection and such that if x, ..., x, are distinct points from X, then there exist oy, ..., a, < K
such that (_; V(ai, x;) = 8, we have that |cl” (A)| < |A<.

Proof. Letx € cl™(A). PutA, = {a(a,x) € V(a,x)NA: a € k}. Then x € cl”(A,). We have that x € cl”(V(a, x)NA)
for every a € k. Indeed, fix € k and V(B,x) € H. Since H is closed under finite intersection, there is y € k such
that V(y,x) = V(B,x) N V(a,x). From x € c’"(A) it follows that @ # V(y,x) N A, = (V(B,x) N V(a,x)) N A, =
V(B,x) N (V(a,x) NAy). Put T, = {V(a,x) NA, : a € k}. Note that I', is a centered family. Since A, € [A]5, then
V(a,x) N A, € [A%, hence T, € [[AI]™.

We claim that the mapping x — I, is (< n)-to-one. Assume the contrary. Then there is a subset K C cl’(4) such that
|K| = n and I, is the same for every x € K. Call it just I". Pick V(ay,x) € H for all x € K so that

(] Vie.x) =0. (%)

xek

Then for every x € K, V(ay,x) N A, €T, =T. So by (%), " is not a centered family. On the other hand since ' =T,
for some x, [ must be centered. A contradiction.

So the mapping x — I from cl*(A) to [[A]S“]SK is (< n)-to-one and thus |cl”(A)| < n-|A] = A~ O

Corollary 2.2.
For a set A in a space X, if H(X) = n > 2 is finite and 3{ canonically realizes n-Hy(X) < k, then |cl%(A)| < A«

Proposition 2.3.

Foraset X and A C X, iffor eachx € X, H(x) = {V/(a, x) : a < k} denotes a collection of subsets of X containing x which
is closed under finite intersection and such that if x4, ..., x, are distinct points from X, then there exist a1, ..., q, < K
such that (', V(a;, x;) = @, we have that |cl3f(A)| < |A~.

Proof. Let x € cly'(A). Put A, = {a(a,x) € V(a,x))NA: a € k}. Then x € cly'(A,). We have that x € cly' (V(a,x)N
AX) for every a € k. Indeed, fix a € k and V(B, x) € H(x). Since H(x) is closed under finite intersection, there is y € «
such that V(y,x) = V(B8,x) N V(a,x). From x € cl}*(A,) it follows that § # V(y,x) N A, = V(B,x) N V(a,x) N A, C
V(B.x) N (V(a,x) NA).

Put I'y = {V(a,x) N A, : a € k}. Note that [, is a centered family. Since A, € [A]S%, then V(a, x) N A, € [A]S%; hence
I e [[A=]™

We claim that the mapping x +— [, is (< n)-to-one. Assume the contrary. Then there is a subset K C clgC(A) such that
|K| = n and I is the same for all x € K, call it just I". Pick V(ay, x) € H(x) for all x € K so that

() Vie.x) =0. (%)

xek

Then for every x € K, V(ax,x) NA, € T, =T, so by (%), [ is not centered. On the other hand, since ' = I, for

<k

some x, [ must be centered. A contradiction. So the mapping x — I, from cl3 (A) to [[A]g“] is (< n)-to-one, and thus
|clg (A)] < n - (JA1) = A .
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Corollary 2.4.
For a set A in a space X, if U(X) = n (where n > 2 is finite) and H realizes n-U(X) < «, then |clgc(A)| < A

3. On cardinality of n-Hausdorff and n-Urysohn spaces, where n > 2 is finite

Now we show that Hodel's proof of [15, Theorem 3.3] works in case of n-Hausdorff condition instead of Hausdorff
condition.

Theorem 3.1.
Let n > 2 be finite, X be a set, Y C X and for each x € X, H(x) = {V(a,x) : a < «} be a collection of subsets of X
containing x which is closed under finite intersection. Assume the following:

(n-H) ifxq,...,x, € X are distinct, then there exist a1, ..., a, < k such that V(ay, x1)N---NV(a,, x,) = @ (n-Hausdorff
condition);

(C) for every function f: X — «k, there exists A C X with |A| < « such that Y C |J,c, V(f(x), x) (cover condition).

Then |Y| < 2%

Proof. By transfinite induction we shall define a family {H, : @ € k*} of subsets of X such that:

1. |Hq| < 2% for every a € k.
2. For all A C | Jg_, Hp such that |A| <,

2a. cl”(A) C H,,
2b. if f: A— kis a function, W = |J, ., V(f(x),x) and Y\ W # @, then (H, N Y)\ W £ 0.

Let a € k" and {Hg : B € a} already defined with properties 1-2. Let

&y = {U V(F(x). %) - AC [ Hy JAI <k Fr A= i Y VIF(X), X) 79(21}.

xeA y<B XEA

It easily follows that |&,] < 2“ as A € [U,.g Hy]** |[U,<g Hy]¥*] < 2%, and |k*| < 2%,

For every W € &,, we choose a point yy € Y\ W and let C, = {yw : W € &,}. Since |€,] < 2¥ we have that
€| < 2% Finally put Hy = {cl”(C) UU{cl” (Hg) : B € a}}. Using Proposition 2.1 we obtain that |H,| < 2. It can
be easily to see that properties 1.-2. are satisfied.

Let H = J{Hqy : @ € k*}. Clearly |H| < 2%. Also cl”(H) = H. To prove this it is sufficient to show that cl’‘(H) C H.
Let x € cl’‘(H). For each y € « there exist xy, € V(y,x) N H. By regularity of x*, there exists a < k* such that
{xy 1 ¥ < k} C Upeo ”(Hp). Now g, cl™(Hg) C Ho and so V(y,x) N H, # § for all y < «. It follows that
x € cl’(Hy), hence x € H.

It remains to prove that Y C H. Suppose there is g € Y\ H. By Proposition 2.1, cl™({q}) = {q}. Then for every x € H
we can choose y, < k such that g € V(y., x). From the other side for every x ¢ H = cl”(H) we can choose y, < k
such that V(y,, x) N H = §. Define f: X — « by f(x) = y,. By the cover condition (C), there exists B C X with |B| < «
such that Y C (J,c5 V(f(x),x). Pt A= BNH. Then A C H and |A| < k. Further {V(f(x), x) : x € A} covers HN'Y. Let
W = J{V(f(x),x) : x € A}. Note that HN'Y C W and g € Y\ W. By reqularity of k", there exists a < «* such that
A C Ugeq Hp- By 2b., there exists z € (H, N Y)\ W; a contradiction with HNY C W. O

The next three results are consequences of Theorem 3.1. In particular, the following result is a generalization of Stavrova's
result presented in Theorem 3.4 in terms of n-Hausdorff spaces. The proof shows that Hodel's proof of [15, Corollary 3.4]
works in the case of n-Hausdorff spaces.

Unauthenticated
Download Date | 7/24/18 8:37 PM



M. Bonanzinga, M.V. Cuzzupé, B.A. Pansera

Theorem 3.2.
If X is an n-Hausdorff space, n > 2, and Y C X, then |Y| < 2HY-X)-n=Hg(X),

Proof. Let X be an n-Hausdorff space with L(Y, X) - n-Hy(X) < k and let H = {H(x) : x € X} be a family canonically
realizing n-Hy(X) < «, where for every x € X, H(x) = {V(a,x) : a < «} is a collection of open neighborhoods of x
which is closed under finite intersection. Of course, V satisfies condition (n-H) of Theorem 3.1. To check that V satisfies
the cover condition (C) of Theorem 3.1 let f: X — k be a function. Then {V(f(x),x) : x € X} is an open cover of X.
Since L(Y, X) < « there is A C X such that |A] < k and [J{V/(f(x),x) : x € A} D Y. So, by Theorem 3.1, |Y| <2*. O

In [15, Corollary 3.4], Hodel gives a relative version of Theorem 3.3. Recall the following relative version of aL. Let X be
a space and let Y C X. The cardinal function aL (Y, X) is the smallest « such that if U is an open cover of X, then there
exists Up C U such that |Uy| < k and J{U : U € Uy} 2 Y. For Y = X this becomes aL(X). We have the following
result.

Theorem 3.3.
If X is an n-Urysohn space, where n > 2 is finite, and Y C X, then |Y| < 2L X)n=Ug(X),

Proof. Let X be a n-Urysohn space with aL(Y, X)-n-U(X) < k and H = {H(x) : x € X} be a family realizing
n-Uy(X) < «, where for every x € X, H(x) = {W(a,x) : a < «} is a collection of open neighborhoods of x which
is closed under finite intersection. For x € X and for every a < k, put V(a,x) = W(a,x). Of course, V satisfies
condition (n-H) of Theorem 3.1. To check that V satisfies the cover condition (C) of Theorem 3.1 let f: X — «k be a
function. Then {W(f(x),x) : x € X} is an open cover of X. Since aL(Y, X) < « there is A C X such that |A| < k and

U{WI(f(x),x) : x € A} 2 Y, in other words, [ J{V/(f(x),x) : x € A} D Y. Then, |Y]| < 2~ O

The next result represents a generalization of Stavrova's result presented in Theorem 3.3.

Theorem 3.4.
If X is an n-Urysohn space, where n > 2 is finite, then |X| < 28tX)-n=Ud(X),
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