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Abstract: A large-scale piano key weir laboratory study was conducted to investigate the evolution of the scour process 
occurring in the downstream basin for two non-cohesive granular bed materials, including the analysis of scour-hole 
geometry and patterns at equilibrium. It was observed that hydraulic conditions, particularly tailwater level, significantly 
affect the scour mechanisms and equilibrium morphology, eventually resulting in scour depths that exceeded the weir 
height. Unprecedented insights on the scour dynamics are also provided, along with tools to estimate the time evolution 
and maximum scour depth, its location in the streamwise direction, and the maximum scour length. 
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INTRODUCTION 
 
Flooding incidents around the globe are occurring with 

greater frequency and magnitude, resulting in increased impacts 
on many urban communities. It is estimated that the 100-year 
return period floods are occurring at three times the frequency 
of historical records (Marsooli et al., 2019). For example, three 
significant flooding events occurred in 2019 (FloodList, 2020) 
along the Missouri and Mississippi rivers in the U.S with bil-
lions of dollars in damage and millions of people directly af-
fected (Center for Disaster Philanthropy, 2019; NWS, 2020). 
Due to flooding consequences, climate change and population 
growth, the need for sustainable flood risk management is 
increasing (Green, 2010). 

Flow control structures commonly used in channels and for 
flood-protection schemes include dams and levees, spillways, 
and various types of gates and weirs. Some inherited structures 
(>50 years old) that do not meet current hydraulic design crite-
ria and/or have other safety deficiencies are being rehabilitated. 
To this end, labyrinth or piano key weirs (PK weir) are regular-
ly considered due to hydraulic efficiency, compact footprint, 
techno-economical viability, and passive flow control nature 
(Crookston et al., 2019; López-Soto et al., 2016; Machiels et 
al., 2014). For the PK weir, flow passes over the entire crest 
length with the majority of flow collected in the outlet keys, 
producing a stronger inclined jet compared to the falling nappe.  
However, local scour at these weirs and other hydraulic struc-
tures remains a challenging task because the scour mechanism 
is affected by many parameters, including local geological and 
hydrological conditions, structure geometry, and the three-
phase nature of the flow (Ben Meftah and Mossa, 2020; Bom-
bardelli et al., 2018; Bormann and Julien, 1991; Ettema et al., 
2004; Hoffmans and Verheij, 1997; Lantz et al., 2020). 

Scour at the downstream base of weir-like structures such as 
labyrinth and PK weirs, ogee weirs, broad-crested weirs, rock 
weirs, and similar grade control structures can be considered as 
jet-induced processes (Aderibigbe and Rajaratnam, 1998), 
which can be classified as two major types: 1) plunging jets or 
2) submerged jets (Hoffmans and Verheij, 1997; Jia et al., 

2001). Plunging jet scour has been extensively researched for a 
variety of hydraulic structures (e.g., flip bucket spillways, low-
level outlets, grade control structures, linear weirs, etc.). The 
shape and characteristics of plunging jets can take many forms 
such as cylindrical jets, angled ramp jets (ranging from vertical 
to horizontal), and free fall jets (e.g., Adduce and Sciortino, 
2006; Bombardelli et al., 2018; Dey and Raikar, 2007; Mason 
and Arumugam, 1985; Pagliara et al., 2008a; Palermo et al., 
2018) (of these forms, angled ramp jets and free fall jets apply 
to PK weirs, with the former having much more potential to 
generate scour). Additionally, for various weir types the analy-
sis of scour evolution and scour features at equilibrium en-
hanced the understanding of the physics of the problem and 
allowed practitioners to design scour protection measures (Ben 
Meftah and Mossa, 2020; Bormann and Julien, 1991; Chen et 
al., 2016; Kuhnle et al., 2002; Mason and Arumugam, 1985; 
Nasrollahi et al., 2008; Pagliara et al., 2008b; Schoklitsch, 
1932; Stein et al., 1993; Wang et al., 2019). Hence, previous 
studies reveal that structure configuration and hydraulic condi-
tions significantly affect equilibrium morphology including 
general scour patterns and temporal evolution, maximum scour 
depth (Zmax), maximum scour depth location in the streamwise 
direction (Xmax), and maximum scour hole length (Lmax).  

Currently, limited research has been published on local scour 
at nonlinear weirs. Upstream siltation and sediment removal for 
PK and labyrinth weirs were investigated by Gebhardt et al. 
(2019) and Noseda et al. (2019). Gebhardt et al. (2019) con-
cluded that the shape of the labyrinth weir produces a horse-
shoe-vortex in the inlet key causing sediment transport. Noseda 
et al. (2019) found that upstream scour can exceed the weir 
height (P). Elnikhely and Fathy (2020) proposed a prediction 
method for various apex angles for triangular labyrinth weirs 
with a downstream apron. They showed that labyrinth weirs 
produce less scour in comparison to linear weirs. In particular, 
the least amount of scour downstream of the apron was found 
to occur in the presence of labyrinth weirs with a sidewall angle 
(α) of 60°. Yazdi et al. (2021) studied scour downstream of 
both rectangular and triangular PK weir geometries with the 
weir height, P of 0.15 m and 0.20 m for a non-cohesive gravel 
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with a median gravel size, d50 = 7.8 mm. They presented pre-
diction methods to estimate Zmax, Xmax and Lmax for both weir 
geometries, indicating that triangular PK weirs produce less 
scour on average than rectangular PK weirs. Palermo et al. 
(2020) evaluated equilibrium morphology at PK weirs and 
analyzed the scour mechanisms that produce bed formations 
downstream. Jüstrich et al. (2016) and companion study Pfister 
et al. (2017) analyzed riverbed scour at PK weirs and provided 
tools to estimate Zmax, Xmax, and Lmax. Furthermore, Jüstrich et 
al. (2016) presented a comprehensive comparison of PK weir 
scour data to scour formulas pertaining to other structures. 
Pfister et al. (2017) focused on scour mitigation at PK weirs 
using rip rap protection. To this end, the authors adopted the 
relationships developed by Jüstrich et al. (2016) to predict scour 
geometry. Despite these recent advancements, the scour evolu-
tion has never been taken into consideration. Likewise, there is 
a lack of knowledge about potential scale effect and influence 
of sediment gradation.  

Therefore, a large-scale (P = 0.42 m) (88% of all constructed 
PK weirs have 1 m ≤ P ≤ 6 m) physical model study was con-
ducted with a Type A PK weir geometry and two non-cohesive 
gravels for a range of hydraulic conditions. Results include jet 
characteristics generated by the PK weir, analysis of scour 
development as a function of time, and evaluation of main 
scour parameters at equilibrium. It does not escape the authors’ 
attention that further analyses are needed to provide a first 
principles-based method allowing designers to predict scour 
geometry regardless of the hydraulic conditions and structure 
characteristics.  

 
MATERIAL AND METHODS 

 
This study was conducted at the Utah Water Research La-

boratory at Utah State University in a rectangular flume,  
2-meter wide, 1.8-meter deep, and 16-meter long. Fig. 1 shows 
the experimental setup, with H indicating upstream total head 
(H = hu+V 2/2g) where hu is the piezometric or depth of flow 
relative to the weir crest (with total weir crest length = Lc), g is 
acceleration due to gravity, and V is the average approach  
velocity.  Also shown in Fig. 1 is the PK weir foundation height 
Pd, the change in energy head, ΔH, and key scour dimensions 
including Z, scour depth, X scour depth location along x-axis, L 
the length of scour, and the corresponding time for these pa-
rameters, t. Maximum values are noted with the subscript max. 
The headbox for the flume featured a diffuser and rock baffle to 
provide quasi-uniform flows (Q) (water temperatures ranged 
from about 5–10 °C) to the flat crest PK weir. Tailwater depth 
(hd) was controlled with a stop log assembly. The mobile bed 
section of the flume began with z = 0 m and x = 0 m at the 
bottom and downstream face of the PK weir (see Fig. 1), with z 
positive in the direction of scour and x positive in the stream- 
 

wise direction. The mobile bed was 1.09 m deep and featured a 
clear acrylic panel for monitoring scour evolution. Plan and 
side views of the adopted PK weir geometry are shown in  
Fig. 2 and summarized in Table 1, where Wu is a PK weir unit 
with, Wi and Wo are inlet and outlet unit widths, respectively. B 
is the depth of the PK weir, Bb is the depth of the PK weir base,  
Bi and Bo are the inlet and outlet key overhang depths, respec-
tively. The PK weir wall thickness is ts; Si and So are the slopes 
of the inlet and outlet keys, respectively, N is the number of PK 
weir keys or cycles, and the distance from the downstream PK 
weir base to monitoring locations is noted as xm1, xm2, and xm3. 

The study was performed with two types of substrate. Both 
substrate types were angular, non-cohesive gravel, but of vary-
ing granulometric properties (Table 2) where d90 = diameter for 
which 90% of material is finer, d50 = median gravel size, coef-
ficient of gradation σ = (d84/d16)1/2, and G = ρs/ρ substrate spe-
cific density, with ρs = sediment density and ρ = water density. 
Furthermore, tested bed materials were poorly (Substrate 1) or 
uniformly (Substrate 2) graded. The results of this study are 
limited to the materials tested; however, according to Annan-
dale (1995) material properties can be scaled between the la-
boratory and field applications (e.g., by using the Erodibility 
Index Method). 

For each laboratory test, the gravel substrate material was 
prepared by uniformly adding gravel and raking until a planar 
bed was achieved that is level with the base of the PK weir (for 
which was assumed z = 0 m, see Fig. 1). No additional compac-
tion of the material was performed. Any material deposited 
downstream of the scour hole during a test was not manually 
removed, thus any bedforms were allowed to form and evolve 
and the results are more applicative to field conditions where 
river sediments would be deposited adjacent to the scour hole, 
not transported further downstream. 

Discharge was measured by using a calibrated (ASTM 
standards) venturi meter (±0.25% accuracy). Water levels were 
measured with a stilling well and point gage (±1.5 mm precise).  
 
Table 1. Geometric parameters of the PK weir. 
 

Parameter Value 
B 1.04 m 
Bb 0.52 m 
So = Si 0.55 
Wu 0.49 m 
N 4.00 
P 0.42 m 
ts 0.025 m 
Wi/Wo 1.28 
Pd 1.09 m 

 

 
Fig. 1. Side view of the experimental setup including PK weir and scour morphology. 
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Table 2. Granulometric properties of bed materials. 
 

Substrate 1 Substrate 2 
d90 (mm) 20.00 9.10 
d50 (mm) 13.00 6.50 
σ 1.54 1.30 
ρs (kg/m3) 2,604 2,646 
G 2.61 2.65 

 
According to Zhang et al. (2018), the downstream tailwater 

elevation was measured at two locations within the flume using 
ultrasonic sensors (Microsonic mic+130/IU/TC; Microsonic, 
2021) (±1% accuracy) and a temporal average was used to 
compute hd. 

Scour morphology was captured using two techniques. First, 
a grid was attached to the acrylic surface to monitor scour 
evolution at the wall using a high-resolution camera (GoPro 
HERO7 Black, 4K resolution) a sufficient distance from the 
window to minimize distortion of digital video and photos 
during tests. However, measurements made at the window do 
not account for the slight three-dimensionality of the scour 
formation occurring under certain hydraulic conditions. To 
overcome this issue and provide more accurate measurements 
of the maximum scour depth, columns of small spheres (G = 
0.53) (sphere diameter = 40 mm, 10 spheres per column at  
0.1 m spacing) were buried in the substrate. Spheres were 
positioned at monitoring locations (Fig. 2b), that were 
preliminary selected to be representative of the zones of the bed 
where maximum scour depth could be expected to occur. 
Namely, monitoring locations 1, 2 and 3 were positioned just 
downstream of the outlet keys, whereas monitoring locations 4, 
5 and 6 were selected in order to account for the three-
dimensionality of the scour hole, especially at higher discharge 
rates. As scour evolved and material was removed, a buoyant 
sphere would then be exposed and at about 50% exposure, it 
would be released and rise to the surface to mark that depth and 
location. Sphere depth locations were color-coded, and any 
sphere surfacing was documented with video recordings. To 
avoid premature removal of the spheres prior to being 
uncovered, the specific weight and hence buoyancy of the 
spheres was controlled (Fig. 3) by filling a portion of the sphere 
with silicone. This proved to be an excellent technique to mark 
scour morphology at specific locations across the PK weir. 

According to Bung et al. (2021), an Intel® RealSense™ 
D435 depth camera was used to survey the downstream bed 
topography at equilibrium (±1.0 mm accuracy operated within 
0.6 m and 0.8 m range). This camera includes active 
stereoscopy via two infrared cameras and an RGB camera. 
Camera scans were verified by taking vertical point 
measurements on a grid with a point gage (±1 mm) mounted to 
a flume carriage.  

 

 
 

Fig. 2. Geometric and hydraulic parameters of this study in plan (a) 
and in profile (b). 
 

The infrared camera was operated with a global shutter and  
3 μm × 3 μm pixel size. The depth properties include a field of 
view (FOV) 86° × 57° (±3°) and a max output resolution of 1280 

× 720 pixels. The RGB camera properties included a rolling 
shutter, a max resolution of 1920 × 1080 pixels, an FOV of 64° × 

41° × 77° (±3°). Additional camera details are provided in Lantz 
(2021). A MATLAB script was developed for post processing to 
gather various scour dimensions and prepare various plots of 
two-dimensional and three-dimensional scour profiles. 

Test conditions are summarized in Table 3, which includes 
Q, hd, and the headwater ratio H/P for both the substrate mate-
rials. Note that some tests were repeated in order to validate the 
experimental methodology (Table 4). The minimum tested hd 
depended on the value of Q. Tailwater measurements were 
taken 4.75 m downstream of the weir. It was observed that 
when gravels were deposited downstream of the scour hole, this 
dune had negligible effect on the hd condition at the point of 
measurement. 

 

 

 
 

Fig. 3. Diagram sketch illustrating different phases of sphere ejection. 
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Fig. 4. Side view of three-dimensional jet patterns originating from PK weir. 
 

 
 

Fig. 5. Top view of flow features at PK weir crest and downstream 
region. 

 
Table 3. Summary of tested conditions. 
 

Substrates Discharge, 
Q 

Headwater Ratio, 
H/P 

Tailwater Depth, 
hd 

1 and 2 

0.15 m3/s 0.11 
0.16 m  
0.26 m 
0.42 m 

0.30 m3/s 0.18 
0.17 m  
0.25 m 
0.43 m 

0.60 m3/s 0.35 
0.22 m  
0.28 m 
0.43 m 

 
To avoid any bed modification or pre-scour during the setup 

of test conditions, the flume was slowly filled until a tailwater 
depth hd ≈ 0.42 m was achieved. Discharge was then increased 
and the tailwater was lowered to the target hd. Once the target 
tailwater level was reached, the experiment began with timer 
and video recordings. Throughout the duration of each test, 
scour evolution was monitored. Nonetheless, considering that 
the kinetics of the scour process is faster at the beginning of the 
test, observation frequency was high (taken every 30–60 s) until 
the rate of scour reduced and then observation frequency could 
also be reduced (typically after 30 minutes). For all tests, equilib-
rium configuration was achieved. Notably, tests with the highest 
Q and lowest hd combinations lasted up to t = 18 hrs or longer, 
whereas equilibrium (i.e., time to equilibrium = te) was reached 
for t < 3 hrs for low Q and highest hd. According to Hoffmans 
and Verheij (1997), the equilibrium condition was considered to 
be achieved and defined as less than 5% change in all scour hole 
geometry parameters. However, for most tests, the difference 
between the last two bed measurements were less than 1%. 

 

RESULTS AND DISCUSSION 
PK weir hydraulics 

 
Unique scour patterns were observed downstream of the PK 

weir due to the jets originating from the structure. Because of 
the structure geometry, the flow was not uniformly distributed 
along the transverse direction. Notably, most of the flow is 
discharged via the outlet keys. As a consequence, sub-vertical 
jets, having the inclination So, enter the downstream water body 
resulting in a confined vortex formation (Fig. 4). Conversely, 
the inlet keys of the PK weir are characterized by a reduced unit 
discharge and produced a near-vertical jet (Figs. 4 and 5).  
Considering that the jet power is an increasing monotonic func-
tion of the unit discharge, q, (m2/s) computed as Q/W for the 
case of a PK weir where W is the width of the flume, and that 
the shear stress acting on the bed material scales with the jet 
power, the resulting equilibrium morphology exhibits three-
dimensional features with maximum scour depths Zmax corre-
sponding with the outlet keys.  In addition, the nature of the 
impinging flow is essentially two-phasic. Note that as flows 
passed over the PK weir, air was entrained across the entire 
weir width resulting in localize flow bulking. Nonetheless, 
according to Ervine et al. (1997), the presence of air in the 
impinging jet depended on the travelling distance. Thus, for 
higher tailwater depths, black water conditions would eventual-
ly occur for plunging jets.  
 
Scour evolution 

 
The impinging jets from the PK weir produced a local scour 

hole that increased in depth Z and length L with time t until 
asymptotically reaching equilibrium. Scour-hole evolution was 
observed to occur during three main phases (Fig. 6). During the 
initial phase (Fig. 6A), shear stresses on the material signifi-
cantly exceeded the critical shear stress resulting in a rapid and 
significant displacement and transport of bed particles. In this 
phase, the presence of a confined vortex contributes to partially 
keeping in suspension/rotation the scoured bed material within 
the scour hole. Consequently, scour mainly enlarges in the 
vertical direction because of the flow confinement, the reduced 
diffusion length and the significant vertical component of the 
resulting force acting on the water surface (obtained by apply-
ing the linear momentum equation). Conversely, the effect of 
the horizontal component of the resulting force acting on the 
bed material becomes more significant with the diffusion 
length, as the jet impact angle on the scour surface reduces 
(Bormann and Julien, 1991). Therefore, the kinetics of the bed 
material streamwise transport increases resulting in the longitu-
dinal extension of the scour hole and in a frontal dune formation.  
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Fig. 6. Scour development with time for (A) Initial Phase, (B) Second Phase, and (C) Final Phase. 
 
Table 4. Maximum scour parameters from each experimental run. 

 
Run Substrates t Q hd Zmax Xmax Lmax V 
#  (min) (L/s) (m) (m) (m) (m) (m3) 
1 

Su
bs

tra
te

 1
 

d 5
0 =

 1
3.

0 
m

m
 

180 150 0.16 0.18 0.21 0.61 0.12 
2 180 150 0.26 0.04 0.07 0.50 0.02 
3* 0 150 0.42 No Scour 
4 240 300 0.21 0.36 0.48 1.07 0.42 
4R 480 300 0.17 0.33 0.42 1.04 0.36 
5 180 300 0.25 0.26 0.38 0.82 0.22 
6 180 300 0.43 0.09 0.21 0.42 0.03 
7 1200 600 0.23 0.83 0.89 2.99 1.98 
7R 900 600 0.22 0.71 0.69 2.20 1.49 
8 960 600 0.28 0.68 0.71 1.97 1.22 
8R 900 600 0.29 0.63 0.70 1.80 1.11 
9 300 600 0.43 0.41 0.62 1.28 0.57 
10 

Su
bs

tra
te

 2
 

d 5
0 =

 6
.5

 m
m

 

450 150 0.10 0.28 0.40 1.07 0.39 
11 240 150 0.27 0.11 0.16 0.51 0.04 
12* 0 150 0.43 No Scour 
13 1050 300 0.14 0.56 0.52 1.81 1.03 
14 900 300 0.25 0.36 0.49 1.16 0.50 
15 840 300 0.42 0.27 0.39 0.74 0.19 
16 1380 600 0.25 1.06 0.99 3.35 3.61 
16R 1170 600 0.22 1.01 1.00 3.19 3.36 
17 960 600 0.28 0.99 1.04 3.43 3.14 
18 1020 600 0.43 0.68 0.89 2.04 1.38 

 

*No scour observed 
 
The duration of this first phase depends on the deflection of the 
jet caused by hydraulic conditions (i.e., it depends on Q and hd) 
and the scour surface is characterized by an inclination that is 
higher than the wet angle of repose of the bed material. Nota-
bly, it was observed that this initial phase is similar to that 
occurring for vertical and sub-vertical plunging jets (Bom-
bardelli et al., 2018). 

Following this first phase the scour hole evolved both in the 
streamwise and vertical directions although scour in the vertical 
direction continued at a relatively slower rate. This second 
phase (Fig. 6B) includes the downstream migration of Zmax 
because of the increased diffusion length and the consequent jet 
deflection.  During this phase, the inclination of the scour sur-
face from the horizontal becomes almost equal to the wet angle 
of repose of the bed material, thus corroborating the findings of 
previous studies on other grade-control structures (e.g., Bor-
mann and Julien, 1991; Hoffmans, 1998). The bed load 
transport exhibits periodical inversions of direction. Namely, 
groups of particles slid from the side towards the bottom of the 
scour hole and then were transported out by the impinging 
flow. This behavior was observed previously by Pagliara et al. 
(2008c) in scour processes occurring downstream of block 
ramps, especially for non-uniform bed materials. 

The final and third phase of scour evolution (see Fig. 6C) 
was characterized by no additional vertical scour (Zmax reached) 
and a slight longitudinal expansion of the scour hole up to 
equilibrium.  Namely, additional armoring of the scour hole 
was observed during this phase with the smallest particles ei-
ther transported beyond the movable bed or deposited immedi-
ately downstream of the scour hole (Hoffmans and Verheij, 
1997). Overall, the scour mechanism occurring during the 
second and third phase can be encompassed by the developed 
phase as defined in Bombardelli et al. (2018). 

Furthermore, the analysis of scour evolution allowed the 
identification of interesting features pertaining to the sediment 
gradation of the superficial layer of the scour hole at static 
equilibrium (i.e., when the flow action ceases). In Fig. 7, the 
original granulometric curve of the bed material is contrasted 
with those obtained at different cross-sections located upstream 
of and in correspondence with Zmax. Such analysis represents an 
unprecedented result for this structure typology and highlights 
that for Substrate 2, there is not a significant spatial variation of 
the granulometric characteristics of the material. Conversely, 
for coarser (and non-uniform) bed materials (Substrate 1),  
a granulometric sorting process occurs. Namely, close to  
the section of maximum scour depth, bed material becomes  
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Fig. 7. Sieve analysis of the equilibrium superficial layer of the 
scour hole at selected locations in the scour hole upstream of and at 
the location of maximum scour depth (Zmax) for (A) substrate 1 and 
(B) substrate 2. 
 
more uniform and is characterized by a much larger mean di-
ameter (approximately equal to the d90 of the original mixture). 
In the upstream part of the scour hole, an overall reduction of 
the median diameter d50 occurs, resulting in an increase of the 
material non-uniformity. This occurrence corroborates the 
findings of Hoffmans (1998), who indicated that it is more  
 

 

 
 
 

Fig. 8. Maximum longitudinal scour profiles for (A) Substrate 2 
and (B) Substrate 1. 
 
appropriate to assume d90 instead of d50 for scour prediction 
formulas. In addition, similar observations were also made by 
Pagliara et al. (2008c), who analyzed the granulometric charac-
teristics of the superficial layer of the scour formation occurring 
downstream of block ramps for both uniform and non-uniform 
bed materials. They concluded that the variation in granulo-
metric characteristics of the superficial layer is essentially 
caused by the division of the flow occurring in correspondence 
with the section of maximum scour depth. More specifically, 
depending on the inclination of the jet entering the water sur-
face, finer particles are transported both upstream and down-
stream of the section of maximum scour depth. However, those 
grains transported upstream remain within the scour hole, thus 
increasing the non-uniformity of the superficial layer at static 
equilibrium. 
 
 
 
 

 
 

Fig. 9. Zmax as function of hd for different Q and (A) Substrate 2 and (B) Substrate 1. 
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In the tested range of parameters, Substrate 1 took up to 14 
hours to reach equilibrium, i.e., much less than the average time 
required by the coarser Substrate 2 under identical conditions 
(Table 4). In addition, Zmax was greater for Substrate 1. Namely, 
Figs. 8A and 8B show the maximum longitudinal profiles for 
tests pertaining to Substrate 1 and 2, respectively. Likewise, 
Figs. 9A and 9B evidence the effect of hd on Zmax. Notably, 
these results corroborate the findings of Dey and Sarkar (2006), 
who analyzed the effect of sediment gradation on scour occur-
ring downstream of an apron. 

However, hd also affects the kinetics of scour evolution. 
Note that such behavior was also pointed out for bridge scour. 
Based on the approach developed by Oliveto and Hager (2002), 
Palermo et al. (2021) proposed the following functional govern-
ing equation for scour evolution at symmetric bridge piers: 

  

( ), 
max

tZ f T
Z

ξ=     (1a) 

 
where Zt = scour depth at time t, ξ is the temporal scour evolution 
parameter (depending on hd/P, see Palermo et al. 2021) and T is 
the non-dimensional time presented as Eq. (1b) for PK weirs: 

  

( ) 0.5

90
s

c

tT g d
L

ρ ρ
ρ

 −
=  

 
    (1b) 

 
and furthermore, Pagliara et al. (2008b) showed that Eqs. (1a) 
and (1b) are also suitable to represent the evolution of all jet-
driven scour problems. Therefore, based on experimental evi-
dence, in the following, Eq. (1a) may be specialized for PK 
weirs. 

To this end, first considered is the evolution data pertaining 
to the longitudinal scour section in correspondence with the 
acrylic wall or viewing window. In so doing, the values of 
Zt/Zmax are juxtaposed to T and log(T). It was found that the 
duration of the initial phase (in which most of the scour depth 
occurs) decreases with hd and evolution exhibits a linear behav-
ior in a semi-logarithmic scale, as expected according to litera-
ture noted above. Figs. 10 and 11 show Zt/Zmax vs (T) and log(T) 
for selected tests pertaining to Substrate 1 (tests 7R, 8R, and 9) 
and Substrate 2 (tests 13, 14, and 15). 

Following this evidence, PK weir scour evolution can be 
predicted using Eqs. (2a) and (2b): 

   

( )( )0.3 log 0.39 
max

tZ T
Z

ξ= +        (2a) 

 

  0.2   0.81 dh
P

ξ  =− + 
 

      (2b) 

 
valid for 0.02 ≤ log(T) ≤ 3.5 and 0.24 ≤ hd/P ≤ 1.03. Fig. 12 
illustrates scour evolution data pertaining to all tests. The good 
predicting capability of the proposed Eq. (2) is also shown in 
Fig. 13, where measured values of the variable Zt/Zmax are con-
trasted against the counterpart calculated using the mentioned 
relationship. 

It is worth noting that a higher deviation was found to occur 
for scour depths measured during the first few minutes of the 
process, which is consistent with other scour-related problems 
(e.g., Pagliara et al., 2008b). 

Finally, Eq. (2) was tested with data pertaining to sphere 
columns and corresponding monitoring locations (not shown 
herein). Overall, the analysis of data revealed that the three- 
 

 

 
 

Fig. 10. Zt/Zmax as function of (A) T and (B) log(T) for Substrate 1, 
tests 7R, 8R, and 9. 
 

 
 

Fig. 11. Zt/Zmax as function of (A) T and (B) log(T) for Substrate 2, 
tests 13, 14, and 15. 
 
dimensional scour evolution is consistent with that shown 
above. Therefore, it is concluded that the evolution process 
evolves homothetically downstream of a PK weir and Eq. (3) 
represents a reliable tool to predict scour evolution at the loca-
tion Xmax of the maximum scour depth Zmax. 
 
Scour depth at equilibrium 

 
In this section, the predicting capability of several well-

known approaches developed for other grade control structures 
is tested, including PK weir specific Jüstrich et al. (2016). To 
this end, empirical equations proposed by Mason and Arumu-
gam (1985), Bormann and Julien (1991), Jüstrich et al. (2016) 
and Ben Meftah and Mossa (2020) were selected. 
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Fig. 12. Zt/Zmax as function of log(T) for all conducted tests.  
 

 

 
 

Fig. 13. Comparison between observed and predicted (using Eq. 
(2)) values of the parameter Zt/Zmax. 

 
Mason and Arumugam (1985) investigated the scour mecha-

nism caused by free overfalls, low level outlets, spillway flip 
buckets, and tunnel outlets. Based on laboratory results, they 
derived the following equation: 

 

50

a c em
d

max d k n
Kq H hZ h

g d
Δ+ =     (3) 

 
where the coefficient K = 6.42 – 3.1ΔH0.1, am = 0.6 – ΔH/300,  
c = 0.15 + ΔH/200, e = 0.15, k = 0.3, and n = 0.1. 

Likewise, Bormann and Julien (1991) investigated the scour 
occurring downstream of grade-control structures. They devel-
oped a semi-theoretical approach based on the jet diffusion 
theory in a turbulent cauldron. Experimental evidence allowed 

the authors to derive the following expression for the estimation 
of the variable Zmax + P: 

  

( )

0.6

0.8 0.4
90

sin

2
b j

max
K q U

Z P
Gg d

θ
+ =     (4) 

 
where P = drop height of the structure or weir height, Kb = 
1.82[sinϕ/sin(ϕ + θ)]0.8, θ = jet angle, ϕ = wet angle of repose of 
the bed material, jet velocity Uj = (2gΔH)0.5, and g is the accel-
eration due to gravity. 

Conversely, Jüstrich et al. (2016) analyzed scour process 
downstream of PK weirs, concluding that the relative maximum 
scour depth Zmax/d50 can be estimated as follows:  

 
1.7 0.3

50 50
0.42max c

d

Z h H
d d h

Δ   =    
   

 (5) 

 
where hc = critical depth and ΔH = theoretical impact head (i.e.,  

jet falling height) (m). Nevertheless, the model size of the PK 
weir used by Jüstrich et al. (2016) was approximately equal to 
1/3 than the current study. Therefore, the application of their 
methodology to present data can also provide useful insights on 
potential scale effects affecting the smaller model. 

Finally, tested herein was the recent empirical equation de-
veloped by Ben Meftah and Mossa (2020) for various angled 
jets originating from grade control structures: 

 

( )
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u u u
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        (6b) 

 
where Fr* is the densimetric Froude number using d50 as the 
characteristic particle diameter. 

The resulting comparisons is presented in Fig. 14, which 
contrasts observed against predicted (using Eqs. (3)–(6)) values 
of Zmax. For the PK weir data of the current study, it was found 
that Eqs. (3) and (5) perform better than others (R2 = 0.91 and 
0.96, respectively). Nonetheless, it is worth mentioning that the 
accuracy of Eq. (5) decreases for lower values of Q and higher 
values of hd. This can be explained when considering that high 
relative submergence of the structure modifies jet diffusion in 
the pool immediately downstream of the PK weir. Therefore, 
further investigations are needed in this regard. Conversely, Eq. 
(3) appears to be more conservative than Eq. (5). Namely, 
experimental data are generally overestimated, especially for 
higher Q and low hd. 

Apparently, equations derived for grade control structures, 
i.e., Eqs. (4) and (6), do not provide an accurate prediction of 
data pertaining to scour downstream of PK weirs. This result is 
unsurprising when considering that the scour mechanism char-
acterizing low-head grade control structures exhibits different 
features from that characterizing jet-driven processes. Con-
versely, the scour evolution dynamics downstream of a PK weir 
are essentially similar to that characterizing plunging jets (see 
also previous section). The higher accuracy of the Eq. (3) pro-
posed by Mason and Arumugam (1985) can be explained con-
sidering that it has been validated with data pertaining to scour 
caused by free overfalls under hydraulic conditions that are 
consistent with those of the present study. Overall, this compar-
ative analysis revealed that even specific formulas (Eq. 5) are  
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Fig. 14. Comparison of observed and predicted (using other  
authors’ equations, Eqs. (3)–(6) herein) values of Zmax. 
 
subjected to some limitations. Namely, they can provide  
reliable results only in the tested range of parameters and their 
accuracy is affected by hydraulic conditions. Following recent 
advancements in the theoretical modeling of scour mechanism 
caused by plunging jets (Bombardelli et al., 2018), it is believed 
that the aforementioned mentioned shortcomings could be 
overcome by a first principle-based approach that does not 
depend on tested conditions nor is limited by scale effects.  

  
APPLICATIVE EXAMPLE 

 
Assuming from analyses and field study of a proposed PK 

weir (P = 0.419 m and Lc = 10.17 m) located in a channel, the 
noncohesive riverbed material is d50 = 0.0065 m and d90 = 
0.0091 m, G = 2.65 and ρs = 2,646 kg/m3, the unit discharge of 
interest is q = 0.30 m2/s.  Corresponding hydraulic conditions 
were calculated to be: hc = 0.20 m, hd = 0.43 m with g = 9.81 
m/s2. ΔH = 0.25 m can be estimated using a head-discharge 
rating curve with corresponding H and energy dissipation from 
Eslinger and Crookston (2020). As discussed herein, the ma-
jority of scour would be expected to occur in Phase 1, thus for 
sufficiently long durations of flow, a maximum scour depth can 
conservatively be assumed. Zmax may be estimated using Fig. 8 
(Zmax = 0.68 m) or Eq. (5) (Zmax = 0.684). As noted in Fig. 8 and 
Table 4, Xmax and Lmax can be estimated graphically at approxi-
mately Xmax =1.0 m and Lmax = 2.0 m. Referencing Fig. 14 and 
prediction deviations, Zmax may be adjusted as deemed appro-
priate by the engineer; for example, a factor of 1.2 would result 
in Zmax ~ 0.8 m. 

To consider the temporal evolution and time required to 
reach a Zmax = 0.68 m (e.g., considering a flow hydrograph with 
time duration corresponding to q), Eq. (2) can be applied with ξ 
= 0.594 computed for this example and Eq. (1b) (note that t 
must be in seconds); this is illustrated in Table 5. As shown, 
within 5 minutes approximately 60% of the maximum scour 
depth has been reached. If a longer 3 hr duration occurred, Zt is 
within 85% of Zmax. Thus, this methodology allows a practition-
er to consider not only the maximum scour hole geometry, but 
also the temporal evolution and corresponding phases. 

Table 5. Example calculation for Zt. 
   

t 
(s / min) 

T log(T) Zt 
(m) 

300 / 5 11.3 1.05 0.40 
1,800 / 30 67.8 1.83 0.49 
3,600 / 60 135.7 2.13 0.53 
7,200 / 120 271.3 2.43 0.57 
10,800 / 180 407.0 2.61 0.59 
61,200 / 1,020 2,306.3 3.36 0.68 

 
CONCLUSIONS 

 
To summarize, local scour at nonlinear weirs is an under-

studied topic even with the growing popularity of the structure 
type. Furthermore, increased risk from climate change has 
made scour a popular research topic for both researchers and 
practitioners. It is concluded that under particular hydraulic 
conditions, scour at PK weirs can significantly exceed the P of 
the structure itself. The intensity, depth, and evolution of the 
scour morphology is dependent on particle characteristics, Q, 
and hd. A decrease in particle size and hd produces more scour, 
whereas an increase in Q increases the amount of scour. 

A combination of experimental observations and scour pa-
rameters were combined herein to estimate via a new method 
the time evolution of scour at a PK weir under various hydrau-
lic conditions and maximum local scour depth (Eq. 2), the 
maximum scour depth location (Fig. 8), and maximum scour 
hole length (Fig. 8 and Table 4) at PK weirs. 

A significant amount of previous research pertaining to 
scour at different structures has produced various prediction 
methods. A select few prediction methods were evaluated with-
in the study. It has been determined that the PK weir specific 
Jüstrich et al. (2016) prediction method (Eq. 5 herein) was 
determined to be the most accurate and could estimate Zmax 
under various hydraulic conditions. 

Different structures and projects have different geometric 
and geological properties, which can cause the amount of scour 
to vary considerably from published data and prediction meth-
ods. Performing a physical model study of proposed projects 
and simulating particular hydraulic conditions is the recom-
mended approach to accurately understand the degree of scour 
that will occur. 
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NOMENCLATURE 

The following symbols are used in this paper: 
am empirical coefficient in Mason and Arumugam (1985) 

method; 
B depth of PK weir in streamwise direction (m); 
Bb depth of PK weir base in streamwise direction (m); 
Bi depth of PK weir inlet key overhang in streamwise direc-

tion (m); 
Bo depth of PK weir outlet key overhang in streamwise direc-

tion (m); 
c empirical coefficient in Mason and Arumugam (1985) 

method; 
dxx material size for which xx percent of the material is finer 

(m); 
e empirical coefficient in Mason and Arumugam (1985) 

method; 
Fr* densimetric Froude number; 
 
 
 
 
 

G specific gravity of substrate material; 
g acceleration due to gravity (m/s2); 
H upstream total head (m); 
ΔH change in upstream to downstream energy head (m); 
hc critical depth (m); 
hd tailwater depth or piezometric head of water downstream 

of the weir (m); 
hu upstream headwater depth or piezometric head relative to 

the weir crest (m); 
K empirical coefficient in Mason and Arumugam (1985) 

method; 
Kb empirical coefficient in Bormann and Julien (1991)  

method; 
k empirical coefficient in Mason and Arumugam (1985) 

method; 
L scour hole length (m); 
Lc weir crest length (m); 
Lmax maximum scour hole length (m); 
N number of PK weir cycles; 
n empirical coefficient in Mason and Arumugam (1985) 

method; 
P weir height (m); 
Pd PK weir foundation height (m); 
Q flow rate or volumetric discharge (m3/s or L/s); 
q unit flow rate (m2/s); 
Si PK weir inlet key slope (m/m); 
So  PK weir outlet key slope (m/m); 
T nondimensional time; 
t time (min); 
te time to equilibrium (min); 
ts weir wall thickness (m); 
Uj jet velocity (m/s); 
V average flow velocity (m/s); 
W flume width (m); 
Wi PK weir inlet key width (m); 
Wo PK weir outlet key width (m); 
Wu PK weir cycle width (m); 
X scour length in streamwise direction (m); 
Xmax maximum scour depth location along the x-axis (m); 
Z scour depth (m); 
Zmax maximum scour depth (m); 
Zt scour depth (m) at a particular time t (min); 
α labyrinth weir sidewall angle (in degrees); 
ξ the temporal scour evolution parameter; 
ρ density of water (kg/m3); 
ρs  density of substrate material (kg/m3); 
σ non-uniformity coefficient; 
θ jet angle (in degrees); 
ϕ wet angle of repose of substrate (in degrees); and 
π pi constant. 
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