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A semianalytical model has been developed to study a combined effect of beamstrahlung due to beam-
beam interaction and beam coupling impedance in the future lepton colliders CEPC and FCC-ee. This
model allows evaluating an impact of the coupling impedance on the bunch length and energy spread in
collision. The model is benchmarked against numerical simulations. Analytical estimates for the
supercolliders are presented.
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I. INTRODUCTION

To perform very high precision physics experiments, the
future supercolliders FCC-ee [1] and CEPC [2] are going to
exploit the crab-waist (CW) collision scheme [3,4] to push
their luminosity. The beamstrahlung (BS) effect leading to
a substantial bunch lengthening and energy spread increase
becomes important [5] due to the tiny sizes of intense
beams to be used in collision. In the crab-waist collisions
with a large Piwinski angle, the bunch length increase
results in the luminosity reduction, while the energy spread
affects the experiment energy resolution. In turn, the beam
coupling impedance is also responsible for the bunch
lengthening, and, in addition, it can result in the energy
spread increase if the microwave instability threshold is
exceeded. Moreover, the imaginary part of the impedance
reduces the synchrotron frequency due to the potential well
distortion effect (PWD, see, for example, [6]), and the
collision working point is to be reoptimized to compensate
for this shift.
The interplay of both effects can change substantially the

final values of the bunch length, the energy spread, and the

synchrotron tune. For example, the energy spread due to BS
can suppress the microwave instability, and a longer bunch
will produce a weaker wake potential. On the other hand,
the impedance-related bunch lengthening is expected to
reduce the strength of the BS effect.
The 3D self-consistent numerical simulations of the

combined effect of beam-beam interaction and the beam
coupling impedance require a huge computational time [7].
In this paper, we present a semianalytical model (first

described in Ref. [8]) that allows evaluating the bunch
length, energy spread, and synchrotron frequency in a
much shorter time. The typical calculation time on a
standard notebook is about several minutes. For compari-
son, to complete the simulations including the impedance
presented in Fig. 2, it took about 16 h of CPU time using 36
CPU cores. The results obtained for FCC-ee and CEPC by
using the model are compared with available numerical
simulation data.

II. ENERGY LOSS DUE TO BS

The CW collision scheme proposed and tested at Frascati
has helped to increase luminosity in the operating colliders
DAΦNE [4] and SuperKEKB [9], and now it is considered
for application in all future lepton collider projects such as
FCC-ee [1], CEPC [2], Super Charm-Tau factories SCT
[10] in Russia, and HIEPA [11] in China.
This collision scheme makes it possible to focus high-

intensity bunches on a very tiny collision spot and, at the
same time, allows overcoming the problem of their electro-
magnetic interaction by suppressing nonlinear resonances
excited in beam-beam collisions. This is achieved by
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exploiting a very large Piwinski angle in collisions,
providing low betatron functions at the interaction point,
and by using dedicated sextupoles installed in the inter-
action region [3].
Let the electron and positron bunches colliding at the

crossing angle θ ≪ 1 contain N particles each, and σx, σy,
and σz are their horizontal, vertical, and longitudinal sizes,
respectively (see Fig. 1).
The Piwinski angle relates the geometric collision angle

and the ratio of the longitudinal and transverse beam sizes
Ψ ¼ σz

σx
tan θ

2
. This characteristic parameter enters in the

luminosity formula, and it is also a measure of the beam-
beam synchrobetatron resonance strength [12]. As is seen
in Fig. 1, for a large Piwinski angle the collision area
becomes small, and the beams can be focused on that small
area without incurring the hourglass effect [13]. In that
case, the vertical beta function βy can be made much
smaller than the bunch length σz. Finally, the dedicated
sextupoles help to eliminate the beam-beam resonances
arising (in collision without CW) due to the vertical motion
modulation by the horizontal betatron oscillations [14].
For the future high energy colliders FCC-ee and CEPC,

the beam sizes get so small that the BS becomes important
for the collider performance.
In order to estimate the average particle energy loss due to

radiation in the collective field of the oncoming bunch (BS),
we use the approach developed by one of the authors in
Refs. [15,16]. It is based on using the Takayama potential
[17] of a 3D Gaussian charge distribution. The BS energy
losses are calculated in the rest frame of the oncoming bunch
and then recounted in the laboratory system. For the isolated
case of a head-on collision, loss averaging is performed over
all particles of the test bunch. For a nonzero but small
crossing angle, averaging is limited, for simplification, by
the region of the central cross section of the bunch. In the
latter case, the ratio of the average loss to the initial particle
energy is found from the equation (σz ≫ σx, σy) [16]

UBS ¼
�
ΔEBS

E

�
≈
4

3

r3eN2γffiffiffi
π

p
σz

ZZ∞

0

dtdt0

Ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2σ2x þ tÞð2σ2x þ t0Þ

p

·

�
σ2x

gx
ffiffiffiffiffigyp

�
1þ θ2σ2z

8σ2xΩ2

�
þ σ2y

g3=2y

�
: ð1Þ

Here re is the classical electron radius; γ the relativistic
factor of beam particles;

gxðt; t0Þ ¼ ð2σ2x þ tÞð2σ2x þ t0Þ þ 2σ2xð4σ2x þ tþ t0Þ;
gyðt; t0Þ ¼ ð2σ2y þ tÞð2σ2y þ t0Þ þ 2σ2yð4σ2y þ tþ t0Þ;

the functional

Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
1

2σ2x þ t
þ 1

2σ2x þ t0

�
σ2zθ

2

4

s
ð2Þ

represents a generalized Piwinski factor. When t ¼ t0 ¼ 0,
Ω takes the known form

Ωð0; 0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
σzθ

2σx

�
2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ψ2

p
:

The numerical evaluation of the double integral in
Eq. (1) takes less than a minute on a conventional PC.
The formula (1) allows estimating the influence of BS on
the formation of the longitudinal beam size and energy
spread in supercolliders [18]. To this aim, the approxima-
tion of the interaction region in the form of an equivalent
magnet with some effective values of the field and length
can serve as the simplest model. In the theory of synchro-
tron radiation, losses in such a magnet are proportional to
the product of the square of its field by the length. At large
Piwinski “angle” Ψ ≫ 1 as takes place in the crab-waist
interaction region of the supercolliders, the size Leff ¼
4σx=θ (see Fig. 1) can be approximately considered as a full
effective length of the “magnet.”
The model assumes that the beams retain their shape and

sizes. In reality, there is an increase of the transverse bunch
sizes at distances comparable with or larger than β�y (β�x), the
vertical (horizontal) beta function value at the interaction
point (IP) (hourglass effect). This occurs vertically, starting
from rather short distances, in comparison with the hori-
zontal direction, since the vertical beta function is much
smaller than the horizontal one. To verify this effect, the
growth rate of losses was calculated depending on the
distance of the center of the test bunch to the IP with and
without taking into account the corresponding change in
vertical size at the FCC-ee example [16]. This numerical
experiment demonstrated the almost complete insensitivity
of the model to the hourglass, which can be explained by
the hierarchy of bunch sizes and the fact that the beams
intersect in the median plane.

III. BEAM ENERGY SPREAD
AND LENGTH DUE TO BS

To determine the steady-state beam energy spread and a
self-consistent estimate of the length σz as a result of BS,

FIG. 1. Collision with a large Piwinski angle.
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we use the equation of radiative diffusion of the particle
energy taking into account radiative damping [19]:

dhA2i
dt

¼ Dγ − 2
hA2i
τE

: ð3Þ

Here hA2i is the average square of the energy oscillation
amplitude in a beam; τE is the corresponding damping time;
Dγ is a sum of the coefficients of diffusion due to
synchrotron radiation (SR) in the bending magnets and
BS in the IP: Dγ ¼ DBS þDSR. The DSR value was taken
based on the design data of the collider magnetic structure.
DBS was estimated by the formula

DBS ¼ nIPf0CuucPγ
Leff

c
ð4Þ

with nIP the number of interaction points which are
considered identical to each other (in our case, nIP ¼ 2);
f0 the revolution frequency; Cu ¼ 1.32; uc ¼ 3ℏcγ3=ð2ρÞ
the characteristic radiation quantum in the “long magnet”
approximation; ℏ the Planck constant; Pγ ¼ cEUBS=Leff

the power defined through the energy loss for BS (4); Leff
the “equivalent magnet” length determined in the section

above; ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πPγ=ðcCγE4Þ

q
the curvature radius of par-

ticle trajectory in the “equivalent magnet”; and
Cγ ¼ 8.85 × 10−5 meter GeV−3. In a study of the BS
spectrum, it was shown [20] that the approximation of a
“long” (ordinary) magnet still remains relevant as applied
to the present projects of supercolliders. It does not need to
be changed to the “short magnet” model.
Since UBS in Eq. (1) depends on the beam length σz, and

that in turn it is proportional to the energy spread σE, the
stationary solution (3) is found from the transcendental
equation

σ2E ¼ 1

4E2
τEDγðσzÞ; ð5Þ

with

σz ¼
cαp
νsω0

· σE; ð6Þ

αp is the momentum compaction factor, νs is the synchrotron
tune, and ω0 ¼ 2πf0. The system of Eqs. (4)–(6) is solved
iteratively, which gives self-consistent values of the beam
length and energy spread taking BS into account. It is
assumed that the beam transverse dimensions at the IP
remain constant. This is true, first, because with the nominal
beam parameters the beam-beam limit is not reached.
Second, due to zero dispersion in the interaction region,
BS does not lead to an additional increase in the transverse
emittances.

The results of our calculations of the energy spread and
the bunch length at the energies 45.5, 80, and 120 GeV for
CEPC and FCC-ee are summarized in Tables I and II,
respectively. For comparison, in Table I we give the data
provided for CEPC [21], while in Table II the results for
FCC-ee calculated by Shatilov using the known LIFETRAC

code [22,23] are shown.
Here and below, the model data for the 45.5 GeV CEPC

were calculated for two variants of the magnetic structure,
Zð2TÞ and Zð3TÞ. Because of the closeness of the results,
they are averaged.
The reported numerical and analytical results are in

satisfactory agreement. However, these values do not take
into account the bunch lengthening due to the beam
coupling impedance.

IV. COMBINED MODEL WITH BUNCH
LENGTHENING

Since most of the bunch lengthening in both CEPC [24]
and FCC-ee [25] is due to the potential well distortion
below the microwave instability threshold, at each iteration
step we can include the impedance-related bunch length-
ening by calculating the synchrotron frequency variation in
(6) due to the imaginary part of the impedance [26]:

ν2s ¼ ν2s0

�
1 − ξ

2π
Zpot

�
; ð7Þ

where [26]

Zpot ¼
X∞
p¼−∞

ImZðpω0Þ
J1ðpω0 τ

⌢Þ
ω0 τ

⌢
=2

λ
⌢
ðpω0Þ;

TABLE I. The bunch energy spread and length due to the
SRþ BS effect at CEPC.

E [GeV] 45.5 80 120
σE 0.00110a � � � 0.00146a

0.00108b 0.00111b 0.00137b

σz [mm] 7.0a � � � 4.0a

6.8b 4.9b 3.7b

aBeam-beam simulation [21].
bSemianalytical model (SRþ BS).

TABLE II. The bunch energy spread and length due to the
SRþ BS effect at FCC-ee.

E [GeV] 45.6 80 120
σE 0.00132a 0.00131a 0.00165a

0.00135b 0.00130b 0.00166b

σz [mm] 12.1a 6.0a 5.3a

12.4b 5.9b 5.3b

aBeam-beam simulation [1,23].
bSemianalytical model (SRþ BS).
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with λ̂ the Fourier transform of the bunch line density, τ̂ the
amplitude of synchrotron oscillations, and J1 the Bessel
function.
If, for simplicity, we assume that the total bunch length-

ening is determined by pure inductive impedance, then the
following self-consistent solution can be found. For a
Gaussian bunch,

Zpot ¼
ffiffiffiffiffiffi
2π

p

ðω0σÞ3
· Zc; ð8Þ

where σ ¼ σz=c. The quantity Zc does not depend on
bunch lengthening, i.e., remains constant, and can be
determined from the equation describing the lengthening
effect in the case of no beam collision [26]:

x30 − x0 − ξ

2π
Zc ·

ffiffiffiffiffiffi
2π

p

ðω0σSRÞ3
¼ 0 ð9Þ

with x0 ¼ σ0=σSR, any known ratio of the increased beam
length σz0 ¼ cσ0 to the length σz;SR ¼ cσSR determined by
radiation in bending magnets (SR). The Zc constant is
defined by the equation

Zc ¼
ffiffiffiffiffiffi
2π

p

ξ
ðx30 − x0Þðω0σSRÞ3; ð10Þ

where parameter ξ depends on the bunch current Ib:

ξ ¼ αpeIb=ν2sE: ð11Þ

Below the microwave threshold, the inductive imped-
ance decreases the synchrotron tune and, accordingly,
increases the bunch length without affecting the energy
spread. At the same time, the BS seeks to increase the
energy spread and thereby lengthens the bunch, depending
on the synchrotron tune variation. Under equilibrium
conditions, there must be a self-consistent solution for
all three parameters of that interplay. Let x ¼ σ=σSR be a
steady-state lengthening ratio in such conditions.
Considering (8) and (10), Eq. (7) can be rewritten in the
form

νs
2 ¼ νs0

2

�
1 − x30 − x0

x3

�
: ð12Þ

Given the contribution of BS to the diffusion coefficient,
we have from Eq. (6)

x2 ¼ DBS þDSR

DSR
·
νs0

2

ν2s
¼ η

νs0
2

ν2s
: ð13Þ

Combining Eqs. (12) and (13) gives an equation for a
self-consistent solution for the bunch lengthening:

x3 − ηx
x30 − x0

¼ 1: ð14Þ

It is easy to see that at η ¼ 1 (no BS) Eq. (14)
takes a well-known form, describing the lengthening
versus bunch current below the turbulence threshold
(x30 − x0 ∝ Ib).
In principle, an iterative algorithm to solve the problem

in the described approach includes the following steps:
(i) At the first step, set x ¼ x0 using the available data on
bunch lengthening in CEPC and FCC-ee obtained at the
nominal bunch current as a result of only PWD, i.e.,
without taking into account BS. (ii) From Eq. (1), calculate
the BS loss with a current value of the bunch length

σðiÞz ¼ xðiÞσz;SR. (iii) Using Eqs. (3)–(5), find the corre-

sponding energy spread σðiÞE in the presence of BS.
(iv) Recalculate the synchrotron tune from Eq. (12).

(v) Calculate a new value of the bunch length σðiþ1Þ
z from

Eq. (6). (vi) Based on a comparison of σðiÞz and σðiþ1Þ
z , either

repeat the cycle from point (ii) or end the iteration.
A step-by-step search of a solution takes quite a long

time. Therefore, by setting the initial length in the sus-
pected region of existence of the solution, the calculation
time can be reduced to several minutes.
The described algorithm corresponds to a situation when

the beams at the nominal currents are brought into collision.
An alternative is the sequential accumulation of currents to
nominal values in colliding beams (the bootstrapping
mode). The algorithm will be complicated by the need
to recalculate the magnitude of the impedance at each step
of the current increment.

V. NUMERICAL SIMULATION

In order to check the model predictions, we use the
numerical code IBB [21]. This code performs self-consistent
3D numerical simulations including beamstrahlung and
the longitudinal beam coupling impedance. The simula-
tions have been carried out for the stable tune areas free
of the recently discovered X-Z coherent beam-beam
instability [27].
Figure 2 shows an example of such simulations for FCC-

ee at 45.6 GeV. The upper plot demonstrates the energy
spread evolution versus the number of revolutions turns,
while the bottom one shows the bunch length convergence.
For the FCC-ee parameters, the beamstrahlung has the
dominating role in the beam dynamics. However, in Fig. 2,
we still can see the effect of interplay of the two effects.
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As expected, adding the longitudinal impedance, the bunch
becomes somewhat longer and the energy spread slightly
reduces.

VI. COMPARISON OF RESULTS

Our calculations taking into account the combined effect
of both BS and PWD effects were performed for CEPC at
energies of 45.5, 80, and 120 GeV (see Table III) with the
data on lengthening due to PWD [2]. For instance, at
45.5 GeV, the latter is from 2.42 to 5.1 mm.
For FCC-ee, due to the lack of similar data for 80 and

120 GeV, the calculations were carried out only for
45.6 GeV (see Table IV). The lengthening due to PWD
is from 3.5 to 6 mm [6]. For comparison, both tables
(Tables III and IV) show also the results of the simulation
[21] accounting for beam lengthening due to the coupling
impedance. In the tables, the beam length and energy
spread are given taking into account the already complete
energy losses on SR and BS. As can be seen from the
comparison, even despite such a simplification used, the

results of semianalytical calculations are in reasonable
agreement with numerical modeling.

VII. CONCLUSIONS

Using an approximate method that does not require the
use of dedicated beam-beam simulation codes, a self-
consistent stationary solution of the energy diffusion
equation with BS is found.
In addition, an algorithm has been developed for

calculating the beamstrahlung effect taking into account
bunch lengthening caused by the potential well distortion
due to beam coupling impedance.
The proposed semianalytical model has been used to

calculate the equilibrium values of the bunch length and
energy spread as well as the synchrotron frequency
reduction for the CEPC and FCC-ee colliders at their
various target energies.
A comparison of the data calculated by using the model

with the available data obtained previously with the beam-
beam simulation codes has been made. The differences in
the beam length (and energy spread), taking into account
only BS, are 1.5% for CEPC and about 2% for FCC-ee.
Given the combined effects of BS and PWD effects, these
differences do not exceed 3% for CEPC and 3.5% for FCC-
ee, respectively.
Thus, the proposed method allows estimating accurately

the BS effect, alone and in combination with PWD, on the
longitudinal beam size, energy spread, and synchrotron

TABLE III. The CEPC beam energy spread and length as well
as the synchrotron tune in arbitrary units due to the combined
effect of SR, BS, and PWD.

E [GeV] 45.5 80 120
σE 0.00105a 0.00126a 0.00137a

0.0010664b 0.00118b 0.00132b

σz [mm] 7.35a 5.89a 4.1a

7.65b 5.8b 3.975b

νs=νs0 0.859b 0.868b 0.904b

aBeam-beam simulation [21].
bSemianalytical model (SRþ BSþ PWD).

TABLE IV. The FCC-ee beam energy spread and length as well
as the synchrotron tune parameter due to the combined effect of
SR, BS, and PWD.

E [GeV] 45.6
σE 0.00126a

0.00132b

σz [mm] 12.2a

12.6b

νs=νs0 0.964b

aBeam-beam simulation [21].
bSemianalytical model (SRþ BSþ PWD).

FIG. 2. The energy spread (top) and the bunch length
(bottom) versus number of revolution turns with (green traces)
and without (viola curves) beam coupling impedance at the
45.6 GeV FCC-ee.
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frequency reduction without resorting to a full-scale beam-
beam simulation.
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