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Abstract. We study the Poisson problem —Awu = f and the Helmholtz problem
—Au + Au = f in bounded domains with angular corners in the plane and v = 0 on the
boundary. On non-convex domains of this type, the solutions are in the Sobolev space
H*! but not in H? in general, even though f may be very regular. We formulate these as
variational problems in weighted Sobolev spaces and prove existence and uniqueness of
solutions in what would be weighted counterparts of H? N H{.

The specific forms of our variational formulations are motivated by, and are particu-
larly suited to, applying a finite element scheme for solving the time-dependent Navier-
Stokes equations of fluid mechanics.

1. Introduction. Consider the Poisson problem in an open and bounded domain 2
in R™:

—Au=f inQ,
u=g¢g on 0.

The operator A : u +— (f,g) is an isomorphism from H*(Q) to H*~2(Q) x H*~'/2(9Q)
for s > 2, provided that the boundary is of class C*. See, e.g., Lions and Magenes
[18, Theorem 5.5.4], Gilbarg and Trudinger [8, Theorem 8.13], Evans [7, Theorem 6.3.5].
Much work has been done on extending this to cases where the regularity of the boundary
is less than C*®. A wealth of information about this and further references to the literature
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440 ANA MARIA SOANE anp ROUBEN ROSTAMIAN

are available in Kondrat’ev [12], Kondrat’'ev and Oleinik [I3], Grisvard [9] [10], Dauge [4],
Kufner [16], Kufner and Séndig [I7], and Kozlov, Maz'ya, and RoBmann [14] [I5]. For
results specific to polyhedral domains, see von Petersdorff and Stephan [25], Nicaise [20],
and the survey article by Dauge [6].

In this work we present variational formulations for the Poisson problem (—Au = f)
and the Helmholtz problem (—Au + Au = f) on non-smooth domains in R? by applying
the machinery for weighted Sobolev spaces developed in [12] [I4 [I7]. The novel as-
pect of this study is the non-traditional variational formulation of two elliptic problems
(see 32), B3), @2), and [@F)) which are motivated by a desire to extend the numerical
scheme for solving the Navier-Stokes equations developed by Liu, Liu, and Pego [19] to
non-smooth domains. Their algorithm, which calls for solving a Poisson problem in H*
and a Helmholtz problem in H? at each discretized time step, converges and is uncon-
ditionally stable on domains with sufficiently smooth boundaries. A naive application of
the algorithm in non-convex polygonal domains (flow over a step, for example) produces
incorrect solutions because the velocity is not in H? near reentrant corners. We propose
a modified version of the algorithm that applies appropriate weights near reentrant cor-
ners to compensate for singularities. Our analysis of the Poisson and Helmholtz problems
leads to a version of the algorithm in [I9] in weighted Sobolev spaces that is suitable for
solving the Navier-Stokes equations in polygonal domains with reentrant corners.

The plan of this article is as follows. In Section ] we summarize definitions and
theorems pertaining to weighted Sobolev spaces, mostly from [14], that will be needed in
the sequel. In Section 3] we introduce our formulation of the Poisson problem (see B2
and (BB])) that extends the traditional H? formulation to domains with corners. We
show the existence and uniqueness of solutions and establish their relationship to the
usual H' formulation. We repeat this for equations of Helmholtz type in Section H
(see #2) and (lﬂl)) In Section Bl we apply the variational formulations developed
in the previous sections to adapt the iterative algorithm of Liu, Liu, and Pego [19] to
solving the time-dependent Navier-Stokes equations to non-convex polygonal domains.
The well-posedness of the modified algorithm follows from our analysis of the Poisson
and Helmholtz problems in Sections Bland @l We do not address the issue of convergence
of the iterates in this article. We do, however, provide numerical evidence in Section
that the iteration does produce the expected solution. In addition to reporting results for
the Navier-Stokes equations, Section [0l contains convergence studies of two benchmark
problems for the Poisson and Helmholtz equations on L-shaped domains, where numerical
solutions are compared to a priori known exact solutions. These serve to validate our
weighted Sobolev space finite element solver which is described elsewhere [22]. For the
Poisson and Helmholtz problems, the convergence of our finite element method is shown
in [23] and error estimates and optimal rates of convergence are established in [24].

To put this work in context, let us note that there are at least two distinct approaches
to dealing with corner singularities. In one approach, as expounded in Grisvard [10],
the solution is decomposed into the sum of a “regular part” which is in H? or better,
and a “singular part” which is in H'. Aziz and Kellogg [I] follow a similar method
to construct distributional solutions in Lo corresponding to rough data. In the other
approach, as exemplified by [I4], the solution is considered as a whole, as a member of
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VARIATIONAL PROBLEMS IN WEIGHTED SOBOLEV SPACES 441

an extended function space that accommodates the singularities and enables the use of
variational formulations in the familiar functional analytic settings. The work presented
here follows the latter approach.

2. Preliminaries. The weighted Sobolev spaces in a plane wedge are defined in Sec-
tion @Il These are extended to general bounded domains with angular points in Sec-
tion In Section 23] we recall a regularity result for the Poisson problem in domains
with angular points [I4] which will be used extensively in the proofs of our analytical
results.

2.1. Weighted Sobolev spaces in a wedge. Let K = {(z1,22) € R? : 7 > 0,0 < § < w}
be a plane wedge centered at the origin. Here 7, 6 are the polar coordinates of the point
(z1,22) and w € (0,27). For integer [ > 0 and real 3, the space VQZﬁ(IC) is defined as the
closure of C§°(K \ {0}) with respect to the norm

1/2
w|v = p2B=ltlel) poy|2 gy
lallvg oo = ([ 32 . ,

laf <l

where D& = 911 /0250252, |a| = ay + as.
Ifi>1, Vl 1/2(8K) is the space of traces of functions from VQZﬁ(IC) on the boundary
OK equipped Wlth the norm

H“Hv;y”(wc) = Ue‘}fi(’c){HUvaﬁ(/c) vlo = uj.

We call K, or any translation and rotation of it, a plane wedge of angle w and define the
spaces Viﬁ(IC) l 1/2(('3/C) accordingly.

2.2. Weighted S’obolev spaces in bounded domains with angular points. Let G C R? be
a bounded domain. Suppose that there exists a finite set S = {z!,... 2%} of points on
the boundary 9G such that 9G \ S is smooth. Also, assume that for each of the points
x?, j =1,...d, there exists a neighborhood U; such that G NU; = K; NU;, where K; is
a wedge with vertex 7. Such a domain is called a domain with angular points.

Let ¢;, j = 1,...,d, be infinitely differentiable functions in G, 0 < ¢;(x) < 1, equal to
one in a neighborhood of 7 and to zero in G \ U;, and set (o =1 — ¢ — -+ — (4. The
neighborhoods Z/{], j =1,...,d, are chosen sufficiently small to be disjoint. The space
V2 ﬂ(g) where 6 (B, .- ,Bd) € R4 and [ is a nonnegative integer, is defined as the set
of all functions on G such that (yu € H'(G) and (ju € Vzl”@j (K;),j=1,...,d. Here and
elsewhere H'(G) is the usual Sobolev space of functions on G whose weak derivatives of
up to order [ are square integrable. Equipped with the nor

1/2
fullv: ) (||<ou|Hzg>+Z||<ju||V;B(K;) ,

. . . d .
! This norm is equivalent to the norm H“HVQZ e = [I¢oull g gy + 25=1 HC‘jUHVQL’ﬁj (<) used in [14].
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the space VQZB(Q) is complete. We use the notation L, (G) for the space ‘/205(9) and
define the Lé 5(G) inner product as

d
28;
(u,v)r, 59 :/Q&wdmﬁ—Z/ rjﬁ CGuv d,
' g j=17Ki

where r; is the distance from vertex z7.
For | > 1, the space VQZ;;I/ 2 (0G) is defined as the space of traces of functions from

Vzlg(g) on G \ S. The norm in V;;}/Q(ag) is
HuHVZl,}l/Z(ag) = veézg(g){HU”VQl,E(g) : /U‘BQ\S = ’LL}

We denote by V2l E(g) the subspace of zero trace functions from VQI E(g),

)

‘72175(9) ={ue V;,g(g) tulog = 0}.

The following imbedding property will be needed in the sequel.

LEMMA 2.1 ([14, Lemma 6.2.1]). Let g = (B1y.--yBa), ¥ = (71, --,7a) be real d-tuples.
Ifly > 13 >0and B; —lo <+, —Iy for j =1,...,d, then the space VQZZE(Q) is continuously
imbedded into V;%(g) If, moreover, Iy > 1; >0, B; —la <v; — 1y for j =1,...,d, then

this imbedding is compact.

2.3. The Poisson problem in a plane domain with angular points. Let G C R? be

a bounded domain with angular points z',...,z% with interior angles a; € (0,2m),

j=1,...,d. Consider the problem

—Au=f ing,

u=g¢g on G,
and denote the operator of this problem by A.
THEOREM 2.2 ([14, Theorem 6.6.1]). The operator
1l 1—2 1-1/2
A VE(6) = VIAG) < VI A(09),

where [ > 2 and § = (Bi,...,B4) € RY, is an isomorphism if and only if —7/a; <
l—1-p;<m/ajforj=1,...,d

Theorem is a natural extension of the classical result on the H'-regularity of the
Poisson problem in smooth domains; see Lions and Magenes [I8, Theorem 5.5.4], Gilbarg
and Trudinger [8, Theorem 8.13], Evans [7, Theorem 6.3.5]. The following corollary is
an immediate consequence of Theorem

COROLLARY 2.3. If —7w/a; < 1 —1—p; < m/a; for j = 1,...,d, then the operator
A f/‘zlg(g) — V;;(g)7 where [ > 2, B = (Bi1,...,Bq4) € R? is an isomorphism.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



VARIATIONAL PROBLEMS IN WEIGHTED SOBOLEV SPACES 443

3. Variational formulation of the Poisson problem in V2. ﬁ(g) As noted in
the introduction, in domains with smooth boundary or convex domams the solution
of the Poisson problem belongs to H?, provided the force term is square integrable
[7, 8, 18]. In domains with reentrant corners, solutions suffer a loss of regularity due to
singularities that develop at corners. For example, near a reentrant corner with interior
angle a > 7, the solution behaves like 77/® (where 7 is the distance from the reentrant
corner). Thus, it belongs to the Sobolev space H'*a~¢ > H?; see, e.g., [2, [10]. In this
section we investigate variational formulations in weighted Sobolev spaces V2 25 where the
application of weights at reentrant corners compensates for the solution’s singularities.

We present the formulation in two equivalent variants. In the first variant, the weights
are confined to isolated neighborhoods of reentrant vertices through cut-off functions that
were introduced in Section In the second variant, the cut-off functions are removed
so that the weight from each corner propagates throughout the domain. The first variant
is particularly appealing for computing, e.g., with finite elements, because the effects of
weights remain local and do not “pollute” the bulk of the interior region. The second
variant is more appealing from the analysis point of view because the clutter of the cut-off
functions is removed.

Section [l contains an application of these results to an iterative algorithm for solving
the time-dependent Navier-Stokes equations.

3.1. Variational formulation with local weights. We consider the Poisson problem with
homogeneous Dirichlet boundary conditions

—Au=f ing,
(3.1)
u=0 on dG,
in a bounded domain G C R? with corners z',...,z%, as described in Section We
pose a variational formulation for problem (B in this type of domain as:
Given f € L, 5(G), find u € 1/225(g) such that
(B, A0, (g) = = (f,80)1, 0) V0 € V74(G). (3.2)

THEOREM 3.1. For any ﬁ = (B1,...,B4) € R% such that 1 — 7/a; < B < 1+ 7/,
j=1,...,d, the variational problem ([B2) has a unique solution u € V22 E(g).

Proof. Let a : 19/22 ~(G) x 19/225(9) — R,

d
a(u,v) = (Au, Av)r, (g) = / G AuAvdr + Z/ r?ﬁjgjzAuAv dz,
' g i=17K;

be the bilinear form corresponding to ([B.2). Here (o, (1, ..., q are the cut-off functions

corresponding to the corners z!,...,z% as described in Section By applying the

Cauchy-Schwarz inequality we obtain

ja(u, v)| < |8z, @) 1Av]|L, 50) < Cillullvz (o) lvllvz ) Yuv € VE4G),
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which shows the continuity of a(:,-). From Corollary we also have

alu,u) = ||Au||§m(g) > CQ||u||2V;E(g) Yu e 172%5(9),

which shows that a(-,-) is \722 g(g)—coercive. In a similar way, it can be shown that the
linear functional )

V7 5(9) 3 v =(f,80)1, (q) /CofAv da — Z/ A de

is bounded. The existence and uniqueness of the solution of the variational problem (3.2])
follows from the Lax-Milgram lemma [7]. O

3.2. Variational formulation with a global weight. In the variational formulation (3:2]),
the supports of the weight functions are localized near the corners through the cut-off
multipliers. In this section we present an alternative variational formulation where a
weight of the r2# type extends to the entire domain. This formulation is particularly
appealing when the domain has only one reentrant corner; therefore, we will limit our
discussion to that case.

Thus, let us consider the Poisson problem (B.I) in a bounded domain G C R? with
one reentrant corner and introduce the following variational formulation:

Given f € L, 5(G), find u € f/22,5(g) such that

/ r28 AuAv dz = —/ P fAvdr Vv e XD/';E(Q), (3.3)
g g ’
where r denotes the distance from the reentrant corner and 5 = (8,0,...,0) € R

LEMMA 3.2. Let G be a bounded domain with one reentrant corner and let r be the
distance from the reentrant corner. Then

1/2
Jul, = ( [j r%uﬁdx) (3.4)

is a norm equivalent to the L, E(g)—norrm with E =(B,0,...,0) € R%.

Proof. We will show that there exist constants C7,Co > 0 such that

Cillullz, s < llully < Collullz, 5g), Yu € Ly, 5(9). (3.5)
Let z', ..., 2% be the corners of G, with z' the reentrant corner, and ¢ i=1,...,d,
be the associated cut-off functions as described in Section Recall that, with 5 =
(8,0,...,0),
d
2 2 2
lullz, ;) = ISoullz,g) + > IC5ulz, s
j=1

d
:/ \Cou\zda:—f—/ TQB\CluFdac—i—Z/ |¢jul? da.
g gnity j=2 gt
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Using ¢;(z) < 1,V € U, j =1,...,d, and {;, = 0 in some neighborhood ¥#; of z!, we
obtain

d
HU||2L2 50) = Co/ [ul? dz + ¢; / 28 uf? da + CZ/ lu|? da.
. G\ GnU, = Jonu,

Since 7 is bounded away from zero on GNU;, j = 2,...,d, and on G\ %3, the last estimate
becomes

d
ull, oy < Co [ Pdere [ aeeYoe [P
’ G\ gnU, j=2 g

d
< C’(/ 728 |u|? dm—l—/ 728 |u|? dac—l—Z/ r25|u|2dx>
g gnU; = oy,
< Cillull,

which proves the first inequality in ([B.3]).
Next, we prove the second estimate in ([3.3). We have

ol = [ ol e = [ 29GPl e

ch/gr2ﬁ<<§+cf+---<§>u|2da:

d
§04/ |(0u|2d:c+c;3/r25|C1u|2da:+C4Z/ \¢ul? dz,
g g =g

2
< CQHUHL,‘,YE(Q)’
where we used the fact that r is bounded from above on G. O

THEOREM 3.3. If 1 — /o < 8 < 1+ m/c, where « is the interior angle of the reentrant
corner, then the variational problem (B3]) has a unique solution u € V22 E(g), with 8 =

(8,0,...,0).
Proof. By applying Lemma, and Corollary 23] it can be verified that the bilinear
form

a: ng(g) X V;E(g) =R, a(u,v)= /grQﬂAuAv dz
and linear functional V;E(g) Sv _fg r28 fAv dz associated with (B3)) satisfy the
conditions of the Lax-Milgram lemma; thus, the assertion of the theorem follows. Details
are given in [23]. O
3.3. Equivalence of variational formulations. The traditional H! variational formula-
tion of the Poisson problem (B.I]) reads:
Given f € H-Y(G), find u € H}(G) such that

/ Vu-Vudr = / fodz, Yve€ HYG). (3.6)
g g
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We wish to show that the unique solution of the variational problem (B3]) in 10/22 E(g), for

B in a given range, coincides with the solution of ([B:). Throughout this section, unless
otherwise specified, 1 = (1,0,...,0), -1 = (-1,0,...,0), 8 = (8,0,...,0), 1-4=
(1-5,0,...,0). First we state and prove two auxiliary lemmas.

LEMMA 3.4. Let G be a bounded domain with one reentrant corner and let r be the
distance from the reentrant corner. Then for g <1

{r~*u:ue Hy(G)} C L, 5(9). (3.7)
Proof. Let u € H3(G). In view of Lemma [3.2] it is sufficient to show that
/ 28|20y do = / =28 ul? dx < oco. (3.8)
g g

It is shown in [14, Lemma 6.6.1] that the sets Hj(G) and {u € vzlﬁ(g) tulpg = 0}
coincide. By Lemma 2] 1/21}6(9) is continuously imbedded in L, 3(G) for g < 1;
therefore, Hu||L2’7§(g) < Cllullgg(gy- But ||UHL2,,,;(G) is equivalent to fg r=2B|u|? dx
whence ([B.8)) follows. O

The classical Green’s formula [, v Audz = [, vdu/Onda — [, Vu - Vo dz holds for
u € C?(Q), v e CHN), and 9N € C'. Various weaker versions exist where u and v are
moved to Sobolev spaces and the requirement of smoothness of the boundary is relaxed
to some extent. See Grisvard [10] for special cases that apply to polygonal domains in R?
and Kozlov, Maz'ya, and Rofimann [I4] for certain types of higher-dimension non-smooth
domains. Here we prove a variant of Green’s formula for domains with angular points in
R? and functions that vanish on the boundary.

LEMMA 3.5. Let G C R? be a domain with one reentrant angle with interior angle a.
For any § € R such that 1 — 7/a < 8 < 14 7/, the following Green’s formula holds:

—/gvAu dx = /gVu -Vudzr forue€ ‘72275(9), v E “’/217T75. (3.9)

Proof. We will apply a density argument. Let {u,}32; be a sequence in C§°(G \
{x!,...,2%}) that converges to u in szg(g), and let {v,}52, be a sequence in C§°(G)
that converges to v in “’/21? E(g). We have

—/ U AUy, dx = / Vu, - Vv, dx  for n > 1. (3.10)
g g

Let us estimate

/vnAun dz—/vAudx
g g

< / |vn Ay, — v Au + v, Au — vAu| dz
g

< / P A, — Au| 7P, | do + / rPlo, —v| rP|Aul dx
g g

< NAun = Aullg llonll g + llon = vlll_ 5 | Aull -
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Since [|Aulfl, is equivalent to the V; E(Q)—norm by Corollary 23] and Lemma B2]
I Aun — Aul] 5 — 0 as n — co. Moreover, V;ﬁE(g) is continuously imbedded in L,
therefore, [[v, — v[|_; — 0 as n — oo since {v,}7Z, converges to v in %{T_E(g). Also
note that ||Aul]; and [[vn]|_, are bounded. Thus,

/vnAundx%/vAud:E as n — oo.
g g

Next, let us estimate

/Vun-andac—/Vu-Vvdx
g g

< / |Vuy, - Vo, = Vu - Vo, + Vu - Vo, — Vu - Vo| dz
g
< IVt — Vally_y W90l + V0 — Tl 1Vl

Since V22 E(g) is continuously imbedded in V21 gff(g), we obtain from the estimate above

/Vun~anda:—>/Vu-Vvda: as n — oo.
g g

Finally, passing to the limit in (BI0), we obtain (3.9). O
REMARK 3.6. Formula (89) can be extended to domains with more than one reentrant

—

corner for 8 = (B1,...,84) € R such that 1 — 7/a; < B; <1+ 7/aj, j=1,...,d, and

. v o o
u € V27§(g)7 vE V21T7§(g), where 1 — 8= (1-51,...,1 = Ba).

THEOREM 3.7. Let f € L, 5(G), 1—m/a < # < 1. Then the variational problem (B.3) has

a unique solution in 1722 g(g) that coincides with the solution of the traditional variational

problem (B.6).
Proof. If f € L, 5(G), B < 1, then for any ¢ € Hj(G) we have

/gfwd:c—/grwfr_wwdx—/grzﬁfgédx

1/2 1/2
< (/r26f2 dx) </T2ﬁ¢2 dx) < 00,
g g

where r =2/ = ¢ € L, 5(G) from Lemma 3.4 Thus f € H'(G).
Since 3 satisfies the hypothesis of Theorem B3] 1 —7/a < 8 < 1+7/«, the variational
problem ([B3]) has a unique solution v € V; g(g) that satisfies

/ 2P AulAv de = — / P fAvdr Vo € 622 5(9).
g g B
Corollary 23] implies

/rwAu(bda?:—/Tzﬁf(bdﬂC V¢€L25(g)-
g g ’
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From Lemma 34 {r—2%¢ : ¢ € Hj(G)} C L, 5(9), so

/ P Aur=2P de = — / 2P =2 de Vip € HE(G)
g g

or
/Auz/zd:v = —/ fyde Vi € HY(G). (3.11)
g g

Since H}(G) — ‘?'21T75(g) for 1 —7m/a < 8 <1, in view of Lemma [3.5] we may integrate

by parts to obtain
[vuvode== [ jode v mio).
g g

so u satisfies ([B.6]) as asserted. ]

REMARK 3.8. The condition 8 < 1 in Theorem 3.7 is essential because it guarantees
that the function f € L, 3(G) is in H~1(G), and hence the traditional H' formulation is
well-posed; otherwise the statement of the theorem would make no sense.

4. Variational formulation of the Helmholtz problem in V22 E(g). In this sec-

tion we consider the boundary value problem
—Au+X u=f ingG,

u=0 on dG, (4.1)

where A > 0 is a constant.
4.1. Variational formulation with local weights. For a bounded domain G C R? with
corners z', ..., r% we introduce the following variational formulation of problem (EI)):
Given f € L, 5(G), find u € VQQE(Q) such that

(—Au+ M, —Av + X)r, ) = (f,=Av+ M), (o) Y€V 50 (42

The following lemma is a well-known consequence of the Fredholm alternative for compact
operators [7l [§], variants of which are used widely in the literature.

LEMMA 4.1. Let L : V — H be an isomorphism, where V', H are Hilbert spaces and V' is
compactly imbedded in H. Then, there exists a countable set A C R such that if A ¢ A,
the operator A\I — L is an isomorphism.

THEOREM 4.2. Let Ay : Vzlg(g) — Vzl;;(g), Ay = —A + M, where | > 2, § =
(Bi,.--,B4) € RY and —7w/a; < 1 —1—3; < n/a; for j = 1,...,d. Then, there
exists a countable set A C R such that A, is an isomorphism if A ¢ A.

Proof. Since \D/zlﬁ (G) is compactly imbedded in VQZ; (G) (Lemma2]), and A : Vﬁﬁ(g)
— V;;(g ) is an isomorphism (Corollary 2.3), the assertion follows from Lemma Il O

COROLLARY 4.3. For E: (Bi1,-..,B4) € Resuch that 1 —7/a; < B; < 1lforj=1,...,d,
the operator A, : V22g(g) — L, g(g), Ay = —A + A, is an isomorphism for any A > 0.
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VARIATIONAL PROBLEMS IN WEIGHTED SOBOLEV SPACES 449

Proof. Consider the problem

Au= M in G,
u=0 on 0G.

Multiply the equation by u and integrate over G to obtain

/uAu dr = )\/ u? de. (4.3)
g g

Since 8; < 1 for j = 1,...,d, by Lemma 2] 1/225(9) is continuously imbedded in
V;I_E(g), where T — 3 = (1 —=p1,...,1 = B4). Therefore, according to Remark [3.0]
we can integrate by parts in (€3] to obtain

—/|Vu|2d$=)\/u2dx.
g g

This implies that the eigenvalues of the Laplacian, as an operator A : ‘D/'22B(Q) — L, E(Q)’
are all negative. Hence the conclusion follows from Theorem (Il

THEOREM 4.4. If 1 —7/a; < Bj < 1+4m/a; for j =1,...,d, then the variational problem
(#2) has a unique solution u € 10/'225(g), 8= (B1,---,B4) € R for any A ¢ A.

Proof. In view of the isomorphism established in Theorem [£.2] the proof follows from
the Lax-Milgram lemma, just as in Theorem Bl O

COROLLARY 4.5. If 1 —7/a < B; < 1for j =1,...,d, then the variational problem (£2)
has a unique solution u € 10/'225(9), E: (B1,- .-, Ba) € R, for any A > 0.

Proof. Follows immediately from Theorem [£4] and Corollary A3l (]
4.2. Variational formulation with a global weight. Our weak formulation for problem
(1) in a bounded domain with one reentrant corner is:
Given f € L, 5(G), find u € f/22,5(g) such that

/ 2P (—Au+ M) (—Av + \v) de = / r2P(—Av+ ) fdx Vv e f/jg(g), (4.4)
g g ’

where r denotes the distance from the reentrant corner and B = (B,0,...,0) € R4

THEOREM 4.6. If 1 — 7/a < B < 1, where « is the interior angle of the reentrant
corner, then the variational problem (4] has a unique solution u € V22 g(Q), with g =

(8,0,...,0).

Proof. As before, we apply the Lax-Milgram lemma. The bilinear form corresponding
to ([{4) is defined as

a: f/;g(g) X 17225(6) =R, a(u,v)= / 2P (= Au + M) (—=Av + \v) de.
’ ’ g
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The bilinear form is continuous because for any w,v € ‘722 g(g) we have

la(u, )| < = Au+ dul4 | = Av + Av]|

(4.5)
<l = AutAullz, 46) | = Av+ Mz, 46y < Cllullvz, )llvllvz,9),

where we used Lemma and Corollary [£3] To prove the coercivity of the bilinear
form, we estimate

a(u,u) = || = Au+Mulf = 1l = Au+ Mg, g > CzHUH?/;E(g) Vu € V7 2(9),

where again we used Lemma and Corollary Since the linear functional v
fg r2%(—Av + Av) f dz is bounded on 1/'225@), the existence and uniqueness of solution

to ([@4)) follow. O
4.3. Equivalence of variational formulations. The traditional H' formulation of prob-

lem (.T]) reads:
Given f € H=Y(G), find u € H}(G) such that

/Vu~Vvda:+)\/uvdx:/fv Vv € Hi(G). (4.6)
g g g

THEOREM 4.7. Let f € L, E(g), 1—7m/a< B <1, and A > 0. Then the unique solution

of the variational problem (Z4]) in ‘722 E(g) coincides with the solution of the variational

problem (.6l).

Proof. Let u € 1722 g(g ) be the unique solution of the variational problem (£4]). Then,

u satisfies
28 _ 28 2
/gr (—Au+ du)(—Av + M) dz = [;r (—Av+ X v)fdx Yove Vz’g(g).
Corollary 3] implies

/rzﬁ(—AquAu)qsdx = / r? fode V$ € Ly 5(9).
g g ’

From Lemma B4 {r—2%4 : ¢ € H}(G)} C Lz’g(g% SO

/ 728 (= Au + Mu)r~20y dx = / r? fr*Pyde Vi € Hy(G);
G g
that is
/(—Au—i— Au)p dr = / fdz i € Hy(G).
G g

By Lemma[35] since H}(G) — V1. (G) for 1 —7/a < B < 1, we can integrate by parts

2.1-48
to obtain
/ Vu-Vz/)dac+/\/ wp de = / fode Y € HEHG),
g g g
which shows that u is the solution of the problem (Z.6]). O
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5. Numerical scheme for the Navier-Stokes equations in weighted Sobolev
spaces. We consider the Navier-Stokes equations in a bounded domain G C R2, with
no-slip boundary conditions

u; + (Vu)u+ Vp=vAu+f in G x (0,7],
divu=0 in g x (0,71,
u=0 on 9G x (0,T],

u=uy att=0,

(5.1)

where u is the fluid velocity, p is the pressure, v is the kinematic viscosity, and f is an
external force.

In [I9], Liu, Liu, and Pego have proposed a numerical scheme based on a time-
discretization implicit in viscosity and explicit in pressure and convection terms that
works as follows:

Given an approzimation u™ € [H*(G) N H} (Q)]2 to the velocity at the n'h time step,
determine p™ € H'(G) from a weak-form Poisson equation

(Vp™, Vo) = (f* — (Vu")u” + vAu” —vVdivu",V¢) Vo€ H'(G), (5.2)

then determine u™™' € [H2(G) N H&(gﬂ2 from the Helmholtz problem
un+1 —u”

: —vAu"t =" — (Vu")u" — Vp",

(5.3)
u"+1‘@g =0.

Here (-, -) denotes the inner product in Lo and k is the time step. The weak form of the
latter equation is:

LAty L ntt (L L "u” "
< Au + Vku ,AlIl> = <1/I<:u + V(f (Vu™)u" + Vp ),A‘I’>, (5.4)
2

YW € [H*(G)NHy(G)]™.
It is shown in [19] that if the boundary is C*, then the velocity iterates converge in H2.
Moreover, the corresponding fully discrete finite element scheme, with C' elements for
velocity and C° elements for pressure, is unconditionally stable and does not require any
compatibility conditions between the finite element spaces for the velocity and pressure.
The condition on the smoothness of the boundary may be relaxed somewhat. Kellogg
and Osborn [I1] have shown that in convez polygonal domains (see Dauge [5] for convex
polyhedra) the velocity field corresponding to the Navier-Stokes equations is in H?. We
have applied the numerical scheme (52)-(E3) to several problems on convex polygons
and obtained the expected solutions for moderate Reynolds numbers. In non-convex
polygons, however, the velocity develops singularities at reentrant corners and no longer
is in H?; therefore, equation (5.4) ceases to make sense. For domains of this type we
reformulate the scheme (52)—(2.3]) in weighted Sobolev spaces, along the ideas described
in Section @l Specifically, we propose:
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Given an approximation u™ € [‘7225(@]2 to the velocity at the n*™ time step, deter-

)

mine p" € V;E(g) from

(VD" V01, 9) = (" = (Vu")u" + vAu" — vV divu™, Vo), g V6 €V, 5(G),
(5.5)

then determine u"t! [‘7225(9)]2 from

(—AunJrl + /\u"H, —AW + )\‘I,)L’Z,E(g)

= (A" + Mk(f" — (Vu")u" — Vp"), ~A¥ + A®)
2,8

v e [5G (56)

where A = 1/vk.
Osborn [21] has shown that the singularity of the velocity field near a reentrant corner

2sina = 0

with interior angle « is related to the roots of the equations sinh? za — 22 sin
in the complex plane. In particular, when a = 37/2, the velocity is O(r*), where
=~ 0.5444837368. In the numerical simulations presented in Section we use 5 =
(1,0,...,0), which falls within the range stipulated in Theorem

The well-posedness of the variational problems in (55)—(2.6]) follows from the results in
Sections Bland @ No proof of convergence of the iterative scheme (G.0)—-(5.0)) is available
at this time but numerical experiments (see Section[d]) indicate that the proposed scheme

produces the expected solution.

6. Numerical experiments. We have made extensive numerical studies of the prob-
lems in Sections [BHA] using a software that we have developed for this purpose. The soft-
ware, documented in a forthcoming book [22], implements a C'-compatible finite element
scheme over an unstructured triangular mesh in arbitrary polygonal domains. The basis
elements consist of fifth-degree Argyris polynomials [3]. In the following subsections we
will describe numerical results obtained for several test problems.

6.1. The Poisson problem in an L-shaped domain. Consider the problem

—Au=f ingG,
=0 on 0G,
in the L-shaped domain G = (—1,1)?\ [0,1] x [~1,0]. We choose
4 2 1
f= §7~2/3 [(10—4r2)sin§9—7“2$in§09}, (6.1)

which corresponds to the exact solution
2
uw=2(1—-22)(1 - 22)r*/3sin 30, (6.2)

where r, 6 are the polar coordinates associated with the Cartesian coordinates x1, zs.
Here and in the sequel A denotes the area of the largest element in an unstructured
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triangular mesh, h = /A, and uy, denotes the corresponding finite element solution. We
let T = (1,0,...,0) € R® and recall the notations:

1/2
lu—wupllL, . = </ r2|u—uh|2d9c> ,
' g

1/2
lu—up|ye. = (/ (r?|VVu — VVus|? + |Vu — Vup|* +r2|u — up|?) d:c) ,
2,1 g

1/2
lu —unl|l, 7= </ r2|Au—Auh2dx> .
7 g

Figure [I] shows the sequence of uniform meshes used in computations. In Figure [ we

(a) A=0.4 (b) A=0.1 (c) A=0.025 (d) A =0.00625

Fic. 1. Four unstructured uniform triangulations of the L-shaped
domain G = (—1,1)2\ [0,1] x [~1,0]. In each case, A is the area of
the largest element.

plot the error in various norms as functions of h in a loglog plot. The convergence of the
finite element approximations is proved in [23]. Optimal rates of convergence on graded
(non-uniform) meshes are derived in [24].

It can be seen in Figure [2] that the experimental rate of convergence in the szf

norm is approximately 2/3. The same rate of convergence is observed for the H* norm.
This result is consistent with the rate of convergence expected for the traditional H!
formulation, when uniform meshes are used. In [24] we derive error estimates in the V; F
norm and design graded meshes that yield optimal convergence rates. 7

6.2. Helmholtz equation in an L-shaped domain. We consider the boundary value
problem
—Au+X u=f ingG,
u=0 on dG,
with A > 0 constant, in the L-shaped domain G = (—1,1)%\ [0, 1] x [-1,0]. We choose f
such that the exact solution of the problem is given by (G.2]).

We have performed numerical studies for various values of the parameter \. We
summarize here the results obtained for A = 3, noting that similar results were obtained
for other values of A. For this problem |[[uf|, ; = (fg | Au — \ul? dz) /2 The meshes
used in our computations are the same as in the previous section and are plotted in
Figure[ll Figure[Blshows the errors as functions of h in a loglog plot. The experimental
convergence rates observed are similarly obtained for the Poisson problem.

(6.3)
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h

F1G. 2. Log-log plot of the error for the Poisson problem in various
norms giving experimental rates of convergence as respective slopes.
A line with slope 2/3 is displayed for comparison.

6.3. Navier-Stokes equations: Backstep flow. In this section we solve a classical bench-
mark problem in fluid dynamics, the backstep problem, using the scheme described in
G.3)-E.8).

The diagram in Figure H depicts a flow region where the fluid enters from the left,
flows over a step, and leaves to the right. We prescribe parabolic velocity profiles at
the inlet and outlet, and zero velocities on the rest of the boundary. Specifically, in the
simulations presented here, we use f =0, v = 1, and

Uy = 128582(1 —CEQ), Ug = 0 at T = —17

up = 16(1+ z2)(1 —x2), uy =0 atax; =3.

This corresponds to a Reynolds number Re ~ 43, where Re = 2HU,,y/v. Here H =1 is
the height of the step and Uy, is the average velocity at the inlet.

No exact solution is available for flow over a backstep; therefore, we compare our solu-
tion against that produced by the commercial software package COMSOL. In Figures[Hl(a),
(¢), (e), and (g), we show the graphs of the x and y components of the velocity, pressure,
and divergence obtained with our weighted H? solver, and in Figures Bi(b), (d), (f), and
(h), we show the corresponding graphs produced by ComsoL’s H! solver. These results
were obtained by solving the time-dependent Navier-Stokes equations until steady-state
was reached.
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10'

v flumug i

-0- ||u—uh||L2
—_— "u_uh”]-[I
— ||u—uh||L21]
a- lolh2,
e ol

e hys.h”

1 0()

Fic. 3. Log-log plot of the error in various norms for the Helmholtz
problem, A\ = 3, giving experimental rates of convergence as respec-
tive slopes. A line with slope 2/3 is displayed for comparison.

Streamline: Velocity field

0.5

0.5

F1G. 4. Streamlines in the backstep flow.

We view the numerical results presented in this section as experiments illustrating
the viability of our variational formulations, rather than a proof of superiority of our

approach to those of others.
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Fic. 5. Backstep flow: Steady-state results.
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