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1. Introduction

Decoupling the center of mass (c.m.) from the intrinsic motion
in finite nuclei remains a challenging problem despite the many
attempts made in the past [1-7].

A rigorous solution is provided by the no-core shell model
(NCSM) [8-10] which adopts the Lawson method [5] to factorize
intrinsic and c.m. wavefunctions by adding an external c.m. har-
monic oscillator (HO) potential to the nuclear Hamiltonian. This
recipe, however, has a restricted validity. The factorization, in fact,
is achieved only in a HO single particle (s.p.) basis and if all and
only configurations up to Niw are included.

The same Lawson method was adopted within shell model to
remove the c.m. from level densities [11].

An analogous prescription was used in random-phase approx-
imation (RPA) using a HO potential plus a schematic interaction
[12]. For realistic interactions, the only recipe consists in using a
huge Hartree-Fock (HF) basis in order to push the c.m. mode to
zero energy [13]. In any case, the problem remains unsolved in
higher or extended RPA.

Few years ago, we decoupled the c.m. from the Tamm-Dancoff
approximation (TDA) states [14] by exploiting the Gram-Schmidt
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orthogonalization method, a procedure adopted recently in RPA
[15].

The TDA states enter as building blocks of the multiphonon
states generated within the equation of motion phonon method
(EMPM) and used to solve the nuclear eigenvalue problem [16-18].

As we shall see, it is not sufficient to use the c.m. free TDA
phonons to avoid the contamination of the multiphonon states.

Here, we obviate this drawback by proposing a method based
on the singular value decomposition (SVD) which removes com-
pletely the c.m. admixtures from the full basis.

The SVD has been adopted in several contexts of nuclear struc-
ture. It was exploited to restore the unitarity of the Bogoliubov
transformation in a truncated quasiparticle space [19], to obtain
an optimization of the interaction within the energy density func-
tional approaches [20,21] and, also, within Gamow shell model
(GSM) [22], to extract the spectral weight function from the prop-
agator within a Monte Carlo approach [23,24], to factorize nuclear
structure properties from the reaction dynamics in deuteron elec-
trodisintegration [25].

The method has one important limitation with respect to
NCSM. It does not apply to the unperturbed HF ground state whose
c.m. admixtures affect the bulk properties of the system. We min-
imize these impurities by using intrinsic operators as done, for
instance, in coupled-cluster (CC) [26-28], where it is shown em-
pirically that the mere use of an intrinsic Hamiltonian yields a
factorized ground state to a good approximation.
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On the other hand, it has the advantage of working for any s.p.
basis and with no energy constraint on the selection of the HO
configurations.

The method can be easily extended to odd systems [29-34] and
can be adopted within the quasi-particle version of the EMPM [35]
to remove at once the contamination induced by the c.m. and the
violation of the particle number in open-shell nuclei.

The EMPM so reformulated is implemented numerically for
studying the properties of “He. This nucleus, especially sensitive
to the c.m. motion, was explored mostly in approaches using Ja-
cobi and hyperspherical coordinates (see for references [36,37]). In
the last two decades, it was investigated in several ab-initio ap-
proaches like NCSM [38,39,9], CC [40,41], and in medium similarity
renormalization group (IMSRG) [42]. All mentioned studies were
focused on its bulk properties. The low-lying levels were studied
in early NCSM using effective two-body interactions [43,44] and in
a variational approach based on correlated Gaussians using the Ar-
gonne v8’ potential plus a phenomenological three-body force [45].

We use the NNLOg,; potential [40] to generate a HF basis from
the lowest six HO major shells. This restricted basis allows us to
solve the eigenvalue problem in a space encompassing the full
three-phonon basis.

2. The method

The basic ingredients are the HF particle-hole (p-h) vacuum | 0)
and the TDA states | A) = OI | 0), where

ol =" ch (@} x by)*. (1)
ph
Here, a;r, = aipjpmp and by = (—)Jntmh Qy, j,—m, Create a particle and

a hole of energies €, and —e¢j,.

Starting from | 0) and the TDA one-phonon states | 1), we in-
tend to generate iteratively an orthonormal basis of n-phonon (n =
2,3...) correlated states | 8) =| o) assuming known the (n — 1)-
phonon basis states | o) =| ap—1). To this purpose we construct
the set of redundant states

6oy =0l x |a))” @)

and extract from them a basis of linearly independent states by
resorting to the Cholesky decomposition method. We are then al-
lowed to write the n-phonon states we search for in the expanded
form

Zc | (h x @)#). (3)

They can be determined by solving the generalized eigenvalue
equation within the n-phonon subspace

(Axa)? |H|B)y=Egl(r x )P | B). (4)

For our purposes, however, it is more useful to exploit the struc-
ture (2) of the states | (A x &)?) and use the equivalent equation
of motion in the reduced form

(BIITH, 0111l @) = (Eg — Eg)(a || OF || B). (5)

Once expanded, the commutator contributes through terms like
(B Il [} x bp)* x (@} x b)°1* || @), where (rs) = (pp') and (rs) =
(hh").

We then need just to act on these matrix elements by using the
closure In-1 =), | a)(o | and expressing the (a];, X bh))\/ in terms
of of ,» upon inversion of Eq. (1).
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These operations lead to the generalized eigenvalue equation
within the n-phonon subspace

= (AD)C =EDC. (6)
The explicit form is
B
Z HAO{)»’O{’ )L/ ’ —Eﬁ Z DKO{)»’O[’C Vo'* (7)
ro) o ro) o
Here
D = (O x )P | ) x a)P) (8)

is the overlap or metric matrix which preserves the Pauli principle
and

)ﬂ)\ o’ T Z A}»Ol)»wll rMogral? (9)
roq
where
A/\axlal = (Ex + Ea)83i; 8oy + Vfahal. (10)

The expressions of the overlap matrix D and of the phonon-
phonon interaction thal can be found, for instance, in Ref. [46].

The solution of Eq. (7) yields the n-phonon basis states (3).
The iteration of the procedure up to an arbitrary n produces a set
of states which, added to the HF (| 0)) and TDA ({| 1)} = {| A)})
states, form an orthonormal basis | ) (n=0,1,2,3,...).

Such a basis is then adopted to diagonalize the residual Hamil-
tonian in the full space. The matrix elements between different
subspaces {(on | H | o) (0’ # n) can be found, for instance, in
Ref. [47]. For " =n+ 2 (n # 0) we write here the equivalent more
transparent formula

(an | H | ang2) =Y (0] H|az){(2 x o)™ | tny2). (11)
o)
The coupling of the vacuum to the two-phonon states is
(O1Hloz) = ((x A) aa) (L |V | 1), (12)
AN

where V is the two-body interaction in normal order form. The
diagonalization of the Hamiltonian yields the final eigenvalues &,
and the corresponding eigenstates

n=0,1,2..

Z o | Cn). (13)

They can be used to evaluate the transition amplitudes of the mul-
tipole operators

(B | MO | W) = Y COV[nCZ;, (Bw | M) |l an)- (14)

an By

3. Removal of the c.m. motion

Following Ref. [14], we adopt Gram-Schmidt to extract from the
npp 17 p-h configurations a set of n,, — 1 states orthogonal to

1
|A™) = R 10, (15)

where R, (u=—1,0,1) are the spherical c.m. coordinates and N
is a normalization constant. Such a set yields a basis of np, — 1
c.m. free TDA phonons.

These TDA states, however, do not guarantee the purity of the
multiphonon basis. Let us consider the two-phonon subspace and
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separate the n states {| i)} = {| (A x A))¥)}, composed of the c.m.
free phonons | A), from the m ones {|s)} ={| (A X Acm)®), | (Aem X
Aem)®)} containing at least one c.m. phonon | A¢p,). The overlap be-
tween the two set of states is non zero (Dil.cm) = (s |i) #0) because
of the exchange terms between the constituent phonons.

A completely c.m. free basis can be obtained only if we can
determine a basis of states |a) =) ; Ci(“) | i) fulfilling the orthogo-
nality condition (& | s) =0 for all |s) and any | ), which amounts

to determine the right null space of the rectangular matrix D™

pEmc =, (16)

This goal is achieved here by a procedure exploiting the SVD.
According to the SVD, the m x n rectangular matrix D™ under-
goes the following decomposition

’D(Cm) = UZVT = Z u;o;Vvj, (17)

i=1,m

where U is a left-singular orthonormal m x m matrix composed of
the row singular vectors u; acting on the c.m. states, VT is the
transpose of a right-singular orthonormal n x n matrix V com-
posed of the column singular vectors v; acting on the states com-
posed of c.m. free phonons | A), and ¥ is an m x n rectangular
diagonal matrix with m non vanishing singular values o; # 0.

It is to be noted that the other n — m singular values vanish,
oj=0fori=m+1,n.

Thus, the right-singular matrix V decomposes into two subma-
trices. One is composed of the vectors vs (s=1,m) and yields the
transformed states

lvs)= > vsili)

i=1,n

(s=1,m) (18)

spanning the c.m. spurious subspace.

The other submatrix, which we denote by V, is composed of
the singular vectors v; (r=m+1,n) and generates the n — m trans-
formed states

lvp) =Y vii i)

i=1,n

(r=m+1,n) (19)

orthogonal to the c.m. states | vs)

(vr [ vs) =0. (20)

These states form the intrinsic subspace we searched for.
We can then apply the transformation V to the eigenvalue
Eq. (6) obtaining

H'C'=ED'C, (21)

where ('=VC, D' =VDVT, and H' = VHVT.

The eigenstates | o) =) . (VC); | vr) can be recast in terms of
the original basis states | i) = {| (A x A)*)}.

We adopt the same procedure for the three-phonon subspace
once we identify the c.m. spurious states. These are | s) = {|
(Aem X O‘)ﬂ>7 | (A x O(cm)ﬁ>a | (Aem % aem)®)}, where | aer) are just
the transformed two-phonon states | vs) (s =1, m) corresponding
to the non vanishing singular values o5 # 0.

4. Numerical implementation

The Hamiltonian is composed of an intrinsic kinetic term plus
the NNLOg,¢ potential [40]. Its three-body force is fully taken into
account in producing the HF basis, while it is truncated at the nor-
mal ordered two-body level in the multiphonon calculation.
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Table 1
Excitation energies of the lowest computed states and their n-
phonon composition.

I Wy Col? IC1/2 IC2 I3
OT 0.000 0.894 0.003 0.102 0.001
0; 23.472 0.002 0.788 0.152 0.059
0y 25.817 0.000 0.776 0.176 0.048
27 27.005 0.000 0.800 0.163 0.037
2; 27.994 0.000 0.850 0.108 0.042
ZT 28.123 0.000 0.781 0.163 0.057
17 28.691 0.000 0.823 0123 0.054
0, 29.750 0.000 0.769 0.181 0.050
15 30.571 0.000 0.679 0.264 0.057
13 31.279 0.000 0.843 0.096 0.060
11+ 31.813 0.000 0.818 0.127 0.055

A HF basis is created from the first six (Npax = 5) HO major
shells at iiw =20 MeV. The HF ground state is the only quantity
which is outside the SVD domain and, therefore, contains c.m. ad-
mixtures. Their effects are minimized by the use of the adopted
intrinsic Hamiltonian which yields the energy Eyr = —14.256 MeV.

The HF basis is, then, used to generate the TDA phonons. The
c.m. spuriousness gets concentrated almost totally in the lowest 17
which results to be quasi-degenerate with the HF vacuum (a)q =
El? — Eyr = 0.053 MeV) just as in RPA. The close link between

TDA and RPA was discussed in Ref. [14].

The Gram-Schmidt orthogonalization removes this level as well
as all residual admixtures from the other 1~. The c.m. free TDA
phonons are used to build up the full basis {| &)} up to n =3 and,
then, to solve the full eigenvalue problem.

The binding energy B = 26.526 MeV differs from the experi-
mental value By, = 28.296 MeV by ~ 1.8 MeV and comes almost
entirely from the coupling to the two-phonon subspace. In fact, if
we exclude the three phonons, we get B, = 26.345 MeV.

Though HF and correlation energies are comparable, the HF vac-
uum remains by far the dominant component of the ground state
wavefunction (~ 89%), while the two-phonon components account
only for ~ 10% (Table 1).

If we use as constituents the contaminated TDA phonons, in-
cluding the 17, a calculation up to two phonons yields B =
26.557 MeV, only ~ 200 keV away from the value obtained after
the elimination of the c.m. motion. The two-phonon components
remain unchanged (~ 10%) and contain only ~ 0.4% of spurious
contaminants.

The above numbers support the CC numerical proof that the
effects of the c.m. on the ground state of “He are negligible if an
intrinsic Hamiltonian is used [26,27].

It is worth to point out that the ground state undergoes mod-
est changes if we enlarge the HO space up to Npax = 12. We obtain
Eyr = —14.371 MeV and B, = 26.865 MeV with a ~ 500 keV gain
with respect to Npax = 5. The two-phonon content of the wave-
function is unchanged (~ 10%). The missing contribution to the
binding energy should come from the residual NNN interaction not
taken into account here. In fact, we have checked that the same
calculation reproduces exactly the experimental value if the two-
body Daejeon16 potential [49] derived from the N3LO interaction
is used.

If the c.m. is not removed, several spurious multiphonon states
intrude into the low energy region, because of the very low lying
17 phonon. A calculation up to two phonons yields a 17 at ~
6.281 MeV above the correlated ground state, originated from the
17 phonon (94%). The 05 and 2] states, with a dominant (70%)
17 x 17, are few MeV above (a)02+ ~9.185 MeV and Wyt 2= 9.302
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Fig. 1. Level schemes computed in different multiphonon spaces (n=1,2,3) versus the
experimental spectrum [48]. For n =1 (TDA) w; = E; — Eyf, for n > 1 w, = E,, — Eo,
where Eg = Eyr + Ecorr-

MeV). The other states are at ~ 23 MeV or more, but the two-
phonon components of some of them are strongly contaminated.

It should be clear from this example that this anomalous two-
phonon spectrum is due to the peculiar nature of our method
which magnifies maximally the role of the c.m. motion by con-
centrating the c.m. spuriousness into a single low lying constituent
TDA phonon.

We could avoid these pathological levels by simply removing
the 1_,. This approximate procedure does not avoid the c.m. ad-
mixtures induced by the exchange terms of D which affect espe-
cially the states with two-phonon dominance and, therefore, en-
hance the contamination of the three-phonon states.

Only by combining Gram-Schmidt for TDA with SVD for the
other n-phonon subspaces we can decouple rigorously the intrinsic
from the c.m. subspaces and, thereby, obtain a completely c.m. free
basis in each n-phonon subspace for any n. The resulting spectra
are shown in Fig. 1.

The appreciable overlap between TDA and experimental spec-
tra is illusive since the TDA levels are referred to the HF vacuum.
The spectrum resulting from the calculation up to two phonons is
shifted up in energy because of the depression of the correlated
ground state induced by the strong coupling of the HF vacuum
to the two-phonon subspace (Eq. (12)). The closely related one-
phonon to three-phonon coupling (11) pushes appreciably, though
not completely, the excited levels down toward the experimen-
tal region. For a further improvement we should enlarge the HO
space. For Nppax = 12 up to two phonons, the TDA as well as the
two-phonon levels are ~ 2 MeV lower in energy than the corre-
sponding ones for Npax = 5.

All low-lying theoretical levels have a one-phonon character
(Table 1) and, with the exception of the ZT which does not have
a counterpart, are in one to one correspondence with the experi-
mental ones. In fact, the p-h proton neutron content of each state
is compatible with the decay of the corresponding level (Table 2).
Only the exclusive proton decay of the OT remains unexplained.

The experimental 2;7 (v =1,2,3) levels, as well as the 07,
1,, and 23, undergo a D-decay and, presumably, are to be associ-
ated to two-phonon states. These, however, fall at too high energy,
above ~ 40 MeV, and can be pushed down only by their coupling
to four phonons. We have used Eq. (11) to compute such a cou-
pling under the assumption that the four-phonon states are prod-
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Table 2

Proton (7t = p) and neutron (t = n) p-h weights
W, = th |c’h|2 of the one-phonon (TDA) com-
ponents of tfle lowest excited states compared
with the proton (%p) and neutron (%n) decay
modes of the experimental levels [48].

4 Wy Wy %p %n
05 51 49 100 0
0y 56 44 76 24
27 79 21 63 37
2 21 79 53 47
2f 53 47 3 3
17 53 47 55 45
05 44 56 52 48
1, 54 46 50 47
13 44 56 52 48
1 72 18 48 47

ucts of non interacting two-phonon constituents (| cz4) ~| otz X o}))
and that the exchange terms between o and o in the overlap
matrices can be neglected. We found that all two-phonon states
get shifted downward considerably. For instance, the first two-
phonon 2F occurs now at 30.285 MeV.

These preliminary estimates suggest that the four phonons are
needed for a satisfactory complete description of the spectrum.

The giant dipole resonance cross section is given by

o0 3 o0

a(El):/a(El,w)dw: 167 /a)S(El,a))dw (22)
0 0

where

S(E1,0) = Y BEL; 07 — 1))8(@ — wy) (23)

is the strength function, w, = &, — & the excitation energies, and
B(E1;07 — 1,) =| (W [| M(ED) || Of) |2 (24)

the ground state reduced strength of the E1 operator. The transi-
tion amplitudes are computed using the Eq. (14). In actual calcula-
tions, the & function is replaced with a Lorentzian having a width
I'=10 MeV.

The above formulas show that all 1, eigenvalues and eigen-
functions enter in the determination of the cross section. Thus, its
position and shape depend critically on the energy level distribu-
tion.

Therefore, our calculation is more demanding than the ab-
initio approaches where the cross section is evaluated through the
Lorentz integral transformation (LIT) [55] which does not make ex-
plicit use of the excited states [56,57,54].

As pointed out already, the position and shape of the cross
section are affected by the energy level distribution. In fact, its
evolution follows closely the trend of the spectrum (Fig. 2). The
depression of the ground state induced by the coupling to two
phonons causes a shift of the whole strength at too high energy.
The three phonons succeed only partially in bringing the strength
back to the experimental energy region.

5. Conclusions

In summary, the combination of Gram-Schmidt and SVD re-
moves exactly and completely the c.m. admixtures from all mul-
tiphonon states for any s.p. basis and does not impose any energy
constraint on the selection of the HO configurations. It does not
act, however, on the HF ground state whose impurities are mini-
mized through the use of an intrinsic Hamiltonian.
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Fig. 2. Theoretical versus experimental [50-53] cross sections. Following Ref. [54],
we have assumed oy (w) ~ 20y n(w) for the data of Ref. [52] and o) (w) ~
oy p(w) + 0y p(w+0.5 MeV) for those of Ref. [51].

The numerical implementation of the method for Npax =5 il-
lustrates exhaustively its impact on the properties of “He. It shows
that the removal of the c.m. motion through the SVD has a min-
imal impact on the ground state correlations but affects strongly
the spectroscopic properties, at least within our approach.

Only a rough and partial comparison between theory and ex-
periments can be made. A substantial enlargement of the HO space
is needed for a better description of the spectroscopic properties.
A calculation up to two phonons can be performed easily for any
HO space. However, the computational effort increases rapidly with
Nmax and, eventually, becomes prohibitive if we want to include
the full three-phonon basis. Fortunately, the method is very versa-
tile and allows us to find out reliable and efficient prescriptions for
truncating the basis. Such a truncation is even more necessary for
the four phonons which, according to our preliminary estimates,
may affect considerably the states of complex structure.
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