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DMF’s are the natural algebraic tool for modelling reasoning with Körner’s partial
predicates. We provide two representation theorems for DMF’s which give rise to two
adjunctions, the first between DMF and the category of sets and the second between DMF
and the category of distributive lattices with minimum. Then we propose a logic L{1} for
dealing with exactness in partial contexts, which belongs neither to the Leibniz, nor to the
Frege hierarchies, and carry on its study with techniques of abstract algebraic logic. Finally
a fully adequate and algebraizable Gentzen system for L{1} is given.
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Partial predicates were introduced by the neokantian philosopher Körner and studied from a logical point of view for
example in [4] and [11]. Here we will talk about partial sets instead of partial predicates since we are concerned with the
extensional point of view. Let X be a set, as classical sets over X are subsets of X , a partial set over X is a pair 〈A, B〉 such
that A, B ⊆ X and A ∩ B = ∅, where A represents the set of individuals of X for which we are sure that the predicate holds
and B the set of individuals for which we are sure of the contrary. In this sense partial sets deal with exactness in partial
contexts. We let D(X) = {〈A, B〉 | 〈A, B〉 is a partial set over X}. Conjunctions, disjunctions and complements of partial sets
are defined in a very nice way: for pick 〈A, B〉, 〈C, D〉 ∈ D(X), we let 〈A, B〉 ∩ 〈C, D〉 = 〈A ∩ C, B ∪ D〉, 〈A, B〉 ∪ 〈C, D〉 =
〈A ∪ C, B ∩ D〉 and ¬〈A, B〉 = 〈B, A〉. We say that a S ⊆ D(X) is a field of partial sets over X if S is closed under partial
conjunctions, disjunctions, complements and contains 〈∅,∅〉.

The relation between partial sets and exactness in partial contexts can be explained in terms of rough set theory, which
originates with Pawlak [12]. In order to do this recall that rough sets arise from approximation spaces 〈X, θ〉 where X
is a set and θ is an equivalence relation on X . Equivalence classes in {x/θ | x ∈ X} are thought as representing sets of
indiscernible elements of X . Given a property A ⊆ X of individuals of X it is usual to think of its lower approximation
Lθ (A) = {x/θ | x/θ ⊆ A} as representing the elements of X which, despite our rough vision, surely enjoy the property A.
Accordingly, if we are given a family of properties A⊆P(X) we let Lθ (A) = {Lθ (A) | A ∈A}.

If we pick a field of partial sets S on X we can define a relation θS on X as follows: for every x, y ∈ X we let 〈x, y〉 ∈ θS
if and only if (x ∈ A ⇔ y ∈ A) and (x ∈ B ⇔ y ∈ B) for every 〈A, B〉 ∈ S . It is easy to prove that 〈X, θ〉 is an approximation
space. Moreover if we consider the family of classical predicates AS = {A | 〈A, B〉 ∈ S for some B ⊆ X} on X it is easy to
prove that K(AS ) = {〈LθS (A),LθS (B)〉 | A, B ∈ AS such that A ∩ B = ∅} is a field of partial sets such that S ⊆ K(AS ), i.e.
S comes from the lower approximation of AS in 〈X, θ〉. We believe this fact justifies the choice of taking partial predicates
as the correct framework to carry on a discourse about exactness in partial contexts.

Negri proved that the algebraic structure of fields of partial sets can be abstracted, yielding the class of DMF alge-
bras which enjoys a strong connection with the original intuitive framework of partial sets. More precisely, he proved

E-mail address: tommaso.moraschini@gmail.com.
0888-613X/$ – see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.ijar.2013.09.010

http://dx.doi.org/10.1016/j.ijar.2013.09.010
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ijar
mailto:tommaso.moraschini@gmail.com
http://dx.doi.org/10.1016/j.ijar.2013.09.010
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijar.2013.09.010&domain=pdf


458 T. Moraschini / International Journal of Approximate Reasoning 55 (2014) 457–468
a representation theorem which says that they are essentially the same [11, Theorem 3.1]. We consider that this fact con-
firms the intuition that the variety of DMF algebras is a good framework where to develop a logical study of exactness in
partial contexts. It is worth remarking that in [11] DMF algebras are assumed to be bounded, whereas we will work with
their possibly unbounded version, which we call DMF lattices.

The structure of the paper is as follows: Section 1 contains a brief survey of the main concepts from the field of abstract
algebraic logic we will make use of along the paper. In Section 2 we provide some two representation theorems for DMF
lattices, the first one telling us that every DMF lattice is a subdirect powers of a three-element chain [Theorem 2.4] and
the second one that it is isomorphic to a filed of partial sets [Theorem 2.6]. This tools allows us to develop the connection
between partial sets and DMF lattices in two adjunctions: the first one between the category of DMF lattices and the one
of sets [Theorem 2.7] and the second one between the category of DMF lattices and the one of distributive lattices with
a minimum element [Theorem 2.8]. As a consequence a characterisation of free DMF lattices in terms of partial sets is
obtained [Theorem 2.10]. In Section 3 we define a concrete logic L{1} which preserves exact truth in partial contexts and
study its algebraic semantics. We begin by proving that its algebraic counterpart is the class of DMF lattices [Theorem 3.2].
But the more involved characterisation is the one of Leibniz reduced models, whose algebraic component enjoys a nice
local behaviour [Theorem 3.5] and which are strictly connected with the reduced models of the {∧,∨,⊥}-fragment of
classical propositional logic [Corollary 3.6]. Finally, Section 4 focuses on the syntactic characterisation of our logic L{1} . The
main result from this point of view is the presentation of a fully adequate Gentzen system for it [Corollary 4.4] which is
algebraizable with algebraic semantics the class of DMF lattices [Theorem 4.5].

1. Preliminaries

Here we present a brief survey of the main definitions and results of abstract algebraic logic we will make use of along
the article, a systematic exposition can be found for example in [1,2,5,9,8]. We begin by the definition of logic. In order to
do this recall that a closure operator over a set A is a monotone function C :P(A) → P(A) such that X ⊆ C(X) = CC(X)

for every X ∈ P(A) and that a closure system on A is a family C ⊆ P(A) closed under arbitrary intersections such that
A ∈ C . It is well-known that the closed sets (fixed points) of a closure operator form a closure system and that given a
closure system C one can construct a closure operator C by letting C(X) = ⋂{Y ∈ C | X ⊆ Y } for every X ∈ P(A). These
transformations are indeed one inverse to the other.

Then, fixed an algebraic type L , we denote by Fm the set of formulas over L built up with countably many variables
and by F m the corresponding absolutely free algebra with countably many free generators. By a logic L we mean a closure
operator CL:P(Fm) → P(Fm) which is structural in the sense that σ CL ⊆ CLσ for every endomorphism (or, equivalently,
substitution) σ : F m → F m. It is worth remarking that finitarity of the closure operator is not assumed. Given Γ ∪{ϕ} ⊆ Fm
we write Γ �L ϕ to denote the fact that ϕ ∈ CL(Γ ). Given two logics L and L′ , we will write L� L′ if CL(Γ ) ⊆ CL′ (Γ )

for every Γ ⊆ Fm. In this case we also say that L′ is an extension of L.
Now we turn to describe how to build models for a logic out of algebras A, B, C . . . (respectively with universes

A, B, C . . .). This is done in a very natural way by considering the elements of the algebras as truth values and by se-
lecting some of them, which are taken as representants of truth. More precisely, given a logic L and an algebra A, we say
that a set F ⊆ A is a deductive filter of L over A if the following condition holds

if Γ �L ϕ, then for every homomorphism h : F m → A

if h[Γ ] ⊆ F , then h(ϕ) ∈ F

for every Γ ∪ {ϕ} ⊆ Fm. We denote by F iL(A) the set of deductive filters of L over A, which turn out to form a complete
lattice ordered under the set-theoretical inclusion. We say that a pair 〈A, F 〉 is a matrix if A is an algebra and F ⊆ A and
that a matrix 〈A, F 〉 is a model of a logic L if F ∈F iL(A).

Matrices of the form 〈A, F 〉 are associated with congruences over A in a way independent from any logic. In order to
explain how, let us fix some notation. Given an algebra A, we will denote by Co(A) its lattice of congruences. Then we say
that θ ∈ Co(A) is compatible with the set F ⊆ A if it satisfies the following condition:

if a ∈ F and 〈a,b〉 ∈ θ, then b ∈ F

for every a,b ∈ A. It is easy to prove that given any F ⊆ A, there exists a largest congruence on A compatible with F . We
denote this congruence by Ω F and refer it as the Leibniz congruence of F on A. The definition of Leibniz congruence
gives rise to a map Ω :P(A) → Co(A), called Leibniz operator, whose behaviour over deductive filters of the logic captures
interesting facts concerning the definability of truth and that of equivalence. The Leibniz congruence allows us to associate
to a logic L a special class of models and of algebras:

Mod∗L = {〈A, F 〉: F ∈ F iL(A) and Ω F = Δ
}

Alg∗L = {
A: there is F ∈ F iL(A) such that Ω F = Δ

}
.

We will refer to elements of Mod∗L as to Leibniz-reduced models and to the ones of Alg∗L as to Leibniz-reduced
algebras of L.
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Another way of building algebraic models for logics is achieved with generalised matrices or g-matrices for short. The
idea that lies behind this construction is that of modelling the consequence operator of the logic CL instead of some notion
of truth. More precisely, a g-matrix is a pair 〈A,C〉 where A is an algebra and C a closure system on it. We say that a
g-matrix 〈A,C〉 is a g-model of a logic L, if F ∈F iL(A) for every F ∈ C .

As we expect, g-matrices of the form 〈A,C〉 are associated with congruences over A since it is easy to prove that, given
a closure system C on A, the intersection

⋂
F∈C Ω F is the largest congruence compatible with every F ∈ C . We denote this

congruence by Ω̃C and refer to it as to the Tarski congruence of C on A. It is worth remarking that, given a closure system
C on A, there is a strong connection between its Tarski congruence and its Frege relation ΛC = {〈a,b〉 ∈ A × A : C{a} = C{b}},
since Ω̃C is the largest congruence on A below ΛC . We say that a logic L is selfextensional if ΛL is a congruence too. In
this case we clearly have that ΛL= Ω̃L.

The Tarski congruence also allows us to associate to a logic L a special class of models and of algebras:

G Mod∗L = {〈A,C〉 ∣∣ 〈A,C〉 is a g-model of L and Ω̃C = Δ
}

Alg L = {
A

∣∣ there is a g-model 〈A,C〉 of L such that Ω̃C = Δ
}
.

We will refer to Alg L as to the algebraic counterpart of L. It is easy to prove that also in this case L is complete with
respect to G Mod∗L in the sense that for every Γ ∪ {ϕ} ⊆ Fm

Γ �L ϕ ⇐⇒ h(ϕ) ∈ C
(
h[Γ ]) for every 〈A,C〉 ∈ G Mod∗L and every homomorphism h : F m → A.

The inclusions which hold in general between the two classes of algebras associated to L we considered are Alg∗L⊆ Alg L
and it is easy to prove that Psd Alg∗L= Alg L.

2. Representation theorems

In the introduction we mentioned that DMF lattices are the algebraic abstraction of fields of partial sets. We believe that
this fact motivates the choice of using them to model reasoning in partial contexts. But before defining a concrete logic on
them, let us spend few words about how their relation with partial predicates can be expressed from a purely algebraic
point of view. An algebra A = 〈A,∧,∨,¬,n〉 is a DMF lattice if it is a Kleene lattice with one fixed point for negation, i.e. a
distributive lattice that satisfies the following equations:

x ∨ y = ¬(¬x ∧ ¬y) x ∧ y = ¬(¬x ∨ ¬y)

¬¬x = x ¬n = n

x ∧ ¬x � y ∨ ¬y.

For a general study of Kleene lattices we refer to [10]. We will denote by DMF the class of DMF lattices and call normality
the condition x ∧ ¬x � y ∨ ¬y. Examples of DMF’s are easy to construct: for every set X , the field of partial sets over it,
D(X), is a DMF. We list below some basic properties of A ∈ DMF. In particular, condition (iv) of Lemma 2.1 tells us that n is
the only fixed point of negation in A and condition (v) of Lemma 2.1 that the identity of two elements of A can be decided
just looking at its positive cone.

Lemma 2.1. In DMF the following conditions hold:

(i) x ∧ ¬x � n � y ∨ ¬y;
(ii) x � y ⇒ ¬y �¬x;

(iii) x < n ⇒ n < ¬x;
(iv) x = ¬x ⇒ x = n;
(v) (x ∨ n = y ∨ n and ¬x ∨ n = ¬y ∨ n) ⇒ x = y.

The first goal of this section will be to provide some representation theorems for DMF’s analogous to the ones of
[11] but with different tools. Corollary 2.5 is a consequence of Lemma 2 of [10], but we prefer to present the whole
construction, since it will play a interesting role in our logical study. In order to do that let us fix some notation: we let
Z 3 = 〈{−1,n,1},∧,∨,¬,n〉 be the three-element chain ordered as −1 < n < 1, such that ¬x = −x for every x ∈ {−1,1} and
¬n = n. We write Z 2m+1 to denote finite odd algebras defined in the same way for every m ∈ N. It is straightforward to
prove that they are DMF’s too.

The first step in the direction of a representation in terms of subdirect powers is to individuate the elements which will
play a role analogous to that of ultrafilters in the case of Boolean algebras. Let A ∈ DMF, we say that F ⊆ A is a partial filter
if it is a prime1 filter such that n /∈ F . Given A ∈ DMF we let P(A) = {F ⊆ A | F is a partial filter}. Since n /∈ F it is easy to

1 By asking for primality we require partial filters to be non-empty and proper.
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prove that if a ∈ F , then ¬a /∈ F for every F ∈ P(A) and a ∈ A. Notice it is possible that a,¬a /∈ F for some a ∈ A. As in the
case of Boolean algebras there is a bijection between partial filters and epimorphisms onto a particular DMF, namely Z 3.
Pick A ∈ DMF, we let β :P(A) → { f : A → Z 3 | f is epi} be defined as

β(F )(a) =
{

1 if a ∈ F
n a /∈ F and ¬a /∈ F
−1 if ¬a ∈ F .

Lemma 2.2. Let A ∈ DMF. β :P(A) → { f : A → Z 3 | f is epi} is a bijection.

Proof. It is straightforward to check β is well defined. We turn to prove it is injective. Let F , G ∈ P(A) such that F �= G . Then
we can assume without loss of generality that there is a ∈ F such that a /∈ G . This is to say that β(F )(a) = 1 and β(G)(a) � n,
therefore we are done. Finally we check that β is surjective. Let f : A → Z 3 be an epi. Since inverse images of prime filters
under homomorphisms are prime filters, f −1{1} is a prime filter and clearly n /∈ f −1{1}, therefore f −1{1} ∈ P(A). Since
β( f −1{1}) = f we are done. �

In other words, there is a bijection between P(A) and congruences on A which yield a quotient isomorphic to Z 3. This
result allows us to recover a partial version of the Prime Filter Theorem.

Lemma 2.3. Let A ∈ DMF and a,b ∈ A. If a �= b, there is F ∈P(A) such that β(F )(a) �= β(F )(b).

Proof. Let A ∈ DMF and a,b ∈ A such that a �= b. By the Prime Filter Theorem we can assume without loss of generality
that there is a prime filter P such that a ∈ P and b /∈ P . Let f : A → Z 3 be defined as

f (c) =
{

1 if c ∈ P and ¬c /∈ P
n if c,¬c ∈ P or c,¬c /∈ P
−1 if c /∈ P and ¬c ∈ P

for every c ∈ A. Using primality and normality it is easy to prove f is a homomorphism. Surjectiveness follows from the
fact that prime filters are neither trivial, nor prime. Now we turn to prove f (a) �= f (b). To do this suppose towards a
contradiction f (a) = f (b), then a,¬a ∈ P and b,¬b /∈ P . Since a ∧ ¬a � n � b ∨ ¬b, by primality we have that b ∈ P or
¬b ∈ P against the assumption. By Lemma 2.2 we conclude that there is F ∈ P(A) such that β(F )(a) �= β(F )(b). �

It is now straightforward to obtain a subdirect representation of DMF’s into direct powers of Z 3 indexed by partial
filters. We believe this yields some deeper philosophical understanding of DMF’s in the sense that if we pick partial filters
as representing exact information (as they do not include contradictions), we can think of the value n as the denotation of
propositions which are neither exactly true, nor exactly false. In order to do this, for every A ∈ DMF we consider the map
α : A → ∏

F∈P(A) Z 3F such that α(a)(F ) = β(F )(a) for every a ∈ A and every F ∈ P(A), where Z 3F is a copy of Z 3.

Theorem 2.4. Let A ∈ DMF non-trivial. α : A → ∏
F∈P(A) Z 3F is a subdirect embedding.

Proof. By Lemma 2.2 α is a homomorphism surjective on each component. The fact it is injective follows from
Lemma 2.3. �
Corollary 2.5. V(Z 3) = DMF and Z 3 is the only subdirectly irreducible member of DMF.

This is all for what concerns the representation in subdirect powers. However we can gain a more concrete representation
theorem, analogous to Theorem 3.1 of [11], which explicits the relation between DMF’s and Körner’s partial predicates. In
order to do this pick A ∈ DMF and let γ : A →D(P(A)) be defined as

γ (a) = 〈{F | a ∈ F }, {F | ¬a ∈ F }〉
for every a ∈ A. The following representation theorem tells us that every DMF has indeed the structure of a field of partial
sets. This fact can be seen as stating that DMF’s are indeed the correct algebraic tool for modelling reasoning with partial
predicates.

Theorem 2.6. Let A ∈ DMF. {γ (a) | a ∈ A} is a field of partial sets over P(A) isomorphic to A via γ .

Proof. The proof that {γ (a) | a ∈ A} is a field of partial sets coincides with that of that γ is a homomorphism. Let a,b ∈ A,
using the primality of F we have that γ (a) ∩ γ (b) = 〈{F | a ∈ F }, {F | ¬a ∈ F }〉 ∩ 〈{F | b ∈ F }, {F | ¬b ∈ F }〉 = 〈{F | a ∧ b ∈
F }, {F | ¬a∨¬b ∈ F }〉 = {F | a∧b ∈ F }, {F | ¬(a∧b) ∈ F } = γ (a∧b). The proof that {γ (a) | a ∈ A} is closed under ∪ and that γ
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preserves ∨ is analogous. Moreover we have that ∼ γ (a) =∼ 〈{F | a ∈ F }, {F | ¬a ∈ F }〉 = 〈{F | ¬a ∈ F }, {F | a ∈ F }〉 = γ (¬a).
The same happens for n since γ (n) = 〈∅,∅〉. We conclude that {γ (a) | a ∈ A} is a field of partial sets and that γ is a
homomorphism. Clearly γ is surjective. The fact that it is injective follows from Lemma 2.3. �

The connection between partial filters and DMF’s can be now stated in a categorical fashion as a dual adjunction between
the category of DMF’s with homomorphisms between them, which we will denote by DMF, and the category SET of sets
and functions between them. In order to do this given any A ∈ DMF we let F(A) = P(A) ∪ {∅} and given a homomorphism
f : A → B with A, B ∈ DMF we let F( f ) :F(B) →F(A) be the function defined as

F( f )(F ) = f −1[F ]
for every F ∈ F(B). It is easy to prove that F : DMF → SET is a contravariant functor. Moreover given X ∈ SET we let
D(X) =D(X) and given a function f : X → Y with X, Y ∈ SET we let D( f ) :D(Y ) →D(X) be defined as

D( f )〈A, B〉 = 〈
f −1[A], f −1[B]〉

for every 〈A, B〉 ∈D(Y ). As we expect D : SET → DMF is a contravariant functor too.

Theorem 2.7. F �D is a dual adjunction.

Proof. We have to define two natural transformations. Pick X ∈ SETop and let εX :FD(X) → X be the arrow in SETop

defined as f (x) = {〈A, B〉 ∈D(X) | x ∈ A} for every x ∈ X . It is easy to prove that ε :FD → 1SETop is a natural transformation.
Now we turn to define the second natural transformation. Pick A ∈ DMF, we let ηA : A →DF(A) be defined as ηA(a) = γ (a)

for every a ∈ A where γ is the function defined in Theorem 2.6. By the same theorem we know that ηA is a homomorphism.
Now let A, B ∈ DMF, f : A → B be a homomorphism and a ∈ A, we have that DF( f )ηA(a) = 〈{F | a ∈ f −1 F }, {F | ¬a ∈
f −1 F }〉 = 〈{F | f (a) ∈ F }, {F | f (¬a) ∈ F }〉 = ηB f (a). We conclude that η : 1DMF →DF is a natural transformation.

Finally we turn to prove the adjunction conditions. It is easy to prove that εF(A) ◦ F(ηA) = 1F(A) for every A ∈ DMF
and F ∈F(A). In order to conclude, let X ∈ SETop and 〈A, B〉 ∈ D(X), we have that D(εX )ηD(X)〈A, B〉 =D(εX )〈{F | 〈A, B〉 ∈
F }, {F | 〈B, A〉 ∈ F }〉 = 〈{a ∈ X | a ∈ A}, {b ∈ X | b ∈ B}〉 = 〈A, B〉. We conclude that D(εX ) ◦ ηD(X) = 1D(X) . �

In order to gain more information about the structure of DMF’s we need to introduce a new concept: given A ∈ DMF,
we let ↑ n = {a ∈ A | n � a} be its positive cone. The construction of DMF’s as fields of partial sets presented before can
be abstracted to a lattice theoretical context. In [11] a way to construct bounded DMF’s starting from bounded distributive
lattices is described. This idea generalises naturally to arbitrary DMF’s giving rise to an adjunction (see [3] for a general
construction of this kind). In order to make it clearer, let us fix some notation: we denote by DL⊥ the category of distributive
lattices with minimum ⊥ and lattice homomorphisms which preserve ⊥ as arrows. Now we construct a functor π : DL⊥ →
DMF. Pick L ∈ DL⊥ , we let

π(L) = 〈{〈a,b〉 ∈ L2: a ∧ b = ⊥}
,∧,∨,¬,n

〉
where 〈a,b〉 ∧ 〈c,d〉 = 〈a ∧ c,b ∨ d〉, 〈a,b〉 ∨ 〈c,d〉 = 〈a ∨ c,b ∧ d〉, ¬〈a,b〉 = 〈b,a〉, n = 〈⊥,⊥〉 for every 〈a,b〉, 〈c,d〉 ∈ π(A).
For every arrow f : L → M in DL⊥ we let π( f ) :π(L) → π(M) be defined as

π( f )〈a,b〉 = 〈
f (a), f (b)

〉
for every 〈a,b〉 ∈ π(L). It is easy to prove π is indeed a functor. The way back from DMF to DL⊥ is pretty natural: we
pick positive cones and restrictions of homomorphisms to them. More precisely given A ∈ DMF we let ↑ (A) = 〈↑ n,∧,∨,n〉
and given a DMF arrow f : A → B we let ↑ ( f ) :↑ (A) →↑ (B) be the restriction of f to ↑ (A). Clearly ↑ : DL⊥ → DMF is a
functor.

Theorem 2.8. ↑� π is an adjunction.

Proof. First we have to define two special natural transformations. To do this pick L ∈ DL⊥ , we let εL :↑ π(L) → L defined
as εL〈a,⊥〉 = a for every 〈a,⊥〉 ∈↑ π(L). It is easy to prove that ε :↑ π → 1DL⊥ is a natural transformation. For what
concerns the other natural transformation, given A ∈ DMF, we let ηA : A → π ↑ (A) defined as ηA(a) = 〈a ∨ n,¬a ∨ n〉 for
every a ∈ A. Using Theorem 2.3 of [11] it is easy to prove that η :π ↑→ 1DMF is indeed a natural transformation.

It only remains to prove the adjunction conditions. This is easy for let A ∈ DMF and a ∈↑ (A), we have that ε↑(A)◦ ↑
(ηA)(a) = ε↑(A)〈a,n〉 = a. Therefore we conclude that ε↑(A)◦ ↑ (ηA) = 1↑(A) . Now let L ∈ DL⊥ and 〈a,b〉 ∈ π(L), we have that
π(εL) ◦ηπ(L)〈a,b〉 = π(εL)〈〈a,b〉 ∨ 〈⊥,⊥〉,¬〈a,b〉 ∨ 〈⊥,⊥〉〉 = π(εL)〈〈a ∨ ⊥,b ∧ ⊥〉, 〈b ∨ ⊥,a ∧ ⊥〉〉 = π(εL)〈〈a,⊥〉, 〈b,⊥〉〉 =
〈εL〈a,⊥〉, εL〈b,⊥〉〉 = 〈a,b〉. We conclude that π(εL) ◦ ηπ(L) = 1π(L) . �

The functor π constructs DMF’s starting from positive cones. However it is easy to prove that in general DMF’s are not
determined up to isomorphism by their positive cones as shown in Fig. 1, were we present three DMF’s which coincide
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Fig. 1. Some DMF’s with the same positive cone.

on the positive cone, but differ for what concerns elements incomparable with n. More precisely we have that DMF’s
determined up to isomorphism by their positive cones are just the ones where n is ∧-prime as we record below.

Corollary 2.9. Let A ∈ DMF. The following are equivalent:

(i) if ↑ (A) ∼=↑ (B), then A ∼= B , for every B ∈ DMF;
(ii) n is ∧-prime.

Proof. (i) ⇒ (ii) Since A is determined up to isomorphism by its positive cone, we know that each one of its elements
is comparable with n. Moreover we claim that n is ∧-prime. For pick a,b ∈ A such that a ∧ b = n. Since by assumption
A ∼= π ↑ (A), we have that 〈a,b〉 is comparable with 〈n,n〉. Suppose without loss of generality that 〈n,n〉 � 〈a,b〉. We
conclude that b = n and therefore that n is ∧-prime.

(ii) ⇒ (i) Let n be ∧-prime. First we prove that A ∼= π ↑ (A). By Theorem 2.8 we know that ηA : A → π ↑ (A) is an
embedding. Then pick 〈a,b〉 ∈ π ↑ (A), we know that a ∧ b = n. Since n is ∧-prime this is to say that a = n or b = n.
Suppose without loss of generality that a = n, then 〈a,b〉 = 〈n,b〉 = 〈¬b ∨ n,b ∨ n〉 = ηA = ¬b. This proves that A ∼= π ↑ (A).
Now suppose that there is an isomorphism f :↑ (B) →↑ (A) for some B ∈ DMF. By Theorem 2.8 there is an embedding
f̂ : B → A such that

f̂ (b) =
{

f (b) if b � n
¬ f (b) otherwise.

Since f̂ is forced to be surjective this ends the proof that A ∼= B . �
The relation between DMF’s and partial sets is reflected also in the structure of free DMF’s, which enjoy a nice partial

behaviour. Let X be an arbitrary set of variables, for every x ∈ X we let

x = 〈{〈A, B〉 ∈D(X)
∣∣ x ∈ A

}
,
{〈A, B〉 ∈D(X)

∣∣ x ∈ B
}〉

.

Then we let FDMF(X) be the field of partial sets over D(X) generated by {x}x∈X .

Theorem 2.10. Let X be a set of variables. FDMF(X) is the free algebra over DMF with free generators {x}x∈X , where x �= y for every
x, y ∈ X such that x �= y.

Proof. Since DMF is a variety we know that there is A ∈ DMF which is up to isomorphism the free algebra on DMF with
free generators X. By Theorem 2.6 we know that A ∼= {γ (a) | a ∈ A}. We will construct an isomorphism between FDMF(X)

and {γ (a) | a ∈ A}.
In order to do this observe that since FDMF(X) is a field of partial sets clearly FDMF(X) ∈ DMF. Now we let f :P(A) →

D(X) \ {〈∅,∅〉} defined as

f (F ) = 〈{x ∈X | x ∈ F }, {x ∈X | ¬x ∈ F }〉
for every F ∈ P(A). Our aim will be to prove that f is indeed a bijection. We begin by checking its injectivity. Let F , G ∈
P(A) such that F �= G . We know by Lemma 2.2 that β(F ) �= β(G). Since β(F ), β(G) : A → Z 3 and A is generated by X, this
yields that there is x ∈ X such that β(F )(x) �= β(G)(x). Without loss of generality we may reduce to the following cases:
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1. β(F )(x) = 1 and β(G)(x) = n.
2. β(F )(x) = 1 and β(G)(x) = −1.
3. β(F )(x) = n and β(G)(x) = −1.

Applying once again Lemma 2.2 these cases translate to the following:

1. x ∈ F and x,¬x /∈ G .
2. x ∈ F and ¬x ∈ G .
3. x,¬x /∈ F and ¬x ∈ G .

This easily implies that f (F ) �= f (G), therefore we are done. Now we check f is surjective. Let 〈A, B〉 ∈ D(X) and consider
the unique homomorphism h : A → Z 3 such that

h(x) =
{

1 if x ∈ A
n if x /∈ A ∪ B
−1 if x ∈ B

for every x ∈ X. It is easy to check that h−1{1} ∈ P(A) and finally that f (h−1{1}) = 〈A, B〉. We conclude that f is a bijection.
Now, it is easy to figure out which candidate we shall choose for our isomorphism, namely the unique homomorphism

λ : {γ (a) | a ∈ A} → FDMF(X) defined as λγ (x) = x for every x ∈ X (observe that {γ (a) | a ∈ A} is freely generated by {γ (x) |
x ∈ X}, since A is freely generated by X). Since FDMF(X) is generated by {x}x∈X we know that λ is an epimorphism. It only
remains to prove it is an embedding. In order to do this one can check, using the fact that f is a bijection, that for every
a ∈ A

λγ (a) = 〈{
f (F )

∣∣ a ∈ F
}
,
{

f (F )
∣∣ ¬a ∈ F

}〉
.

This is done as usual by induction on terms. The fact that λ is injective follows now from the injectivity of f . �
3. A logic for exact truth

Now we turn to define a logic for partial predicates which preserves exact truth. Since we have seen, both in the intuitive
explanation and in the representation theorems, that partial sets are intrinsically three valued, the natural choice is to define
a logic trough the matrix 〈Z 3, {1}〉. More precisely we let

Γ � ϕ ⇐⇒ if h[Γ ] ⊆ {1}, then h(ϕ) = 1

for every Γ ∪{ϕ} ⊆ Fm and every homomorphism h : F m → Z 3. We will call this logic L{1} since it is intended to represent
exact truth in partial contexts. Observe that L{1} is finitary since it is defined by a finite matrix and that it has no theorems
since {n} is the universe of a subalgebra of Z 3. The first problem we would like to solve is to individuate the algebraic
counterpart of this logic. In order to do this we need to state explicitly the connection between equations in DMF and the
Frege relation of L{1} , i.e., its interderivability relation.

Lemma 3.1. Let α,β ∈ Fm. The following conditions are equivalent:

(i) Z 3 � α ≈ β;
(ii) DMF � α ≈ β;

(iii) α �� β and ¬α �� ¬β .

The fact that the Frege relation is strictly connected to the equations holding in DMF allows us to gain informations
about the Tarski congruence for g-models which behave especially well. This allows us to easily prove that the algebraic
counterpart of L{1} coincides with DMF. In order to do this we need to introduce some properties typical of g-matrices. Let
〈A,C〉 be a g-matrix. We say that it has the property of the conjunction (PC) if for every a,b ∈ A it holds C{a ∧b} = C{a,b},
the property of the disjunction (PDI) if for every X ∪ {a,b} ⊆ A it holds C{X,a ∨ b} = C{X,a} ∩ C{X,b}, the property of
double negation (PDN) if for every a ∈ A it holds C{¬¬a} = C{a}, the property of De Morgan (PDM) if for every a,b ∈ A it
holds C{¬(a ∧ b)} = C{¬a ∨ ¬b} and C{¬(a ∨ b)} = C{¬a ∧ ¬b} and finally the property of normality (N) if for every a ∈ A
it holds a ∈ C{n ∨ ¬n} and a ∈ C(X) ⇒ n ∈ C{X,¬a}. We are now ready to state the desired result.

Theorem 3.2. Alg L{1} = DMF.

Proof. Consider Z 3, it is easy to prove that Ω{1} = Δ and therefore that Z 3 ∈ Alg L{1} . Since Alg L{1} = Psd Alg∗L{1} , by
Corollary 2.5 we have that

DMF = Psd Z 3 ⊆ Psd Alg∗L{1} = Alg L{1}.
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In general we have that Alg L{1} ⊆ V(F m/Ω̃L{1}). Since Ω̃L{1} is fully invariant we have that F m/Ω̃L{1} � α ≈ β if and
only if 〈α,β〉 ∈ Ω̃L{1} . In Lemma 3.4.10 of [13] it is proved that if a generalised matrix 〈A,C〉 has (PC), (PDI), (PDM) and
(PDN), then 〈a,b〉 ∈ Ω̃C if and only if C(a) = C(b) and C(¬a) = C(¬b) for every a,b ∈ A. Since 〈F m,L{1}〉 has (PC), (PDI),
(PDM) and (PDN) we conclude that α �� β and ¬α �� ¬β . By Lemma 3.1 this is equivalent to Z 3 � α ≈ β . We conclude
that V(Z 3) = V(F m/Ω̃L{1}) and finally that Alg L{1} ⊆ DMF. �

Until now we characterised the algebraic component of a semantics for L{1} , but, in order to work as a semantics,
algebras need to be equipped with some more structure. In our case this role will be played by deductive filters which give
rise to matrix models for L{1} . The interesting fact is that deductive filters on DMF’s are very close to partial filters in the
sense that they do not contain contradictions and enjoy a weak form of primality. More precisely, given A ∈ DMF, we let
F in(A) be the set of lattice filters of A which moreover satisfy the following conditions2:

(⊥) n /∈ F ;
(P⊥) if n ∨ a ∈ F , then a ∈ F .

Lemma 3.3. Let A ∈ DMF. F iL{1}(A) =F in(A) ∪ {∅, A}. Moreover if ∅ �= {a1, . . . ,ak} ⊆ A, then

F iL{1} {a1, . . . ,ak} = {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n}.

Proof. First observe that ∅ ∈ F iL{1}(A) since the logic has no theorems and that it always holds A ∈ F iL{1}(A). We prove
the inclusion F in(A) ⊆ F iL{1}(A). Let F ∈ F in(A) and pick a /∈ F . By condition (P⊥) we know that a ∨ n /∈ F . Then by the
Prime Filter Theorem there is a prime filter P such that F ⊆ P and a ∨ n /∈ P . In particular we have that n /∈ P and therefore
P ∈P(A). Since a /∈ P we conclude that

F =
⋂{

P ∈P(A): F ⊆ P
}
.

Now consider the map α : A → ∏
F∈P(A) Z 3F defined in Theorem 2.4. Clearly P = (πP α)−1{1}. Since inverse images of

deductive filters under homomorphisms are deductive filters we conclude that P ∈ F iL{1}(A). Finally since F iL{1}(A) is
closed under arbitrary intersections we conclude that F ∈F iL{1}(A).

Now we prove the other inclusion. Let F ∈F iL{1}(A) such that F /∈ {∅, A}. Since the deductions x, y � x ∧ y and x � x ∨ y
hold in the logic, F is a lattice filter. Suppose towards a contradiction (⊥) does not hold, i.e. that n ∈ F . Since the deduction
n � x holds in the logic, we would have F = A against the assumption. The fact that (P⊥) holds follows from the fact that
the deduction x ∨ n � x holds in the logic. We conclude that F iL{1}(A) =F in(A) ∪ {∅, A}.

Now we turn to prove the second part. It is easy to prove that {b ∈ A | a1 ∧· · ·∧ak � b∨n} is a lattice filter which includes
{a1, . . . ,ak}. Moreover it is clear that n ∈ {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n} if and only if {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n} = A. Now
suppose that b ∨ n ∈ {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n}. We have that a1 ∧ · · · ∧ ak � (b ∨ n) ∨ n = b ∨ n and therefore that
b ∈ {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n}. We conclude that {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n} ∈ F in(A) ∪ {∅, A} = F iL{1}(A). This yields
that F iL{1} {a1, . . . ,ak} ⊆ {b ∈ A | a1 ∧ · · · ∧ ak � b ∨ n}.

Now we prove the other inclusion. Let b ∈ {b ∈ A | a1 ∧· · ·∧ak � b ∨n}. This yields that a1 ∧· · ·∧ak � b ∨n and therefore,
since F iL{1} {a1, . . . ,ak} is a lattice filter, that b ∨ n ∈F iL{1} {a1, . . . ,ak}. Since F in(A) ∪ {∅, A} =F iL{1}(A) we conclude that
b ∈F iL{1} {a1, . . . ,ak}. �

Now that we know how deductive filters in DMF look like, it is natural to ask for a characterisation of Leibniz reduced
models of L{1} . Since our logic is not protoalgebraic, as we remark below, this is not a trivial problem because in principle
we do not know which DMF’s will play the role of the algebraic components of Leibniz reduced models.

Corollary 3.4. L{1} is neither protoalgebraic, nor truth-equational, nor selfextensional.

Proof. L{1} is neither protoalgebraic, nor truth-equational since it has no theorems and is not almost inconsistent. In order
to prove it is not selfextensional, we reason as follows: using the definition of the logic it is easy to prove that x �� x ∨ n.
But clearly ¬x � ¬(x ∨ n), therefore the Frege relation is not a congruence. �

Our strategy for characterising Leibniz reduced models of L{1} is to make use of the fact that we know how reduced
models of Belnap’s four-valued logic look like, since they were studied in detail by Font in [6].

Theorem 3.5. Let A be non-trivial. 〈A, F 〉 ∈ Mod∗L{1} if and only if the following conditions hold:

2 These names derive from the intuition that the first condition tells us that n represents a contradiction and the second one that F is prime with respect
to this contradiction.
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(i) A ∈ DMF;
(ii) A has a maximum 1 and F = {1};

(iii) if a < b, then there is c ∈ A such that a ∨ c < b ∨ c = 1, for every a,b � n.

Proof. (⇒) Let 〈A, F 〉 ∈ Mod∗L{1} . By Theorem 3.2 we know that A ∈ DMF. Moreover by Lemma 3.3 we know that F is
a lattice filter. We reason as follows: first observe that the {n}-free reduct of A is a De Morgan lattice, therefore 〈A, F 〉 is
a model of Belnap’s four-valued logic [6, Proposition 3.12]. Since the Leibniz congruence is not affected by the presence of
constants, we conclude that 〈a,b〉 ∈ Ω F if and only if

(a ∨ c ∈ F ⇔ b ∨ c ∈ F ) and (¬a ∨ c ∈ F ⇔ ¬b ∨ c ∈ F )

for every c ∈ A [6, Proposition 3.13]. Since A is not trivial, we know that F �= ∅. Then pick a,b ∈ F and c ∈ A. Clearly we
have that a ∨ c ∈ F and b ∨ c ∈ F . Now suppose that ¬a ∨ c ∈ F . This yields that (a ∧ ¬a) ∨ (a ∧ c) = a ∧ (¬a ∨ c) ∈ F . Since
a ∧¬a � n we conclude that n ∨ (a ∧ c) ∈ F . Now, since the deduction x ∨n � x holds in L{1} , we conclude that a ∧ c ∈ F and
finally that c ∈ F , from which it follows that ¬b ∨ c ∈ F . This is to say that 〈a,b〉 ∈ Ω F , but since we assumed that Ω F = Δ,
we conclude that a = b. Therefore F is a singleton {1} and clearly 1 is the maximum of A.

Now let a,b � n such that a < b. Therefore there is c ∈ A such that a ∨ c < b ∨ c = 1 or ¬b ∨ c < ¬a ∨ c = 1 [6,
Theorem 3.14]. Suppose towards a contradiction that there is c ∈ A such that ¬b ∨ c < ¬a ∨ c = 1. Since n � a we get that
¬a � n and therefore that n ∨ c = 1. Since the deduction x ∨ n � x holds in L{1} we conclude that c = 1 and therefore
¬b ∨ c = 1 against the assumption, therefore we are done.

(⇐) It is enough to prove that if a < b then there is c ∈ A such that a ∨ c < b ∨ c = 1 or ¬b ∨ c < ¬a ∨ c = 1 [6,
Theorem 3.14]. By point (v) of Lemma 2.1 we know that the quasi-equation

(x ∨ n = y ∨ n and ¬x ∨ n = ¬y ∨ n) ⇒ x = y

holds in DMF. Therefore we conclude that a ∨ n < b ∨ n or ¬b ∨ n < ¬a ∨ n. Suppose that a ∨ n < b ∨ n (the other case is
analogous), then by assumption there is d ∈ A such that (a ∨ n) ∨ d < (b ∨ n) ∨ d = 1, therefore letting c := n ∨ d we are
done. �

This result is indeed curious since it tells us that Leibniz reduced models of L{1} enjoy a local behaviour, in the sense
that the fact that a model is reduced depends on the structure of the positive cone of the algebra. This can be stated in a
nicer way if we consider the characterisation of Leibniz reduced algebras for the {∧,∨}-fragment of classical logic given by
Font, Guzmán and Verdú in [7]. Actually in our case we will need to add the minimum ⊥ which will play the role of n.
For let CPC{∧,∨,⊥} be the {∧,∨,⊥}-fragment of classical propositional logic, it turns out that its Leibniz reduced algebras
consist exactly of the positive cones of Leibniz reduced algebras for L{1} as we remark below.

Corollary 3.6. Let A ∈ DMF. A ∈ Alg∗L{1} if and only if ↑ (A) ∈ Alg∗CPC{∧,∨,⊥} .

Proof. First of all let us characterise Alg∗CPC{∧,∨,⊥} . In order to do this we reason as follows: since classical logic is
selfextensional and CPC{∧,∨,⊥} is a fragment of it, we know it is selfextensional too. Now pick any of the equations α ≈ β

defining the variety DL⊥ , it is easy to prove that in CPC{∧,∨,⊥} the deduction α �� β holds and therefore that 〈α,β〉 ∈
ΛCPC{∧,∨,⊥} = Ω̃CPC{∧,∨,⊥} . Since Ω̃CPC{∧,∨,⊥} is fully invariant this yields Fm/Ω̃CPC{∧,∨,⊥} � α ≈ β and therefore
V(Fm/Ω̃CPC{∧,∨,⊥}) � α ≈ β . We conclude that Alg∗CPC{∧,∨,⊥} ⊆ V(Fm/Ω̃CPC{∧,∨,⊥}) ⊆ DL⊥ .

Let L ∈ DL⊥ , we claim that L ∈ Alg∗CPC{∧,∨,⊥} if and only if L has a maximum 1 and for every a,b ∈ A such that
a < b there is c ∈ L such that a ∨ c < b ∨ c = 1. For this suppose L ∈ DL⊥ then there is F ⊆ L such that 〈L, F 〉 is reduced.
It is clear that F is a deductive filter of the {∧,∨}-fragment of classical logic too (when quitting ⊥ from the language),
therefore we are done [7, p. 127]. For the other direction it is clear that 〈L, {1}〉 is a model of CPC{∧,∨,⊥} . To prove this,
just observe that {1} is the intersection of all prime filters of L which are deductive filters on L since they are inverse
images under homomorphisms of the deductive filter {�} over the two-element distributive lattice with minimum 2. But
〈L, {1}〉 is reduced [7, p. 127], therefore L ∈ Alg∗CPC{∧,∨,⊥} . It is now straightforward that A ∈ Alg∗L{1} if and only if
↑ (A) ∈ Alg∗CPC{∧,∨,⊥} for every A ∈ DMF. �

It is now clear that Alg∗L{1} � Alg L{1} , observe for example that Z 3 is the only chain in Alg∗L{1} and Z2m+1 ∈ DMF
for every m ∈ N. Moreover Alg∗L{1} is not a quasi-variety since is not closed under the subalgebra operator. In order to
prove this observe that Z 3 × Z 3 ∈ Alg∗L{1} and that Z 5 ∈ S(Z 3 × Z 3), since Z 5 /∈ Alg∗L{1} we are done.

4. A Gentzen system

In the previous section we went trough the study of the algebraic semantics of L{1} , while here we would like to
concentrate on a syntactic characterisation of the logic. More precisely we look for a Gentzen system fully adequate for L{1}
whose search will coincide with the study of full g-models of L{1} (see for example [8]). Next lemma moves a first step in
this direction by individuating a set of Tarski-style conditions on g-matrices which yield Tarski reduced models in DMF.
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Lemma 4.1. Let 〈A,C〉 be a g-matrix. If 〈A,C〉 has the properties (PC), (PDI), (PDN), (PDM) and (N), then A/Ω̃C ∈ DMF.

Proof. Assume that 〈A,C〉 satisfies the assumption. By Lemma 3.4.10 of [13] we have that 〈a,b〉 ∈ Ω̃C if and only if C{a} =
C{b} and C{¬a} = C{¬b} for every a,b ∈ A and that A/Ω̃C is a De Morgan lattice. In order to check that A/Ω̃C ∈ DMF it
only remains to prove the normality condition x ∧ ¬x � y ∨ ¬y and the fact that n is a fixed point of negation.

From (N), (PDI) and (PDN) it follows that C{n} = C{¬n} and C{¬n} = C{¬¬n} and therefore that n/Ω̃C = ¬(n/Ω̃C). Now
we turn to check the normality condition. Let a,b ∈ A, we want to prove that a/Ω̃C ∧ ¬a/Ω̃C � b/Ω̃C ∨ ¬b/Ω̃C . This is
equivalent to prove 〈(a ∧ ¬a) ∧ (b ∨ ¬b),a ∧ ¬a〉 ∈ Ω̃C which amounts to the following conditions:

1. C{(a ∧ ¬a) ∧ (b ∨ ¬b)} = C{a ∧ ¬a}.
2. C{¬[(a ∧ ¬a) ∧ (b ∨ ¬b)]} = C{¬(a ∧ ¬a)}.

We begin by proving 1. By (PC) clearly C{a ∧ ¬a} ⊆ C{(a ∧ ¬a) ∧ (b ∨ ¬b)}. Then we turn to prove the other inclusion.
With (N) and (PDI) one can check that c ∈ C{n} for every c ∈ A. Since a ∈ C{a} by (N) and (PC) we have that n ∈ C{a,¬a} =
C{a ∧ ¬a} and therefore that c ∈ C{a ∧ ¬a} for every c ∈ A. In particular we have that b ∨ ¬b ∈ C{a ∧ ¬a} and therefore
by (PC) that (a ∧ ¬a) ∧ (b ∨ ¬b) ∈ C{a ∧ ¬a}. Now we turn to check 2. Applying in succession (PDM), (PDI), (PDM), (PDI),
(PC), (PDN) and the fact that c ∈ C{b,¬b} for every c ∈ A, we have that C{¬[(a ∧ ¬a) ∧ (b ∨ ¬b)]} = C{a} ∩ C{¬¬a}. Since by
(PDM) and (PDI) C{¬(a ∧ ¬a)} = C{a} ∩ C{¬¬a} we are done. �

We are now ready to present our characterisation of full g-models of L{1} which will play the role of a completeness
theorem in our quest for a Gentzen system for L{1} . This characterisation is obtained just adding the fact that the g-matrix
is finitary and has no theorems to the conditions of the previous lemma.

Theorem 4.2. Let 〈A,C〉 be a g-matrix. 〈A,C〉 is a full g-model of L{1} if and only if it is finitary, has no theorems and has the (PC),
(PDI), (PDN), (PDM) and the (N).

Proof. (⇒) Let 〈A,C〉 be a full g-model. Being finitary, having no theorems, (PC), (PDI), (PDN) and (PDM) transfer always
from the logic to every full g-model. For what concerns (N), the first part transfers from the logic to every full g-model since
it is expressible as the Hilbert style rule n ∨ ¬n � x. For the second part we need a slightly longer argument. Recall that
since 〈A,C〉 is a full g-model, the Tarski projection πΩ̃ : 〈A,C〉 → 〈A/Ω̃C,F iL{1}(A)〉 is a strict surjective homomorphism.

This yields in particular that a ∈ C(X) if and only if a/Ω̃C ∈ F iL{1}(X/Ω̃C) for every X ∪ {a} ⊆ A. So let a ∈ C(X), using

finitarity and (PC) of 〈A/Ω̃C,F iL{1}(A)〉, we have a/Ω̃C ∈ F iL{1} {b1/Ω̃C ∧ · · · ∧ bk/Ω̃C} for some {b1, . . . ,bk} ⊆ X . We let

b := b1 ∧ · · · ∧ bk . By (PC) of 〈A/Ω̃C,F iL{1}(A)〉 we have that (a ∧ ¬a)/Ω̃C ∈ F iL{1} {b/Ω̃C,¬a/Ω̃C}. By normality together

with Lemma 3.3 we have that n/Ω̃C ∈F iL{1} {b/Ω̃C,¬a/Ω̃C}. Therefore we conclude that n ∈ C{X,¬a}.

(⇐) Let 〈A,C〉 satisfies the assumption, by Lemma 4.1 we have that A/Ω̃C ∈ DMF. It only remains to prove that
πΩ̃ : 〈A,C〉 → 〈A/Ω̃C,F iL{1}(A)〉 is strict. This is equivalent of proving b ∈ C(X) if and only if b/Ω̃C ∈ F iL{1}(X/Ω̃C)

for every X ∪ {b} ⊆ A with X �= ∅. Then pick X ∪ {b} ⊆ A with X �= ∅. Suppose that b ∈ C(X), since C is finitary
b ∈ C{a1, . . . ,ak} for some {a1, . . . ,ak} ⊆ X . Let a := a1 ∧ · · · ∧ ak , by Lemma 3.3 we have that b/Ω̃C ∈ F iL{1} {a/Ω̃C} if

and only if a/Ω̃C � (b ∨ n)/Ω̃C . By Lemma 3.4.10 of [13] this is equivalent to:

1. C{a ∨ (b ∨ n)} = C{b ∨ n}.
2. C{¬[a ∨ (b ∨ n)]} = C{¬(b ∨ n)}.

Applying in succession (PDI), (PDI), the fact that c ∈ C{n} for every c ∈ A, b ∈ C{a}, the fact that c ∈ C{n} for every c ∈ A
and (PDI) we prove 1. To prove 2 we reason as follows: applying in succession (PDM), (PC), (PDM), (PC) and the fact that
c ∈ C{¬n} for every c ∈ A, we have that C{¬[a ∨ (b ∨n)]} = C{¬(b ∨n)} = A. Since by (PDM), (PC) and the fact that c ∈ C{¬n}
for every c ∈ A it follows that C{¬(b ∨ n)} = A, we are done.

Now we prove the other direction. Let b/Ω̃C ∈ F iL{1}(X/Ω̃C). Since F iL{1}(A) is finitary and has (PC) there are

{a1 . . . ,ak} ⊆ X such that F iL{1} {a1/Ω̃C ∧ · · · ∧ ak/Ω̃C} =F iL{1}(X/Ω̃C). Let a := a1 ∧ · · · ∧ ak . Clearly b/Ω̃C ∈F iL{1} {a/Ω̃C}
which is equivalent to 〈a ∨ (b ∨ n),b ∨ n〉 ∈ Ω̃C by Lemma 3.3. Since Ω̃C ⊆ ΛC this yields b ∨ n ∈ C{a ∨ (b ∨ n)}. Applying
(PDI) and (N) several times we obtain that C{b} ⊆ C{a} and therefore b ∈ CX . �

As a corollary we get a logification of DMF’s, in the sense that they can be characterised as algebras on which it is
possible to find a closure operator which satisfies certain Tarski-style conditions and separates points in a peculiar way.

Corollary 4.3. A ∈ DMF if and only if there is a finitary closure system without theorems C ⊆P(A) which satisfies (PC), (PDI), (PDN),
(PDM), (N) and satisfies the following separation condition for every a,b ∈ A:

if C{a} = C{b} and C{¬a} = C{¬b}, then a = b.
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As we promised, drawing consequences from Theorem 4.2, we obtain a fully adequate Gentzen system for the logic L{1} .
Since our logic is finitary and without theorems we shall consider sequents whose premises are non-empty finite sets of
formulas. The desired Gentzen system arises naturally from the Tarski-style conditions which characterise full g-models:

α � α(R)
Γ � α

Γ,β � α
(W )

Γ � α Γ,α � β

Γ � β
(Cut)

Γ,α,β � γ

Γ,α ∧ β � γ
(∧�)

Γ � α Γ � β

Γ � α ∧ β
(�∧)

Γ,α � γ Γ,β � γ

Γ,α ∨ β � γ
(∨�)

Γ � α

Γ � α ∨ β
,

Γ � α

Γ � β ∨ α
(�∨)

Γ,α � β

Γ ¬¬α,�β
(¬�)

Γ � α

Γ � ¬¬α
(�¬)

Γ,¬α � γ Γ,¬β � γ

Γ,¬(α ∧ β) � γ
(¬ ∧ �)

Γ � ¬α

Γ � ¬(α ∧ β)
,

Γ � ¬β

Γ � ¬(α ∧ β)
(�¬∧)

Γ,¬α,¬β � γ

Γ,¬(α ∨ β) � γ
(¬ ∨ �)

Γ � ¬α Γ � ¬β

Γ � ¬(α ∨ β)
(�¬∨)

n ∨ ¬n � α(n�)
Γ � α

Γ,¬α � n
(�n).

If we denote by G this Gentzen system, we can state our strong completeness result as follows.

Corollary 4.4. G is fully adequate for L{1} .

Even if L{1} is not algebraizable, it turns out that it enjoys an algebraizable Gentzen system. In order to give an explicit
formulation of the transformers which yield algebraizability, let us denote by Seq the set of sequents whose premises
are non-empty finite sets of formulas and by Eq the set of equations. We let τ :P(Seq) −→ P(Eq) :ρ be the residuated
mappings defined as

τ (Γ � α) =
∧

Γ � α ∨ n ρ(α ≈ β) = {α � �β,¬α � �¬β}
for every Γ � α ∈ Seq and α ≈ β ∈ Eq.

Theorem 4.5. G is algebraizable with equivalent algebraic semantics DMF via τ and ρ .

Proof. The first condition of algebraizability consists of {Γi�αi |i<k}
Γ �α if and only if DMF � (

∧
Γ1 � α1 ∨ n and . . . and∧

Γk−1 � αk−1 ∨ n) ⇒ ∧
Γ � α ∨ n for every k ∈ N. The “only if ” direction is easily proved by checking rules and axioms of

the system G. For the “if ” direction suppose that DMF � (
∧

Γ1 � α1 ∨ n and . . . and
∧

Γk−1 � αk−1 ∨ n) ⇒ ∧
Γ � α ∨ n.

Therefore there are A ∈ DMF and a homomorphism f : F m → A such that f (
∧

Γi) � f (αi) ∨ f (n) for every i < k and
f (

∧
Γ ) � f (α) ∨ f (n). By Lemma 3.3 this is to say that f (αi) ∈ F iL{1}( f [Γi]) for every i < k and f (α) /∈ F iL{1}(Γ ). Since

〈A,F iL{1}(A)〉 is a full g-model, by Corollary 4.4 we conclude that the rule {Γi�αi |i<k}
Γ �α is not derivable in G. The sec-

ond condition of algebraizability consists of α ≈ β �DMF τρ(α ≈ β) and τρ(α ≈ β) �DMF α ≈ β and follows from an easy
computation in DMF. �
5. Future work

We believe that the study of DMF’s and its relation with logics of uncertainty can be enriched in several directions. Here
we mention at least two: the first one consists in extending L{1} (or related propositional systems) to the first order level
and in studying their relation with first order fuzzy logics and the second one in developing the connection with rough sets
theory and modal DMF’s which can be naturally defined starting from approximation spaces.
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