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Abstract
A computational tool able to perform a fast analysis of hybrid rocket engines is presented, describing briefly the mathematical 
and physical models used. Validation of the code is also shown: 16 different static firing tests available in the open literature 
are used to compare measured operational parameters such as chamber pressure, thrust, and specific impulse with the code’s 
output. The purpose of the program is to perform rapid evaluation and assessment on a possible first design of hybrid rockets, 
without relying on computationally expensive simulations or onerous experimental tests. The validated program considers 
as benchmark and study case the design of a liquid-oxygen/paraffin hybrid rocket engine to be used as the upper stage of a 
small launcher derived from VEGA building blocks. A full-factorial parametric analysis is performed for both pressure-fed 
and pump-fed systems to find a configuration that delivers the equivalent total impulse of a VEGA-like launcher third and 
fourth stage as a first evaluation. This parametric analysis is also useful to highlight how the oxidizer injection system, the 
fuel grain design, and the nozzle features affect the performance of the rocket.
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Symbols
CF	� Thrust coefficient
J	� Throat-to-port area ratio
M	� Mach number
n	� Mass flux coefficient
O/F	� Mixture ratio
�	� Specific heat ratio

Γ	� Modified specific heat ratio
�	� Nozzle area ratio
�	� Efficiency
a	� Regression rate factor mm∕s ⋅ (m2s∕kg)n

A	� Area m2

c∗	� Characteristic velocity m∕s

D	� Diameter m
F	� Thrust N
G	� Mass flux kg∕(m2s)

Isp	� Specific impulse s
L	� Length m
m	� Mass kg
p	� Pressure bar
t	� Time s
Z	� Hydraulic resistance bar∕(kg∕s)2
�	� Density kg∕m3

ṁ	� Mass flow rate kg/s
ṙ	� Regression rate mm/s

ṡ	� Erosion rate mm/s

Subscripts
a	� Ambient
c	� Chamber
code	� Code output
e	� Exit
exp	� Experimental
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fu	� Fuel
g	� Grain
h	� Head
max	� Maximum
ox	� Oxidizer
p	� Port
ref	� Reference
t	� Throat
tk	� Tank
tot	� Total
0	� Initial

Acronyms
AVUM	� Attitude and Vernier Upper Module
CEA	� Chemical Equilibrim with Applications
CFD	� Computational Fluid Dynamic
HDPE	� High-Density PolyEthylene
HRE	� Hybrid Rocket Engine
HTPB	� Hydroxyl-Terminated PolyButadiene
LRE	� Liquid Rocket Engine
SRM	� Solid Rocket Motor
Z9	� Zefiro 9

1  Introduction

The distinctive feature of Hybrid Rocket Engines (HREs) 
is the physical separation of propellants, stored in different 
phases. Usually, the fuel is stored as a solid in the combus-
tion chamber while the oxidizer is stored in a pressurized 
tank as a liquid or a gas, fed into the combustion chamber 
through a suitable injection system (Fig. 1) [21]. This par-
ticular method of propellant storage may entail some ben-
efits with respect to both Liquid Rocket Engines (LREs) and 
Solid Rocket Motors (SRMs), such as safety, thrust modu-
lation, and simplicity. The propellants used for hybrid pro-
pulsion are considered environmentally friendly and offer a 
remarkable specific impulse, generally in between the values 
achieved by liquid and solid propulsion [15].

The main drawback of using HREs is that the con-
ventional polymeric fuels used (also called pyrolyzing), 
such as Hydroxyl-Terminated PolyButadiene (HTPB) and 
High-Density PolyEthylene (HDPE), have a low regression 

rate that could lead to design problems when high thrust 
is required. With respect to SRMs, for HREs, delivering 
given thrust with a lower regression rate requires a larger 
burning surface or some kind of regression rate enhance-
ment method, leading, respectively, to a worse volumetric 
loading factor or an increase in the system complexity. 
On the other hand, the class of fuels called liquefying pre-
sents a peculiar combustion phenomenology that allows 
to reach a much higher regression rate. Specifically, these 
fuels form a melted layer above the grain surface which, if 
some conditions are satisfied, can become hydrodynami-
cally unstable because of the shear stress exerted by the 
core flow. The detachment and entrainment of fuel droplets 
from the unstable melted layer behave as a spray over the 
entire grain, yielding a higher mass transfer and ultimately 
increasing the regression rate [12, 13].

In the last decade, researches on liquefying fuels 
revived the interest of the scientific community which is 
currently focusing on paraffin-wax, a valuable candidate 
as a propellant thanks to its many benefits such as avail-
ability, safety, cost-effectiveness, and ballistic properties. 
Paraffin-based hybrid propulsion capabilities have been 
proven by many demonstrators, sounding rocket launches, 
and test facilities [8, 17]; therefore, there is a great inter-
est in using HREs in place of the commonly employed 
solid-propellant and liquid-propellant engines for specific 
applications, like main engines in suborbital vehicles [3] 
or upper stages of small rockets [6].

The detailed design and analysis of a hybrid propul-
sion system rely mainly upon onerous numerical and 
experimental instruments such as Computational Fluid 
Dynamics (CFD) and test benches. Therefore, in an early 
phase of evaluation, the need for a tool capable of per-
forming a quick evaluation of the performance of HREs 
is thus apparent. In this paper, a code based on zero-
dimensional models is briefly presented with the aim to 
make the design of hybrid rockets easier and cheaper. The 
code is used in the framework of a full-factorial paramet-
ric analysis intended to design a third hybrid stage of a 
small launcher and to highlight the interactions between 
the performance delivered by the system and its opera-
tional parameters. The reference case is considered a HRE, 

Fig. 1   Typical layout of a 
hybrid rocket [18]
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candidate as substitute of a VEGA-like launcher third and 
fourth stage.

2 � Code Description

This code is conceived as a tool able to quickly predict 
HRE performance using suitable 0-D models available in 
the open literature. It can be used in many ways, for exam-
ple, to reproduce firing tests, to study the performance of a 
specific motor configuration, or to iterate on possible designs 
of defined hybrid rocket stage configurations, starting from 
some assigned high-level requirements.

2.1 � Ballistic Model

The fuel grain shape is assumed single-port cylindrical to 
avoid complex and inefficient geometries, such as the multi-
perforated grain, or complexity in the propellant grain pro-
duction (e.g. complex 2D grains). Its dimensions, specifi-
cally external diameter Dc (equal to the chamber diameter), 
initial port diameter Dp,0 and length Lg , are treated as inputs. 
Once these parameters have been specified, the grain geom-
etry and the total fuel mass available are uniquely fixed:

To take into account the highest possible total pressure 
losses due to the one-dimensional flow along the combustion 
chamber, a simple relation between the head-end pressure 
and chamber pressure is assumed [4]:

where Γ =

√

�
(

2

�+1

)
�+1

�−1  and J = At∕Ap . The value of the 

throat-to-port area ratio at ignition is forced to be smaller 
than 0.5 to achieve a low Mach flow (at least M < 0.3 ) in the 
combustion chamber. Fulfilling this condition guarantees 
small pressure losses and greater validity of a 0-D quasi-
steady model.

Regression rate is assumed uniform along the motor axis, 
neglecting the contributions of the lateral ends. Its value is 
mainly dependent on the oxidizer mass flow rate injected and 
on the geometry of the grain, in the classical form:

where ṙ is expressed in mm/s and Gox = ṁox∕Ap in kg∕(m2s) 
[11]. The fuel mass flow rate coming from the grain can, 
therefore, be evaluated as

(1)Ap(t) =
�

4
Dp(t)

2,

(2)mfu =�fuLg
�

4
(D2

c
− D2

p,0
).

(3)ph = pc(1 + 0.5Γ2J2),

(4)ṙ = aGn
ox
,

Two alternative oxidizer feed systems are taken into account: 
i) a pump-fed system that provides a constant mass flow 
rate, and ii) a pressure-fed system, where the oxidizer mass 
flow rate varies over time, as it depends on the difference 
between the tank pressure Ptk and the chamber head-end 
pressure Ph by means of the hydraulic resistance Z in the 
oxidizer flow path:

In this case, the oxidizer flow is assumed to be both incom-
pressible and turbulent [5]. Once the oxidizer and fuel 
mass flow rates are known at any time, the mixture ratio 
O∕F = ṁox∕ṁfu and total mass flow rate ṁtot = ṁox + ṁfu are 
computed. Assuming an isentropic expansion in the nozzle, 
the chamber pressure is obtained as

Propellant data on characteristic velocity and specific heat 
ratio are gathered from the NASA chemical equilibrium 
software CEA [10], assuming a frozen flow in the combus-
tion chamber (this conservative assumption underestimates 
actual performance by 1–4% [4]). Data are interpolated with 
a shape-preserving piecewise cubic function of chamber 
pressure and oxidizer-to-fuel ratio:

Rocket efficiencies are taken into account assuming a c∗
-efficiency ( �c∗ ) and a thrust efficiency ( �CF

 ). Performance 
parameters can be evaluated as follows:

Thrust coefficient is computed assuming a 1-D isentropic 
expansion to the exit pressure Pe with a constant heat ratio 
� in a vacuum environment ( Pa = 0).

Throat erosion is taken into account correcting a refer-
ence value ṡref through Bartz’s method:

where Pref is 10 bar, Dref is 50.8 mm and the reference ero-
sion value ṡref is chosen according to [2]. Since ṡref is meas-
ured at stoichiometric conditions and the erosion rate model 
used does not consider mixture ratio variations, ṡ will be 

(5)ṁfu = 𝜌fuṙLg𝜋Dp.

(6)ṁox =
√
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often overestimated in the computations, which can be con-
sidered as a conservative assumption.

These computations are performed at each time step, 
updating port and throat dimensions according to regression 
and erosion rate. Iterations stop once the available fuel mass 
is consumed or, for specific cases, when other conditions on 
the performance of the engine are met (for example once a 
target total impulse has been delivered). Engine dimensions 
are bounded by a maximum diameter Dmax . Structural mass 
and size of the different subsystems (combustion chamber, 
nozzle, oxidizer tank, pressurization system, feeding system 
and support structures) are taken into account according to 
[5, 9, 14, 20]. Performance, size and structural mass of the 
hybrid rocket can then be uniquely evaluated, for a specified 
feed system, from a set of 6 input parameters:

where Lg , Dp,0 and Dc define the geometrical dimensions of 
the grain, Dt and � the nozzle, and ṁox,0 the initial oxidizer 
mass flow rate.

xdesign = [Lg,Dp,0,Dc,Dt, 𝜀, ṁox,0],

2.2 � Code Validation

The capabilities of the code have been evaluated through 
the performance parameters rebuilding of 16 different static 
firing tests available in the open literature:

–	 Karabeyoglu et al. [11] - Medium-scale motor burning 
gaseous oxygen/paraffin-wax. The aim of the research 
was to use large grains and mass fluxes (grain length is 
1.148 m, while the oxidizer mass flux is between 100 and 
1000 kg∕(m2s) to investigate the effects of motor’s scale 
on operational parameters. The code’s chamber pres-
sure plot, shown in Fig. 2, is in good agreement with 
the experimental data. Tests reproduced are 4L-05 (2a), 
4L-09 (2b), 4P-01 (2c), and 4P-03 (2d).

–	 Di Martino et al. [7] - Experimental test burning gas-
eous oxygen/paraffin-wax. This study was intended to 
assess the effects of the axial injection configuration on 
the regression rate. The average experimental thrust and 
pressure of the 200 N engine described in the research 
are compared with the values returned by the program. 

Fig. 2   Karabeyoglku et al. [11] rebuilding. Tests a 4L-05, b 4L-09, c 4P-01, and d 4P-03
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As shown in Tab. 1, the software output agrees well with 
the experimental data. The average error is 4.76 N on 
thrust and 0.46 bar on chamber pressure, with respective 
relative errors of 4.36% and 4.18%.

–	 Paccagnella et al. [19] - Lab-scale experimental tests 
burning hydrogen peroxide/paraffin-wax. The distinctive 
feature of this experimental campaign is the long burning 
time (up to 80 seconds). The aim of the research was to 
assess the thermal resistance capabilities of a paraffin 
grain. Code’s results, shown in Fig. 3, are well in agree-
ment with the experimental data. Rebuilding has been 
performed on tests A (3a), B (3b), and C (3c).

–	 Lestrade et  al. [16] - Lab-scale experiment burning 
nitrous oxide/paraffin-wax (reference test). This study 
was intended to assess the reliability of a 1-D code devel-
oped by the authors. Code’s results agree perfectly with 
the experimental data for chamber pressure (Fig. 3d), 
thrust (Fig. 4a), and specific impulse (Fig. 4b).

To summarize, every experimental test has been rebuilt 
with acceptable accuracy. Each test is characterized by 
different operational parameters such as propellants, grain 
dimensions, burning time, and average chamber pressure, 

Table 1   Average thrust 
rebuilding, from [7]

Test 1 2 3 4 8 9 10 12

Fexp (N) 39 73 82 118 136 162 178 201
Fcode 38.63 74.09 92.59 129.47 145.78 162.97 179.5 198.7
pexp (bar) 4.9 8.0 8.5 11.5 13.2 15.7 16.9 18.4
pcode 4.94 7.98 9.57 12.71 14.1 15.56 16.96 18.62

Fig. 3   a Long burn A, b Long burn B, and c Long burn C rebuilding from Paccagnella et al. [19], and d reference test rebuilding from Lestrade 
et al. [16]
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ensuring the reliability of the code over a wide range of 
circumstances.

3 � Parametric Analysis

The model is at last used to perform a full-factorial parametric 
analysis to study the effects of motor design on performance, 
in particular the interaction between fuel grain geometry, oxi-
dizer feeding system, and throat diameter. The most perform-
ing configurations will then be evaluated for a first analysis 
of the possible substitution of a Vega-like launcher third and 
fourth stage with a HRE architecture, as study case. Due to the 
throttling capabilities of hybrid rocket engines, this stage is 
ideal to both propel the launcher during the final section of the 
ascent trajectory and perform the orbit insertion maneuvers, 
ideally replacing both the solid third stage Zefiro 9 (Z9) and 
the liquid fourth stage Attitude and Vernier Upper Module 
(AVUM) of the actual Vega launcher (data on performance, 
mass and dimensions of Z9 and AVUM are gathered from [1]).

Liquid oxygen/paraffin-wax (highly performing in terms of 
specific impulse) is chosen as propellant combination, assum-
ing a 96% combustion efficiency and 98% nozzle efficiency 
(typical of this class of HRE in the literature [4]). According 
to [11], the coefficients a and n for the regression rate model 
in Eq. (4) are, respectively, 0.117 and 0.62, while the refer-
ence erosion rate ṡref in Eq. (11) is 0.1 mm/s according to 
[2]. The program evaluates performance, structural mass and 
size of every configuration of the engine available, with input 
parameters in the range:

Lg ∈ [2, 7] m Dp,0 ∈ [0.1, 2] m Dt ∈ [0.05, 1.5] m

𝜀 ∈ [5, 100] ṁox,0 ∈ [5, 120] kg/s

Each rocket configuration is required to deliver a 33000 kNs 
total impulse, which is approximately of the same order of 
magnitude of the combined total impulse delivered by Zefiro 
9 and AVUM (in this case the grain’s external diameter is 
returned by the code as output so that the engine can host 
exactly the fuel needed to reach that target). This represents 
a very simplified assumption of the study without the need 
of more complex trajectory studies to derive high-level 
requirements for the HRE architecture. The maximum stage 
diameter is set to 1.9 m in the computations to respect the 
geometrical constraints of Vega. CEA data for the charac-
teristic velocity of the propellant combination is shown in 
Fig. 5.

Two different oxidizer delivery systems are evaluated:

–	 A pressure-fed injection system is coupled with an evap-
orated-propellant tank pressurization. In this configura-
tion, the oxidizer mass flow rate is determined by the 
difference between tank and head-end pressure in Eq. 
(6). The value of the hydraulic resistance Z is chosen 
to get ṁox = ṁox,0 at t = 0 . The oxidizer tank pressure, 
set to ptk = 3.5ph,0 to have ptk > 1.2ph at any time, is 
kept constant using the oxidizer itself at a gaseous state 
(evaporated thanks to a heater).

–	 A pump-fed injection system is coupled with an evapo-
rated non-propellant tank pressurization. In this configu-
ration the oxidizer mass flow rate is kept constant and 
equal to ṁox,0 thanks to an electrically driven pump [5]. 
The oxidizer tank pressure, set to ptk = 4.5 bar to avoid 
pump cavitation, is kept constant using Helium, stored 
in a separate tank in a liquid state.

The specific impulse contour plots shown in Fig. 6 give 
insight into the relationship between fuel grain design, oxi-
dizer mass flow rate and performance. In fact, the overall 

Fig. 4   a Thrust and b specific impulse rebuilding from Lestrade et al. [16]
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performance of a propulsion system in terms of specific 
impulse depends mainly on the mixture ratio which must 
preferably be as close as possible to the optimal value. In 
hybrid rockets, mixture ratio is determined entirely by the 
injection system ( ṁox ) and by the grain design ( Lg and Dp ). 
Combining Eq. (2) and (4) in fact one can obtain

It is, therefore, clear how varying these three parameters the 
overall specific impulse of the rocket can be affected.

Another performance index that must be looked into 
is thrust, which is essential since it affects gravitational 
losses (not taken into account by the code) and mission 
constraints. As shown in Fig. 7a, thrust is entirely affected 
by the oxidizer feeding system. Although burning surface 

(12)O∕F =
ṁox

𝜌fu𝜋DpLgṙ
→ O∕F ∝ ṁ1−n

ox
D2n−1

p
L−1
g .

variations affect its value, their effect is negligible if com-
pared to ṁox.

At last, it is important to assess how the design of the rocket 
influences its propellant and structural mass. If a lower spe-
cific impulse is achieved, more propellant is needed to reach 
the required total impulse which, as a consequence, leads to a 
larger tank mass and pressurizing gas mass. At the same time 
though, increasing the specific impulse by means of chamber 
pressure is related to a higher structural mass since a larger 
wall thickness is required. Therefore, there must be an opti-
mal configuration that guarantees the lowest propellant plus 
structural mass needed to deliver the total impulse required. 
However, it must be underlined that it is preferable to modify 
the specific impulse through the mixture ratio, since its influ-
ence (if compared to pressure) is much more relevant. The 
effect of chamber pressure on the structural mass can be seen 
in Fig. 7b. It is clear how a higher mass flow rate or a smaller 

Fig. 5   O
2
∕C

32
H

66
 characteristic 

velocity with respect to pressure 
and mixture ratio

Fig. 6   Delivered specific impulse contour plot with respect to oxidizer mass flow rate and a port diameter or b grain length for a pressure-fed 
system
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throat diameter, related to a larger chamber pressure, leads to 
a weight increase.

In the end, once the thrust range needed to satisfy the mis-
sion’s constraints and to guarantee low gravitational losses is 
known (basically fixing ṁox,0 ), the optimal hybrid stage (in 
terms of total impulse delivered) is the one that guarantees the 
highest specific impulse (driven by the grain design parameters 
Lg and Dp,0 ) with the lowest structural mass possible (associ-
ated with the nozzle design � and, mostly, Dt ). As previously 
mentioned, a full-factorial parametric analysis has been per-
formed for both a pressure-fed system and a pump-fed system 
to identify possible architecture candidates. Results are shown 
in Tab. 2.

Both configurations seem promising. Since the oxidizer 
tank pressure is not related to chamber pressure in a pump-
fed system, a much higher thrust and specific impulse can 
be achieved at the cost of complexity and stage length. A 
pressure-fed system on the other hand, despite allowing for a 
much simpler design, is forced to use a lower chamber pres-
sure (through a lower oxidizer mass flow rate and larger throat 
diameter) to contain the structural mass, affecting both thrust 
and specific impulse. If compared to the Vega layout imple-
menting the solid rocket Zefiro 9 and liquid engine AVUM 
as the third and fourth stage, the hybrid configurations save, 
respectively, 790 (6%) and 1320 (10%) kg of propellant and 
structural mass to deliver a total impulse of the same order of 
magnitude. The specific mission requirements will then affect 

the resulting increase in payload mass. Besides that, a hybrid 
third stage performing both the last section of the ascent tra-
jectory and the orbit insertion maneuvers is related to a much 
lower system complexity. It is worth mentioning, anyhow, 
that this first assessment does not consider a deepened analy-
sis of the whole achievable missions for the VEGA launch 
vehicle (multiple re-ignition for multi-payload configuration). 
Moreover, additional details and investigations on the oxidizer 
feeding system could improve the results. At last, it must be 
underlined that the hybrid stage configurations display a much 
greater length than Z9 and AVUM (16-18.5 m against about 6 
m for the combined solid and liquid stages), outside the canon-
ical length-to-diameter ratios commonly used for this class of 
launchers. This feature, caused by the employment of a liquid 
tank that leads to an increase in the overall length of the rocket 
especially when large propellant volumes are required, can be 
considered a downside of the HRE architectures resulting from 
the analysis. To limit this quantity, further constraints need to 
be introduced and their effect on the overall performance must 
be evaluated.

4 � Conclusion

A fast computational approach able to evaluate hybrid rocket 
engines performance is presented, briefly discussing the 
main characteristics of the ballistic model implemented. 

Fig. 7   a Thrust contour plot with respect to oxidizer mass flow rate and port diameter and b propellant plus structural mass contour plot with 
respect to oxidizer mass flow rate and throat diameter for a pressure-fed system

Table 2   Parametric analysis output

Feeding system Lg Dp,0 Dc Dt � ṁox,0 P̄c F̄ Īsp
mtot Ltot ttot

Pressure-fed 4.4 m 0.62 m 1.26 m 0.38 m 25 23.6 kg/s 5.4 bar 110 kN 305 s 12110 kg 16 m 300 s
Pump-fed 4.6 m 0.41 m 1.10 m 0.25 m 57 35.5 kg/s 20 bar 165 kN 320 s 11580 kg 18.5 m 200 s
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The model can aid the design of hybrid rockets. Valida-
tion of the approach is provided through the rebuilding of 
chamber pressure, thrust and specific impulse of 16 different 
static firing tests from the literature. Experimental data and 
code output are in close agreement, ensuring its reliability 
over a wide range of operational parameters. At last, a full-
factorial parametric analysis has been employed to identify 
the relationships between performance, grain design, nozzle 
features, and injection system, and to perform as case study 
an analysis of a HRE architecture of a VEGA-like launcher 
third stage. The hybrid configuration, thanks to its throttling 
capabilities, is required to perform both the final section 
of the ascent trajectory and the orbit insertion maneuvers, 
ideally replacing both the solid third stage Zefiro 9 and liq-
uid fourth stage AVUM of the Vega launcher. The optimal 
designs found provide a total impulse of the same order of 
magnitude of Z9 and AVUM combined, with some potential 
saving of mass for both the pressure-fed or pump-fed system 
from a first analysis. Although the effect on performance of a 
constrained overall stage length as well as detailed aspects of 
the HRE candidate architectures need a deepened analysis, 
the program has proven itself to be a powerful instrument for 
the analysis and design of hybrid rockets, returning satisfac-
tory preliminary results. Despite its good predictive capabili-
ties, this software has plenty of room for improvements, in 
particular: (i) the program assumes a single-port cylindri-
cal grain, and its versatility could be improved if it could 
handle any shape; (ii) predictive capabilities can be further 
improved with more accurate regression rate and erosion 
rate models; (iii) a transient model could be used instead of 
a quasi-steady model; (iv) instead of using interpolated pro-
pellant data, the CEA software could be used as a subroutine 
in the code to obtain them during runtime; v) the effect of 
mixture ratio on total pressure losses along the combustion 
chamber should be taken into account to get more accurate 
predictions of the HRE internal ballistics.
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