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Well-posedness of the classical solution for the Kuramto—Sivashinsky equation with
anisotropy effects
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Abstract. The Kuramto—Sivashinsky equation with anisotropy effects models the spinodal decomposition of phase separating
systems in an external field, the spatiotemporal evolution of the morphology of steps on crystal surfaces and the growth of
thermodynamically unstable crystal surfaces with strongly anisotropic surface tension. Written in terms of the step slope,
it can be represented in a form similar to a convective Cahn—Hilliard equation. In this paper, we prove the well-posedness
of the classical solutions for the Cauchy problem, associated with this equation.

Mathematics Subject Classification. 35G25, 35K55.

Keywords. Existence, Uniqueness, Stability, The Kuramto—Sivashinsky equation with anisotropy effects, Cauchy problem.

1. Introduction

In this paper, we investigate the well-posedness of the following Cauchy problem:

Ohu + ad?u + B20%u — v2(0,u)?02u + TOLud?u

+r(0pu)* + q(0pu)? + 00,udu = 0, t>0, z€eR, (1.1)
u(0, ) = uo(x), r eR,
with a, 8, v, 7, K, ¢, 6 € R, 8, v # 0, such that
8% < 46%42. (1.2)

On the initial datum, we assume
up € HY(R), ¢€{2,3,4}. (1.3)
Observe that, using the variable (see [24,57])
v = 0z, (1.4)

Equation (1.1) is equivalent to the following one:
2
v + ad?v + 2O — %8% (v*) + gaﬁ (v*) 4+ KOv* + qO,v° + 60, (vVOZv) = 0, (1.5)

which is known as the convective Cahn-Hilliard equation (see [24,33]).
From a physical point of view, (1.1) and (1.5) model the spinodal decomposition of phase separating
systems in an external field [19,42,64], the spatiotemporal evolution of the morphology of steps on
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crystal surfaces [24,33,52], and the growth of thermodynamically unstable crystal surfaces with strongly
anisotropic surface tension [25,26,28,46].

In the case of a growing crystal surface with strongly anisotropic surface tension, the function
represents is the surface slope, while the constants x and ¢ are the growth driving forces proportional to
the difference between the bulk chemical potentials of the solid and fluid phases. They were also obtained
by Watson [61] as a small-slope approximation of the crystal growth model obtained in [17].

Observe that, in [52], the authors deduce (1.1) in the case 7 = xk = § = 0, while, in [24], (1.1)
is done with 6 = 0. The general case is considered in [33]. In particular, in [24,33], the authors show
the dependence of the coefficients on the anisotropy of the surface tension and on the velocity of the
solidification front. It allows one to assess the effects of these parameters on the evolution of the instability.

Assuming k = ¢ =9 =0, (1.5) reads

2
B + adv + F204u — %aﬁ (v%) + gag (v?) =0, (1.6)

known as the Cahn—Hilliard equation [8,9,50,51]. It describes the process of spinodal decomposition. In
this case, the function u is the concentration of one of the components of an alloy. [51] shows that (1.6)
has an exact solution that describes the final stage of the spinodal decomposition, the formation of the
interface between two stable state of an alloy with different concentrations.

It also describes the coarsening dynamics of the faceting of thermodynamically unstable surfaces
[31,56]. Moreover, [34] shows that Eq. (1.6) can be an effective tool in technological applications to
design nanostructured materials.

From a mathematical point of view, in [2], the existence of some extremely slowly evolving solutions
for (1.5) is proven, considering a bounded domain, while, in [6,22], the problem of a global attractor
is studied. Instead, in [27,65], numerical schemes for (1.5) are analyzed, while, in [60], an approximate
analytical solution is studied.

Observe that Eq. (1.5) is has been studied in the multidimensional case in the papers [7,18,66] and
their references.

Taking 7 = k = ¢ = 0 in (1.5), we have the following equation

2
v 4 ad*v + 20t — %83 (v3) + q0,v? = 0. (1.7)

(1.7) describes a spinodal decomposition in the presence of an external (e.g., gravitational or electric)
field, when the dependence of the mobility factor on the order parameter is important [19,24,42,64].

From a mathematical point of view, the coarsening dynamics for (1.7) has been studied in the limit
0 < ¢ < 1in [19,26] and analytically in [62].

In [1], a numerical scheme is studied for (1.7), while the existence of the periodic solution are analyzed
in [20,36]. In [42,47], the existence of exact solutions for (1.7) and its viscous form have been investigated.
Moreover, [26] shows that, when ¢ — oo, (1.7) reduces to the Kuramoto—Sivashinsky equation (see
Eq. (1.8)). Physically, it means that, with the growth of the driving force, there must be a transition
from the coarsening dynamics to a chaotic spatiotemporal behavior.

Assuming vy =7 =k =9 = 0 in (1.5), we have the following equation:

v + adv + F20%u + q0,0* = 0, (1.8)

(1.8) arises in interesting physical situations, for example as a model for long waves on a viscous fluid
flowing down an inclined plane [59] and to derive drift waves in a plasma [16]. Equation (1.8) was derived
also independently by Kuramoto [37-39] as a model for phase turbulence in reaction-diffusion systems
and by Sivashinsky [55] as a model for plane flame propagation, describing the combined influence of
diffusion and thermal conduction of the gas on the stability of a plane flame front.
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Equation (1.8) also describes incipient instabilities in a variety of physical and chemical systems
[11,29,40]. Moreover, (1.8), which is also known as the Benney-Lin equation [4,43], was derived by
Kuramoto in the study of phase turbulence in the Belousov-Zhabotinsky reaction [44].

The dynamical properties and the existence of exact solutions for (1.8) have been investigated in
[21,32,35,48,49,63]. In [3,10,23], the control problem for (1.8) with periodic boundary conditions, and
on a bounded interval are studied, respectively. In [12], the problem of global exponential stabilization
of (1.8) with periodic boundary conditions is analyzed. A generalization of optimal control theory for
(1.8) was proposed in [30], while in [45] the problem of global boundary control of (1.8) is considered.
In [53], the existence of solitonic solutions for (1.8) is proven. In [5,13,57], the well-posedness of the
Cauchy problem for (1.8) is proven, using the energy space technique, a priori estimates together with
an application of the Cauchy—Kovalevskaya and the fixed point methods, respectively. Finally, following
[14,41,54], in [15], the convergence of the solution of (1.8) to the unique entropy one of the Burgers
equation is proven when a, § — 0.

Before stating our main result it is important to comment our assumption (1.2) on the coefficients.
That condition guarantees the conservation of the H? norm of the solution in time, in other words thanks
to (1.2) the map t — u(t,-) never leaves the energy space, that is H?.

We use the following definition of solution.

Definition 1.1. A function u : [0,00) — R is a solution of (1.1) if
ue L>®(0,T; H*(R)), T >0,
and for every test function with compact support ¢ € C>°(R?)

i 2
[ [ (w0no - audi - o0t - (00 0up + S (000
0 R

_ ﬁ(axu)‘l@ _ q(axu)Q(p + (5((9%15)2 + 6u83u(9mcp) dtdzx + /UQ(QT)(,O(O, as)dx = 0.

R
The main result of this paper is the following theorem.
Theorem 1.1. Fiz T > 0. If (1.2) and
up € H*(R), (1.9)
hold there exists a unique solution u of (1.1), such that
u € H((0,T) x R) N L>=(0,T; H*(R)). (1.10)
Moreover, if uy and us are two solutions of (1.1), we have that
lua(t, ) = ua(ts )l gy < €€ uro = uz 0l g gy » (1.11)
for some suitable C(T) > 0, and every 0 <t <T.
Assuming (1.2) and
ug € H*(R), =0, (1.12)
there exists a unique solution u of (1.1), such that
u€ HY((0,T) x R) N L>(0,T; H*(R)). (1.13)

Moreover, if uy and uy are two solutions of (1.1), we have that
Jeaa (£, ) = wat, Ml 2y < €T fluno = uzoll ey (1.14)

Under Assumptions (1.2) and
ug € H*(R), (1.15)
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there exists a solution u of (1.1), such that
u € H'((0,T) x R) N L>=(0,T; H*(R)). (1.16)

The argument of Theorem 1.1 relies on deriving suitable a priori estimates together with an appli-
cation of the Cauchy-Kovalevskaya Theorem [58]. Moreover, observe that the models studied in [24,52]
correspond to the case 6 = 0 and satisfy (1.2).

The paper is organized as follows. In Sect. 2, we prove some a priori estimates of (1.1). Those play a
key role in the proof of our main result, that is given in Sect. 3.

2. A priori estimates

In this section, we prove some a priori estimates on u. We denote with Cj the constants which depend
only on the initial data, and with C(T') the constants which depend also on T
We begin by proving the following result

Lemma 2.1. Fiz T > 0. There exists a constant C(T) > 0, such that

[02u(t, ) 2wy < C(T), (2.1)
/ [02u(s, )22y ds < C(T), (2.2)
0
/ |0z u(s, ) 02u(s, -)H;(R) ds < C(T), (2.3)
0
/ [02us, )| g ds < C(T), (2.4)
0

for every0 <t <T.

Proof. Let 0 <t < T. Multiplying (1.1) by —20%u, an integration on R gives

d
& ||awu( ||L2(]R) /6 uatudx

= 2a ||O2ul(t, ')HLZ(R) + 232 / Pudyudr — 29 || Oy ult, ) O2ult, -)H;(R)
R

+ 27’/8$u(8§u)2dx + 2/@/(8wu)4aiudx + q/(@wu)285udx
R R

+26/8wu8§u8;’udx

= 20 [|02ult, ) |32y — 26% 03t ) 7o ) — 202 [0t YO2ult, |72 gy

—|—27'/&Cu(@ﬁu)zdx%—%/3xu8§u8§udx.
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Therefore, we have that

Hau( Mz + 262 [02u(t, ) |52 + 297 |0wult, )02t )| g

(2.5)

= 2u||02u(t, ")

. ||12(R) + 27/6xu(8§u)2dx + 25/6xu8§u8£ud3:.
R

Due to the Young inequality,

50, ud?u
2|0 / Dpud?u agudx:2/’xz
b1 [1omwozuuis =2 [ |5

’\/ D103u| dz

< — H(’) u(t, ) 0%u(t + Dy ||02u(t

2
||L2 ')||L2(1R)’

where Dy is a positive constant, which will be specified later. It follows from (2.5) that
S 10, ey + (262 = D1) 2ute, )
dr 2 UL, L2(R) — 1) 2 UL, L2(R)
52 9 2
+ (27 - ) [0zt (t, )OZu(t, )| 2 g (2.6)

< 2|a| Haiu(t, ')HLz(JR) + 27| / |0pu|(93u)*dz.
R

We search D, such that,

52
26 - D 27 — —
ﬂ 1> Oa ’y D1 > 0
that is
2 82
Dy <2 Dy > — 2.
1< ﬂ ) 1> 2,72 ( 7)
By (2.7), we have that
52 9
27 < D; <2p°. (2.8)
Thanks to (1.2), Dy does exist. Therefore, by (1.2), (2.6), (2.7) and (2.8), we have that
d 2
37 10wt V2 + K7 |02t ][ gy
2 2
+ K3 H@ u(t,)0;u ')HL2(R) (2.9)

< Co [l62utt. -)Hm) + o] [ 10wl @20
R

where K2, K2 are two appropriate positive constants. Due to the Young inequality,

2/7| [ |osul(@2u)*da / (a0, ud2] | 2202
R

27’8 u

K 2 T 2
2 Ha w(t 82 ')HLZ(R) + K722 H@ﬁu(t, ')HLQ(R) :
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Consequently, by (2.9)

Observe that

Co

G. M. Coclite and L. di Ruvo

< et >||L2<R) + K3 [|03ut, [} e gy
Ha u(t, ) u( ')HiZ(R) < Co
||a§u(tv')||2L2(R)

Therefore, by the Young inequality,

G ) e < ||
R

Consequently, by (2.10),

4,
dt

Co0,
(}( 4 ’K18§u|dx

< Collozut, )72 m) LA

K2
|0z u(t, ')Him& + 71 Haﬁu(t")HQL%R)

2
|8§u(t, ')HL2(R) :

= Co/aﬁué‘gudx = —Co/ﬁxuaiudx.
R

2
||83 Mo

Hau D02t )32y < Co 0t )32s) -

Integrating on (0,t), by the Gronwall Lemma and (1.3), we have that

which gives (2.1), (2.2)
Finally, we prove (2.4).

[0z ut, )]

+

t
K32eCot
|L2 + 9 (&

0

2
g (87 ')HLZ(R)

KQeCOt

t
2T/€_COS Haxu(87 )83’“'(57 )Hiz(R)

0

L (2.3).

Due to (2.2) and (2.11),

Co | 0Fult ||L2(]R)

Integrating on (0,t), by (2.2), we have (2.4).

2
<or )+%H5§u(t )3

ds

ds < Cpe®0t < C(T),

v HL2(]R)

Lemma 2.2. Fiz T > 0. There exist a constant C(T) > 0, such that
l[ull oo 0,7y xm) < C(T),
[u(t, )l 2y < C(T),

for every0 <t <T.

t
/ 100u(s, )44y ds < C(T),
0

The proof of this lemma is based on the following result.

Lemma 2.3.

We have that

0t )| s ay < /uz(agu)zdx

R

ZAMP

(2.10)

(2.11)

(2.12)

(2.17)
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Proof. We begin by observing that
/(8Iu)4dx = /%u(@xu)?’dx = —S/u(ﬁxu)Zaiudx.
R R R

By the Young inequality,

3/ [u|(Dpu)?|02uldz < %/(axu)4dx + g /uz(ﬁiu)2dx.

R R R

It follows from (2.18) that

N ©

%/(8mu)4dx < /uz(aiu)zdx,

R R

which gives (2.17).

Proof of Lemma 2.2. Let 0 <t <T. Multiplying (1.1) by 2u, an integration on R gives

Page 7 of 37 68

(2.18)

d
& ||U(t, )||i2(R) = Q/uatudx
R
=2 / udjuds — 2% / udude + 2+ / w(pu)02uda
R R R

- QT/uaxuaiudx—2H/u(6xu)4dx— 2q/u(3xu)2dx

R R

- 25/u8xu3;z’udx
R
_ 2 3 27 4
= 20 [|0xult, )72y + 28 [ Ozudyudr — 5 [0zu(t, )l aw)
R

- QT/u&;uaﬁudﬂc— 2/@/u(8xu)4dx— 2q/u(8xu)2dx
R R R

- 26/u81u62udx
R

2 2 27 4

- QT/uaxuaiudx—2H/u(6xu)4dx— 2q/u(3xu)2dx

R R R

- 25/u8xu32udx.
R
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Therefore, we have that
d

37 10t M ey + 267 |02t ) ey in ||a ult, Mz
= 2 ||0zu(t, )HLQ(R) QT/uﬁxuﬁxudx—2ﬁ/u(8xu)4dx (2.19)
R R '
- 2q/u(8xu)2dx— 25/u8xu6§udm.
R
Due to (2.2) and the Young inequality,
27/ |udpu||0%u|dz < 72/u2(6wu)2dx+ H@iu(t,~)H2LQ(R)
R R
2 2 2
<72 [l e 0.7y xy 102t )72 my + [|OZult, ')Hm(R)
2
< C(T) el o .1y ) + 1970t ) ey
2|q] / [ul () < 2la [ull o (0,7 iy 1052t )| 72y
< C(T) lull poe 0,7y xry < C(T) ”u”ix((O,T)xR) + C(T),
2/5] / |0 u|de
<6 [ w0upde + [[02u(t, )|}
R
2
<4 ”uHLOO((OT yx) |10z u(t, )||L2(R + [|0Zu(t ')HLz(R)
<C(T) ||u||L°°((07T)><]R) + || 0zult, ) HLQ(]R)
It follows from (2.2) and (2.19) that
d 2
En [Ju(t, ')||2L2(]R) + 24 Haiu(u ')HLz(R) ||5 u(t, )||L4(R
< 2ol 9zu(t, 72, + [|0Fult, ||L2<R> + Ol 01750y
+ 2|k| / lu|(Opu)*dx + C(T)
2
< Noult, Mzagey + ) (L [l o) + 2l [ ful(@ru*da
R
2
+ C(T) |[ullFoe 0.7y xm) + [[ O30t M - (2.20)

Thanks to (2.17), we have that

4
QIK\/\UI(%U)“dx < 2{w] 1ull oo 0,7y xmy 10w ults ) La(r)

< 1810] ol oy sy [ 220200
R
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3 2
< 18k lull oo (0,7 ) 1072t ) m) -
Consequently, by (2.20),

2 232 ||62u(t, ) ||? 2 0wt )
Dt gy + 28 02000, 2y + 2 1008, s

< ||5'§U(ta ')Hiz(R) +C(T) (1 + HUHiOC((O,T)xR))
+ 18]k Hu”iN((O,T)X]R) |03ult, ')HiZ(R)
+ C(T) [ull T 0,1y ) + 10702, ‘)Hiz(m) : (2.21)

Integrating on (0,%), by (1.3), (2.2) and (2.4), we have that

d 2 2 || 92 2 2y 4
& Hu(tv ')||L2(R) + 25 Hazu(tv .)HL2(]R) + T Hamu(t’ ')||L4(R)

t
< Cat [ 1080 ) [y a5+ CT) (15 [l 00 ¢
0
t
#1800 [l 0y [ 0205,
0

t
2
+C(T) \|U||2Loo((o,T)xR)t+/||a£“(37')“L2(R) ds
0

<C(T) (1 + ”uHiM((O,T)xR) + Hu”i‘”((O,T)x]R)) . (2.22)

Due to the Young inequality,

3 1 2
[ull o0 ((0,7)xr) = VD2 [[tll Lo (0,7 xR) /D [ullz00 (0,7 xR)

Dy o 1 4
< 5 [l oo (0,7 xm) T+ 2D, llull oo (0,7 xR) -

where Dy is a positive constant, which will be specified later. Therefore, by (2.22),

d 2 2 (|52 2 2'72 4
a H’U,(t, ')||L2(R) + 25 H@wu(t, ')HLZ)(R) + T ||8Iu(ta ')||L4(R)

D, 2 2 4
<C(T) <1 + (1 + 2) llullz0 0,7y xR) T Dy [l oo (0,7 xR) ) -

We prove (2.14). Thanks to (2.2), (2.23) and the Hélder inequality,

(2.23)

x

u(t.? =2 [ udiudy <2 [ ullosulde <2t ) zqe) 105t oy
R

— 00

D, 2 2 4
< C(T)\/<1 + <1 + 2) llullz0 0,7y xR) T Dy |u||L°°((O,T)><R)>‘

Therefore,

c(T D
(1 B 2(DQ)) Hu”i“’((ovT)XR) - (1) <1 + 22> ||U||ioo((o7T)XR) - C(T) <.
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Taking
Dy, =C(T),

we have that )

4
B ||u||L°°((0,T)><R) - C(T) HUHQL‘”((O,T)X]R) - C(T) <0,

which gives (2.14).
Finally, (2.15) follows from (2.14), (2.23) and (2.24).

Lemma 2.4. Fiz T > 0. There exist a constant C(T') > 0, such that
||aa:“||Loo((o,T)xR) < (),

t
!!c’ﬂiu(t,-)HZ(R)+62/|\8;*u<s,->uiz(R) ds < C(T),
0

for every 0 <t <T.

Proof. Let 0 <t < T. Multiplying (1.1) by 202u, an integration on R gives

d
o2t ) agey =2 / Orudyudz
R

= —2a/8§u5;1udx — 2% |9 ult, -)H;(R) + 272 /(&Tu)z@iuaﬁudx
R R

- ZT/GgCuagu@iudx - 2&/(8wu)48§udx - Qq/(aggu)z@iudx
R R R

— 26/8xu8;’u8§udx
R

= 20 [|2ut, )2 ) — 26 [02u(t. )1 m, + 27 / (Opu)*P2udjude
R

- 27/8wu8§u8§udm + 8&/(8Iu)38§uagudx - 2q/(8xu)23;1udx
R R R

- 26/3xu8§u8§udx.
R
Therefore, we have that
d 2 2
37 105u(ts )2 gy + 28 | 05u(ts )| 2 )

= 2a ||O3ult, ~)H;(R) + 272 /(8xu)28§u8;1udx - QT/OIuaiuaiudx
R R

+ 8/@'/(8Iu)3<9§u6§udx - 2q/(8xu)23;1udx - 25/6$u62u8;1ud33.
R

R R
Due to the Young inequality,

292 /(axu)2|8§u\8iudx = 2/ 2
R

2(8 )32U 4
— 27 T 1134/ D30
R BV D3 ‘6 st

dx

ZAMP

(2.24)

(2.25)

(2.26)

(2.27)
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ol 4052,\2 2 4 2
< M /(azu) (amu) dz +ﬁ D3 Hazu(tv ')HLQ(R)
R

< 52D ([0 U||Loo((0T XR) Ha ult, ) Ou( ')Hi"‘(R) +B°Ds Héiu(t,~)Hiz(R),

2|T|/|8Iu6§u||8:u|dx=2R/ ﬂ\/E ’ﬁ@:u|dw
< ﬁQD HB u(t, )0 u(t")HiZ(]R) + D3 Ha;lu(t’.)HiZ(]R)’

Slel [ 0. 02ul10%ulds < Slel 0,1} oy [ 1020l132ulds
R

2
+4 ||6Iu||i°°((0,T)><]R) |03 u(t, )

< 4r? Hazuni&((o,T)xR) [|0Fu(t, ) ; ) HL2(]R) ;

) ||L2(R)
Opu)?
2 0y 284d=2/("(# D30%uld
ol [ @ow2lotuiae = 2 [ |E22L 5/Drotul ar
R R
2

0zt Moy + 5D [|0ult, )| ey
2|5|/|a uai’>u||a4u|dm—2/“Sa O /Dot

5?2
- ﬁ2D3

2
@ @ra + 05 [okut, e
R
<2 ol o3u(t, )| 2D ||0tut, )|
= 52D3 || wu”Loc((O,T)x]R) H wu( 7')HLQ(R) +ﬁ 3 H agu( ")HLZ(R) )
where D3 is a positive constant, which will be specified later. It follows from (2.27) that
d
3 [102ult +2(1-2D3) 5 ||34u t,

2 2
’.)HLQ(R) ’ ||L2

< Co [|02ul(t, )

2 T
) HL2(R) + <B2D3 + = ﬁQD |0 U”Lw((o T)><]R)> Ha ult, )97u(

2
')HL2(R)

3 2 4
+ 467 [0zl oo 0,7y ) |0t )| 2 +52D 10z u(t, ) sy
2
+5—||amu|\2m |02u(t .)|| w4 | 0pul|? |2ut .)||22
32Ds L= ((0,T)xR) 117z =\ JIIL2(R) Lo ((0,T)xR) [Pz =\ JIIL2(R)

Taking D3 = i, we obtain that
d 2 2
gz 10zt e ey + B 1920t ) 12y
4 4
<o H@gu(t, ')Hiz(R) + <ﬂ7-2 + ;) ||8 UHLOO ((0,T)xR) Ha u )a u ')HiZ(R)

42 [0l 0 1y 12 oy + L N0t Ve

4
ﬂQ ||8 u||L°°( (0,T)xR) Ha u(t HLZ(R) +4 ||8 uHLOO((O T)xR) Ha u(t HL2(R)

68
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Integrating on (0,¢), by (1.3), (2.2), (2.4) and (2.15), we have that

t
02t yaqq) + 5 [ 195005 e, s
0
t
<o+ / 025, )2 g / [95u(s. )[4 ds
4 4
+<ﬂ7-2 7 [0z “HLoo((o T)xR))/Ha u(s, )07u( »')HizUR) ds
4 10000 o1y / [2(s, ey s
0
462 2 3 2
+ g HaaCu”LOO((O,T)XR)/Haxu(s")HLZ(R) ds
0

t
+4 ||a:qu:Z°C((O,T)><R) / |0Zuls, -) H;(R) ds
0

2 3
<C(T) (1 F 102t/ Loe 0,1y xm) T+ ||awuHL°°((O,T)><R)) : (2.28)
Due to the Young inequality,
3 o 1 2
||axu||Loo((o,T)xR) =V D4 Haﬂcu”L‘X’((O,T)XR) VD5 ”aﬁfu”L“((O,T)XR)

D4 1
< — 102 u||L°° (0, m)x®) T 5792 5D, [0z u||L°°( (0,T)xR) »

where Dy is a positive constant, which will be specified later. Therefore, by (2.28),

t
2 2
02t ) 3y + 52 [ 08u(s, oy s
0 (2.29)

Dy
<C(T) < <1 + > ([0 UHLoc((o xr) T 5 2D [0 UHLoc((o T)XR))

We prove (2.25). Thanks to (2.2), (2.29) and the Holder inequality,

(aa:u(lf,gz:))2 =2 / 8$u8§udx = 2/ \8$u||85u\dm < 2|0, u(t, -)||L2(R) Hag%u(t7 '>HL2(R)
R

Dy
< C(T)\/(l + (1 + ) 102017 e (0.7 x) T 575 2D 101l e OT)XR))
Therefore,
C(T Dy
(1‘ 253)) 10zl 0,78y = C(T) (1+ . ) 10512 (0.7 x) — C(T) < 0.

Taking
D, =C(T), (2.30)
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we have that )
9 Haﬂﬁu”iw((O,T)xR) —C(T) Haxuuioo((mT)xR) - C(T) <0,

which gives (2.25).
Finally, (2.26) follows from (2.25), (2.29) and (2.30). O

Lemma 2.5. Fiz T > 0. There exist a constant C(T) > 0, such that

t
5 020t aqey + [ 190 ) 32(a) ds < CCT) 2:31)
0

for every0 <t <T.

Proof. Let 0 <t <T. Multiplying (1.1) by 20;u, an integration on R gives
d /942 2
& (B 020t [y — 0wt ) )

= —2ﬁ2/8§u8tudx+2a/8iu8tudx
R

= —2||0su(t, -)||2Lg(R) + 272 /(awu)283u8tudac — QT/awuaiuﬁtudx

R
— 2/@/(81u)48tudx — 2q/(8$u)28tudx — 26/8wu8§u8tudx.
R R

Therefore, we have that
(8 020ty — 190t ey ) + 2180, ) ey

272/ (Opu) 5‘ udyudxr — 27/8 ua uOudx — 2/1/(8 u)46tudx
R

R

- Qq/(amu)Qatud:c — 25/8mu3§’u8tudx. (2.32)
R
Due to (2.2), (2.25), (2.26) and the Young inequality,

292 / (Ovu)2102ul|Druld < 29 |9l 0.1 k) / 102ul[yulda

82
< 20(T /82u||8tu|dx—2/‘

| B

c(r

< 1(;,)H6§ M ia @y + s 10t ) Z2gey
c(T

< S0 Dy 0u(t, ) e

2|T|/|8 ul|0?u||Opuldz < 2|70, Ul oo (0,7 xR) /|82u||8tu|dac

82
<20C(T /\82u||8tu|d9c = 2/‘
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C( 2 2
= "Ds U(t, ) HLZ(]R) + C(T) Hatu(t’ ')||L2(R)
c(T) 2
< Dy + C(T) [ 0ult, )12 »

2|/<;|/ Oru)*Opudr < 2|k| |0, u||ioo( (0,T)xR) / |Opu||Opulda

<20(T /\6 u||8tu|dx—2/‘ 8 “ ‘\/ 8tu‘
C

<oz )||a Wty ) 2wy + Ds |90t ) 2o gay
o

<
="Ds

2lq / (Do) Orulda = 2]a] 11951 e (0.1 ) / 10, ul|drulda

<20(T /\a u||8tu|dsc—2/‘ T)0su

_#HM Waqey + Ds 100t ) ey
o)

2
+ D5 || 0pu(t, )72 m) »

‘f@tu

2
<D + Ds [|0wu(t, )| 2 (r) -

2|0] / |0, u||02u||0yu|dz = 2|5] ||0, ull oo ((0,7)xR) / |03u||0yu|dx

SQC(T)/83u||8tu|dx—2/‘ VD atu‘
R

cT
< T 1020t e, + Ds 0wt e

where Dy is a positive constant, which will be specified later. It follows from (2.32) that

d
< (8 02t gy — 19t )2 zy) + (2= 5D5) vt ) e

_om , om

3
=D, [|O2u(t

) HLQ(R)'
Taking D5 = £, we have that
d
= (B 102ut )} ) — @l u( Moz ) + 10eult, )2y

(1.3), (2.2) and an integration on (0,t) give

2
5 (020t )32 qy — @ 0wt M + [ 0vu(s, ey 0
0

ZAMP
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t
2
< Cy+ C(T)t + C(T) / |02u(s, )22 g ds < CT).
0
Therefore, by (2.2),

t
B2 (|02t ) |52 ey + / I9ru(s, ) zzey ds
0

< C(T) + al|dpu(t, )2y < C(T) + o] [Bpult, )72 < C(T),

which gives (2.31). O
Lemma 2.6. Fiz T > 0 and assume (1.8), with £ € {3,4}. There exist a constant C(T) > 0, such that
2
Hall?uHLOO((QT)XR) < (). (2.33)
In particular,
¢
2
ﬁ2 Hagu(tv ')HL2(]R) + / Hat@wu(s’ ')Hi?(R) ds < C(T)7 (2'34)
0

for every0 <t <T.

Proof. Let 0 <t < T. Multiplying (1.1) by —20;02u, an integration on R gives
d 2 3 2 2 2
a (ﬂ [0ult, ')HL2(R) —a||Zult, ')HL2(R))

= —2ﬁ2/8:u8t82udx+a/@iu@ﬁiudx
R R

= Q/Btaiu&gudx —2v? /(8$u)28§u8t3§udx + ZT/azuaguﬁtaiudx
R R R
+ 2&/(8xu)48t82udx + 2q/(8xu)28t8§uda: + 25/8xu8§u8t8£udx
R R R
= —2|0:0,ult, ~)||2L2(R) + 472/8xu(8§u)28t8xudx + 272 /(8xu)232u8t8xuda:
R R
— 27/(5§u)23t3$udx — 2T/8x83u5‘t3$udx — 8/{/(8zu)38§u8t6$udz
R

R R

—4q/61u82u8t81ud:r — 25/5‘§u8§u8t3mudx—25/8zu3iu8t6zudz.
R R R

Therefore, we have that
d
a (62 Hagu(tv )HiQ(R) -« ||8§U(t, )HQLQ(R)> +2 ||8t8xu(t7 )“iQ(R)

= 472/8zu(8§u)28t81udx + 292 /(@Eu)z@gu&ﬁxudm (2.35)
R R

- 27/(8§u)28t8mudx - 27/8mu8§u8tazudx
R R
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— 8/1/(6mu)333u8t8mudx — 4q/8$u8§uatazudx
R

- 25/8§u@2u8t8mudx— 25/8$u6;1u8t81udx.

Due to (2.2), (2.25), (2.26) and the Young inequality,

42 /|8 u|(0%u)?|0p0,uldz < 4% (|0, ull o (0, T)XR)/(G u)?]0,0,uldx

< 2C(T)/(a2 12(0,0, u|dx—2/’ Oyude| dr
R
o
< &J/WQVM+DN&8M S[
R
c(T)
= D ||a§uHL°°((O,T)><R) H82 HL2 + Dg [|8: 0 uft, )HLZ(R)

C(T) \ oo 112

< TG ||axu||Loo((O)T)><R) + D [|0; 0 u(t, )HLz(R) )
22 /(azu)2|8iu|\3t8mu\dx < 242 ||8zu||2Loo((07T)xR) / |03u|0,0,u|dx
R

3
< 2C(T)/|63u||8t8 u|dx—2/' 7)0,u
R

R
\/ D00, udx‘ dx

pelcs)

|O2ult + D [|0n0zu(t, |72 g »

2 2
ﬂ@ﬂL%i’qg@@udz

) ||L2(]R)

2|7 /(azu)2|8t61u|dx =2
R R

7_2

53/@)m+%MﬁM)M
6
R
< Jjo2ul? 02ut, [} 2y + De | 0dault, )17
= Dg " L= ((0.1)xR) 11723 VL2 (R 611 L2(R)
c(T)
< D¢ ||8§u||L°°((O,T)><R) + Dg (|00, uft, )HLQ(R)’

2|7| / |0, u||03u)|0; 05 uldz = 2|7| ||0s ull oo ((0.7)xR) / |03u| |00y u|da

63
<20(T /|83u||8t6 u|dx—/‘

c(T
< TG ||3§U(ta ')||L2(R) + D [|0: 0z u(t, )||L2(R) )

‘\ﬁat@u

3
8|/$|/|8zu|3|8§u||8t81u|dx§8|/{\ \|8Iu||Lw((O7T)XR)/|8§u||8t81u|dx
R

ZAMP
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]fata u

32
<20(T /|82u||8t3 uldz < 2/'

< % |02 ult, ')HLZ(R) + Ds ||0: 0z ult, ')”iz(R)
o)
Dg

+ Dg || 00D ult, )| 72 gy -

4lq] / 10u]102u]| 9,0, ulde < 41q) 0l 1o 0.1y ) / 02|00, ulde

2

< 20(T /|82u||8t3 u|dx—2/' T)0pu ‘\/ cOu0uul d
< G0 g Dg ||0,0.
_76” mu(ta')HLz(R)+ 6 [|0¢Opult, )||L2(R)

(1)
< De + De [|0s0u(t, )||L2(R

50%2udlu
28| [ |02ud? aaxd=2/M Dgdy0yu| d
01 [ o2uegulod,uias = [ | "2 |\/Bood,u|as
R R

52 2 3

< be (02u)*(93u)*dz + Dg | 00zult, )| 72z
R

52 2
. ||a£u||[,°°((0 T)XR) Hag HL2 (R) + Ds [|0: 0, uft, )||L2(R) ’

2|5|/|8 u) |00y 0puldz = 2|6] |0, ul| o (o, T)XR)/|84U|\@3 u|dx

4
T)0zu Oyuld

<20(T /|84u||8t8 u|dx—2/‘

c(T
<7

[0zu(t, )

[ ||L2(]R) + DG ||at(9 u( )||L2(R

where Dg is a positive constant, which will be specified later. it follows from (2.35) that

d
1 (ﬁ2 Haiu(t,-)Hiz(R) —a Haiu(t,.)uiz(m) +2(1 = 4Dg) |00 ult, )|[72 gy
e(r) 2 (1) 2
= Dg (1 * Ha%uHL‘X’((&T)XR)) + Te Ha;l“(t, ‘)Hm(R)

2 2
+ Tﬁ (1 + HaguHLoo((O,T)XR)) Hagu(t7 .)HLz(R)

Taking Dg = %, we have that

d
= (893t oy = o 020t ) [} ) + 100Dt )y
2 2
<C(T) (1 + HaiuHLOO((O,T)x]R)) +C(T) || 0zult, ')HL2(R)

2 2
+ OT) (14 [[02][} (0.1 ) 92t

Page 17 of 37
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Integrating on (0,t), by (1.3), (2.2) and (2.26), we obtain that

62 Haiu(tv )HiP(R) -« ||agu(t7 )Hi?(]R) + / ”ataﬂ?u(sv )HiZ(R) ds
0
< Co+ C) (14 |02]]} < .1y ) £+ CT) / [02us, )22 g s
0

t
2 2
4O (14 1020l < o) [ 102005 ey
0

< O1) (1+ 02ull} < o 1wy )

Therefore, by (2.26),

B 02u(t, )| 2y + / 10:0zu(s, )|z s ds
0

+ ol [|02u(t, ||

<o) (1+ 2ul M remy

((O,T)XR))
< (1) (1+ 1020} < 0.1y xy ) (2.36)

We prove (2.33). Thanks to (2.26), (2.36) and the Holder inequality,

(@Pult,2))’ =2 / Pududy < 2 / 02u)102ulda < 2 [02u(t, )] ey 1020t )|

< C(T)\/(l + ”agUH%OC((O,T)x]R))'

Hence,
2, (14 2,12
Har“HLoo((o,T)xR) - C(T) ”a:r:“HLoo((o,T)xR) - C(T) <0,
which gives (2.33).
Finally, (2.34) follows from (2.33) and (2.36). O

Lemma 2.7. Fiz T >0 and assume (1.3), with £ = 4. There exist a constant C(T) > 0, such that

HBSUHLOO( omxr) < C(T), (2.37)

B
020t [+ / (s )32 sy 05 (239

t

2292 [ [0cuts, 13205, )1 85 < D),
0

/ H85 HLZ(R) C(T>7 (2.39)

for every0 <t <T.
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Proof. Let 0 <t < T. Multiplying (1.1) by 20%u, we have that
20%udiu + 200%udBu + 2620 udu — 2+ (0,u)?*uddu
+27 / Dpud?udBudz + 2k (0,u)*0%u + 2¢(0,u)?0%u
R
+ 260, ud3udSu = 0.
Observe that

2/8§u8tudx= —2/81u8t81u: 2/32u8t8£udx
R R R
=2 [ PuddPudx = 4 Ha‘lu(t )H2
T tVy dt T ) L2(R)’
R
2a/83u8§udx =— 2a/6§u8;udm = 2a/3§u8§udx
R R R

= 20| 0%u(t. )22 s

262 / Otudude = —25° / ORudTudz = 262 [[08u(t, || % ey
R R

—272 /(89;u)28§u62u = 472/6$u(8§u)23;udx + 272 /(8xu)28£u8;udx
R

R R

= —4y? /(Bgu)?’@gudx — 1292 /&cu@iu@i’uagudx
R

R
— 272 /(@u)zaﬁu@gudx
R
= —472/(6§u)332udx — 1292 /&cuaiu@iuagudx
R R

Page 19 of 37 68

(2.40)

+ 472 / 6‘mu8§u8§u3§udx + 272 Hﬁzu(t, o)@iu(t, ’)H2L2(R) ,
R

QT/azuaﬁuaiudx = —27’/(5‘3u)28;udz - QT/ﬁruazu&Zudx
R R R

= GT/aguai’uagudx+27/8zu8;1u82ud:c,
R R

25/(8zu)48§udx = —8/{/(8zu)38£u8;udx

R R
= 24&/(8xu)2(83u)285udx + 8/{/(8zu)38§u8gudx
R R

2q/(8zu)28§udx = —4q/81u8§u8;udx
R R
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= 4q/(6§u)28§cudm + 4q/6xu8§u(92udx,
R
25/3wu8§u6§ud33 = —25/8§u6§u8;uda: — 25/8mu8§u3;udx
= 26/(8§u)285udx + 46/8§u8;1u82udx

+26/8wu82u82udx

= —45/83u84u35udx+45/82u84u86udx

i / 2u( (2.41)
Therefore, thanks to (2.41), an integration of (2.40) on R gives
d
@ 02 ey + 260 00t |y + 20 00t )0u(t ) [ 2y
=2« ||32u(t, ')H;(R) + 442 /(8§u)3agudx + 1242 /amuaiuaguagudx
R

—472/81u8§u8§u85udx —67/8§u3§’u8§udx—27’/8zu8§u8gudx

- 24&/(8mu)2(8§u)28gudx - 8&/(81u)38§u82udx

R R
- 4q/(8§u)28?gudx - 4q/6xu8§u82udx
R

+46/8§u6§u8§udx —4(5/83u3§u8§u+6/6§u(82u)2da:. (2.42)

Due to (2.2), (2.25), (2.26), (2.33), (2.34) and the Young inequality,

4y /|a3u| 08uldz = 492 9yl %m0 T)XR)/W w|oCulde

<20(T /|8 u||86u|dx—2/‘ N

\5f D70%u

c

< ”na ut, )2 gy + 52Dr ||t ~>Hiz<R>
C(T) 2
ST7+ﬂ2D7||8gu(ta')||Lz(R)a

1272/IazUI\f)ngIIaﬁMI@ngIdx= 1272HaacUIlLoo((o,T)xR)/I3§UII3§’UH3§uldx
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< 2C(T)/|a§u||a§u|\agu|dx < 20(T) |\a§u||m(0 T)XR)/|8§uH82u|dx

<20(T /|33u||86u|dx2/‘ N

\ﬂf D7 0%u

c(T 2

< D Ha§u<t7)“L2(R) +ﬁ2D7 ’|a£u(t7)’|L2(R)
c(T) 2

< Di7 =+ 62D7 ||82U(ta .)HLQ(R) ;

472/|8mUII8§UH03u||8§u\dx < dy? IIC’)zUIILoo((o,T)xR)/|3§UIIB§UH32UIdx
R

< 2C’(T)/|6iu||3;lu|\8§u|dx <2C(T) ||83u||Lm((07T)XR)/|8§u|\3§u|dx
R R

2 2
<20(@) [ iptulogulds < OT) [o2u(t. )| e, + O (0.1
R
2411 [ (0212 020 08ulds < 2] 0yl 1y m) [ (02010l
R

<2O(T)/(82 2/08ulda < 20(T)[|0%u]] . 0.0 XR)/|82uH86u|dx

<20(T /|82u||86u|dx /‘ 5VD-

c(T

\ﬂf D

2
< D, ’|a§u(t7)“L2(R) +ﬁ2D7 ||8§U(t,)HL2(R)
c(T) 2
< T =+ 52D7 ||82u(ta .)HLZ(R) )

6l / 102l 03] [0ulda < 617 [|0u]| o 1y e / 9Pl u]da

< 20(T /|83u||86u|dx—2/‘
Bv/Dr
o(r

2
< D7 ||8§U(t,)||L2(]R) +52D7 ||8gu(tv)||L2(R)
Cc(T) 2
< T + ﬁ2D7 ’|3gu(t7 ')HLZ(R) 3

2|T\/\3 | |0tu)|0Su|dr < 2|7 (|0, Ul poe (0,7 xR) /\a4u||86u\da:

<20(T /|84u||86u|dx—2/’ T

c(T 2
= D77 ||6;L-“(t’ ')HL?(R) + 32 D7 || QGult, ')||L2(1R)’

\ﬁf D70%u

68
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8|k / |0, u|?|02u||05u|dr < 8k ||0, u||L0<,( (0,T)xR) / |03u||0%u|da

<20(T /|83u||36u|dx = 2/‘
BVDz
c(T

2
< D77 Ha§u<t7 -)HLQ(]R) + ﬁZD’T Hagu(t7 .)HLQ(]R)
c(T) 2
< Di7 + 62D7 ||82U(ta .)HLQ(R) ;

41q] / (02w Eulda < 4lgl [02] (0,19 / 02ul[0%uld

< 20(T /|82u||66u|d <2/‘
/D7
o(r

2
< D ||8§U(t,')||L2(]R) +52D7 ||8gu(tv')||L2(R)
C(T) 2
< D +ﬁ2D7H86u i, HLQ(R)7

4|q|/\0 ul|0Ful|0guldz < 4q] |0zl Lo (0,7 xr) /I33UI|36UIdx

<20(T /|83u||86u|dm—2/’
Bv/Dr
or

2
= T7 ||8£u(t’ ')||L2(R) + 32Dz || Gult, ')HLZ(R)
(1) 2 6 2
< D77 + 5 D7 Haxu(t7 .)HLZ(]R) )
419| / 9300 ]| ulda < 257 /(agu)2<a;u)2da: 2 2ut, )2 e
R
2
< 26° H63“||Loo (0,T) xR) H84 HL2 +2 ||85 ’ ||L2(R)’

4|5|/\a2u||a4u||aﬁu\dx < 45| ||82u||Loo((0T . /\a4u||aﬁu|dx

<20(T /|84u||36u|dx—2/’ S

c(T 2
= D77 ||8;L“(t’ ')HL?(R) + 32 D7 || OGult, ')||L2(1R)’

\ﬁf D70%u

51 / 02ul(0%u)2de3] 02u] .

2
((0,T)xR) Has ’)HL2(R)

T) ||a£u(t7 )HiZ(R) ;
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where Dy is a positive constant, which will be specified later. It follows from (2.42) that

d
37 192t ) oy + 87 (2= D7) [|080lt, ) |2y + 207 (|9t )OZu(t, ) [ agey
c(T) 5 2
< . T C(T) [|o3ult, )| o g,
2 2
#0() (14 5 + 10200 1y ) 02008 e
Taking D7 = %, we have that
d
- [|ozu(t, ')H;(R) + 3% [|0gu(t HL2(]R +292|[Opult, ) u(t ')H2L2(R)
dt
< (1) +C(1) (1 + ||a§uHL°°((O,T)><R)) [0zult, - ||L2(]R)
1) ||03ut, )|}z ) - (2.43)
Observe that
T)||03ul(t, ~)||12(R) = T)/@iuaiudx =-C(T) /5§u82udx.
R
Therefore, by the Young inequality,
D2t oy < [ [F5575| 0t e
(2.44)
4 B |16
< O 02ty + 2 108 -
Consequently, by (2.43),
Dottt ey + 2 08000 2oy + 292 [o0te, 2R, )
a 19" @) ™ 2w 7 u(t L2(R)
< C(1) + @) (14 020l < oy ) 102t )32z -
Integrating on (0,¢), by (2.26), we have that
t t
ot ey + 5 [ 1080t ey s 2 [ 0uuts 10205, [y
0 0
t
< Co+ @)+ O) (1+ 0w .y )) / 05, )% s ds
0
<) (14 [103u]} < 0.y ) (2.45)

We prove (2.37). Thanks to (2.34), (2.45) and the Hélder inequality,

(D3u(t,x))? =2 / Dudtudy < 2/|8§’u\|8§u|dx

Hence,

|2 T) |03 C(T) <0,

4 2
“HLoo((o,T)xR) - ”HLoo((o,T)xR) - =
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which gives (2.37).
Finally, (2.38) follows from (2.37) and (2.45), while (2.26), (2.38) and an integration on (0,t) gives
(2.39). 0

Lemma 2.8. Fiz T >0 and assume (1.3), with £ = 4. There exist a constant C(T) > 0, such that

t
1
B |02u(t, e + 15 / 0025, )|y ds < C(T), (2.46)
0

for every0 <t <T.

Proof. Let 0 <t < T. Multiplying (1.1) by 20;0%u, an integration on R gives
d 2 2
5 (P lotut. ) agmy = alloutt )72 )

= 2ﬁ2/3§u3t3§udz+2a/6§u8t8§udx
R R

= —2/3tu8t3iud:c + 2’y2 /(3mu)28§u8t8§udo: — 27/3mu8§u6t8§udx
R R R
- 2/{/(8Iu)48t8;1udx - 2q/(8mu)23t6§ud:17 - 26/3mu82u8t8;1udx
R R R
= 2/8t8$u8t8§udx — 442 /amu(c?gu)zat@gudx - 272/(8mu)28§u8t82udx
R R R
+ 27/(8§u)28t8§udx + 27/8mu8§u8t83udx + 8&/(8mu)383u8t82udx
R

R R

+4q/Bmuaiuatagudx—i—%/(ﬁuaguat@i’udx+25/8mu8iu3t8§udx
R R R

=-2 H@t&fu(tv ')HQLQ(R) + 4y /(8§u)36t8§udx + 1242 /(%uaguaguataiudx
R R
+ 272 /(8Iu)28§u8t83udx — 47/83u8§u8t8§udx — 27/8mu8iu8t8§udx
R R R
- 245/(8xu)2(83u)28t63udm - 8&/(8mu)362u8t6§udx - 4q/(3§u)26taiuda:
R R R

- 4q/6$u8§u8t8§udx - 26/(82u)28t8§udx - 46/6§u8§u8t8§udx
R R R
— 26/8wu02u0t8§udx
R
2 d
= —2|0,02u(t, ‘)HLQ(R) + 72& /(33u)4dx — 1292 /(8§u)28§’u8t8mudx

R R

1242 / Ozu(03u)? 0,0z udx — 164° / 0, ud5ud;ud, Oy udz
R R
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- 29° /((%u)gaiu[“)tazudx - 4T/3gu8§u8t8§udm

R
- 27/8wu8§u8t8§udx + 24&/(8Iu)263u8§u8t8wudm
R
+8/€/(8mu)28;1u5‘t81udm 43(] dt (02u) dx+4q/82u03u8ta udx

R
+ 4q/8mu6iu8tamudx — 25/(8i’u)28ﬁ£udx . 45/8§u8§u8t8§udm

R

— 25/8mu83u8t6§udx.

Therefore, we have that

d 2 2
@i (7 198000 ey = 20t )

d 4q 2
- o (72 / (02u)'az — / <a§u)3dx> 2 002u(t, )22 e (2.47)
R R

= —12+2 /(aiu)ZaguatagCudx — 1272/6wu(8§’u)28t0wudx
R

— 1672/8$u82u8§u8t81udx — 242 /(8$u)262u8t8$udx
R

—4T/8§u8§u8t8§udx - 27/8mu8;1u8t8§udx

+ 24/@/(6$u)28§u6§u6taxudx + 8/@/(6$u)28;1u8t893udx

R R

+4q/8§u8§u8t8xudm+4q/8xu8§u8t81.udx
- 25/(3§u)28t6§udm - 45/8§u8§u&53§udx
—25/3$u82u8t3§udx.

Due to (2.25), (2.33), (2.34), (2.37), (2.38) and the Young inequality,

1272/(8§U)2|8§u||6tazu|dm <1242 Haiuﬂim((oj)xm / |8§u8t5‘mu\dx
R R

2
T) / 02ud,dulda < O(T) |0u(t, )2, g + CT) |00l )3 e

< O(T) + C(T) [|010ult, )”L?(R)’
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1242 /|a ul ()2 |00 ulds < 1292 Ot o OT)XR)/(agu)2|8t31u|dx
R

<o(T) / (0)210hD,uld < O(T) 03] 1o / 10%u]|0, 0, ulda
R R
2
<o )/|@3u|\ata uldz < C(T) | 02u(t, )| g + CT) [0:pult, ) 2 e
R
< C(T) + C(T) [|00ault, )72 ) -

167 [ 1ol 020|901 < 1652 [, o 1y [ 19200200
R
T)/|8§u|\8§u||8t8xu|dx < () ||8£uHLoo((O’T)XR)/\6§u||8t8$u|dx
R

2
<o) / 02ul[04D,uld < C(T) [|0bu(t, )|[3 gy + CT) 0Dt )2 ey
R
< O(T) + C(T) 0Dsu(t, )22y

292 /(8xu)2|82u\|8t8xu|dx§2'y ||6wu||LQQ((O7T)XR)/|82u|\3t8xu\dx
R

2
7) [ 102ul0:0,ulds < C(T) [[02ult, )32 5, + D) 0000t ) e

4|T|/|8§u||82u||8t8§u|dx§4|T| ||3§u||Lm((O,T)XR)/\8§’u||8t8§u|dx
R

8,56%’&

d
73 T

< 20(T)/\82u||8t6§u|dx:2/‘\/§O(T)63
R R

1
T) Hagu(tv )HQLQ(R) + g ||8ta§u(ta ')HL2(R)

1
< C(T) + g Hata:%u(ta )Hiﬂ(R) ;

2IT|/|6xu||8;‘ull<9t8§uldr < 2|7 IIGxulle(w,T)xR)/Iﬁiullaﬁﬁu\dx
R

2

<20(T) / 04| |9,0%u|dz = 2 / ‘\ﬁC(T)@iu 010;u
R R

d
7 T

T) [|8tu(t, )|}

1
) HL2(R) + 7 ||8t8§u(t ) ;

) HL2(R)

1
< O(T) + = | 02ult ) o,

24\/£|/(3xu)2|8§u|\8§u||8t3xu|dx < 24|k ||8xu||2Lm((07T)XR)/|8§u\|8§u||8t8xu|dz
R
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) / 102u]|0u]|0,0,ulde < C(T) |02l .

((O,T)xR)/‘agu”atasz-T
R

2
T) / O2ullrd,uldz < O(T) [92ut, )|} ) + C(T) [Budult, )22z,

< C(T) + C(T) [|0ault, )72 ) -

SJel [ (@?l0kul0sulde < Sie] 1.1} 01y | 102u10:0,ulda
R

2
T) / 02u]|04duldz < O(T) ||04u(t, )|[3 g, + C(T) [B6dsu(t, )22 e

< C(T) + C(T) ||0: 0z ult, )HL2 (R)
4]q| / |02l 0D uldz < 41| |02u]| (0.2 / 0zull0:dsuldz

< (@) [ 10bulgdaulds < CT) [32u(t, ), + CUT) 1000t ey
R
< C(T) + C(T) |00z ult, )”L2 (R) s

4lq / 10l |02l BuDyuldz < A1q] Dl o (0.1 ) / ]|, D, uld
R
2
T) / 94l 9i0,ulda < O(T)||02u(t, )| gy + CO) [0:0sut, ) e

< C(T) + C(T) ||0:0pult, )| 72 gy »
2|5|/(a§u)2ata§udx§ 2|6 HaiuHLw((oj)xR)/|8§u||8t8§u|dx
R

T)/|a§>u|\ata§u\dx < C(T) ||03ult, ||

1
) HL2(R) + ) H@t&fu(t ) ;

v HL?(R)

2
< O + 052000 2

4|5|/|a§u\|a§u||ata§u|dx < 4161 02| 021 /|84u||8t62u|d:1:

T) / |0bu]|0,02uldz < C(T) || Otult Hmﬁ 10:0%u(t, ) 1 g
2
O +5 ||8t82 ')HL2(R) ’
29| / |00 ul|0:0%u|dz < 2(6] [|05ull Lo (0.7 xm) / |05u]|0,0%u|da
T) / |02u]|0,02ulda < C(T) ||03u(t Hmﬁ [0:07u(t, ][ o g,

68
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It follows from (2.47) that

d
G (B 100t ey = o2t ->||;<R))

d q 1 2
Tat 72/( ?/ Opuy’da | + g5 [100zut, ) ey
R

R
< C(T) + C(T) [|0Fut, - HLz(R C(T) 00z ult, )| 72 r)

(1.3), (2.34), (2.39) and an integration on (0,¢) give
32 || 9qult

— o]t )2 e,

¢
4q 1 2
2 2. \4 2.3 2
— /(@Cu) dx + 3/(5‘7&) do + @/Hat@ﬁu(s")Hm(R) ds
R 0

7')Hi2(R)

R
t
2
< Co+ C(T) / Hagu(sv ')HL2(R) ds + C(T) / Hatawu(sv ')Hi?(]R) ds < C(T)
0 0

Therefore, by (2.26), (2.33) and (2.34),

G 10kutt, ) [aey + 1 / 00025, ) [ gy s
< C(T) + a [ 03ult, ) Fagey + 7 [ (@2u)'de— 5 [0 da
R R
2 2 2
< C(T) + o] [|9Fut, ')HLZ(]R) +9 ||a”%u||L°°((O,T)><R) [0 u(t, ')HLz(R)
#3102 iy 2000 ey < T
which gives (2.46). O

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
We begin by proving the following lemma.

Lemma 3.1. Fix T > 0. Under Assumptions (1.2) and (1.9), there exists a unique solution u of (1.1),
such that (1.10) and (1.11) hold.

Proof. Fix T > 0. Thanks to Lemmas 2.1, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8 and the Cauchy—Kovalevskaya
Theorem [58], we have that u is solution of (1.1) and (1.10) holds.

We prove (1.11). Let u; and us be two solutions of (1.1), which verify (1.10), that is
Oyug + a@iul + 528;11“ - 72(896111)285111 + T@xulﬁﬁul
+h(Opur)* + q(Opur)? + 0,u103u; = 0, t>0, z€eR,
u1(0,2) = uqg, o(x), r € R,
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Dpug + ad?ug + B2 uy — 2 (0pu0)20ug + TOru20%uy
+h(Opuz)* + q(0puz)? + §0,u203us = 0, t>0, z€eR,
U1<0,$) = U1,0($)7 MRS R7
Then, the function
W= 1U; — Uy (3.1)
is the solution of the following Cauchy problem:
Ohw + adiw + [20tw — 42 [(8mu1)28£u1 — (8Iu2)28§u2}
+7 [8 u182u1 Oy U282U2]

+5 [(Opu1)* = (Opuz)*] + q [(0pu1)? — (Opuz)?] (3.2)
(@cul@xul &ch@qu) =0, t>0, =zeR,
w(0,z) = u1,0(x) — u2,o(x), z eR.

Observe that
(51u1)28§u1 - ((()Tu2)25'§u2
= (0pu1)202uy — (Opu1)?0%uy + (0pu1)?0us — (Opus)?0%us
= (0pu1)?0%w + 0us [(3Iu1)2 — ((%cuz)z]
= (0,u)?02w + 0%us(Dpuy + Opun)dpw,
D1 02Uy — Opund?ug = Opu10%uy — Oy 0%y + Opu102ug — Opun02us
= 0pu102w + 0%usd,w,
(Opu1)* = (Opu2)* = [(Opur)? + (0pu2)?] (Opur + Opus)w,
(0pu1)? = (Dpug)? = (Dpur + Byuz)dyw,
azulagul - 8muQ(9§’u2
= 8wu182u1 — &Culaqu + awulagug — 81311/26:;”2
= 0pu103w + Pugd,w.
Therefore, (3.2) is equivalent the following one:
Oww + a@iw + /Bzﬁiw - 72 (3zu1)282w — 72821@ (Opuy + Opug)Opw
+ TOpu1 O%w + T2 U2 0w + K [(&Eul)2 + (&Euz)z} (Ozu1 + Opun)Ozw
+ q(Opuy + Opug)Orw + 58mu15‘2w + 56_‘3uzamw =0 (3.3)
Observe that, since uy, us € H*(R), for every 0 <t < T, we have that

||amul||Loo((o,T)XR)a Ha77u2||L00((0,T)><R) <C(T),

HaiuQHLOO((O,T)XR) ) ||8§u2HL°°((O,T)><1R{) < (7). 34
Thanks to (3.4), we obtain
(0pu1)? < C(T),
|02us]|0pur + Opus| < C(T),
[(6xu1)2 + (Ozu2) ] |0z u1 4 Ogus| < C(T),
|0pu1 + Opuz| < C(T). (3.5)
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Since

d d

2 _ 2 2 _ 2
2/(W — O;w)Qwdz = X (||W(t» Mz + 1020(t, ')||L2(R)> @ [w(, e () -
R

2a/(w — 2w)0%w = —2a||0,w(t, )HLz(R — 2 ||82 ')H2L2(R) ,
R

2 2 \od — 932|192 2 2|1 93 2
2ﬁ /(w - azw)adox - 25 Hazw(ta .)HL2(R) + 2ﬁ Hagcw(ta .)||L2(]R) y
R
multiplying (3.3) by 2w — 202w, an integration on R gives,

d
37 100y + 282 0208, )y +26° 0208,

= 20 0uw(t, ey + 20 [0t ) agey + 207 [ (@r) s
R
— 29?2 /(8$u1)2(8§w)2dx + 272/8923112(0%111 + Opug)wdpwdx
R R

—27 / Dpurwiwde + 21 / Dpur (02w)*dx

—27 / D*ugwOywde + 21 / D2u90,wdwdx
=2k [ [(02u1)® + (02u2)?] (Opur + Opuz)wdywda
+ 2K

[(6wu1)2 + (8wu2)2] (Opu1 + Optin)dpwdiudz

%\ %\ %\%

(Opur + Opu2)wiywdz + 2¢ /(&cm + 0pu2)Opwdiwde
R

f25/81u1w5'§wdx+25/8mu183w82wdx

726/3§qu8mwdx+25/8§uz81w8§wdx. (3.6)
R

Due to (3.4), (3.5) and the Young inequality,

22 / (Deuz)|w|0%wlde < C(T) / w]|2w|da
R

< O() wlt, Ny + CT) 020t )| g,

27 /(axul)%ai)dxw ) |02 ()72 -
R

2’}/2/|65U2‘|amU1 +8muQ)||w\|8mw|dx§C’(T)/|w||6mw|d:r
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< C(T) llw(t, )72y + CO) [8aw(t, 72w »

2|T|/|8wu1|\w||8§w|dx < C(T)/|w\|a§w|dx

< O() wlt, My + CT) 020t )| q,

27| / 10,1 |(0%0)?dz < C(T) ||02w(t

7')||L2(R)’
2|T|/|8§u2|\w||8xw|dx§C(T)/|w\|8xw|dx

< C(T) |w(t, M2y + C(D) 102w (E, ) 72wy »

2|T|/|6§uQ|\8zw||8§w|dzgC’(T)/|81w\|8§w|dx

C(T) 105t 32wy + CT) 02 (t, )72y

2|I€|/ [(0yu1)? + (0yu2)?] |05u1 + Opus|w||0yw|dz < C(T)/\w||8zw|dx
R
< C(T) |lw(t, )72y + C(D) [8aw(t, 72w »

2|K|/ [(B01)? + (D2)?] |0utts + Oy un|0ue]|O2uldz < C(T /|(‘)ww||6 wldz

C(T) [[0a(t, )72y + CT) [ 020t |2 gy -

2q| / 10 tir + Dytin ||| D] < C(T)/|w||8mw|da:
R R

< O(T) lwt, )| Zay + CO) 10aw(t N 72y »

2q / 10,1 + Dyua| 0y |02wldz < O(T) / 10,0020 da

C(T) |00 (t, )32y + C(T) |02t ) 72 gy

2|5|/|5‘ u1||w\|83w|dx§C’(T)/|w||8§w|dx
R

2|5|/|a w||02w|0Pwldz < C(T /|82w||83w|dx

(T) w(t, 22w +fHa3 ][

2
vl \ma%rdxw 030 e + 5 102008y

2|5|/|8Iu1||8§w\|6£w|dx < C(T)/|a§w||agw|dx

68
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3 2 2 3 3 2
|5‘9 w|dz < O(T) || 07w ')||L2(]R) Y |0z (t, ')HL2(R) ’
2|9 / |5‘§u2||w\|81w|dx <C(T) / |w]|Opw|da

< O(T) llwt, I zay + CO) 102w (t 72y »

2|5|/|8§u2||8zw\|8§w|dx§C’(T)/|8zw||8§w|dx

2
C(T) [0pw(t, )72y + C(T) |07t )| oy -
It follows from (3.6) that

d
32 10 gy + 282 0208, ) gmy + B[00t ) [

(3.7)
2
< C(T) lw(t, )72y + C(T) [0aw(t, )72y + C(T) || O2w(t 2wy -
Observe that
T) |2(t, )| e = C(T) / P2wdwdz = —C(T) / iz,
R
Therefore, by the Young inequality,
2 C(T)0,w
1) |02t )@y < / ‘(;‘ |803w| dz
R
3 2
< O(T) | 0uw(t, MB®+ " 0% t )12y -
Consequently, by (3.7),
d 2 211920 3 2
@ 108 M @y + 267 |08t )| +—ww £ 2aqey
SCGMan;®+O<w@wfmm®SCGWMum;®
The Gronwall Lemma and (3.2) gives
t
_ s 2
www;m+%ﬂ”/e“”W%@ﬂm®®
0 (3.8)
ﬂQeC’(T)t
+42 Hag S, HL"’(R) ds < 6 (1) ||w0HH1(R)'
0
(1.11) follows from (3.1) and (3.8). O

Lemma 3.2. Fiz T > 0. Under Assumptions (1.2) and (1.12), there exists a unique solution u of (1.1),
such that (1.18) and (1.14) hold.
Proof. We begin by observing that, since § = 0, (1.1) reads
Opu + ad?u + B20tu — v2(0,u)?0%u + K(Opu)* + q(O,u)?> =0, t>0, z€R,
U(O,J}) ZUO(‘Z')) r €R,
Thanks to Lemmas 2.1, (2.2), (2.4), (2.5), (2.6) and the Cauchy-Kovalevskaya Theorem [58], we have
that u is solution of (3.9) and (1.13) holds.

(3.9)
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We prove (1.14). Let u; and uy be two solutions of (3.9), which satisfy (1.13), that is
Opur + ad?uy + 204y — v (9pu1 )2 0%uy + Kk(Opur)* + q(Opu1)? =0, t>0, xR,
u1(0,2) = u1,0(z), rzeR,
Orug + ad?ug + B20%uy — v (0pu2)?02us + k(Opuz)? + q(Opuz)®> =0, t>0, z€R,
ul(ovx) :ULO(QJ), Y ER,
Then, the function w, defined in (3.1), is the solution of the following Cauchy problem:
Opw + a@iw + 528;101 — 72 [(3xu1)28§u1 - (8xu2)28ﬁu2}
+7 [0pu102u1 — Oyuzd2us|
+kK [(31u1)4 — (31UQ)4] (310)
+q [(0ru1)? = (8ru2)?] =0, t>0, z€R,
w(0,2) = u1,0(x) — u2,o(z), z €R.
Arguing as in Lemma 3.1, (3.2) is equivalent the following one:
Oww + a@iw + 528§w — 72(8mu1)28§w — 7283UQ(8mu1 + Ozu2) 0w
+ 70,u1 03w + TO2u20,w + K [(Opur)? + (Opuz)?] (Opur + Opuz)Opw (3.11)
+ q(Orpur + Ozpug)0rw =0
Observe that, since uy, us € H3(R), for every 0 <t < T, we have that
||awu1||L°°((0,T)xR) , ||8aru2||Loo((o,T)xR) J ||8§U2HL°°((O,T)><R) < O(T). (3.12)
Therefore, by (3.12),
|8§UQ||8JCU1 + awu2| < C(T),
[(Gxul)z + (quQ)z] |0zu1 + Opua| < C(T),
|0u1 + Opus| < C(T). (3.13)

Since

2a/w8§wdx = =2 |0 w(t, ~)||2L2(R) ,
R
5 [ witeds =25 0futt, ) [e
R
multiplying (3.11) by 2w, an integration on R gives
d 2 2
E lw(t, )72 + 267|030, ')HLZ(R)
=20 ||Opw(t, ~)||2LQ(R) + 272 /(8mu1)2w3§wdx
R

+ 272 / 831@ (Ozu1 + Opus)wdywda
R

— 27/8Iu1w8§wdx—27/Qquwaxwdx
R R
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2&/ (9 u1)? 4 (Opuz) } (Ozu1 + Opug)wdywda
R

—2q [ (Opuy + Opug)wiywde.

e

Due to (3.12), (3.13) and the Young inequality,

2 2/(@ )2l |02w]dz < C(T)/|w||agw\dx

R

32 2
/ 192 1pe2uaz < o) ot Mgy + G 108000 e
2’72/|8§u2||(?xu1 + Oy ttn|w]|Daw]dz < C’(T)/|w||8mw|dx

< O(T) [lw(t, Moy + CT) |0aw(t, ) 7awy
27| / Byl 020lda < C(T / | 02ld

2
/ 192 1pe2eaz < ) ot Mgy + G 108000 e

7] / 0P us|w]| Ol < C(T / wlldawldz < C(T) wt, )a gy + CT) [9s0(t, )2 ey

2|f£\/ [(0pu1)? + (Opu2)?] |0zur + Opus|wdywdz < C(T /\w\|8mw|dx

< C(T) lw(t, 2@y + OO [0:0(t, ) 22y -

|2q|/\8wu1+8zu2||w||(9$w|dx < C(T)/|waIw|dx

SC@WMﬂN;®+C(W&M Mz
It follows from (3.14) that

d
3 190 Mgy + 87 1226008, ) g

< C(T) lw(t, )72y + CT) [0aw(t, )72 w) -
Observe that
C(T) || Ozw(t, ')”%2(]1{) = C(T)/azwachlx =—-C(T) /w&%wdx.
R

R
Therefore, by the Young inequality,

OT) 100t ) /‘\wagwmx

2
2 ot

IN

2
C(T) ||w(t, ')HiQ(R) + 7')HL2(R)

ZAMP

(3.14)

(3.15)
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Consequently, by (3.15),

d 32 2
& ||W(f,, )HiZ(R) + ? H@iw(t, .)HL2(]R) < C(T) ||w(t7 )”iQ(R)

The Gronwall Lemma and (3.10) gives

t
2 Bt —C(T)s || 52 2 C(T)t
”w(t")”LQ(R) + T € Hazw(Sf)HLz(]R) ds<e HWOHLQ(R) (316)

0
(1.14) follows from (3.1) and (3.16). O

Lemma 3.3. Fiz T > 0. Under Assumptions (1.2) and (1.15), there exists a solution u of (1.1), such that
(1.16) holds.

Proof. Let T > 0. Thanks to Lemmas 2.1, (2.2), (2.4), (2.5) and the Cauchy—Kovalevskaya Theorem [58],
we have that u is solution of (3.9) and (1.13) holds.

Proof of Theorem 1.1. Theorem 1.1 follows from Lemmas 3.1, 3.2 and 3.3.
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