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Summary

Online model updating in hybrid simulation (HS) can represent an effective

technique to reduce modeling errors of parts numerically simulated, that is,

numerical substructures, especially when only a few critical components of a

large system can be tested, that is, physical substructures. As a result, in an

enhanced HS with online model updating, parameters of constitutive

relationship can be identified based on experimental data provided by physical

substructures and updated in numerical substructures. This paper proposes a

novel method to identify constitutive parameters of concrete laws with

unscented Kalman filter (UKF). In order to implement UKF, parts of the source

codes of the OpenSEES software were modified to compute estimated

measurements. Prior to experimental HS, a parametric study of UKF

constitutive law parameters was conducted. As a result, the effectiveness of

the UKF combined with OpenSEES was validated through numerical simula-

tions, a monotonic loading test on a concrete column and real‐time HSs of a

reinforced concrete frame run with both standard and model‐updating

techniques based on UKF.

KEYWORDS

concrete constitutive law, hybrid simulation, online model updating, OpenSEES, unscented Kalman

filter
1 | INTRODUCTION

Hybrid simulation (HS) represents an effective method to investigating the dynamic behavior of structures with large
or even full‐scale test prototypes in an inexpensive way.[1–4] In particular, HS isolates the physical substructures
(PSs), which is experimentally tested because it contains a key region (or component) exhibiting nonlinear behavior,
from the remainder of the system, which is numerically simulated, that is, the numerical substructures (NSs). As a
result, no explicit dynamic model of the PS is required, and the evaluation of any internal nonlinear dynamic
behavior can be experimentally examined by including the PS in the real‐time—or close to real‐time—substructuring
loop. The test complexity depends on the problem to hand. In fact, the need to conduct efficient experimental tests of
a midlevel‐isolated building can require the construction and interface of a shaking table with a real‐time
hybrid control system.[5] Both in simple and complex HS arrangements, the accuracy of HS on representing
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seismic performance of components/system is mainly influenced by time delay arising from actuator control,[6–8]

time integration marching schemes,[9–11] and modeling of NSs.[12,13] In this respect, several studies have
been conducted for reducing error results originating from the first two issues. They are out of the scope of this
research.

The modeling of NSs is based on the idealization of actual substructures, and it usually relies on the assumption
that each NS is characterized by high accuracy; this is achieved especially when it remains in the linear regime.
Nonetheless, some parts of NSs either because it would be uneconomical to test all critical components in a labora-
tory or due to significant earthquake excitation levels will, in general, exhibit a nonlinear behavior. As a result, now-
adays, a lot of effort is devoted to modeling NSs and, in particular, on online model updating. In a greater detail, the
behavior of NSs is modified during the test based on data obtained from PSs, provided that both the source and the
modified substructures share close characteristics.[14,15] For instance, in order to improve the accuracy of NS model-
ing, Nakano and Yang[16] adopted neural networks rather than a finite element (FE) model. Thus, a NS was trained
online, that is, updated with experimental data. The “black‐box” of the relevant neural network resulted in a
significant number of hidden layer nodes, that is, the main factor that influenced accuracy. Moreover, also the
computation burden increased along with the number of hidden layer nodes, making the neural network unfeasible
for HS. Along this line, also constitutive laws were extensively investigated and used in FE software; it is clear that
the determination of constitutive relationship parameters plays an important role on simulation accuracy,
indeed.[17,18] Consequently, late research in HS is giving great emphasis on the identification of constitutive laws
characterized by a limited number of parameters.

In structural analysis, typically three levels of constitutive relationships are involved: (a) the component
level characterized by a force‐displacement law; (b) the section level typically described with a moment‐curvature
relation; (c) the material level associated to a stress–strain relationship. In the framework of HS, the most
widely relationship adopted for model updating is the one at the component level. For instance, Yang et al.[14]

accomplished a HS on a bridge with two steel‐concrete composite piers by means of model updating, where the
Bouc–Wen model was adopted for simulating the hysteretic behavior of one pier, that is, the PS and its parameters
were identified. Wu and Wang[19] conducted a HS on a braced frame in which the nonlinear behavior of a buck-
ling‐restrained brace was also described by a Bouc–Wen model with updated parameters. Also, Shao and co‐
workers[20] carried out a HS on a three‐story shear‐type steel building. The first floor was physically tested and
the upper two stories were numerical simulated by a Bouc–Wen model, whose parameters were identified and
updated.

When one deals with reinforced concrete (RC) members, for example, piers, columns, beams, and so forth,
existing Bouc–Wen models used at the component level appear to be not appropriate. In fact, the limited number
of parameters present in a Bouc–Wen model is not enough to represent the marked nonlinear behavior of members
of different size, reinforcement ratio, axial compression ratio, etc. As a result, Wu et al.[21] proposed to update a
section constitutive model and verified it by a HS on a steel frame. Nonetheless, this approach appears to be
inaccurate for inelastic RC members; thus, online model updating was directly applied to stress–stain relationships
that characterize fiber‐based elements.

In the field of state and parameter estimation, Kalman filter[22] is the most widespread method for linear systems. As
an extension to nonlinear systems, the unscented Kalman filter (UKF)[23–25] has attracted significant attention for
parameter identification, because is more computationally efficient and robust than many nonlinear optimization
methods. In this respect, Hashemi et al.[15] illustrated the implementation of online model updating in HS with UKF
for a Bouc–Wen model; it was used as constitutive law of rotation spring in a concentrated plastic model of a frame
column. Likewise, the estimation methods adopted in Yang et al.,[14] Wu and Wang,[19] and Wu et al.[21] were all based
on UKF.

Notwithstanding the literature available on model updating and its implementation in HS, procedures and soft-
ware that allow for developing credible nonlinear FE codes of RC structural systems based on model updating of
critical NSs are still at their embryonic stage. Therefore, in this paper, we propose to carry out HS based on the
updating of NSs at the constitutive level, with relevant parameters identified by UKF. In order to implement UKF
for simulation of nonlinear concrete members, the OpenSEES software[26] was properly modified to compute
estimated measurements. As a result, hereinafter, we show the effectiveness of model updating based on both
UKF and OpenSEES through pure numerical simulations, a monotonic loading test on an RC concrete column,
and a HS on a one‐bay one‐story RC frame, respectively. The HS was carried out with both standard and model‐
updating techniques based on unscented Kalman filter.
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2 | CONSTITUTIVE PARAMETERS OF CONCRETE FOR IDENTIFICATION

In RC structures, the uncertainty in concrete material values is obviously greater than that in reinforcing steel bars
(rebars); therefore, this paper focuses on identifying and updating the parameters of concrete constitutive law. In particu-
lar, we will focus on the updating of uniaxial constitutive relationships that characterize fibers of FE‐based fiber elements.
2.1 | Uniaxial constitutive model

Figure 1 shows the stress–strain relationship of the concrete model defined in OpenSEES,[26] that is, the Kent‐Scott‐Park
model.[27,28] It can be expressed as

σ ¼ f c
2ε
ε0
−

ε

ε0

� �2
" #

; ascending branch

σ ¼ f c þ
f r−f c
εm−ε0

ε−ε0ð Þ; descending

8>>><>>>: ; (1)

in which fc is the axial compressive strength; ε0 is the strain at the compressive strength; εm defines the crushing strain; fr
is the strength corresponding to strains equal or greater than εm. The compressive strength and strain confined by stir-
rups are related to the corresponding unconfined parameters[27,28] through

f c ¼ 1þ Ksr1ρsð Þf cu; (2)

ε0 ¼ 1þ Ksr1ρsð Þε0u; (3)

where ρs is the volumetric ratio of stirrup; fcu and ε0u define the compressive strength and strain for unconfined concrete,
that is, ρs = 0; and

Ksr1 ¼ f yh=f cu; (4)

in which fyh is the yield strength of stirrups. As an alternative to the the Kent–Scott–Park model, Mander et al.[29]

suggested that stirrups entail stronger confining effects on strains than on strengths, and thus, different formula were
suggested for ε0, that is,

ε0 ¼ 1þ Ksr2ρsð Þε0u; (5)

where

Ksr2 ¼ 5Ksr1: (6)
FIGURE 1 Kent–Scott–Park concrete model available in OpenSEES[26]
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Similarly, the crushing strain can be expressed as[27]

εm ¼ 1þ Ksr3⋅ρsð Þεmu (7)

in which
Ksr3 ¼

0:9f yh
300 × 0:004

: (8)

Kent[28] proposed a different model for determining crushing strain. The crushing strength frwas assumed as a fraction
of compressive strength, that is,

f r ¼ Kf c: (9)

In this respect, Hognestad[30] suggested 85% for K, whereas other researchers proposed figures between 50% and 80%
based on experimental data.

From the analysis presented above, the basic constitutive parameters that characterize a stress–strain relationship are
fcu, ε0u, εmu, and fru. Some of those can be determined from material tests on unconfined concrete, and others can be
calculated from 2, 5, 7, and 9, respectively. However, there are still uncertainties associated with the determination of
these parameters and as well as those for confined concrete. Therefore, in view of parameter identification, Ksr1, Ksr2,
and Ksr3 can be considered as independent constitutive parameters, whereas K can be determined from 9 together with
fcu and fru. In sum, stress can be expressed as a function of strain by means of seven constitutive parameters and the
volumetric ratio of stirrups ρs, that is,

σ ¼ g ε; f cu; ε0u; f ru; εmu;Ksr1;Ksr2;Ksr3; ρsð Þ (10)

2.2 | Sensitivity analysis of constitutive law parameters

In order to analyze the influence of concrete constitutive parameters on restoring force of a RC component, a sensitivity
analysis of parameters was carried out. In this respect, a RC free‐fixed column was modeled in OpenSEES using a force‐
based element with five integration points evenly distributed along its height of 1,200 mm. The RC column was equal to
the prototype used for experimental validation in subsection 3.2.2. The cross section of the column is shown in Figure 2.
A fiber section was used for the cross‐sectional model, and the discretization is presented in Figure 3, where circles
denote the fibers of steel rebars. Their nonlinear behavior was reproduced by the Giuffre–Menegotto–Pinto model, that
is, material Steel02 of OpenSEES.[26] Confined and unconfined concrete are defined by material Concrete01, that is, the
Kent–Scott–Park model.[27,28]

The volumetric ratio of stirrups ρs was assumed to be 0.34% with the reference values of concrete constitutive
parameters,

P ¼ f cu ε0u f ru εmu Ksr1 Ksr1 Ksr1½ � ¼ 24 0:002 17 0:004 18 18 141½ �:
FIGURE 2 Cross section of a prototype column



FIGURE 3 Section of finite element model by OpenSEES. Dark and light gray parts represent confined and unconfined concrete
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The columnwas then subjected to a lateral load of 200 kN in displacement control. Several runsweremade to introduce
a variation of constitutive parameters up to 40%. As a result, Figure 4 shows both the column restoring force and relative
variation of most sensitive parameters among the seven under investigation. An attentive reader can clearly observe that
the restoring force ismainly sensitive to fcu, ε0u, and fru. Hence, the remainder of the paper will focus on the identification of
these parameters.
3 | PARAMETER IDENTIFICATION BY UKF AND VALIDATION

3.1 | UKF for nonlinear estimation and implementation

Let x denote the parameter vector of constitutive relationship for concrete, that is,

x ¼ f cu; ε0u; f ru½ �; (11)

which is related to the measurement vector y through

y ¼ h xð Þ þ v; (12)

where y is an m‐dimensional measurement vector, and v a noise vector with the same dimension. For stochastic esti-
mation of x, which can be generally view as a random vector, Doob[31] proved that the optimal estimation with the
mean‐square‐error criterion corresponds to the conditioned mean given y, that is, bxopt ¼ E xjyð Þ.

For linear systems, where h is a linear function of x, Kalman[22] proposed a method whose estimation exactly corre-
sponds to the above‐mentioned optimal estimation. It was named Kalman filter, where the gain estimation required only
the first two orders of statistic moments about x and y. Nonetheless, for nonlinear systems, the knowledge of the first two
orders of statistic moments is not sufficient to determine optimal estimation. Although the conditional mean could be
determined with the conditional probability distribution function, the computation effort involved could be significant.
In order to avoid these burdens, one can retain the linear structure of Kalman filter and approximate the first two
moments. Therefore, the estimation of x can be expresses as

x̂i ¼ x̂i−1 þKi yi−ŷið Þ; (13)

where Ki defines the gain at step i. The approximation of mean and covariance in UKF can be carried out with a deter-
ministic sampling method. As a result, the sampling points with the scaled symmetric unscented transformation can be
expressed as[23,24]
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χi
j ¼

x̂i−1; j ¼ 0

x̂i−1±α
ffiffiffiffiffiffiffiffiffi
nPi

x̂x̂

q� �
j
; j ¼ 1; 2;…n

8><>: ; (14)

where n is the dimension of x, χi
j is called sigma points whose total number is 2n + 1 at the ith step. Following the

nonlinear transformation the corresponding points ξij can be obtained by means of ξij ¼ hi χi
j

� �
, and then, the approxi-

mated y and Pŷŷ can be calculated as
FIGURE 4 Sensitivity of restoring force of a free‐fixed end column to concrete constitutive law parameters
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ŷi ¼ ∑
2n

j¼0
Wj

mξij; (15)

Pŷŷ;i ¼ ∑
2n

j¼0
Wc

j ξij−ŷi
h i

ξij−ŷi
h iT

; (16)

where, Wm
j and Wc

j define the weight coefficients for mean and variance, respectively, that is, Wm
0 ¼ 1−1=α2,

Wc
0 ¼ Wm

0 þ 1−α2 þ β, andWm
j ¼ Wc

j ¼ 1= 2nα2ð Þ; j≠0. For a Gaussian distribution of a scalar x, an accuracy of fourth
order for the mean and covariance of y can be achieved with α2= 3 and β=α2 ‐ 2/3=7/3, respectively.

For the identification of concrete constitutive parameters in a HS, measurement is typically represented by the

restoring force of a concrete member. Hence, the corresponding points ξij of estimated measurement in 15 could not

be directly computed given the complex relationship h in 12, between measurement and constitutive parameters. As
a result, the OpenSEES software was employed to calculate the corresponding points after nonlinear transformations
based on sigma points χi

j, historical variables and inputs, that is,

ξij ¼ h χi
j; ri−1; ui

� �
; (17)

where ui defines the vector of displacements as input and ri‐1 is the vector of historical variables generated by OpenSEES
computed at Step i‐1. Note that the computation with different samples of parameters results in different sets of new
historical variables, which can be used as part of the input for the next step. However, it is apparent that only one set of
historical variables should be used. To address this problem, an extra running of OpenSEES with the new estimated
parameters at step i, that is, bxi, was executed to obtain the unique set of historical variables for the next step.

The UKF identification algorithm was implemented through MATLAB[32] wheras OpenSEES was employed to
calculate the corresponding points of the predicted measurement based on χi

j generated by the main program. The flow

chart of the whole identification process is depicted in Figure 5.
The communication between MATLAB and OpenSEES is realized by a TCP/IP protocol for which the relevant code

is written in C++ language and embedded in MATLAB. Some source codes in OpenSEES were modified to run the soft-
ware with sampled or updated concrete parameters. Note that for each set of constitutive parameters, extra source codes
should be included to enable OpenSEES to run with the same historical variables determined at the end of last time step.
The main parts of the modified source codes are Concrete01 in the material part; ForceBeamColumn2d in the element
part, Domain part, and Tcp‐socket part; and StaticAnalysis in the analysis part. Besides, a new analysis code was added
to the analysis part.
3.2 | Validation of parameter identification

The validation of constitutive parameter identification was based both on data provided by the free‐fixed concrete
column simulated in subsection 2.2 and from a relevant monotonic test.
3.2.1 | Numerical validation

Themeasurement was simulated by adding samples of white noise to restoring forces obtained from the FE analysis of the
column laterally loaded. The maximum value of the sampled white noise was scaled to 1% of the maximum calculated
horizontal force. Table 1 provides both the initial and reference (true) values of parameters, where the initial Ksr1 and
FIGURE 5 Flowchart of identification process
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Ksr3 values are given by 4 and 8whereas the initial value ofKsr2 is set to be 3 timesKsr1. For theUKFmethod, the covariance
matrix of parameters and noise read diagP0 = [6 × 10−12 9.5 × 10−13 6 × 10−11] and R = 9 × 10−11, respectively.

Figure 6 shows results of identification, from which the favorable performance of the identification method is clearly
seen. The force response with identified parameters almost duplicates the reference response as can be appreciated in
Figure 6d. Table 2 reports the relative errors of converged values to reference ones with a maximum error level of
1.5%. The three constitutive parameters converge rapidly to reference values, although fru remains constant when the
displacement is less than 20 mm. The reason for a constant fru at lower displacements is that when ε < ε0u. fru has no
effect on stresses and, hence, on force response.

It is interesting to note that fcu is linearly related to the restoring force of the column; see Appendix A in this respect.
If fcu is the sole parameter to be estimated, then the identification problem becomes a linear one and the UKF reduces to
a Kalman filter problems. In fact, it can be proved that the estimated value will monotonically converge with a Kalman
filter treatment; relevant details and numerical confirmation are presented in Appendix B. However, an overshoot of fcu
can be observed in Figure 6a when more parameters are involved. An explanation for this trend is provided in
Appendix C by means of identification of two parameters fcu and ε0u.
FIGURE 6 Identification results compared with simulated measurements

TABLE 2 Relative errors of both identified and initial values to reference ones

Relative errors in % fcu ε0u fru

Initial value 35.7 23.1 110

Converged value 0.4 0.3 1.5

TABLE 1 Initial and reference values of concrete constitutive law parameters

Parameter fcu (MPa) ε0u fru (MPa) εmu Ksr1 Ksr2 Ksr3

Initial value 38 0.002 32.3 0.0045 8 24 157

Reference value 28 0.0026 15.4 0.0045 8 24 157
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3.2.2 | Experimental validation

In this section, measurements for identification were obtained from a monotonic loading test of an RC column
whose cross section was described in subsection 2.2. The test was performed at the Structural and Seismic Testing
Center, Harbin Institute of Technology. Figures 7 and 8 present the test setup and relevant dimensions of prototype
specimen, respectively.

Two Linear Variable Differential Transformer (LVDTs) were placed to measure the foundation displacement and
that of column at the centerline of actuator, separately. In order to make sure that the target displacement was fully
applied to the specimen, the column was controlled based on the measurement difference of the two LVDTs. The
column was laterally loaded up to a displacement of 82 mm, when three significant cracks appeared with the width
of about 6 mm. Relevant photos are shown in Figure 9.

In view of identification, the initial values of fcu and Ksr1 were determined from data of concrete and steel
material tests, and the others were similar to those employed in section 3.2.2; these data are collected in
Table 3. The initial covariance matrix for UKF is diagP0 = [2.7 × 10−2 3.5 × 10−6 5 × 10−4] and R reads
9 × 10−4, respectively.

Identification results are presented in Figure 10 from which one can deduce that a favorable performance was
achieved. However, one can note that in the first few steps, the parameter fcu jumped from an initial value of 43 to
FIGURE 7 Sketch of testing equipment. LVDT = Linear Variable Differential Transformer

FIGURE 8 Main dimension of prototype specimen



FIGURE 9 Photos of the prototype column after testing

10 of 19 MEI ET AL.
90 MPa. This was caused by the Kent–Scott–Park model, which ignores tensile strength of concrete. In fact, tensile
strength plays a significant role in the restoring force of a flexural member when the loading is very limited; if it is
ignored, the UKF method will force the compression strength to significantly increase to compensate for the loss of
tensile strength.



TABLE 3 Initial and reference values of concrete constitutive law parameters. A hyphen indicates that it is unnecessary (2nd line) or unable

(3rd line) to be determined

Parameter fcu (MPa) ε0u fru εmu Ksr1 Ksr2 Ksr3 fyh (MPa)

Initial value 43 0.002 36.6 0.0038 13.5 40.5 457.8 –

Material (reference) value 43 – – – 13.5 – – 579.9

FIGURE 10 Identification results compared with testing measurements
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4 | HS WITH ONLINE MODEL UPDATING

In order to validate the effectiveness of the proposed model‐updating technique, a HS with and without online model
updating was carried out on a one‐bay one‐story RC frame. Several details of HS and relevant are provided herein.
4.1 | HS framework

The HyTest[33] has been employed hereinafter as a software platform for HS. In greater detail, it performs several func-
tions: (a) control the whole process; (b) solve the system of equations of motion; (c) communicate with the MTS control
system linked to the PS, with OpenSEES for NSs and, finally, to Matlab for parameter identification. Figure 11 illustrates
the framework of HyTest for HS. There are eight steps involved in HS with model updating that reduce to a standard HS
without model updating if only Steps 1, 2, 7, and 8 are carried out. In particular, d defines the displacement provided
from the solution of the system of dynamic equations by the COORDINATOR; RM is the measured force from the PS;
RN represents the calculated force of the NS; Re is the estimated force from the FE model of the PS, when the identifica-
tion is triggered; Params defines the identified parameters. With regard to communication, the COORDINATOR is the
main server whereas the MTS, OpenSEES, and MATLAB are clients. For the identification part, only MATLAB is the
server, and OpenSEES represents the client. In greater detail, for each time step, the COORDINATOR ① sends the dis-
placement to the PS and ② receives the feedback restoring force; ➂ sends both displacement and force of the PS to
MATLAB and ⑥ receives the identified parameters; ⑦ sends both displacement and parameters to NS and ⑧ receives
the calculated force; and it solves the system of equations of motion and proceeds to the next step.



FIGURE 11 Framework of hybrid simulation. FE = finite element; NS = numerical substructure; PS = physical substructure
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4.2 | Experimental setup

A one‐bay one‐story RC frame was selected to be the target structure for HS with model updating as shown in Figure 12.
A concentrated mass of 40,000 kg was considered at the top of each end column. The 1/2 scale model of half column on
the left was taken as PS whereas the remainder was treated as NSs. Two HS were carried out: (a) one for the case with
online model updating and (b) a second one for standard HS w/o model updating. It was assumed that the beam was
rigid for axial and bending stiffness; thus, the NS was further simplified with the boundary conditions shown in
Figure 13. A force‐based beam‐column element was built in OpenSEES for the full‐scale NS. The cross section of the pro-
totype column was 500 mm × 500 mm whereas the 1/2 scaled PS was the same as that shown in Figure 2. As a result, the
test setup was the same as that described in both Figures 7 and 8. The 1940 NS El Centro ground motion was used as
seismic input. The damping ratio employed for the frame was 0.05 based on the computed initial stiffness of the frame
model; the central difference algorithm was employed for time integration whereas a time step interval of 0.02 s was
employed for time‐marching scheme.

In the case of HS with updating, the initial values of constitutive law parameters were equal to those for monotonic
loading test listed in Table 3. Conversely, in the case of standard HS without model updating, the parameters for the NS
were identical to initial values. The initial covariance matrix for UKF was diagP0 = [1.0 × 10−4 1.9 × 10−6 8.9 × 10−4] and
R = 9 × 10−4, respectively.
4.3 | Results of HS

The results corresponding to a peak ground acceleration scaled to 0.4 g are presented both in Figures 14 and 15. One can
observe from these figures, the rapid convergence of the identified parameters to their final values. In particular,
Figure 15a shows that the calculated restoring forces with the identified parameters matched quite well with those mea-
sured from the PS. In addition, Figure 15b compares the hysteretic loops between the standard HS and the one based on
modeling updating (UHS). Their marked difference and the agreement between the UHS‐based loops with those of the
FIGURE 12 Prototype reinforced concrete frame. NS = numerical substructure



FIGURE 14 Results of parameter identification for a peak ground acceleration = 0.4 g

FIGURE 15 Comparisons of frame responses for a peak ground acceleration = 0.4 g. PS = physical substructure

FIGURE 13 Numerically substructured column
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reference solution emphasize the advantage of the proposed model updating for RC members. Also, the relevant time
histories of Figure 15c highlight the better accuracy achieved by UHS. For clarity, both hysteretic and time histories
reference values were computed by OpenSEES using converged constitutive parameters values.
FIGURE 16 Results of parameter identification for a peak ground acceleration = 1 g

FIGURE 17 Comparisons of frame responses for a peak ground acceleration = 1 g. PS = physical substructure



TABLE 4 Convergence value of concrete constitutive parameters. A hyphen indicates that the convergence value of fru makes no sense in

the case of PGA = 0.4 g

Case fcu (MPa) ε0u fru (MPa)

(I) Monotonic test 21.21 0.002138 12.69

(II) PGA = 0.4 g 22.01 0.002123 –

(III) PGA = 1 g 23.35 0.002116 14.76

TABLE 5 Mean and covariance of identified values

Case fcu (MPa) ε0u fru (MPa)

Mean 22.19 0.002125 13.73

Standard deviation 1.53 1.59 × 10−5 1.46

MEI ET AL. 15 of 19
The results corresponding to a peak ground acceleration scaled to 1 g are presented both in Figures 16 and 17.
Again, the favorable performance of UHS is evident: in the model‐updating case (UHS), the results are very close
to the reference ones.

For completeness, the final values of identified constitutive law parameters fcu, ε0u, and fru are provided in Table 4, for
the three different test cases discussed above. Their relevant mean and standard deviation are listed in Table 5. It is
observed that the identified values of parameters for the three cases are quite close to each other and characterized by
small standard deviation. These results justify the reliability of HS based on online model updating. In particular, for
the case with 0.4 g, the response was not so significant to induce large concrete degradation and, therefore, the parameter
fru remained unchanged as its initial value; thus, it was neither shown in the figures to hand nor listed in Table 4.
5 | CONCLUSIONS

Online model updating represents an effective approach for improving the overall quality of test results that can be
implemented in standard HS to improve modeling of critical NSs that cannot be tested in the laboratory, and, hence,
the overall quality of test results. In this paper, in order to improve the accuracy of HS, we proposed a model‐updating
technique applied to concrete constitutive relationships. The UKF was used for parameter estimation of RC constitutive
law. It was implemented together with the OpenSEES software and prior to experimental HS, a parametric study of UKF
constitutive law parameters was conducted. Successively, the effectiveness of this approach in reducing the overall error
compared to a reference response was verified with one analytical example and two tests, that is, a monotonic test on a
laterally loaded cantilever column and a HS on a one‐bay one‐story RC frame. Final values of concrete constitutive rela-
tionship parameters generally agreed for each case, thus indicating the reliability of the proposed procedure. In sum, the
online updating of constitutive relationships of NSs can effectively extend the applications of conventional HS to systems
with several critical members such as multiple‐span bridges and complex buildings.
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APPENDIX A

A.1 | Relation between fcu and relevant estimated measurements

When the constitutive parameter fcu is the sole parameter to be identified, the relationship between σ and fcu can be
simply expressed as

σc ¼ h εið Þ⋅f cu ¼ hi⋅f cu: (A:1)

The axial force and bending moment in the cross section read,

N ¼ ∫ AσcdAþ Ns; (A:2)

M ¼ ∫ AzσcdAþMs; (A:3)

where Ns and Ms are axial force and bending moment provided by steel reinforcing bars (rebars); z is the distance from
the neutral axis. Then, the bending moment of the two element nodes can be expressed as

https://doi.org/10.1002/stc.1915
https://doi.org/10.1016/j.advengsoft.2017.05.007
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Mi ¼ ∫
l
aiN þ biMð Þds i ¼ 1; 2; (A:4)

in which l is the height of element; ai and bi are the coefficients related to the shape function of element.
The base‐shear of the column, that is, the estimated measurement, can be calculated as

ŷ ¼ M1 þM2ð Þ=2 i ¼ 1; 2: (A:5)

Substituting (A.1), (A.2), (A.3), and (A.4) into (A.5), one can obtain

ŷ ¼ Hi⋅f cu þ Rs;i;

where Rs,i is the force exerted by rebars that can be considered to be a constant at each step.
APPENDIX B

B.1 | Monotonic convergence of Kalman filter for a single‐parameter identification

According to Section 3, the identified constitutive law parameters are related to the measurement through

yi ¼ Hi⋅xþ Ci; (B:1)

where Ci is a constant. The noise is ignored in B.2 to derive the analytical expression of the estimated parameter. Hence,
the estimated value of measurement reads,

ŷi ¼ Hi⋅x̂i þ Ci: (B:2)

According to Kalman filter theory,[21] the estimation of x at the i‐th step can be obtained by,

x̂i ¼ x̂i−1 þ Ki yi−ŷið Þ (B:3)

where the Kalman gain is expressed as

Ki ¼ HiPi−1

H2
i Pi−1 þ R

: (B:4)

Substituting B.1 and B.2 into B.3 provides

ei ¼ aei−1 (B:5)

in which

ei ¼ x̂i−x (B:6)

and

a ¼ R
H2

i Pi−1 þ R
(B:7)

As 0 < a < 1, ei as well as bxi will monotonically converge; that entails that the identified fcu value will monotonically
approach the reference value. The relevant numerical validation is presented in Figure A1.
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APPENDIX C

C.1 | Overshoot of the identification curve of fcu

On the basis of Appendix B, when only one parameter fcu is identified, no overshoot appears in the identification
curve. However, adding the parameter ε0u entails an overshoot to the parameter fcu, and relevant results are shown in
Figure A2.

It is evident from Figure 4 that different parameters have different sensitivities to the restoring force; this phenom-
enon could lead to different convergence rates for each parameter and, hence, could cause a fluctuation in estimation
as illustrated in Figure A3.
FIGURE A2 Process identification of two concrete constitutive law parameters

FIGURE A3 Fluctuation of two parameter identification
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In particular, the blue curve represents a stress–strain relation determined by the reference values f Refcu and εRef0u ,

whereas the red curve was determined with the initial values f Icu and εI0u. In this case, the estimated stress value at the
initial step is greater than the measured value, that is, bσi>σi. Then, in subsequent steps, the identified fcu has to decrease
and ε0u must increase towards the reference value to allow the estimated stress to approach measurement. As a result, fcu
and ε0u may exhibit different convergence rates. Let us assume that the former converges to the reference value faster
than the latter, which results in the green curve of Figure A3. As the estimated stress denoted by the green line is still
greater than the measured value, fcu should further decrease and ε0u further increase to pull down the estimated stress
towards its reference value, which results in the pink curve of Figure A3. Due to error correction property of Kalman‐
type filter, the estimated stress will converge to the reference value, which will also drive the estimated parameters to
converge; as a result, fcu will go back to its previous value. As a result in the identification process, the fluctuation of
fcu arises as shown by the vertical arrows numbered ①, ②, and ③.


