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1 | INTRODUCTION

For 0 <y <1, let C, be the family of all functions ¢ : R" — R such that ¢ has support contained in {x € R" : |x| < 1},
fRn(p(x)dx = 0, and such that for any x;,x; € R the following inequality holds:

lp(x1) — @) < |x1 — x| @
For (y,t) € R} and f € L (R"), let us set
A, (), 1) = sup|f * @(y)| = sup / o(y—-2f (z)dz’. (2)
peC, peC, |JRn

The intrinsic square function of f of order y is defined by

dydr \ >
8,(N)x) = ( / /F ()(Ay(f)(y,t))zt:—Jrlt> , 3

where p,(x) = 2 (¥ ) and T(x) = (0 € RI < [x =y <1,
Andrea Scapellato dedicates this paper to the memory of his beloved aunt Anna Porto.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2021 The Authors. Mathematical Methods in the Applied Sciences published by John Wiley & Sons Ltd.

Math Meth Appl Sci. 2021;1-18. wileyonlinelibrary.com/journal/mma | 1


https://doi.org/10.1002/mma.7487
https://orcid.org/0000-0002-6391-4243
https://orcid.org/0000-0002-7271-9546
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmma.7487&domain=pdf&date_stamp=2021-08-12

2 ABDALMONEM AND SCAPELLATO
WILEY

The definition of intrinsic square function S, was first introduced by Wilson."? Wilson? proved the weighed L? bounded-
ness of intrinsic square functions. Lerner? proved sharp LP(w) norm inequalities for the intrinsic square function in terms
of the A, characteristic of w for all 1 < p < co. The boundedness of intrinsic Littlewood-Paley functions on Musielak-Orlicz
Morrey and Campanato spaces was considered in Liang et al.*

Letb € L}OC(R") such that b € BMO(R"). The commutator generated by b and the intrinsic square function S,(f)(x)

is defined by
d
[b, S,1(f)(x) = ( / / sup / (b(x) — nﬂf) . @)
Lx)p€eC, t

Wang® established the commutators of intrinsic square functions [b, S,] on weighted LP space. Guliyev et al.® proved
the boundedness of intrinsic square function and their commutators on weighted Orlicz-Morrey space.

Moreover, Izuki’ defined the Herz-Morrey spaces with one variable exponent p(-) and investigated the boundedness
of fractional integrals on those space. Lu and Zhu® considered the Morrey-Herz spaces MKZ;)(’j(R") with two variable
exponent a(-) and p(-) and obtained some boundedness results for certain sublinear operators and their commutators in
these spaces. Wang® proved the boundedness of the commutator of the intrinsic square function in variable exponent
spaces.

We also mention that Deringoz et al.!® studied the boundedness of intrinsic square functions and their commutators
on vanishing generalized Orlicz-Morrey spaces. Deringoz et al.!? obtain some conditions for the boundedness are given
in terms of Zygmund-type integral inequalities without assuming any monotonicity property.

Finally, it is interesting to point out that the boundedness of several singular integral operator on Herz-type spaces was
used in the study of the regularity properties of solutions of second-order elliptic equations with discontinuous coeffi-
cients. We mention the work of Ragusa'! in the context of homogeneous Herz spaces and the works of Scapellato!>!3 in
which the authors extended the results contained in Ragusa!! to Herz spaces with variable exponents. Furthermore, we
refer to Ragusa,'* who studied Herz spaces endowed with a parabolic metric and proved regularity results for weak solu-
tions to divergence form parabolic equations with discontinuous coefficients, using some boundedness results for integral
operators and commutators.

The aim of this paper is to discuss boundedness properties of intrinsic square functions and their commutators on the

non-homogeneous Morrey-Herz spaces MK"(()) ’1( )(R”) with three variable exponents.

2 | MATHEMATICAL BACKGROUND

Let E be a Lebesgue measurable set in R” with measure |E|>0. Let us denote by yp the characteristic function of E. We
mention that, throughout the paper, C denotes a positive constant, not necessarily the same at each occurrence.
We recall some definitions.

Definition 2.1 (Cruz-Uribe & Fiorenza,'> Chapter 2, p. 18). Let p(-): E— [1, ) be a measurable function. The
variable exponent Lebesgue space is defined by

pX)
LPO(E) = { f is measurable : / ( /)l > dx < oo for some constant # > 0} .
E n

The space Lfo(g (E) is defined by
LPY(E) = {f is measurable : f € [P(K) for any compact set K C E}.

loc

The Lebesgue spaces LP)(E) is a Banach spaces with the norm defined by

p(x)
1 f o) = inf {n 50 /('f’(vx)'> dx < 1} _
E

We set p_ = essinf{p(x) : x € E}, p;, = esssup{p(x) : x € E}. P(E) is the set of all measurable functions p(-) satisfying
p->1and p; <+ and PO(E) is the set of all measurable functions p(-) satisfying p_ >0 and p, < +oo. For any f &€
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L%OC(R"), the Hardy-Littlewood maximal operator M is defined by

M f(x) = sup 1

— dy,
sup |Bl/BIf(y)I Y

being B a sphere in R”. The set B(R") consists of all p(-) € P(R") such that M is bounded on LPO(R").
If p(-) € P(R") satisfies the following inequalities,

-C :
) = pY)| £ —————, if x—y[ <1/2,
Ip(x) = p(y)| Tog(x — x—yl <1/

b)
C )
[px) = p(y)| < Toge - )’ if |y| > |x],

then we have p(-) € B(R").
Let us now recall the definition of space BMO(R"). This space consists of all locally integrable functions f'such that

1oz = 11 = suplQl” /Q 1760 foldx < oo,

where fo = |Q|™ fQ f(»)dy, the supremum is taken over all cubes Q ¢ R” with sides parallel to the coordinate axes, and
|Q| denotes the Lebesgue measure of Q.

Now, we give the definition of Morrey-Herz space with variable exponents g(-), p(-), a(-).

LetBy={xeR" : |x| < Zk},Ck = By ~ Bk-1, xx = xc,» ke Z.

Definition 2.2 (Wang & Tao'®). Let g(-),p() € P(R"), 0<i<oo and a(-) : R* - R with @ € L®(R"). The

nonhomogeneous Morrey-Herz space with variable exponents MK;’((,';}?(_)(R") is defined by

MEGO R = (f € LEJRN 0D < 11 oo ey < 0},

q().p() loc
< 1} .
j20)
Lac
- a(),A

The homogeneous Morrey-Herz space with variable exponents MK ) ,,(R") is defined by

where
kO

2401 £ e \ ™
aoi gy = iNf >0 : sup2 k4 _
1 laggens. o {ﬁ p2t ) ( 5

kOEZ k=0

(), A _ p() .
MKq(.),p(.)(Rn) ={fe Lloc (Rn\{o}) . ”fllMI'(:((:;:;(_)(R”) < o},

ka() q()
<2 |/ x| > <1\
B 1B

Remark 1. 1f g(-) is a constant, then MKZE:;:;(,)(R") = MKZ(p)(;1 (R™). If both a(+), g(-) are constants, then MKZE:i:;(,)(R") =
MI'{Z:;(.)(R"). If the variable exponents a(-), p(-), and g(-) are constants, then MI'{Z;)(’,;(R") = MKZ:; (R™). Moreover, if
A= a() = 0and p(-) =q(), then MK (R") = MK (R™) = IPO(R").

Next, we need some lemmas that will be used in the proofs of our main results.

where
kq

— : kg
llf”MI'(:((f))j;(_)(Rn) = inf {ﬁ >0 : sup2 Z

=1

ky€Z k=—o0

q().p(:

Lemma 2.3 (Cruz-Uribe & Fiorenzal®®). (Generalized Holder's inequality) If p(-) € P(R™), then there exists a constant
C such that, for all f € LPO(R") and all g € LP')(R™), the following inequality holds:

/R |fC)g)|dx < CI1f {lzeo @ 18l @y
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whereC=1++ - L.
p- P+

Lemma 2.4 (Izuki'?). Let p(-) € B(R"). Then, there exists a constant C > 0 such that for any ball B C R", the following

inequality holds:

1

ﬁ||}(B”LP<'>(R")”)(BllLP’(')(]R") <C

Lemma 2.5 (Izuki'?). Let p(-) € B(R"). For h = 1,2, there exist constants 6,1, 5n2, C > 0 such that for all balls B ¢ R*
and all measurable S C B the following inequalities hold:

, 13 )
lesllzo@n _ L IB| sl o gy < <ISI> " xsllogs <ISI> "”
llxsllsomey = ISI7 sl o~ \ Bl “Nxsllpmows ~  \IBI)

Lemma 2.6 (Wang & Tao'®). Let p(-), q(-) € P°(R") and f € LPVIO(R™M). Then,

: q q- . q q_
in(|| £ 1 0 11 p00) < L1900 < max(Lf g 171 5000)-

Lemma 2.7 (Izuki'?). Let us assume that b € BMO(R") and that n is a positive integer. Then, there exists a constant
C> 0, such that for any k, j € Z with k> j, the following inequalities hold:

(1) C7YIbll. < sup————1II(b — bp) xlls®r) < CIIbll.
B ||ZB||Lp<->(1Rn)
(2 I(b = bg) xp o @ny < Clk = DIbILlLxp, o).

3 | BOUNDEDNESS OF THE INTRINSIC SQUARE FUNCTIONS

Letl<p<oo,p' = 1% and let w be a weight (i.e., a nonnegative locally integrable function on R"). We say that w € A, if
there exists C > 0 such that for every cube Q C R", the following inequality holds:

1 1 pl
— dx — =P qx C .
<|Q|/QW(X) ><|Q|/QW(") ) sC<e

Wilson! proved the following weighted (L — LP) boundedness of the intrinsic square functions.

Lemma 3.1 (Wilson'). Let I <p <0, 0<y <1 and w € A,. Then, there exists a constant C > 0 such that

1S, (Ollzz, < ClLA e

nodot

!’
Lemma 3.2. (Cruz-Uribe et al.'®). Given a family of functions F, assume that for py, 1 < py < o0, po < p_, and <&> S

Po

B(E) and every wy € Ay,

/ Fx)Pewp(x)dx < / gYowo(x)dx, (f.9 €F.
Rn Rn
Ifp(-) € P(E), then for all (f,g) € F and f€ LPV(E), we have

I[f e < ClIgl Lo @)

Since A,y C Ay, by applying Lemmas 3.1 and 3.2, it is easy to get the boundedness of the intrinsic square functions S,
on LPO),
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Theorem 3.3. Let us assume that p(-) € B(R"), q1(-), q2(-) € PR™) with (q2)- >(q1)+ and 0<y < 1. If (A1)(q2)+ =
(A2)(q1)- and —né; < ay <néi; +(A1)/(q1)-, where 6;; and 6, are the constants in Lemma 2.5; then, the operator S, is

oA n a(-),4; n
bounded from Mqu (')’p(_)(]R ) to Mqu (_)’p(_)(R ).

Before starting the proof of Theorem 3.3, we state a simple inequality that will be used in the proof.
Remark. Let h € N, a5, >0, 1 < pj;, < o0. We have

] o0 P
S <(Ta)
h=0 h=0

here

(o]
minp, if ) ap <1,
heN P P;

b« =

o0
max p, if Zah > 1.
heN pard

Proof. Let f € MKZ*(’jlp(_)(R”). We decompose f as follows:
10),

@)=Y 0200 = Y f).
j=0 j=0

By the definition of the norm in MK;’(("))’;(')(R"), we have

ko ka(") 30
2 |Sy(f )}(k|
1Sy Ml yggeri2 gy = Inf {ﬁ >0 : sup2~hhz Y’ <— <1\,
(R
12000 ™ keZ P I; L%
For any ko € Z, we get
. q,()
ka(-) )
ko Zka(-) |S ( ) | () ko 2 ZOSY (fj ))’/k
2"‘0’122 < r () xk > < 2—k0/122 =
k=0 P LB h wr fu + Pz + Pz
p0O)
L1220
k-2 qz() k+1 ‘h()
zka(-) S . Zka(.) S )
“ 120 () x . jzzk‘il () 2k
S Cz_k‘)/12 + C2_ko}“2
kz::‘) B I; b1
P pO)
L 20 L9220
IS q,()
ka(-
o [l12 ; S,(f) 1
+ C2_k0/122 J=k+2 ’
k=0 ﬂl3
pO)
L 220
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where

k2
= || S, (e
= MK R
k—2 q()
ka(-) .
e 2 ;an
=inf{f>0: supZ‘kO*ZZ
kOEZ k=0 ﬂ
1
b2 = Zsy(fj))(k
S g e
k+1 %0
2o 2 s o
0 Nyt
=inf{f>0: sup2‘k0'122 d
kOEZ k=0 ﬁ
w
[so]
Bs=| D S,(fxe
j=k+2 (), n
a MK‘I;()').E(')(R )
( - a0
2o 2 s
2 j=k+2
=infdp>0: sup2‘k0’122 d
ky€Z k=0 ﬁ
“
If f = pu1 + P12 + fr3, thus,
ko ka() A 20)
2_1{0122 (2 |Sy(fj))(k|> <c.
k=0 d LB

Then,

=

=
ISy

||Sy(f))(k||MKw<-(>~)A'z<)(Rn) < Cp < Clpu + pr2 + B3l
q2().p(-
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Hence, if we prove that

P11 S Cl SN g0 qays P12 S ClfN g0 qmays 13<C Ot Rays
MKQl('),;(')(R ) MKQl('),;(')(R ) ﬁ ||f||MK‘11('),‘;(')(R )

x
We consider 1, first. From Lemma 2.6 and the boundedness of S, on LPO(R™), it follows that

we are done. Let us set f; = || f || jxe0n R
q1().p()

kb1 00 K1 (@)
ka(- ka(-
o 20 2 snm o 20 2 Ston
z_kO}LZZ Jj=k-1 < 2—k0122 Jj=k-1
k=0 ﬂl k=0 ﬂl
L% Lr®)
1
ko k+1 (k=) . (93)k
< C2 kot Z( 2077201, (fD el >
k=0 \ j=k-1 p Leo
1
ko / KH1 | njay 5 (@)
< cz"‘“zz‘,( 22 ) ,
k=0 \j=k-1 p O
where
k+1 2()
2kat) Z S, ()i
. j=k—
(g2)- if ] <1,
A
Lr®)
@)k =1
= k+1 70)
20| N8,/
. i=k—1
(@) if - > 1.
b
J7.0)

Since f € MK““*" (R™), then we have
q,().p(")

2_k011
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From this, and again applying Lemma 2.6, if (q1)+ <(q2)- and 41(q2)+ = 42(q1)-, we obtain that

q,()

k+1
ka(-) .
M| 3 s 0om /)
— j=k—1 _ + Jj
2 koA, < Cc2 ko,
z{) B Z ; B o
20
L3220

k, k (@)

< cahin Y [l
k=0 b LpO
. o @k
0 ka GO || @by

<crteny <2 +|f)(k|) 1:
k=0 h Lo

© L
Dka q;( @by
<CZ 27k < +lf)”)
b Lo
S C’
where
okay
(qos if |l <
1 Lp©)
gk = ol |
(q)- if ||[— >1
1 )70}

The previous calculations imply that

P <Cp < C”f”M.KZEZ:IMR")

Next, we estimate f;. If xe C, (v, ) €I'(x), z€ Cjn {z: |y —z|<t}, j <k —2, then

1 1 1
t> =(lx—=yl+1|y—- > =lx-z = =|x|.
_2(I v+ 1y zI)_ZI zI_4I |

Thus, we have

|Ay (f,)(x)|—< / / sup / oy =2 f;
I'x)eeC,
< [
[x—yl<t
© dt :
o) ] )

<cotn / /i @ldz
G

2 dydt
et

- / @iy —2)fj(R)dz
C; Niz:ly—zl<t)

1
ydt
l’”+1

—k
= C27"|| £l prwny-
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Then, by using Lemma 2.6, we deduce that

e a,() 2 (@
| A DIHIAPE o 12O XS D
0 . 0 .
j=0 Jj=0
2—k012 < 2—k012
DY )|
L% Lre)
k=2 ((ﬁ)k
12O 2 e 2
0 i=0
S Cz_koﬂzz /
k=0 hr
§3.0)

(@
I el oo ,
LR

< 2 koo Z <2k(a+—n)z

A
where
( k-2 2()
2ka0) Zsymm
. i=0
(q)-. if . <1,
b
2 LpC)
=
(qz)k ‘2 0O
2ka0) Zsymm
. i=0
(@), if . > 1.
b
J7.0)

L

From Holder's inequality and applying Lemmas 2.4-2.6, it follows that

k=2 q2()
. oka() Zsy(fj))(k
0 PR
2_k0122 =0
= p
b0
L3220
ky [k-2 f; (95)k
_ - J
<27k A R Lz ol xs, lleo
k=0 | j=0 Prllzso ey
k=2 7, (G
—k/l ka,-m || LI
< 27% (@ .28, llo L, 175 | Bl
= B ll e,
(@)
(o]
< co-tas Z sza+ fj lxs Nl o
oo ﬁl LP(~>(R")||)(Bk||Lp/(->
o k-2 ) (@)
ja( f.
scz"‘“zzlzz(k”““*‘"%) s ] |
k=0 | j=0 h Lro(Rn)
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Notice that f € MK

o, A

G ()pr (¢

R, (22)/(@2)+ = (41)/(q1)-, and ay <néy +(41)/(q1)-. Then, we have

k-2 ‘Iz(')
2ka() ,
k j;)sy(f;))(k
2_ko/122
k=0 b
PO
L 220
k _k @ @)k
ol 'S ka @O || @,
i 21 Dk
< caho | 3 ptkemony < Ifnl) .
k=0] j=0 h 2SR
1 (qi)k
ko e 50 4
<cahh Y Zz(k—,xa;nén—z @) >< <2 1f an I> . > i
e La® (R

ko
S Cz z(k_ko)}*z
k=0

Zz(k /)(a+—n5u—l /(ql) )(

ko
<Y atkkoh

Jj=0

SC’

where

(qu)-
a)), =
(qv)+

Then, from the above calculations, it follows that

P < CPi < CIS I, ;i
Finally, we estimate 3. If xe Ci, (,t) €T'(x), z€ C;

1
tzi(lx—yl+|y—zl)2

k-2
lzz(k_j)(a+_”511 =41/(q1)-)

1 ((Ig)k

<zm4fx|>%“ >&w
(Rn

‘| (qz)k

120)

L0

2%\ f, |
_ A <1,
1 LpO)
. 2% f
if || —=- 1.
1 LpO)
SR

q10):p(-

N{z: |y —z|<t}, j>k+2, then

1 1 1
“x=zl > =(z| = IxD) = =1z|.
2I z|l > 2(IZI |x]) > 4IzI
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Thus, we have

|A, (f,)(x)|—< / / sup / oy =2 f;
I'x)eeC,
< L
[x—yl<t
© dt :
o) ] )

<com / i @ldz
o

2 dydt
et

- / @iy —2)fj(R)dz
C; Niz:ly—zl<t)

1
ydt
l’”+1

= C27"| fill oy

By using Lemma 2.6 and applying Holder's inequality, it follows that

o0 q()
W [ 20 kzsy(f,m
—kiA +2
2% 2]{;) ﬁl
L0
(@

240 | NS, ()
2 j=k+2
S 2_k012 J
2 ;

k=0
PO
© (@)
ko 2ka©) Z 27| fill ey 2k
<crhhy sk
o 2
PO
ko (g5)k
<c2hhy zk““ Z 27| = s o ll s o |
=0l j=k+2 ﬂl LrO@R™)
where
( ) q.()
2401 38,/
. j=k+2
(qo)- if = <1,
b
3 LrO)
=<
(qz)k (o] qz()
2ka0) Z T, (D
. j=k+2
(@) if = > 1.
B
L )70}
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Therefore, applying Lemmas 2.4 and 2.5, we get

q,()

o0
e 20| 28 U
k+2
2"%%2
PO
L %20
e [ orer & ol £ Lz, o
scz—ozz 2ke0) Zz—f" = L S
= e Prllio @y 18, oo

20% f x;
b

kO o
< C2_k0’122 lzk“(') 2 o k=i)ay+néy;)

k=0 j=k+2

| - j @0
<k B kit tni <2’“+f )(j) '
k=0| j=k+2 b
where
2/ f
(q)- if |2 <,
q
( 3)' — ﬂl LPI(')
q1); = 2
(q+ if —4 > 1.
B e

Notice that f € MK**"™

J

LR |

L
@i

1@

1@

(@3

PO
La0 (Rn)

op0 &M, (12)/(@2)+ = (41)/(q1)-, and ay > —né12 +(41)/(q1)-. Then, we have

o ()
o 1250 [ 28U
k+2
2_1‘0}‘2 Z
k=0 b
J20)
L1220
0 [} J q:()
; ; 2" ol N
< CZZ(k—ko)ﬂz Z Z(k—/)(a++n512—(/11)/(ql)_)<2—Mz <
k=0 J=k+2 n=0 h
o [ (qi)k
< CZZ(k—ko)/lz 2 2(k—j)(a++n612—(/11)/(q1))] <C.
k=0 | j=k+2

The above calculations imply that
ﬁ13 < Cﬂl = C”f”MKq”’i())";()(Rn)

This completes the proof of Theorem 3.3.

1 ((I;)k

pO)
Lo (Rn)

4 | BMO ESTIMATE FOR THE COMMUTATOR OF INTRINSIC SQUARE

FUNCTIONS

Let b € BMO(R"). Wang® obtained some boundedness results for the commutator [b, S, ] in the framework of weighted

Morrey spaces.
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Lemma 4.1. Let I<p<oo,0<f <1, and w€A,. Suppose that b € BMO(R"), then there exists a constant C >0,
independent of f, such that

B, S, 1Ny, < CllS e -

We can apply Lemmas 4.1 and 3.2 to get the boundedness of the commutator [b, S, ] in LP®).

Theorem 4.2. Let b € BMO(R"). Suppose that p(-) € B(R"), ¢1(-), q2(-) € P(R™) with (q2)- >(q1)+ and 0<y < 1. If
(A1)(@2)+ = (A2)(q1)- and —nd1; < ay <ndi; + (A1)/(q1)-, where 6;; and 51, are the constants in Lemma 2.5, then the

. a4 n a(), A, n
operator [b, S,] is bounded from Mqu (_)’p(_)(]R ) to Mqu(‘)’p(.)(R ).

Proof. Letb € BMOR™), f € MK*™

" (.)!p(')(R"). Let us decompose f as follows:

F) = Y f@x00 = Y f00.
Jj=0

j=0

By the definition of the norm in MK;’((,'))’;(_)(R"), we have

ko ka() 00
i 2540|[b, S, 10/ ) xxl
”[b, Sy](f)”MKap),xz Rm) = inf ﬁ >0: sup2‘k0’122 < y X <1 ‘
q().p() ker paurd ﬁ M
L1720
For any ko € Z, we see that
o0 q,()
2ka(~) b, S i
| (2501 SNl ) ky ;0[ AP
2—k0/122 < Sy 1) e > < 2—k0/122
k=0 ﬂ L% =0 ﬁZl + ﬁ22 + ﬂ23
20
L1220
k=2 g () o 00
ka(-) ) k() A
w Il 2 j;)[b, S D xx e j_kzl[b, S0 1
< 27k 4 Co-kohs z
kz::‘) P I; o
20 0N
L%t L9220
. 4,()
K 2ka(') A;—Z[b, S}’](fj)}(k
+ C2 7Rk =
kz=(‘) P23
PO
L3220
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Let
k-2
Por = || Db, S, 1)
=0 a(-), n
J Min?-)ZM(R )
’ 3
k-2 =0
Qka(") b, S j
ko Jz::()[ y](fj))./k
=il’1f<ﬂ>0 : Supz—koﬂzz <l1lg,
ko€Z k=0 p
PO
k L9220) J
k+1
Bor = || Db S, 1)
k=1 MK:;:-';;(»(R”
k+1 0
ka(-) j
ko 2 j;l[b, Sy](fj)}(k
=infdf>0: sup2os Y’ =l
ko€Z k=0 s
0
L9220
boz = Z (b, S, 1(f) xk
j=k+2 MKZ;'(),')Z(_)(R”)
3 o q,() ]
e D [b.> S,
0 j=k+2
=inf{f>0: supz_k"hz : =
ko€Z k=0 p
0
L20
and
ﬁ = ﬁ21 + ﬂ22 + ﬁ13'
That is,

Hence, once we prove that

P < ClbILNf Ny gy Poz < CUBILS Nlyggaorn s B3 < CUBILALS Nlyggaorn s
q10).p() q10).p() q1().p()

we are done. Let us set f; = ||

For f,,, by the boundedness of [b, S, ] on PO and using an argument similar to that in the estimate for f;,, it follows

that

which implies that

lI[b, Sy](f)||MKa(-(>_.)xz(_)(Rn) S CP < Clpa + P2 + Posl.

()4 .
f ”MKZl(-);(-)(]Rn)

k+1 2:0)
2O 2 s a0
0 i—k—1
9-ko, J
,Zg ALE

p0)

L9220

P < Cﬂ“b”* < C”bH*IIf”MK"(')-h Ry
910).p()
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Now let us deal with the estimate for ;. Let x € Cy, j <k — 2. By the estimate of S, (f;)() in the proof of Theorem
3.3, we have

S,(f@) < C27 fillp e
From this inequality, we obtain that
[b, S, 1(f1)) = |S,[(bx) — b) /1) < C27*"[|(B(-) = b) ;|1 Rer)-

Thus, using Lemma 2.6, we have

2 ()
N DAY
0 j=0
2—kodz
Z:O BulIbll«
0N
L3220
k=2 @)
2ka(~) b’ S .
. K J;O[ }/](fj)/l/k
< 27kt
k2=0 PulIbll«
9.0
‘s (@)
L f2e D IXITIBE) = b) £l ey 2
0 7=0
< Cc27kk
kz:;) AulIbll«
J70)
(@)
b-b;
< cZ—wzz< | Ll ||xk||m->>
ﬂl” ”* LI(R")
(@)
+ C2-Foa ok(a, (b = b)) xicl oo >
Z( ﬁl e o 10~ b
where
( k—2 0
240 3 05,1061
) =0
) _ = | <
(@) if AL <1
) J720)
=
(g3 ‘s 30
240 3 10,1061
) =0
(q2)+ if AL > 1
7.0
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Applying the generalized Holder's inequality (Lemma 2.3) and Lemmas 2.4,2.5, and 2.7, we get that

k=2 ‘b(‘)
o [ 2 | 20 80D
j=0
2—k0/12
g:‘) Allbll.
PO
L9220
(q;)k
|(b—b;)xs,
S Cz"“"ZZ | — s, Iz
2 P T
1 (0
—ky A 171 )
+C27 22( ﬂl LP(‘)(R")“)(BJ ”Lp’w(k _])“)(Bk“Lp(-))
1
< s, o
j40)
<ok Y 2"("+‘”)Z(k J+ 1)”| L |B|
k=0 LrO(Rm) ”){Bk lzre>
ky /k=2 ; @)
» 211 1)
S Cz—kn/bZ(Z(k _ j)2(k—j)(tl+—n5“) J )
k=0 \ j=0 b LPORR)
Notice that f € MK%( ;lp( J@R™), (42)/(g2)+ = (40)/(q1)-, and @ <nd11 +(41)/(q1)-. Then, we have
k=2 qz(‘)
ka(-) )
e Il 2 jzz;)[b, S, 1) 2
2_k0'12
,Z{) Arllbll.
PO
L9220
[ 1 (@)
ky | k=22 j GO Ty
; 2%(fe\ ||
< Cz—koiz (k —j)Z(k‘f>("+‘"5n) ( J
"Z}’ fgo b L%(R”)
(a5)
ko [k=2 2% | £ ol q:0) @ o
SCZ‘WZZ Z(k J)Z(k_f)(a+_”511) /49~ MZ < 5 > o
k=0] j=0 n=0 1 La0O (Rn)
(a3)
< 20| £ ] \ ool e
< Zz(k kohs| 7 (k — )20k b= /() < In ) N
k=0 j=0 La1O (Rn)

k=2 (qz)k
< szac K | 3 (e — j2Nenon =i/ @)- >] <cC.

k=0 Jj=0
where
2%\ f.
- if |2 <,
1 ﬂl §9.0)
@) = e lf, |
(q+ if | — > 1.
1 )70
This implies that

P < CAIbIl < ClIBILAA

o a()A1 .
MK'ﬂ(-)YP(-) (Rn)
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Finally, we estimate f,3. Let x € Cy,j > k4 2. By the estimation of S, (f;)(x) in the proof of Theorem 3.3, we have
S, (SN < C27M| fllpa .-
From the above inequality, we obtain that
[b, S, 1(f)x) = |S,[(b(x) = b) £;1()| < C277M[(b(-) = b) f |l reny-

Thus, when a,. > —né1, + 41/(q1)-, proceeding as in the estimate of f§,;, we get that

© ‘h(')
2O 2 s a0
it j=k+2
2_k0'12 J
,Z; AR
PO
L 20
o (@)
20| 2 2O = D)l
j=k+2
Scz—koiz /
kz;g Pulibll
PO
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scz—kmz<zka+ > 2| 0200 ||)(k||LP<->>
a\" 4, Aulbll ||, g

1] (@
+C2_k0/122 2k 2 27| =2 1(b — bi) xkll oo
j=k+2 ﬂl LY(Rn) ”b”*
ko ()
Ly, zro
scz—’%Z ke 2 277 j — k)|B;| = 2l |1 171
k=0 j=k+2 ”)(B [F228) ﬁl LPO(RR)
ko 0 ja ) (q%)k
< cz"‘°*22< D (= ke mo) 22wl > <C,
=0 \j=k+2 ﬂl LeO(Rm)
where
) ()
240 N 105,11
. j=k+2
_ if J <1,
@2)-, A b, =
L)
(@) =1
q 0 q()
k() Z [b,S, 10/ ) xk
. i—lct+2
, if / > 1.
@)+ AR
PO

The above calculations imply that
P2z < CPul[bll. < ClIbILLS,; KON Ry’

This completes the proof of Theorem 4.2. O
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