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Abstract

A theoretical model that describes the evolution of the power anisotropy in the energy-containing and inertial
ranges throughout the heliosphere is developed for three possibilities: (i) no in situ sources of turbulence; (ii)
stream-shear sources of 2D and slab turbulence; and (iii) a fully driven turbulence model that includes both stream-
shear driving and a pickup ion source of slab turbulence. At the inner boundary (1 au), we assume that the ratios of
the 2D to slab fluctuating magnetic energy variances in the energy-containing range are 80:20, 70:30, 60:40, and
55:45. For case (i), á ñ á ñB b2D

2
slab
2 in the energy-containing range increases monotonically throughout the

heliosphere, whereas the inertial range ratio increases until ∼20 au and then decreases. For case (ii), the energy-
containing range ratio increases initially and then remains approximately constant and ordered beyond ∼2 au,
according to the inner boundary assumptions. The inertial range ratio for the 80:20 case increases with heliocentric
distance, whereas for the 70:30, 60:40, and 55:45 cases, the rations increase between ∼2 to ∼10–20 au, and then
generally decrease at larger heliocentric distances. For case (iii), the energy-containing and inertial range ratios
increase initially, remain approximately constant and increase slightly, respectively, and then decrease more
rapidly between ∼8 and 30 au, and more gradually thereafter, approaching a ratio of ∼1 at 75 au. We present
preliminary results that show the power anisotropy in magnetic field fluctuations observed by Ulysses spacecraft
increasing with heliocentric distance from ∼1.5 to 4.5 au.
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1. Introduction

The nature of fluctuations in the solar wind is complicated
and not yet fully understood. It is thought that solar wind
fluctuations are highly anisotropic in the presence of a large-
scale magnetic field B0 (Montgomery & Turner 1981;
Matthaeus et al. 1990; Narita et al. 2010b) in that velocity
and magnetic field fluctuations vary more rapidly in the
direction perpendicular to B0 than parallel to B0. Anisotropy is
a local property of turbulence that can modify solar wind
turbulence and affects the propagation and acceleration of
cosmic rays (Bieber et al. 1996; Zank et al. 1998; Shalchi
et al. 2006), and the heating of interplanetary plasma
(Velli 2003, for example). Dasso et al. (2005) suggested that
solar wind fluctuations in the fast and slow solar wind exhibit
different anisotropy properties. The anisotropy of solar wind
fluctuations during solar minimum and maximum can also have
different characteristics (Smith 2003). Several authors have
studied anisotropy in the energy spectrum of MHD turbulence
with respect to the magnetic field (Horbury et al. 2008;
Podesta 2009; Narita et al. 2010a; Wicks et al. 2010; Bruno &
Telloni 2015; Zank et al. 2017a).

Anisotropy in magnetic field fluctuations has also been
studied by calculating the variance of magnetic field fluctua-
tions. Robinson & Rusbridge (1971), Zweben et al. (1979), and
Belcher & Davis (1971) calculated the variance of magnetic
field fluctuations to study anisotropy in a laboratory plasma and
the solar wind, respectively, in that they calculated the

variances of magnetic field fluctuations in the direction parallel
and perpendicular to the large-scale magnetic field. Anisotropy
in solar wind fluctuations has also been studied using single-
spacecraft data sets by calculating the power as a function of
parallel and perpendicular wave vectors, respectively, relative
to the mean magnetic field (Montgomery 1982; Matthaeus
et al. 1990; Bieber et al. 1996; Milano et al. 2004; Dasso
et al. 2005; Ruiz et al. 2011). Furthermore, Matthaeus et al.
(2005), Dasso et al. (2008), Weygand et al. (2009), Osman &
Horbury (2007) used multi-spacecraft data sets and calculated
correlation functions in the direction parallel and perpendicular
to the mean magnetic field to study anisotropy. Moreover,
anisotropy has also been studied by well-documented theor-
etical and numerical methods (Montgomery & Turner 1981;
Shebalin et al. 1983; Grappin 1986; Grappin et al. 1993;
Goldreich & Sridhar 1995; Ghosh et al. 1998; Dong et al. 2014;
Verdini & Grappin 2015, 2016). Furthermore, Verdini &
Grappin (2016) also suggested that the evolution of the
turbulent spectrum depends strongly on its initial anisotropy.
In this manuscript, our focus is the study of the evolution of

turbulence anisotropy in the inertial range throughout the
heliosphere using the nearly incompressible (Zank & Matthaeus
1991, 1992) turbulence transport model equations (Zank et al.
2017a; see also Adhikari et al. 2017a, 2017b). We also present a
preliminary result that shows the evolution of the power
anisotropy in magnetic field fluctuations observed by the Ulysses
spacecraft from ∼1.5 to ∼4.5 au. Zank et al. (2017a) developed
coupled 2D and slab turbulence transport model equations
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appropriate to a β∼1 plasma (with β the thermal to magnetic
pressure ratio) following the Hunana & Zank (2010) inhomo-
geneous nearly incompressible description of NI MHD turbu-
lence. The Zank et al. (2017a) turbulence transport model
equations describe the energy-containing range of solar wind
turbulence. To study anisotropy in the inertial range, we derive a
theoretical model using dimensional analysis to relate the power
spectrum of magnetic field fluctuations in the energy-containing
and inertial range. Slab and 2D turbulence can be distinguished
by the orientation of the wave vector of the fluctuations relative
to the mean magnetic field. In the former case, the wave vector is
parallel to the mean magnetic field, whereas for 2D turbulence,
the wave vectors of the fluctuations are perpendicular to the
mean magnetic field.

Several studies have shown that the slow solar wind at 1 au
contains a majority population of 2D fluctuations and a
minority slab component (Zank & Matthaeus 1992; Bieber
et al. 1996; Dasso et al. 2005). Fluctuations in fast wind appear
to be more isotropic, while in slow wind they are more
anisotropic. However, there are times when the slow wind
shows exactly the same features as fast wind, the only
difference being the lower bulk speed (D’Amicis &
Bruno 2015). Theoretically and observationally, it is found
that the ratio between 2D and slab turbulence energy is 80:20
(Zank & Matthaeus 1992; Bieber et al. 1996). This ratio can
change depending on whether measurements are made in the
fast or slow solar wind; at solar maximum or minimum; and at
higher or lower latitudes. Zank et al. (2017a), Adhikari et al.
(2017b) calculated the 2D and slab turbulent quantities from 1
to 75 au, assuming an inner boundary energy ratio at 1 au of
80:20 between 2D and slab turbulence. Later, Adhikari et al.
(2017a) solved the 2D and slab turbulence transport model
equations for different inner boundary energy ratios, 80:20,
70:30, 60:40, and 55:45, and found that the intensities of
different turbulence quantities depended on the assumed inner
boundary energy ratio, even though the quantities exhibit
similar trends for the different ratios. Adhikari et al. (2017a)
extended the Zank et al. (2017a) and Adhikari et al. (2017b)
models by including a shear source of slab turbulence. The
inclusion of a shear source of slab turbulence (Adhikari
et al. 2017a) yielded slab quantities that are more reasonable in
comparison to solutions that do not have a stream-shear source
of slab turbulence (Adhikari et al. 2017a, 2017b; Zank et al.
2017a).

The outline of the manuscript is as follows. Section 2
presents a theoretical model relating the energy-containing to
the inertial range. Section 3 presents the nearly incompressible
turbulence transport model equations. Section 4 describes
results of our theory, and Section 5 provides a discussion and
conclusions.

2. Theory

In this section, we derive a theoretical model that describes
the power anisotropy in magnetic field fluctuations as a
function of the 2D and slab fluctuating magnetic energy and the
corresponding correlation lengths. In constructing a transport
model for turbulence in an inhomogeneous flow, there is an
implicit assumption (Matthaeus et al. 1996; Zank et al. 1996a,
2012) that the inertial range of the turbulence spectrum is self-
similar with the rate of energy input into the inertial range
exactly balancing the dissipation rate. As is well-known in the
case of MHD, this leads to the inertial range possessing a

power-law spectrum of either the Kolmogorov or Iroshnikov–
Kraichnan (I-K) forms. Zank et al. (2017a) derived an
expression for the energy spectrum as a superposition of the
majority 2D plus the minority slab component in the case of
homogeneous β∼1 NI MHD (Zank et al. 2017b). The key
point is that although the turbulence transport models represent
a theory for the energy-containing fluctuations, the decay of
these fluctuations is included by invoking a Kolmogorov/I-K
phenomenology for the inertial range. The turbulence transport
model therefore computes the rate at which energy enters (and
dissipates from) the inertial range, for which we know the exact
form. As the Zank et al. (2017a) theory for NI MHD describes
the energy in both the 2D and slab components for a plasma
beta ∼1 or =1, we can use these results to compute the power
anisotropy in 2D and slab fluctuations in the inertial range
as well.
We use dimensional analysis to relate the power spectrum of

the magnetic field fluctuations in the energy-containing and
inertial range. The correlation tensor Pij(k) for fluctuations can
be expressed (e.g., Zank 2014) as

d= -^
⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )∣∣kP A k k

k k

k
, , 1ij ij

i j

2

where k is a wave vector; ∣∣k and k⊥ are parallel and
perpendicular wave vectors in the direction parallel and
perpendicular to the magnetic field; and δij is the delta function.

^( )∣∣A k k, is a function of the wave vector that has to be
formulated to complete the correlation tensor (Equation (1)).
For this, we specify the geometry of the magnetic turbulence
(i.e., 2D or slab), and the spectrum of the magnetic field
fluctuations (i.e., k−1 for the energy-containing range or k−5/3

for the inertial range).
For a 1D slab model, d d=( ) ( )B r B zslab slab , where δB is the

turbulent/fluctuating magnetic field amplitude, r is a coordinate
system, and z is the direction of the magnetic field, the function

^( )∣∣A k k, is expressed as (Zank 2014)

d
=^

^

^
( ) ( ) ( ) ( )∣∣ ∣∣A k k g k

k

k
, , 2slab slab

where ( )∣∣g kslab is a function of the parallel wave vector, and
δ(k⊥) is the delta function of the perpendicular wave vector.
Similarly, for 2D turbulence d d=( ) ( )B r B x y,2D 2D , the func-
tion ^( )∣∣A k k, is (Zank 2014)

d
=^ ^

^
( ) ( )

( )
( )∣∣

∣∣A k k g k
k

k
, , 32D 2D

where ^( )g k2D is a function of the perpendicular wave vector,
and d ( )∣∣k is the delta function of the parallel wave vector. We
prescribe the functions g2D and g slab as g=Ck−1 and
g=Dk−5/3 for the energy-containing and inertial range,
respectively. The parameters C and D are constants. From
Equations (1) and (2) we obtain

d
d

d
d

= -

= =

^

^

^

^

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )

( ) ( ) ( )

∣∣

∣∣

kP g k
k

k

k k

k

g k
k

k
i j x y

,

if , , , 4

ij ij
i j

ij

slab slab
2

slab

and Piz=0=Pzj (Zank 2014) for slab turbulence. The
variance of the magnetic field fluctuations for slab turbulence

2
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in the energy-containing range is then (Zank 2014)

ò ò ò

ò

d
q
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á ñ =

=

^

^
^ ^( ) ( )

( ) ( )

∣∣ ∣∣
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b g k
k

k
k d dk dk

g k dk

2 ,

4 , 5

slab
2

ER
slab

slab

with = -( )∣∣ ∣∣g k C kslab slab 1. Integrating Equation (5) from kinj to
-( )lb

slab 1 gives

º
á ñ

-( ) ( )
( )

C
b

log
. 6

l

k

ER
slab slab

2
ER

b

inj

slab 1

In Equation (6), kinj is a large-scale injection wave number and
lb

slab is the correlation length of the variance of the slab
magnetic field fluctuations. ER denotes the energy-containing
range.

Similarly, from Equations (1) and (3) we obtain the
correlation tensor for 2D turbulence (Zank 2014) as

d
d

=
- =

=

^
^
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and the variance of the magnetic field fluctuations as
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where J0(k⊥ r) is a Bessel function of zeroth order. We use the
limit k̂ r 0, which gives ^( )J k r 10 (Zank 2014). Again,
with =^ ^

-( )g k C k2D
ER
2D 1, and integrating Equation (8) from kinj

to -( )lb
2D 1 gives
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where lb
2D is the correlation length of the 2D magnetic field

fluctuations. On dividing Equation (6) by Equation (9), we
obtain

=
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In the limit k 0inj , (10) reduces to

~
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Equation (10) describes the ratio of the 2D and slab magnetic
energy densities associated with the energy-containing range.
On using this result, we derive the ratio of the 2D and slab
variances of the magnetic field fluctuations in the inertial range.
Let kb be the wave number that separates the energy-containing
range and the inertial range so that =- -∣ ∣Ck Dkk k

1 5 3
b b

, which

yields =D Ckb
2 3. Thus, the power spectrum in the inertial

range can be written as -Ck kb
2 3 5 3. Hence, ^

-( )C k kb
2D 2D 2 3 5 3

and -( ) ∣∣C k kb
slab slab 2 3 5 3 are the spectra in the inertial range for

2D and slab turbulence, respectively.
The variance of the slab magnetic field fluctuations in the

inertial range can be written as
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Suppose we consider the anisotropy in a wave number range
[ ]k k,1

slab
2
slab , where k1

slab and k2
slab are arbitrary wave numbers

such that < <k k kb
slab

1
slab

2
slab. We then obtain by integrating

the above equation from k1
slab to k2

slab,
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Here, = -( ) ( )∣∣ ∣∣g k C k kb
slab

ER
slab slab 2 3 5 3 is used. IR denotes the

inertial range. Similarly, the variance of the 2D magnetic field
fluctuations in the inertial range is
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Integrating the above equation from k1
2D to k2

2D, where
< <k k kb

2D
1
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2D, we obtain
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Here, =^ ^
-( ) ( )g k C k kb

2D 2D 2D 2 3 5 3 is used. Dividing
Equation (13) by Equation (12) gives the ratio of the variances
of the 2D and slab magnetic field fluctuations in a section of the
inertial range as
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Equations (10) and (14) yield the ratio of the variances of the
2D and slab magnetic field fluctuations in the inertial range,
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which in the limit k 0inj becomes
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We use Equation (15) to study the anisotropy of magnetic field
fluctuations in the inertial range. In Equation (15), the
turbulence parameters á ñB2D

2
ER, á ñbslab

2
ER, lb

slab, and lb
2D on

the right-hand side are associated with the energy-containing
range (Adhikari et al. 2017a, 2017b; Zank et al. 2017a). We use
kinj∼1.07×10−9 km−1 in Equation (15), which corresponds
to one solar rotation (∼27 days). Equation (16) provides an
asymptotic estimate of Equation (15).

3. Turbulence Model Equations

We solve the Zank et al. (2017a) coupled turbulence
transport model equations to obtain the values of the turbulence
parameters á ñB2D

2
ER, á ñbslab

2
ER, lb

slab, and lb
2D (see also Adhikari

et al. 2017a, 2017b). The 1D steady-state 2D turbulence
transport model equations in a spherical coordinate system r are
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where á ñ¥z 2 is the energy in forward/backward propagating
modes, ¥ED is the residual energy, ¥

L are correlation functions
corresponding to á ñ¥z 2 , and ¥LD the correlation function for

¥ED . The parameters Csh and Csh
ED are parametrized strengths of

the shear source of energy in forward (+) and backward modes
(−) and the residual energy (ED), respectively. Here, r0(=1 au)
is a reference location, ΔU is the difference between fast and
slow solar wind speed, and VA0 is the Alfvén velocity at 1 au.

Similarly, the 1D steady-state slab turbulence transport
model equations are
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where *á ñz 2 is the slab energy in forward/backward
propagating modes, *ED is the slab residual energy, *

L are
the correlation functions corresponding to *á ñz 2 , and *LD the
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correlation function for *ED. The parameters *C sh and *C sh
ED are

the strengths of the stream-shear source of slab turbulence. The
parameter L is the ionization cavity length scale, and fD is the
fraction of pickup ion (PUI) energy transferred into excited
waves (Isenberg 2005). The parameter ¥nH is the number
density of interstellar neutrals entering the heliosphere, tion

0 is
the neutral ionization time at 1 au, nsw

0 is the solar wind density
at 1 au, and 0<b<1 is a constant.

The 2D and slab variances of magnetic field fluctuations and
the corresponding correlation lengths are given by

* * * *
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where μ0 is the magnetic permeability of free space and ρ is the
solar wind density. In the above turbulence transport equations,
“¥” indicates 2D turbulence, and “*” indicates slab turbulence.

The turbulence transport Equations (17)–(24) are appropriate
to a β∼1 or =1 plasma. However, with the creation of PUIs
in the outer heliosphere, a naive estimate of the plasma beta
that includes the contribution of hot PUIs yields β∼4 (e.g.,
Zank et al. 1996b; Zank 1999). However, as discussed by Zank
et al. (2014) and Isenberg (1986), PUIs are not equilibrated
with the background, higher-density solar wind (PUIs are less
than 20% of the solar wind number density in the vicinity of
the heliospheric termination shock located at ∼85–90 au),
despite co-moving with the background flow. Consequently,
the Alfvén speed, for example, is determined primarily by the
background solar wind and the 2D turbulence is similarly
determined by the background solar wind magnetic field and
plasma. Incompressible turbulence (2D and slab) in the distant
solar wind, even in the presence of PUIs, is therefore
determined primarily by the incompressible background solar
wind plasma and not by the PUIs. The solar wind plasma beta
is =1 (Zank et al. 1996b; Zank 1999; Adhikari et al. 2017b)
when PUIs are excluded, making the NI MHD description in
the β∼1, =1 limit appropriate for the outer heliosphere. By
contrast, we note that the large pressure contribution by PUIs
not only modifies the propagation of compressible background
solar wind plasma waves but also introduces distinct
compressible PUI waves (Zank et al. 2014).

4. Results

In this section, we calculate the evolution of power
anisotropy in magnetic field fluctuations with increasing
heliocentric distance from 1 to 75 au using Equation (15) for
three cases: (i) no in situ sources of turbulence; (ii) stream-
shear sources of 2D and slab turbulence only; and (iii) a PUI
source of slab turbulence as well as the 2D and slab stream-
shear sources. To calculate the evolution of power anisotropy
for the three cases, we first solve the coupled turbulence
transport Equations (17)–(24) for each case from 1 to 75 au.
Then, we use Equation (25) to calculate the 2D and slab
variances of the magnetic field fluctuations and the corresp-
onding correlation lengths. These are used in Equation (15) to
calculate the power anisotropy in the magnetic field fluctua-
tions. In case (i), Equations (17)–(24) are solved without any
sources of turbulence. In case (ii), Equations (17)–(24) are
solved assuming stream-shear sources for the 2D and slab
turbulence. Similarly, in case (iii), Equations (17)–(24) are
solved assuming stream-shear sources of 2D and slab
turbulence, and a PUI source of slab turbulence. We solve
Equations (17)–(24) using a Runge–Kutta fourth-order method
with the boundary conditions shown in Table 1. Table 1 shows
the boundary values (1 au) of the turbulence parameters
assuming initial energy ratios of 80:20, 70:30, 60:40, and
55:45 between 2D and slab turbulence. Here, we solve
Equations (17)–(24) in each case for the boundary values
corresponding to the 80:20, 70:30, 60:40, and 55:45 energy
ratios. The solar wind parameters used in the numerical
solutions are shown in Table 2. Similarly, the strengths of the
stream-shear sources of 2D and slab turbulence and the PUI
source of slab turbulence used for cases (i), (ii), and (iii) are
shown in second, third, and fourth column of Table 3,
respectively.

Table 1
Boundary Values for the Cases of the 80:20, 70:30, 60:40, and 55:45 Energy Ratios between 2D and Slab Turbulence at 1 au (Adhikari et al. 2017a)

Parameters 80:20 70:30 60:40 55:45

á ñ¥+z 2 (km2 s−2) 1600 1400 1200 1100

á ñ¥-z 2 (km2 s−2) 160 140 120 110
¥ED (km2 s−2) −80 −70 −60 −55

¥
+L (km3 s−2) 2.95×109 2.58×109 2.21×109 2.03×109

¥
-L (km3 s−2) 2.65×108 2.32×108 1.99×108 1.82×108

¥LD (km3 s−2) −1.7×108 −1.49×108 −1.27×108 −1.16×108

*á ñ+z 2 (km2 s−2) 400 600 800 900

*á ñ-z 2 (km2 s−2) 40 60 80 90
*ED(km

2 s−2) −20 −30 −40 −45

*
+L (km3 s−2) 2.96×108 4.44×108 5.93×108 6.67×108

*
-L (km3 s−2) 1.66×108 2.49×108 3.33×108 3.75×108

*LD (km3 s−2) −4.25×107 −6.38×107 −8.5×107 −9.57×107

Table 2
Solar Wind Model Parameters Used in Solving Equations (17)–(24)

(Adhikari et al. 2017b)

Parameters Values Parameters Values

r0 1 au b 0.26
U 400 km s−1 tion

0 106 s

VA0 40 km s−1 nsw
0 5 cm−3

ΔU 200 km s−1 ¥nH 0.1 cm−3

L 8 au α 0.2
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Figure 1 shows the evolution of power anisotropy as a
function of heliocentric distance from 1 to 75 au in the absence
of a source of turbulence. In Figure 1, the solid curves
correspond to the power anisotropy in magnetic field fluctua-
tions in the inertial range, and the dashed curves to those in the
energy-containing range. The black, red, blue, and green curves
correspond to the initial 80:20, 70:30, 60:40, and 55:45 energy
ratios between 2D and slab turbulence in the energy-containing
range. Figure 1 shows that the evolution of the á ñ á ñB b2D

2
slab
2

ratio in the energy-containing range (dashed curves) for each
initial energy ratio exhibits similar characteristics between 1
and 75 au. The evolution of the á ñ á ñB b2D

2
slab
2 ratios in the

inertial range for each energy ratio also behave similarly from
1–75 au. However, not surprisingly, the anisotropy increases
with increasing ratio from 55:45 to 80:20 (green to black
curves). Figure 1 shows that the ratio á ñ á ñB b2D

2
slab
2 in the

energy-containing range in the absence of a source of
turbulence increases monotonically with increasing heliocentric
distance, whereas the ratio á ñ á ñB b2D

2
slab
2 in the inertial range

increases until ∼20 au, and then decreases.
Figure 2 shows the evolution of the power anisotropy in

magnetic field fluctuations as a function of heliocentric distance
in the presence of stream-shear sources of 2D and slab
turbulence. The ratio á ñ á ñB b2D

2
slab
2 in the energy-containing

range (dashed curves) exhibits similar trends for each of the
initial energy ratios, as does á ñ á ñB b2D

2
slab
2 in the inertial range

(solid curves). á ñ á ñB b2D
2

slab
2 in the energy-containing range

increases initially, followed by a slight decrease, and then
becomes approximately constant. Figure 2 shows that all the
solid curves tend to a value close to ∼5 at 75 au, i.e.,
independent of the initial energy ratio at 1 au.

Figure 3 shows the evolution of the ratio of the 2D and slab
magnetic field variances as a function of heliocentric distance
in the presence of stream-shear sources of 2D and slab
turbulence, and a PUI source of slab turbulence. The inclusion
of the PUI source of slab turbulence, leads to a decrease in the
ratio of the 2D and slab magnetic field variances in the energy-
containing and inertial range beyond ∼5–6 au. The decrease is
more rapid from ∼6 to ∼30 au and then more gradual until
75 au. The driving of turbulence by PUIs in the distant
heliosphere drives the ratio á ñ á ñB b2D

2
slab
2 for the inertial range to

a value of approximately 1, which indicates that the
fluctuations are almost isotropic.

Figure 4 shows the evolution of the power anisotropy in
magnetic field fluctuations for different choices in the strength
of the stream-shear sources of slab turbulence. Here, we fix the
strengths of the stream-shear source of 2D turbulence as

=C 0.9sh and = -C 0.5sh
ED , and the strength of the PUI source

of slab turbulence as fD=0.25. In Figure 4, we vary the

parameters for the stream-shear source of slab turbulence as
* =C 0.45sh and * = -C 0.25sh

ED (top panel); * =C 0.6sh and
* = -C 0.33sh

ED (middle panel); and * =C 0.9sh and
* = -C 0.5sh

ED (bottom panel), i.e., the stream-shear source of
slab turbulence increases. In Figure 4, the left column plots
correspond to stream-shear sources of 2D and slab turbulence
only, and the right column plots correspond to both stream-
shear sources of 2D and slab turbulence and the PUI source of
slab turbulence. Figure 4 shows that the ratio of the 2D and slab
variances of magnetic field fluctuations in the inertial and
energy-containing range decreases with increasing strength of
stream-shear source of slab turbulence, showing that a stronger
stream-shear source of slab turbulence reduces the anisotropy
in magnetic field fluctuations. Furthermore, Figure 4 (left
column) shows that the black curve (initial energy ratio 80:20)
has a positive trend with heliocentric distance, while the blue,
red, and green curves in the top and middle left panels show a
radial decrease from ∼10–20 to 75 au. In the bottom-left plot of

Table 3
Strengths of the Stream-shear Sources of 2D and Slab Turbulence, and the

Pickup Ion Source of Slab Turbulence (Adhikari et al. 2017b)

Parameters Case (i) Case (ii) Case (iii)
+Csh 0 0.9 0.9
-Csh 0 0.9 0.9

Csh
ED 0 −0.5 −0.5
*+Csh 0 0.3 0.3
*-Csh 0 0.3 0.3

*C sh
ED 0 −0.17 −0.17

fD 0 0 0.25

Figure 1. Evolution of the power anisotropy in magnetic field fluctuations as a
function of heliocentric distance for different energy ratios between 2D and
slab turbulence (case (i)). The solid curves correspond to the inertial range and
the dashed curves to the energy-containing range.

Figure 2. Evolution of the power anisotropy as a function of heliocentric
distance for different 2D and slab energy ratios (case (ii)). The solid and dashed
curves are as in Figure 1.
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Figure 4, the solid black and red curves show a positive trend
with heliocentric distance from ∼2 to 75 au. However, the blue
and green curves increase with distance from ∼2 to ∼10 au,
and then remain approximately constant until 75 au. In all
cases, PUI driven turbulence yields essentially almost isotropic
turbulence (á ñ á ñ ~B b 12D

2
slab
2 ). Of course, the eventual value of

the ratio in the inertial range in the left column depends on the
strength of the source term, but those values are essentially the
same at 75 au regardless of the initial energy-containing ratio at
1 au i.e., the eventual ratio á ñ á ñB b2D

2
slab
2 in the inertial range is

essentially the same despite the initial disparity of the ratio in
the energy-containing range.

5. Discussion and Conclusions

We studied the evolution of the power anisotropy in
magnetic field fluctuations theoretically throughout the
heliosphere for three cases: (i) no in situ sources of turbulence;
(ii) stream-shear sources of 2D and slab turbulence only; and
(iii) stream-shear sources of 2D and slab turbulence, and a PUI
source of slab turbulence. For this, we used the nearly
incompressible turbulence transport model equations of Zank
et al. (2017a). We calculated the ratio of the 2D and slab
magnetic field variances in the energy-containing and inertial
ranges. As the Zank et al. (2017a) turbulence transport model
equations are formulated in the energy-containing regime, the
ratio of the 2D and slab magnetic field variances á ñ á ñB b2D

2
slab
2

from the Zank et al. model provides the anisotropy in magnetic
field fluctuations in the energy-containing range only. To
compute the anisotropy in the inertial range, we exploited a
fundamental assumption in the transport models (Zank
et al. 1996a, 2012; Matthaeus et al. 1996), which is that the
turbulence is fully developed with a self-similar inertial range
that balances the rate of energy input to dissipation. This
assumption corresponds to assuming either a Kolmogorov or
an I-K inertial range spectrum. We then use a simple
dimensional argument to estimate the anisotropy in the inertial
range based on our computing the energy in the energy-
containing range, i.e., Equation (15). Equation (15) describes
the ratio of the variances of 2D and slab magnetic field
fluctuations in the inertial range as a function of the 2D and
slab fluctuating magnetic energy and corresponding correlation

lengths in the energy-containing range. Using Equation (15),
we calculated the evolution of the power anisotropy in
magnetic field fluctuations in the inertial range throughout
the heliosphere. We investigated the ratio of the 2D and slab
magnetic field variances assuming inner boundary (1 au) 2D
and slab energy ratios of 80:20, 70:30, 60:40, and 55:45, in the
energy-containing range.
To determine whether there was an increasing trend in the

evolution of the power anisotropy in magnetic field fluctuations
observationally, we used Ulysses measurements to estimate
á ñ á ñB b2D

2
slab
2 from 1.5 to 4.5 au. Figure 5 shows the radial

evolution of the power anisotropy observed in the outer
heliosphere by the Ulysses spacecraft. In Figure 5, P⊥ indicates
the power of the magnetic field fluctuations in the direction
perpendicular to the mean magnetic field, and ∣∣P the power in
the direction parallel to the mean magnetic field. Each point
refers to 30-day measurements acquired by Ulysses with a time
cadence of 1 s, during the years 1996–1997 over a heliocentric
distance from about 1.5 to 4.5 au. The power anisotropy here is
the ratio between the perpendicular and parallel power spectra
integrated over the frequency range 10−3

–10−2Hz. To derive
the perpendicular and parallel components of the magnetic field
fluctuations, the spectral matrix of the magnetic field vector is
first derived, by means of wavelet transforms, as a function of
time and scale. The angle distribution of the magnetic field
power spectrum in the interval θa<θVB<θb can then be
constructed by averaging, scale by scale, the power values at
those times for which the angle θVB between the local mean
magnetic field and the wind direction ranges between θa and θb
(Horbury et al. 2008). Finally, the parallel and perpendicular
spectra are derived by averaging the inferred angular distribu-
tion of the spectral matrix in the ranges 0°–30° and 60°–90°,
respectively. Although a more detailed observational study is
warranted, the preliminary results illustrated in Figure 5 show
that there is indeed an increasing trend in á ñ á ñB b2D

2
slab
2 with

increasing heliocentric distance, at least over part of the inertial
range. Future studies will focus as a detailed comparison of the
theory presented here and a suite of observations drawn from a
variety of spacecraft.
Both our theoretical and observational studies show that the

power anisotropy in magnetic field fluctuations in the energy-
containing and inertial range increase slightly from ∼1.5 to
∼5-8 au. In addition, the theoretical results show that the
anisotropies in the energy-containing and inertial range behave
differently for the three turbulence source cases. We summarize
our results for the three cases as follows:

(1) In the absence of in situ sources of turbulence, (i) the ratio
á ñ á ñB b2D

2
slab
2 in the energy-containing range exhibits a

similar increasing trend with heliocentric distance for
each energy ratio: (ii) the ratio in the inertial range also
shows similar trends for each energy ratio, where the ratio
increases until ∼20 au, and then decreases with increas-
ing heliocentric distance; and (iii) the evolving anisotropy
ratios in both the energy-containing and the inertial range
are ordered by the inner boundary ratios and the curves
track each other closely.

(2) When only a stream-shear source of turbulence is
included in both the 2D and slab descriptions, we find
(i) the ratios in the energy-containing and inertial ranges
exhibit similar trends with heliocentric distance; (ii) the
ratios in the energy-containing range increase initially,
and then remain approximately constant and ordered

Figure 3. Evolution of the power anisotropy as a function of heliocentric
distance for different energy ratios (case (iii)).
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beyond ∼2 au according to the assumed inner boundary
energy ratios; (iii) the ratio á ñ á ñB b2D

2
slab
2 in the inertial

range, black curve with initial energy ratio 80:20,
increases monotonically with heliocentric distance from
∼2 to 75 au for each strength of stream-shear sources of
2D and slab turbulence; (iv) the ratios á ñ á ñB b2D

2
slab
2 in the

inertial range for the red, blue, and green curves, i.e., with
initial energy ratios 70:30, 60:40, and 55:45, respectively,
slightly increase from ∼2 to ∼10–20 au, and then slowly

decrease with heliocentric distance for unequal stream-
shear sources of 2D and slab turbulence; and (v) in the
case of equal stream-shear sources of 2D and slab
turbulence, the ratios for the solid black and red curves,
i.e., with initial energy ratios 80:20 and 70:30, respec-
tively, increase monotonically with distance from ∼2 to
75 au. However, the ratios for the solid blue and green
curves, i.e., with initial energy ratios 60:40 and 55:45,
respectively, increase monotonically from ∼2 to ∼10 au,

Figure 4. Evolution of the power anisotropy as a function of heliocentric distance for different assumptions about the turbulence source terms. Top panel plots use
=C 0.9sh , = -C 0.5sh

ED , * =C 0.45sh , * = -C 0.25sh
ED , and =f 0.25;D middle panel plots use =C 0.9sh , = -C 0.5sh

ED , * =C 0.6sh , * = -C 0.33sh
ED , and fD=0.25;

and bottom panel plots use *= = C C 0.9sh sh , *= = -C C 0.5sh
E

sh
ED D , and fD=0.25. The left column corresponds to stream-shear sources of 2D and slab turbulence

only. The right column corresponds to both a pickup ion source and stream-shear sources.
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and then remain approximately constant until 75 au, and
(vi) the ratios in the energy-containing and inertial ranges
are small if stream-shear sources provide equal energy to
2D and slab turbulence, and are large if stream-shear
provides unequal energy to 2D and slab turbulence.

(3) For the fully driven turbulence case that includes driving
by both stream-shear and the creation of PUIs in the outer
heliosphere, we find (i) the ratios in the energy-containing
and inertial ranges exhibit similar trends throughout the
heliosphere; (ii) the ratios in the energy-containing range
increase initially, remain approximately constant, and
then decrease beyond ∼6–10 au in similar fashion
depending on the assumed inner boundary energy ratios;
(iii) the ratios in the inertial range increase initially,
decrease and then increase slightly from ∼2 to ∼5-8 au,
which then decrease more rapidly from ∼8–30 au, and
then more gradually until 75 au; and (iv) the ratios all
converge to approximately the same ∼1 value in the outer
heliosphere indicating that the fluctuations are almost
isotropic.

Our theoretical analysis predictes interesting and testable
properties about the anisotropy in magnetic field fluctuations
throughout the heliosphere. Ulysses measurements provide the
observed power anisotropy in between ∼1.5 to ∼4.5 au. We
suggest that an anisotropy in magnetic fluctuations exists
within ∼20 au, but the fluctuations in the outer heliosphere
revert to an almost isotropic state. We can use a similar
approach to study the anisotropy in solar wind velocity
fluctuations and the Elsässer energies, a topic that will be
addressed in subsequent work.
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