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Abstract:We are concerned with the following quasilinear elliptic equation

−∆u − ∆(u2)u = µ|u|q−2u + |u|2·2
*−2u, u ∈ H1

0(Ω), (QSE)

where Ω ⊂ RN is a bounded domain, N ≥ 3, qN < q < 2 ·2*, 2* = 2N/(N −2), qN = 4 for N ≥ 6 and qN = 2(N+2)
N−2

forN = 3, 4, 5, and µ is a positive constant. By employing theNeharimanifold and the Lusternik-Schnirelman
category theory, we prove that there exists µ* > 0 such that (QSE) admits at least catΩ(Ω) positive solutions
when µ ∈ (0, µ*).
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1 Introduction and main result

1.1 Background

Consider the following quasilinear elliptic equations of the form

i∂tz = −∆z +W(x)z − h(|z|2)z − κ∆(l(|z|2))l′(|z|2)z, x ∈ Ω, (1.1)

where κ ∈ R+, z : R × Ω → C,W : Ω → R is a given potential and l, h are real functions in R+. Of particular
interest are solitary wave solutions of (1.1), i.e., z(t, x) = exp(−iEt)u(x), where E ∈ R, u is a real function and
satis�es the stationary quasilinear elliptic equation

−∆u − κ∆l(u2)l′(u2)u + V(x)u = h(u), x ∈ Ω ⊂ RN . (1.2)

In particular, equation (1.2) is a special case of the following generalized quasilinear elliptic equations

−div(φ2(u)∇u) + φ(u)φ′(u)|∇u|2 + V(x)u = h(u), x ∈ Ω, (1.3)

if ones take
φ2(u) = 1 + ([l(u2)]′)2

2 κ.
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Equation (1.3) corresponds to a large number of elliptic equations which appear in mathematical physics. In
the literature, equation (1.3) has been derived as models of several physical phenomena corresponding to
various types of φ(s). If φ(s) ≡ const, equation (1.3) is reduced to

−∆u + V(x)u = h(u), x ∈ Ω,

which is the well-known elliptic equation in the quantummechanic and also arises in biological models and
propagation of laser beams(Ref. [21, 29]). If φ(s) =

√
1 + 2κs2, equation (1.3) can be rewritten as follows

−∆u − κ∆(u2)u + V(x)u = h(u), x ∈ Ω, (1.4)

which is called the super�uid �lm equation in plasma physics and �uid mechanics(Ref.[28, 30]). If φ2(s) =
1 + κs2

2(1+s2) , then one can get the following equation of the form

−∆u − κ[∆(
√
1 + u2)] u

2
√
1 + u2

+ V(x)u = h(u), x ∈ Ω, (1.5)

whichmodels the self-channeling of ahigh-powerultrashort laser inmatter(Ref. [30]). For the further physical
background, we refer the readers to [15, 31, 33, 41, 45] and the reference therein.

1.2 Motivation

In the last decades, quasilinear Schrödinger equations have received a considerable attention by numerous
researchers. To the best of our knowledge, the �rst existence results for quasilinear equations of the form of
(1.4) with κ ≠ 0 is due to [33, 41], in which, the main existence results are obtained, through a constrained
minimization argument. Actually, in these papers, they obtained solutions in HV of the problem with an
unknown Lagrange multiplier λ:

−∆u − 1
2∆(u

2)u + V(x)u = λ|u|p−1u, x ∈ RN .

Here HV :=
{
u ∈ H1(RN) :

∫
RN V(x)u

2 < ∞
}
. To investigate the case with any prescribed λ > 0 in the

variational setting, one can formulate this problem as follows: consider the formal energy functional

Ĵ(u) = 1
2

∫
RN

[
(1 + 2u2)|∇u|2 + V(x)u2

]
− λ
p + 1

∫
RN

|u|p+1.

However, Ĵ is not well de�ned in HV , except for N = 1. To overcome this di�culty, a change of variable
v = f −1(u)(see Section 2) was introduced in [31] and Ĵ can be rewritten in a new variable. Then this problem
was resolved in an associated Orlicz space. Subsequently, a simpler and shorter proof of some results in [31]
was given by M. Colin, L. Jeanjean [9]. Moreover, a dual approach was introduced in [9] so that problems of
the form (1.4) can be dealt with in H1(RN) instead of the Orlicz space.

Initiated by M. Colin, L. Jeanjean, the dual approach introduced in [9] has been one of main tools in
studying problem (1.4) by the variational approach and there have been the extensive results in the literature.
Byusing suchdual approach, J.M. doÓ,O.Miyagaki, S.M. Soares [12] consideredproblem (1.4) inR2 involving
a critical growth of the Trudinger-Moser type(for instance see [10]). By using the mountain pass theorem and
the concentration-compactness principle, a positive solution was obtained. For the semiclassical states of
quasilinear problems, E. Gloss [23] considered the following problem in the subcritical case

−ε2∆u − ε2∆(u2)u + V(x)u = h(u), x ∈ RN . (1.6)

Under some sort of Berestycki and Lions conditions as in [5], in the framework of J. Byeon and L. Jeanjean[6],
the author shows that (1.6) admits positive solutions. Moreover, there solutions exhibit a spike near local
minimal points of the potential well V as ε → 0. Later, through the same dual approach, Y. Wang and
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W. Zou [52] considered the semiclassical states of the critical quasilinear Schrödinger equations (1.6). By
the penalization argument by M. del Pino and P. Felmer[13], the authors proved the existence of positive
bound states which concentrate around a local minimum point of V as ε → 0. By the Nehari approach and
the dual approach above, X. He, A. Qian and W. Zou [25] considered the semiclassical ground states of the
critical quasilinear Schröinger equations (1.6). Moreover, the multiplicity was considered by the Ljusternik-
Schnirelmann theory as well. In this aspect, we also would like to cite [7, 16, 26, 37, 39, 49, 51]. For the
generalized quasilinear equation (1.3), by introducing a new variable replacement v = G(u) =

∫ u
0 φ(s) ds,

Y. Shen and Y. Wang [45] reduced (1.3) to a semi-linear elliptic equation

−∆v + V(x) G−1(v)
g(G−1(v)) =

h(G−1(v))
g(G−1(v)) .

By virtue of themountain pass theorem, positive solutionswere obtainedwhen the nonlinearity is subcritical.
Subsequently, by adopting the same change of variable, Y. Deng, S. Peng and S. Yan [15] investigated the
generalized quasilinear Schrödinger equations (1.3) involving critical growth. For more related results to
quasilinear problems (1.3), we refer the readers to [3, 24] for uniqueness of solutions, [48] for non-degeneracy
of solutions, [3, 35, 36, 38] for critical or supercritical exponent, [19, 42] for ground state solutions, [17, 20, 44]
for multiple solutions, [46] for quasilinear p-Laplacian problems, [47] for asymptotical problems and [2] for
the case κ < 0.

1.3 Our problem and main result

In the present paper, we mainly focus on the quasilinear elliptic equations with critical growth. Precisely, we
investigate the problem {

−∆u − ∆(u2)u = µ|u|q−2u + |u|2·2
*−2u in Ω,

u = 0 on ∂Ω,
(1.7)

where Ω ⊂ RN is a bounded domain, N ≥ 3 and 2* = 2N/(N −2). In [32], it turns out that p = 2 ·2* behaves as
a critical exponent for the quasilinear elliptic equations. So problem (1.7) can be regarded as the counterpart
of the Brézis-Nirenberg problem in the quasilinear case. The �rst celebrated work is due to H. Brézis and L.
Nirenberg [4]. They considered the well known Brézis-Nirenberg problem{

−∆u = µ|u|q−2u + |u|·2
*−2u in Ω,

u = 0 on ∂Ω.
(1.8)

In particular, they investigated the relation between the existence of positive solutions to (1.8) and µ, N, q.
Precisely, they shows that problem (1.8) is solvable for any q ∈ (2, 2*) and µ > 0 if N ≥ 4. In contrast,
in dimension 3, the situation is much delicate. They shows that if Ω ⊂ R3 is strictly starshaped about the
origin, problem (1.8) with q ∈ (2, 4] admits a positive solution if µ > 0 large and no positive solution if µ > 0
small. In [22], F. Gazzola and B. Ruf generalized some results in [4] to the semilinear critical elliptic problem
with a wide class of lower order terms −∆u = g(x, u)+ |u|2

*−2u in Ω ⊂ RN . In particular, when N = 3, a similar
hypothesis to [4] was imposed: there exists an open nonempty set Ω0 ⊂ Ω such that

lim
s→+∞

∫ s
0 g(x, τ) dτ

s4 = +∞, uniformly for x ∈ Ω0.

Since the pioneering work [4], there have been extensive works on semilinear elliptic equations with critical
exponent. Compared to the semilinear case, the quasilinear equation becomes more complicated. In [40],
a mountain-pass technique in a suitable Orlicz space is used to prove the existence of soliton solutions
to quasilinear Schrödinger equations involving critical exponent in RN . In [11], a positive solution was
obtained by using the concentration-compactness principle and the mountain pass theorem when h(u) in
(1.4) amounts to the sumof the two terms, |u|q−1u and |u|p−1u, oneofwhich is critical and theother subcritical.
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In [34], for a class of quasilinear Schrödinger equations with critical exponent, X. Liu, J. Liu, Z.-Q. Wang
established the existence of both one-sign and nodal ground states by the Nehari method. It is established in
[43] the existence of solutions for a class of asymptotically periodic quasilinear elliptic equations in RN with
critical growth. For h(u) = λ|u|q−2u + |u|2·2

*−2u, λ > 0, 4 < q < 2 · 2*. Y. Deng, S. Peng, J. Wang [14], they
proved the existence of the nodal solution for problem (1.4) by using Nehari technique. In [35], X. Liu, J. Liu,
Z.-Q. Wang considered a kind of more general quasilinear elliptic equations. Via a perturbationmethod, they
obtained positive solutions in the critical case.

In [1], C. O. Alves and Y. Deng considered the Brézis-Nirenberg problem involving the p-Laplacian
operator. They were concerned with the p-Laplacian problem

−div(|∇u|p−2∇u) = µ|u|q−2u + |u|p
*−2u, u = 0 in Ω ⊂ RN ,

where p* = pN/(N − p). Through the Lusternik-Schnirelman category theory, the authors obtained at least
catΩ(Ω) positive solutions for µ > 0 small and N ≥ p2. Motivated by [1], our main purpose of this paper is to
investigate the multiplicity of positive solutions to quasilinear problem (1.7). Precisely, our main result reads
as

Theorem 1.1. Let qN < q < 2 · 2*, where qN = 4 for N ≥ 6 and qN = 2(N+2)
N−2 for N = 3, 4, 5. Then there is µ* > 0

such that for each µ ∈ (0, µ*), problem (1.7) has at least catΩ(Ω) distinct solutions.

Remark 1.1. Here qN is only used to guarantee that the least energy cµ is below 1
2N S

N
2 (see Lemma 3.1 below

and also [35]). Obviously, qN > 4 if N ∈ {3, 4, 5}. However, if Ω is strictly star-shaped about the origin and
N ∈ {3, 4, 5}, problem (1.7) admits no solutions for some q ∈ (4, qN ]. To illustrate this di�erence between
N ≥ 6 and N ∈ {3, 4, 5}, in the following, assume by contradiction that for any µ > 0 small, uµ is a positive
solution of (1.7) in the case N = 3 and q = 6. Then by the change of variable(see Section 2), v = f −1(uµ) ∈ H1

0(Ω)
is a positive solution to −∆v = µf 5(v)f ′(v) + f 11(v)f ′(v) in Ω. By Lemma 2.1, one can get that if µ > 0 small
enough, for some C1 > 0(independent of v, µ), there holds that

−∆v ≥ µC1v5 in Ω. (1.9)

Similar as in Theorem 2.4 in [4], by the Pohozaev’s identity and Lemma 2.1, for some C2 > 0(independent of
v, µ), we have

µ
2

∫
Ω

f 6(v) ≥ 12

∫
∂Ω

(x · ν)(∂v∂ν )
2 ≥ C2

∫
Ω

|∆v|

2

.

By the maximum principle, v ≤ c| · |−1 * |∆v| in Ω, where c is an universal constant. Since the L3-weak norm

‖| · |−1‖L3w := sup
λ>0

λ
[
meas{x ∈ Ω : v(x) > λ}

]1/3 < ∞,

it follows from [8, Theorem 8.20] that for some C3 > 0(independent of v, µ),

‖v‖L3w ≤ c‖| · |
−1 * |∆v|‖L3w ≤ C3‖∆v‖L1 .

Thanks to Lemma 2.1-(3) and (7), f 6(t) ≤ 2t4 for any t and then µ
∫
Ω v

4 ≥ C4‖v‖2L3w , where C4 > 0 is independent

of v, µ. Using (1.9), we also have µ−1
∫
Ω v

4 ≥ C21C2‖v‖105 . By the interpolation inequality, ‖v‖44 ≤ K‖v‖
3
2
3,w‖v‖

5
2
5 ,

where K > 0(independent of v). Then

∫
Ω

v4 ≤ K

µC−14 ∫
Ω

v4
 3

4
µ−1C−21 C−12 ∫

Ω

v4
 1

4

= Kµ
1
2 C−

1
2

1 C−
1
4

2 C−
3
4

4

∫
Ω

v4,

which is a contradiction if µ < C1C
1
2
2 C

3
2
4 K

−2.
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1.4 Main di�culties

In the following, we summarize some di�culties caused by the quasilinear term ∆(u2)u and critical term
|u|2·2

*−2u in seeking solutions. Themain di�culties of the present paper are two-fold. First, due to the critical
growth, the compactness does not hold in general. We adopt the Brézis-Nirenberg argument as in [4](see also
[35]) to show that the least energy cµ is below 1

2N S
N
2 if q > qN , which yields the compactness. Second, the

term ∆(u2)u results in the lack of smoothness to the formal energy functional of problem (1.7) in H1
0(Ω). To

overcome the di�culty, we use the dual approach introduced in [9] through a change of variable. But, due to
the lack of homogeneity for the change of variable, the methods in [1] can not be applied in a direct way. So
more delicate analyses and new tricks are needed.

1.5 Outline of this paper

This paper is organized as follows. In Section 2, the variational setting is set up and some preliminaries are
given. Section 3 is devoted to proving Theorem 1.1 via the Nehari manifold and the Lusternik-Schnirelman
category theory.

Notation. C, C1, C2, . . . will denote di�erent positive constants whose exact value is inessential. |A| is the
Lebesgue measure of a measurable set A ⊂ RN . Bρ(y) := {x ∈ RN : |x − y| < ρ}. The usual norm in the
Lebesgue space Lp(Ω) is denoted by ‖u‖p. E denotes the Sobolev space H1

0(Ω) with the standard norm

‖u‖ :=

∫
Ω

|∇u|2
1/2

.

2 Preliminary results

2.1 The dual approach

In this sectionwe introduce a variational framework associatedwith problem (1.7). Formally (1.7) is the Euler-
Lagrange equation associated to the natural energy functional

Jµ(u) :=
1
2

∫
Ω

(1 + 2u2)|∇u|2 − µq

∫
Ω

|u|q − 1
2 · 2*

∫
Ω

|u|2·2
*
. (2.1)

However, it is not well de�ned in general in H1
0(Ω). To overcome the di�culty, we use an argument developed

in [9]. We make a change of variables v := f −1(u), where f is de�ned by

f ′(t) = 1
(1 + 2f 2(t))1/2

on [0, +∞) and f (t) = −f (−t) on (−∞, 0].

Let us collect some properties of f , which have been proved in [9, 52].

Lemma 2.1. The function f satis�es the following properties:

(1) f is uniquely de�ned, C∞ and invertible;
(2) |f ′(t)| ≤ 1 for all t ∈ R;
(3) |f (t)| ≤ |t| for all t ∈ R;
(4) f (t)/t → 1 as t → 0;
(5) f (t)/

√
t → 21/4 as t → +∞;

(6) f (t)/2 ≤ tf ′(t) ≤ f (t) for all t > 0;
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(7) |f (t)| ≤ 21/4|t|1/2 for all t ∈ R;
(8) |f (t)f ′(t)| < 1/

√
2 for all t ∈ R;

(9) the function f p(t)f ′(t)t−1 is increasing for p ≥ 3 and t > 0.

It is easy to see from the proofs in [52] that (9) is strictly increasing.
Therefore, after the change of variables, we consider the following functional

Iµ(v) :=
1
2

∫
Ω

|∇v|2 − µq

∫
Ω

f q(v+) − 1
2 · 2*

∫
Ω

f 2·2
*
(v+), (2.2)

which is well de�ned in E and belongs to C1. Moreover,

〈I′µ(v), w〉 =
∫
Ω

∇v∇w − µ
∫
Ω

f q−1(v+)f ′(v+)w −
∫
Ω

f 2·2
*−1(v+)f ′(v+)w (2.3)

for all v, w ∈ E and the critical points of I are the weak solutions of the Euler-Lagrange equation given by

−∆v = µf q−1(v+)f ′(v+) + f 2·2
*−1(v+)f ′(v+), v ∈ E.

Obviously, if v ∈ E is a positive critical point of the functional Iµ , then u = f (v) ∈ E is a solution of (1.7), see
[9].

2.2 Nehari manifold

Let
Mµ := {v ∈ E \ {0} : 〈I′µ(v), v〉 = 0} (2.4)

is the Nehari manifold and cµ := infMµ Iµ.
We denote by S the best Sobolev constant of the embedding H1

0(Ω) ↪→ L2
*
(Ω) given by S := inf{‖u‖2 :

u ∈ H1
0(Ω), |u|2* = 1}. It is known that S is independent of Ω and is never achieved except when Ω = RN (see

Proposition 1.43 in [50]).

Lemma 2.2. The Nehari manifoldMµ is a C1-manifold, and it is a natural constraint.

Proof. Let gs(u) =
∫
Ω f

s−1(u)f ′(u)u, where s ≥ 4. Then using Lemma 2.1-(6),(8) and f ′′(u) = −2f (u)(f ′(u))4,

〈g′s(u), u〉 =
∫
Ω

(s − 1)f s−2(u)(f ′(u))2u2 + f s−1(u)f ′′(u)u2 + f s−1(u)f ′(u)u

=
∫
Ω

(s − 1)f s−2(u)(f ′(u))2u2 − 2f s(u)(f ′(u))4u2 + f s−1(u)f ′(u)u

≥
∫
Ω

(s − 1)f s−2(u)(f ′(u))2u2 − f s−2(u)(f ′(u))2u2 + f s−1(u)f ′(u)u

=
∫
Ω

(s − 2)f s−2(u)(f ′(u))2u2 + f s−1(u)f ′(u)u

≥ s2

∫
Ω

f s−1(u)f ′(u)u.
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Let Jµ(u) =
∫
Ω |∇u|

2 dx − µgq(u+) − g2·2* (u+). For every u ∈Mµ, we have by Lemma 2.1-(6),

〈J′µ(u), u〉 = 2
∫
Ω

|∇u|2 dx − µ〈g′q(u+), u〉 − 〈g′2·2* (u
+), u〉

≤ 2
∫
Ω

|∇u|2 − qµ2

∫
Ω

f q−1(u+)f ′(u+)u+ − 2*
∫
Ω

f 2·2
*−1(u+)f ′(u+)u+

=
(
2 − q2

)∫
Ω

|∇u|2 +
(q
2 − 2

*
)∫
Ω

f 2·2
*−1(u+)f ′(u+)u+

≤
(
2 − q2

)∫
Ω

|∇u|2 +
(q
2 − 2

*
)∫
Ω

f 2·2
*
(u) < 0.

If uµ is a critical point of Iµ onMµ, there is θ ∈ R such that I′µ(uµ) = θJ′µ(uµ). Since 〈J′µ(uµ), uµ〉 < 0, we have
θ = 0. Hence I′µ(uµ) = 0 and thenMµ is a natural constraint.

For t > 0, let

h(t) := Iµ(tu) =
t2
2

∫
Ω

|∇u|2 − µq

∫
Ω

f q(tu+) − 1
2 · 2*

∫
Ω

f 2·2
*
(tu+).

Lemma 2.3.
(1)For every u+ ≠ 0 there is a unique tu > 0 such that h′(t) > 0 for 0 < t < tu and h′(t) < 0 for t > tu. Moreover,
tu ∈Mµ if and only if t = tu.
(2) There is ρ > 0 such that cµ = infMµ Iµ ≥ infSρ Iµ > 0, where Sρ := {u ∈ E : ‖u‖ = ρ}. Moreover, ‖u‖2 ≥ 2cµ
for all u ∈Mµ .

Proof. (1) By Lemma 2.1-(7), we get

h(t) ≥ t
2

2

∫
Ω

|∇u|2 − C1tq/2
∫
Ω

(u+)q/2 − C2t2
*
∫
Ω

(u+)2
*
.

It follows from q > 4 that h(t) > 0whenever t > 0 is small enough. According to Lemma 2.1-(5), h(t)→ −∞ as
t →∞. Then h(t) has a positive maximum. Note that h′(t) = 0 is equivalent to∫

Ω

|∇u|2 =
∫

u+= ̸0

[
µf q−1(tu+)f ′(tu+)

tu+ + f
2·2*−1(tu+)f ′(tu+)

tu+

]
(u+)2.

Using Lemma 2.1-(9), we �nish the proof.
(2) By Lemma 2.1-(7) and the Sobolev inequality, Iµ(u) ≥ 1

2‖u‖
2 −C1‖u‖q/2 −C2‖u‖2

*
. Then infSρ Iµ > 0 for

su�ciently small ρ. The �rst inequality follows, since for each u ∈ Mµ, there exists s > 0 such that su ∈ Sρ
and Iµ(tuu) ≥ Iµ(su). Hence cµ ≤ 1

2‖u‖
2 for every u ∈Mµ.

3 Proof of Theorem 1.1

3.1 Compactness

According to Lemma 2.3, it is standard to prove that the least energy value cµ has aminimax characterization
given by

cµ = inf
u∈E\{0}

sup
t≥0

Iµ(tu).
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For µ1 ≥ µ2 ≥ 0, Iµ1 (u) = Iµ2 (u)− µ1−µ2q
∫
Ω f

q(u+). Hencemaxt>0 Iµ1 (tu) ≤ maxt>0 Iµ2 (tu) and therefore cµ1 ≤ cµ2 .
Moreover, for every λ > 0, we have by Lemma 2.3-(2),

cµ ≥ inf
Sρ
Iµ ≥ inf

Sρ
Iλ > 0, for all µ ∈ [0, λ). (3.1)

Denote by IMµ the restriction of Iµ onMµ.

Lemma 3.1.
(1) Assume (un) ⊂ E satis�es that Iµ(un)→ c < 1

2N S
N
2 and I′µ(un)→ 0, then (un) has a convergent subsequence

for µ > 0.
(2) Assume (un) ⊂ Mµ satis�es that Iµ(un) → c < 1

2N S
N
2 and I′Mµ

(un) → 0, then (un) has a convergent
subsequence for µ > 0.

Proof. First, we have cµ < 1
2N S

N
2 for every µ > 0. Using the similar argument as Lemma 3.3 in [35], it is easy

to prove that. For the convenience of readers, we give the proof. Let uε = wεϕ, where ϕ is a smooth cut-o�
function such that ϕ(x) ≡ 1 in some neighborhood of 0 and wε(x) = (N(N−2)ε)

N−2
4

(ε+|x|2)
N−2
2

. Following [35], we have∫
Ω |∇u

2
ε |2 = S

N
2 + O(ε N−22 ),

∫
Ω |∇uε|

2 = O(ε N−24 | ln ε|),
∫
Ω |uε|

2·2* = S N
2 + O(ε N2 ) and

∫
Ω |uε|

q = O(ε N2 − 1
8 q(N−2)).

It is easy to see that there is ε0 > 0, 0 < T1 < T2 such that for ε ≤ ε0 the function t → Jµ(tuε) assumes the
maximum at some t0 ∈ [T1, T2]. Hence for q > qN ,

sup
t≥0

Jµ(tuε) =t40
∫
Ω

|∇u2ε |2 +
t20
2

∫
Ω

|∇uε|2 −
µtq0
q

∫
Ω

uqε −
t2·2

*

0
2 · 2*

∫
Ω

u2·2
*

ε

≤14 t
4
0S

N
2 − t2·2

*

0
2 · 2* S

N
2 + O(ε

N−2
4 | ln ε|) − Cε

N
2 −

1
8 q(N−2)

≤ 1
2N S

N
2 − Cε

N
2 −

1
8 q(N−2) < 1

2N S
N
2 .

Note that uε ∈ H1
0(Ω)∩L∞(Ω), thenwe have supt≥0 Iµ(f −1(tu0)) = supt≥0 Jµ(tu0). By [27], cµ is also amountain

pass level. So
cµ <

1
2N S

N
2 , for every µ > 0. (3.2)

(1) Using Lemma 2.1-(6), we have

C + C‖un‖ ≥ Iµ(un) −
2
q 〈I

′
µ(un), un〉

≥ (12 −
2
q )‖un‖

2 + (1q −
1

2 · 2* )
∫
Ω

f 2·2
*
(u+n)

≥ (12 −
2
q )‖un‖

2,

So (un) is bounded in E. Up to a subsequence, we can assume that un ⇀ u in E, un → u in Lr(Ω), 2 ≤ r < 2*,
un → u a.e. on RN . It is obvious that I′µ(u) = 0. Let vn := un − u. Following a similar argument as Lemma 4.1
in [18], we have Iµ(vn) = Iµ(un)− Iµ(u) + o(1), I′µ(vn) = I′µ(un)− I′µ(u) + o(1), where o(1)→ 0 as n →∞. Hence
Iµ(vn) ≤ c and I′µ(vn)→ 0. Since ‖v−n‖2 = 〈I′µ(vn), v−n〉 → 0, we may assume vn ≥ 0 and∫

Ω

|∇vn|2 → l,
∫
Ω

f 2·2
*−1(vn)f ′(vn)vn → l.

We claim that 2 2*−2
2
∫
Ω v

2*
n → l. In fact, since

f 2·2
*−1(t)f ′(t)
t2*−1

= f (t)√
1 + 2f 2(t)

·
[
f (t)√
t

]2·2*−2
→ 2

2*−2
2
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by Lemma 2.1-(5), we have for every ε > 0, there is R > 0 enough large such that∫
|vn|≤R

f 2·2
*−1(vn)f ′(vn)vn − 2

2*−2
2 v2

*

n ≤ C1
∫

|vn|≤R

v2
*

n

≤ C1R2
*−r

∫
|vn|≤R

vrn ≤ C2ε

and ∫
|vn|>R

(
f 2·2

*−1(vn)f ′(vn)vn
v2*n

− 2
2*−2
2

)
v2

*

n ≤ ε
∫

|vn|>R

v2
*

n ≤ C3ε.

By the Sobolev inequality,

2
2*−2
2

∫
Ω

v2
*

n ≤ 2
2*−2
2 S−

2*
2

∫
Ω

|∇vn|2
 2*

2

and so l ≤ 2 2*−2
2 S−

2*
2 l

2*
2 .

Either l = 0 or l ≥ 1
2 S

N
2 . If l = 0, the conclusion follows. Assume l ≥ 1

2 S
N
2 . It follows from Lemma 2.1-(6)

that
c ≥ 12 l −

1
2* l =

1
N l ≥

1
2N S

N
2 > c,

a contradiction.
(2) We take a similar argument as Lemma 4.2 in [1]. There exists a sequence (θn) ⊂ R such that I′µ(un) =

θnJ′µ(un) + o(1) (Jµ(u) is in Lemma 2.2). By Lemma 2.2, we have 〈J′µ(u), u〉 < 0 for all u ∈Mµ.
If 〈J′µ(un), un〉 → 0, we obtain by the proof of Lemma 2.2,

2
∫
Ω

|∇un|2 + o(1) = µ〈g′q(un), un〉 + 〈g′2·2* (un), un〉

≥ qµ2

∫
Ω

f q−1(un)f ′(un)un + 2*
∫
Ω

f 2·2
*−1(un)f ′(un)un .

Note that un ∈Mµ, then ∫
Ω

f q−1(un)f ′(un)un → 0 and
∫
Ω

f 2·2
*−1(un)f ′(un)un → 0,

and therefore ‖un‖ → 0, a contradiction to Lemma 2.3-(2).
Hence 〈J′µ(un), un〉 → d < 0. Then we get θn → 0 and I′µ(un) → 0. Using the �rst conclusion, this

completes the proof.

3.2 Asymptotic behavior of cµ

De�ne
c0 = inf

u∈E\{0}
sup
t≥0

I0(tu).

Lemma 3.2. c0 = 1
2N S

N
2 .
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Proof. Let ψ ∈ C∞0 (RN) be a standard cut-o� function satisfying ψ ≡ 1 on BRε (0) and ψ ≡ 0 on RN \ B2Rε (0)
with Rε = ε. Up to a translation, we may assume that B2Rε (0) ⊂ Ω and set uε(x) = ψwε(x), where

wε(x) = cN ε
N−2
4

(ε+|x|2)
N−2
2

, cN = (N(N − 2)) N−24 . It follows from [4] that

∫
Ω

|∇uε|2 = S
N
2 + O(ε

N−2
2 ) and

∫
Ω

|uε|2
*
= S

N
2 + O(ε

N
2 ).

Set vε = uε
|uε|2*

, then we have
∫
Ω |∇vε|

2 = S + O(ε N−22 ). Consider

I0(tvε) =
t2
2

∫
Ω

|∇vε|2 −
1
2*

∫
Ω

2
2*−2
2 (tvε)2

*
+ 1
2*

∫
Ω

2
2*−2
2 (tvε)2

*
− 1
2 f

2·2* (tvε).

Since limt→0 I0(tvε) = 0 and limt→∞ I0(tvε) = −∞ by Lemma 2.1-(5), we have 0 < t1 < t2 < ∞ such that
I0(tεvε) = maxt>0 I0(tvε), tε ∈ [t1, t2]. A direct calculation implies that

max
t>0

 t2
2

∫
Ω

|∇vε|2 −
1
2*

∫
Ω

2
2*−2
2 (tvε)2

*

 = 1
2N S

N
2 + O(ε

N−2
2 ).

For x ∈ BRε (0),

vε(x) ≥
C1ε

N−2
4

(ε + R2ε )
N−2
2
≥ C2
ε N−24

→∞, as ε → 0.

Note that 0 ≤ 2 2*−2
2 s2

*
− 1

2 f
2·2* (s)→ 0, as s →∞, by Lemma 2.1-(5),(7). So∫

BRε (0)

2
2*−2
2 (tvε)2

*
− 1
2 f

2·2* (tvε)→ 0, as ε → 0.

For x ∈ B2Rε (0) \ BRε (0), vε(x) ≤ C3wε(x) ≤
C4
ε
N−2
4

. So∫
B2Rε (0)\BRε (0)

∣∣∣∣2 2*−2
2 (tvε)2

*
− 1
2 f

2·2* (tvε)
∣∣∣∣

≤ C5
∫

B2Rε (0)\BRε (0)

|vε|2
*
≤ C7ε

N

ε N2
= C7ε

N
2 → 0.

Hence ∫
Ω

2
2*−2
2 (tvε)2

*
− 1
2 f

2·2* (tvε)→ 0, as ε → 0,

and therefore c0 ≤ 1
2N S

N
2 .

On the other hand, by the Ekeland variational principle, we can assume that (un) ⊂ M0 such that
I0(un)→ c0, I′0(un)→ 0. It is easy to prove that (un) is bounded in E. Similarly as Lemma 3.1, wemay assume
that un ≥ 0. Obviously f (un)

f ′(un) is bounded in E. Then〈
I′0(un),

f (un)
f ′(un)

〉
=
∫
Ω

[
1 + 2f 2(un)(f ′(un))2

]
|∇un|2 −

∫
Ω

f 2·2
*
(un)→ 0.

Wemay assume that ∫
Ω

[
1 + 2f 2(un)(f ′(un))2

]
|∇un|2 → l,

∫
Ω

f 2·2
*
(un)→ l.

We claim that l > 0. In fact, if l = 0, it follows from Lemma 2.1-(6) that
∫
Ω f

2·2*−1(un)f ′(un)(un)→ 0. Using
〈I′0(un), un〉 → 0, we have ‖un‖ → 0, a contradiction to Lemma 2.3-(2).
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We obtain by Lemma 2.1-(8),

S ≤
∫
Ω |∇

(
f 2(un)

)
|2(∫

Ω f 2·2
* (un)

) 2
2*
≤ l
l
2
2*

= l
2
N ,

and then

c0 =
1
2

∫
Ω

|∇un|2 −
1

2 · 2*

∫
Ω

f 2·2
*
(un) + o(1)

≥ 14

∫
Ω

[
1 + 2f 2(un)(f ′(un))2

]
|∇un|2 −

1
2 · 2*

∫
Ω

f 2·2
*
(un) + o(1)

= 1
2N S

N
2 + o(1),

where o(1)→ 0 as n →∞. The conclusion follows.

Lemma 3.3. cµn → c0 as µn → 0.

Proof. We know that cµn ≤ c0 for all n ∈ N. Without loss of generality, we may assume that (µn) is
nonincreasing. By Lemma 3.1 and (3.2), there exist nonnegative functions un ∈ E such that Iµn (un) = cµn
and I′µn (un) = 0. It is easy to obtain that (un) is bounded in E. Let tnun ∈M0. We have by Lemma 2.3,

c0 ≤ I0(tnun) = Iµn (tnun) +
µn
q

∫
Ω

f q(tnun) ≤ cµn +
µn
q

∫
Ω

f q(tnun). (3.3)

If tn →∞, using (3.1) and Lemma 2.1-(6),(7),

0 < 2 inf
Sρ
Iµ1 ≤

∫
Ω

|∇un|2 =
1
tn

∫
Ω

f 2·2
*−1(tnun)f ′(tnun)un ≤ Ct2

*−2
n

∫
Ω

|un|2
*
.

Hence
∫
Ω |un|

2* → 0. It follows from Lemma 2.1-(7) and the Hölder inequality that∫
Ω

f q(un) ≤ C
∫
Ω

|un|
q
2 ≤ C|un|

q
2 (1−λ)
2 · |un|

q
2 λ
2* → 0,

where λ ∈ (0, 1). Since 〈I′µn (un), un〉 = 0, we have by Lemma 2.1-(6),(7),∫
Ω

|∇un|2 = µn
∫
Ω

f q−1(un)f ′(un)un +
∫
Ω

f 2·2
*−1(un)f ′(un)un

≤ µn
∫
Ω

f q(un) + C
∫
Ω

|un|2
*
→ 0,

a contradiction. So (tn) is bounded and moreover by (3.3),

c0 ≤ lim inf
n→∞

cµn ≤ lim sup
n→∞

cµn ≤ c0.

3.3 The barycenter map

OnMµ, we de�ne the map

β(u) := 1
2 N

2−N S N
2

∫
Ω

(u+)2
*
x dx.
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Since Ω is a smooth bounded domain of RN , we choose r > 0 small enough that

Ω+
r := {x ∈ RN : dist(x, Ω) < r}

and
Ω−r := {x ∈ Ω : dist(x, ∂Ω) > r}

are homotopically equivalent to Ω. Moreover we can assume that Br := Br(0) ⊂ Ω.
Let H1

0,rad(Br) := {u ∈ H
1
0(Br) : u is radial} and

m(µ) := inf{Iµ,Br (u) : u ∈Mµ,Br},

where
Iµ,Br (u) :=

1
2

∫
Br

|∇u|2 − µq

∫
Br

f q(u+) − 1
2 · 2*

∫
Br

f 2·2
*
(u+)

and
Mµ,Br := {u ∈ H

1
0,rad(Br) \ {0} : 〈I

′
µ,Br (u), u〉 = 0}.

Obviously, m(µ) is nonincreasing in µ. From the above lemmas, it is easy to have

Lemma 3.4.
(1) Iµ,Br satis�es the (PS)c condition for all c ∈ (0, 1

2N S
N
2 ) on H1

0,rad(Br), and moreover,

m(µ) ∈ (0, 1
2N S

N
2 ) for µ > 0.

(2)

m(µ)→ 1
2N S

N
2 as µ → 0.

Let c0,RN := inf{I0,RN (u) : u ∈M0,RN}, where

I0,RN (u) :=
1
2

∫
RN

|∇u|2 − 1
2 · 2*

∫
RN

f 2·2
*
(u+)

and
M0,RN := {u ∈ H

1(RN) \ {0} : 〈I′0,RN (u), u〉 = 0}.

Taking the same argument as Proposition 1.43 in [50], we have c0 = c0,RN = 1
2N S

N
2 .

Lemma 3.5. There is µ* > 0 such that if µ ∈ (0, µ*) and u ∈Mµ with Iµ(u) ≤ m(µ), then β(u) ∈ Ω+
r .

Before proving Lemma 3.5, we start with the following lemma (see [50]).

Lemma 3.6. Let (un) ⊂ H1
0(Ω) be a nonnegative function sequence with |un|2* = 1 and ‖un‖2 → S. Then there

exists a sequence (yn , λn) ∈ RN × R+ such that vn(x) := λ
N−2
2
n un(λnx + yn) contains a convergent subsequence

denoted again by (vn) such that vn → v in D1,2(RN) with v(x) > 0 in RN . Moreover, we have λn → 0 and
yn → y ∈ Ω.

Proof of Lemma 3.5. Arguing by contradiction, if there exist µn → 0, (un) ⊂ Mµn and cµn ≤ Iµn (un) ≤ m(µn)
such that β(un) ∈ ̸ Ω+

r , then (un) is bounded. By Lemma 2.1-(6), we know C1, C2 > 0 such that, without loss of
generality,

0 < C1 ≤
∫
Ω

f 2·2
*−1(u+n)f ′(u+n)u+n ≤ C2 < ∞, for each n.
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Let g(t) = 〈I′0(tun), tun〉, t ≥ 0. Obviously, g(0) = 0, g(1) =
∫
Ω |∇un|

2 −
∫
Ω f

2·2*−1(u+n)f ′(u+n)u+n > 0 and
g(t) → −∞, as t → ∞. Using Lemma 2.1-(9), there is a unique tn > 1 such that g(tn) = 0, that is, tnun ∈ M0.
Since 〈I′µn (un), un〉 = 0 and 〈I′0(tnun), tnun〉 = 0, we know

1
tn

∫
Ω

f 2·2
*−1(tnu+n)f ′(tnu+n)u+n = µn

∫
Ω

f q−1(u+n)f ′(u+n)u+n +
∫
Ω

f 2·2
*−1(u+n)f ′(u+n)u+n .

Case 1. un ⇀ u = ̸ 0, as n → ∞. Then (tn) is bounded. Otherwise, if tn → ∞, we have by Lemma 2.1-(5) and
the Fatou’s Lemma,

lim inf
n→∞

1
tn

∫
Ω

f 2·2
*−1(tnu+n)f ′(tnu+n)u+n = +∞,

a contradiction. Assume tn → t0 ≥ 1, as n →∞, then we show t0 = 1.
If t0 > 1, then noting µn → 0, we get by Lemma 2.1-(9) and the Fatou’s Lemma,

0 = lim
n→∞

 1
tn

∫
Ω

f 2·2
*−1(tnu+n)f ′(tnu+n)u+n −

∫
Ω

f 2·2
*−1(u+n)f ′(u+n)u+n


≥

 1
t0

∫
Ω

f 2·2
*−1(t0u+)f ′(t0u+)u+ −

∫
Ω

f 2·2
*−1(u+)f ′(u+)u+

 > 0,

a contradiction.
Since Iµn (un) = c0 + o(1), then I0(tnun) = Iµn (tnun) + o(1) = c0 + o(1), where o(1) → 0, as n → ∞.

Moreover, I0,RN (tnun) = I0(tnun) → c0, as n → ∞, and tnun ∈ M0,RN . By the de�nition of c0, there exist λn
such that I′0,RN (tnun) + λnK

′(tnun) = o(1), where K(u) := 〈I′0,RN (u), u〉. Taking a similar argument as the proof
in Lemma 2.2, we have

〈K′(tnun), tnun〉 ≤ 2
∫
RN

t2n|∇un|2 − 2*
∫
RN

f 2·2
*−1(tnu+n)f ′(tnu+n)tnu+n

= (2 − 2*)
∫
RN

t2n|∇un|2 < 0,

then λn = o(1), that is, I′0,RN (tnun) = o(1). Hence I′0,RN (un) = o(1). It follows from the weak convergence that
I′0,RN (u) = 0, i.e.

−∆u = f 2·2
*−1(u+)f ′(u+)u+ inRN .

According to Proposition 1.43 in [50], we have u ≡ 0, a contradiction.
Case 2. un ⇀ 0, as n →∞. Using a similar argument as Lemmas 3.1 and 3.2 (note that cµn ≤ Iµn (un) ≤ m(µn)),
we have

Iµn (un) =
1
2

∫
Ω

|∇un|2 −
2 2*−2

2

2*

∫
Ω

(u+n)2
*
+ o(1) = 1

2N S
N
2 + o(1)

and ∫
Ω

|∇un|2 − 2
2*−2
2

∫
Ω

(u+n)2
*
= o(1).

Taking a similar argument as Lemma 3.3 in [1],

‖w+
n‖2* = 1 and ‖wn‖2 → S,

where wn := un/‖u+n‖2* . Then the function w̃n(x) := w+
n(x) satis�es

‖w̃n‖2* = 1 and ‖w̃n‖2 → S.
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By Lemma 3.6, there exists a sequence (yn , λn) ∈ RN × R+ such that vn(x) := λ
N−2
2
n w̃n(λnx + yn) converges

strongly to v ∈ D1,2(RN). Hence

β(un) =
1

2 N
2−N S N

2

∫
Ω

(u+n)2
*
x dx =

‖u+n‖2
*

2*

2 N
2−N S N

2

∫
Ω

(w̃n)2
*
x dx.

For φ ∈ C∞0 (RN)with φ(x) = x for all x ∈ Ω, it follows from the Lebesgue theorem and ‖u+n‖2
*

2* → 2 N
2−N S

N
2 that

β(un) =
‖u+n‖2

*

2*

2 N
2−N S N

2

∫
RN

φ(λnx + yn)v2
*

n dx → y ∈ Ω.

.

3.4 Proof of Theorem 1.1

Let Im(µ)µ := {u ∈ H1
0(Ω) : Iµ(u) ≤ m(µ)}. Using Lemma 3.4, we choose a nonnegative radial function

vµ ∈Mµ,Br such that Iµ(vµ) = Iµ,Br (vµ) = m(µ) and de�ne γ : Ω−r → Im(µ)µ by

γ(y) =
{
vµ(x − y), x ∈ Br(y),
0, x ∉ Br(y).

For each y ∈ Ω−r , we have

(β ◦ γ)(y) = 1
2 N

2−N S N
2

∫
Ω

vµ(x − y)2
*
x dx = 1

2 N
2−N S N

2

∫
Ω

vµ(z)2
*
(z + y) dz,

so
(β ◦ γ)(y) = 1

2 N
2−N S N

2

∫
Ω

vµ(z)2
*
y dz = α(µ)y,

where α(µ) = 1
2

N
2−N S

N
2

∫
Ω vµ(z)

2* dz. Taking the same argument in Lemma 3.5, we have the follow lemma (that

is, ‖vµ‖2
*

2* → 2 N
2−N S

N
2 ).

Lemma 3.7. If µ → 0, then α(µ)→ 1.

Consider the homotopy
ψµ(t, x) = (1 − t)x + tβ ◦ γ(x),

where t ∈ [0, 1] and x ∈ Ω−r . According to Lemma 3.7, it is easy to prove that, without loss of generality, there
exists µ* > 0 such that for µ ∈ (0, µ*)

ψµ(t, x) ∈ Ω+
r ,

for all x ∈ Ω−r and t ∈ [0, 1].

Lemma 3.8. If N ≥ 3 and µ ∈ (0, µ*) then catIm(µ)
Mµ

(Im(µ)
Mµ

) ≥ catΩ(Ω).

Proof. Assume that
Im(µ)
Mµ

= A1 ∪ · · · ∪ An ,

where Aj , j = 1, · · ·, n, is closed and contractible in Im(µ)
Mµ

, i.e. there is hj ∈ C([0, 1] × Aj , Im(µ)Mµ
) such that, for

every u, v ∈ Aj ,
hj(0, u) = u, hj(1, u) = hj(1, v).
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Consider Bj := γ−1(Aj), 1 ≤ j ≤ n. The sets Bj are closed and

Ω−r = B1 ∪ · · · ∪ Bn .

Using the deformation gj : [0, 1] × Bj → Ω+
r by

gj(t, x) =
{
ψµ(2t, x), 0 ≤ t ≤ 1

2 ,
β ◦ hj(2t − 1, γ(x)), 1

2 ≤ t ≤ 1,

the sets Bj are contractible in Ω+
r . It follows that

catΩ(Ω) = catΩ+
r
(Ω−r ) ≤ n.

Completion of Proof of Theorem 1.1. A standard argument as Proof of Theorem 1 in [1] (see also Theorem
5.26 in [50]) implies that Iµ has at least catΩ(Ω) critical points. The proof is complete. �
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