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Abstract

In this paper we study a semilinear elliptic equation in all IRN. This equation
depends on a parameter )\, and we obtain, for small A < 0, solutins which are
small in H*(IRY). In this sense we have solutions bifurcating from the origin
and, as the differential operator involved is the laplacian, we say that we have
solutions bifurcating from the bottom of the essential spectrum of the laplacian.
By a change of variables we transform the original bifurcation problem into a
perturbation one. We adopt a variational procedure, looking for critical points of
a suitable functional. We apply a recently developped reduction method, which
allows to reduce the original variational problem in H*(IRM) to a variational
problem in a finite-dimensional manifold, and then we solve this last problem. In
this way we are also able to manage the presence of critical nonlinearities, in the
sense of Sobolev embedding.
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1 Introduction and main results

We consider the following equation

{ —Ay =M @WP~g +b(2)lp1 My, zeRY, 1)

= a
11m|,,_,°°1/)(x) = 0

where N >1,1<p<g< {2 ifN>3(andg< +ooif N=1,2), p<1+4/N.
A is a negative parameter, and we look for families of solutions bifurcating from
the origin in H'(IR"), that is for couples (),%x) such that ¥, € HY(RY), v, is
a solution of (1) in the weak sense of H*(R"), A € ()o,0) for some )\ < 0 and
Yy —0in H 1(]RN ) as A = 0. Hence these families of solutions bifurcate not from
an eigenvalue but from a point of the essential spectrum of —A in IR"Y. This kind
of bifurcation has been studied in several recent papers, see for example [14], [15],
[16]. In this paper we continue the work initiated in (2] and [3], where problem (1)
was studied in the case N = 1, and in [9], where many results of [2] where extended
to any dimension N. In [2] and [9] it is assumed that the function a has, in some
sense, a positive limit A at infinity, and through a change of variables the equation
(1) is reduced to a perturbation problem (see below). The hypotheses used in [9]
are, roughly speaking, of two different kinds: it is assumed either that the function
a(z)— A is integrable and [~ (a(zx)— A)dz # 0, ot that it is asymptotic, at infinity,
to 1/|z|” with v €]0, N[. So two interesting limit cases are left out: the case in
which a(x)—A is integrable but [~ (a(z)—A)dz = 0, and the case in which a(z)—A
is asymptotic to 1/|z|V. In this paper we will see that also in these cases, adding
some more hypotheses, we obtain existence of solutions bifurcating from the origin
in H'(R"). Furthemore, in the case [~ (a(z) — A)dz = 0 we obtain bifurcation
of two families of solutions.

Now let us state precisely our results. For our first result (theorem 1.1 below)
we will use the following hypotheses. :

(h1) a is continuous and bounded.

(hz) There exists A > 0 such that the function z — (a(z) — A)|x| is in L!(IRY).
(hs) [gr~(a(z) — A)dz =0and [pn~(a(z) — A)zidx #0 for somei=1,...,N.
(h4) b is continuous and bounded.

(hs) be LT}%(]RN). If N > 22=% — 1 we also assume that there exists § € (1, 5[
such that b € LB(IRN), where

. N(p-1) . q—p
B = if N>2i-%_1,
(N+1)(p-1)-2(¢—p) p—1
B =400 if N=21"P _
p—1

For our next result (theorem 1.2 below) we will use the following hypotheses.
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(he) a is continuous.
(h7
(hs

(hg) b is continuous and bounded.

)
) There are A > 0, A; # 0 sucht that |z|V(a(z) — A) = A; as |z| — oco.
) The function a(z) — A — 'IT?:LI’V belongs to L1(RY).

)

(hio) b € Lﬁ%(IRN ) TN > 2%5‘13, we also assume that there exists 8 € [1, 8*]
such that b € L#(RY), where

Np-1)
Nip-1)-2(¢-p)

g =

‘We can now state our main results.

TheoremllAssume1<p<q< _2sz>3 and ¢ < +o0 if N = 1,2,
Assume p < 1+ %. Suppose that (hy),...,(hs) hold. Then (1) has two families of
solutions bifurcating from the origin in H 1(IRN ).

Theorem12Assumel<p<q< N5 sz>3 and g < +o00 if N = 1,2,
Assume p < 1+ #. Suppose that (he), ..., (hio) hold. Then (1) has a family of
solutions bifurcating from the origin in H'(RYN).

Remark 1.3 When p > 1+4/N, the families of solutions that we find still bifur-
cate from the origin in L®(IR"), but in H*(R") they can bifurcate from infinity
or can be bounded away both from zero and infinity.

To prove our results, we need a change of variables, which tranforms the original
problem in a perturbation one. Let us set u(z) = €2/ (1=P)y)(z/e), A = —€2, so that
equation (1) changes to

—Au+u = AlulP~tu+ (a(z/c) — AP u + 25 b(z/e) |ulT "y (2)

If u, € H(R") is a family of solutions of (2), bounded as &€ — 0, then ¥ (z) =
€2/(P—1y, (ex) is a family of solutions of (1) and ¥.(z) = 0 in H}(R"), as e — 0
(because p < 1+ 4/N). Hence, to find solutions of (1) bifurcating from the origin,
we will look for bounded families of H!-solutions of (2).

The paper is organized as follows: after the introduction (section 1) we give in
section 2 a brief sketch of the critical point theory for perturbed functionals that
we use to prove theorems 1.1 and 1.2. In section 3 we prove theorem 1.1 and in
section 4 we prove theorem 1.2.

Notations
We collect below a list of the main notation used throughout the paper.
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o By B(z,r) we mean the open ball in IRY of center z and radius r.

e z -y is the usual scalar product of z,y € RY.

e wy is the (N — 1)-surface area of the sphere §B(0,1).

e 2* = Ig—fz is the critical exponent for the Sobolev embedding, when N > 3.

o We will use C to denote any positive constant, that can change from line to line.

2 Abstract theory for perturbed functionals

In the proof of our results we use a variational method to study critical points of
perturbed functionals. The method has been developed in [4], [1] , [2] and then has
been applied to many different problems, see [5], (6], [7], [8], [12]. We do not repeat
here the main idea of the method. We just state the results that we need, referring
to the quoted papers, in particular to [4], [1] , [2], for the proofs. Let us consider
the Hilbert space E = H'(R") with norm |[u||?> = [z~ (|Vu|? +4?) dz and the
family of functionals

fo(w) = llull? = F(w) + Gle, ),

where

A
= —— p+1
F(u) 251 Jow |u|P* dz,

and G = G; + G5 where

_ [ F& In~(a(z/e) = A)luftlde it € #0,

G1(g,u) { 2 LTy
and -

Gg(E-, u) = :J—Tll 621’—1 f]RN b(a:/s)l‘u,|q+1dm if € ;é 0,

0 lf E = 0

We need the following properties:
(Go) G is continuous in (¢,u) € R x E and G(0,u) =0 for all u € E;
(G1) G is of class C? with respect to u € E.
(G2) The maps (g,u) — G'(e,u), (€,u) = G” (¢, u) are continuous.

If DF(u), D,G(e,u) are the first differentials of F' and G with respect to u, and
D?F(u), D?,G(e,u) are the second differentials and L(E, E) is the space of linear
endomorphism of E, we define by F’(u), respectively G’(e, u), the functions defined
by setting

(F'(u)lv) = DF(u)[v], VwvE€E,
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and, respectively,

(G'(g,u)|v) = DyG(e,u)[v], Vv€EE,
where (- |-) is the scalar product in E. Similarly, F"'(u), resp. G"(e,u), denotes the
maps in L(E, E) defined by

(F"(u)v|w) = D*F(u) v, w] (G" (e, u)v|w) = D2,G(e, u)[v, w].

Let us recall that the equation fg(u) = 0 is the following nonlinear equation

-Au+u = Ay, zeR",
RN 3)

uve H(RY).
It is well known (see [10], [11], [13]) that there exists a unique positive radial solution
z of (3), that z is strictly radial decreasing, has an exponential decay at infinity
together with its derivatives, and that fo possesses a N—dimensional manifold of
critical points

Z ={z(z)=2(z+6)|§ e RV }.

Of course zp = z. We make the following further assumptions on G.

(Gs) There exists a function ¢ : (—&o,€0) — IR, such that ¢(e) — 0 as € — 0, and
a continuous function I' : Z — IR such that, for all zg € Z,

Feo = g
and
G'(e,2) = o(le(e)|*/?).

With the same arguments of [2] (see also [1], [4]) we can prove the following
theorem.

Theorem 2.1 Suppose that (Go — G3) hold and assume there exist an open bounded
set U ¢ RYN and 0* € U such that, setting z* = z¢- € Z, we have

either gél{:}l‘(zg) >TI(z*), or Ioneagcl"(zo) < I(z%). (4)
Then, for € small, f. has a critical point u..

Notice that in [2] only the case U = B(6*,4) and ¢(e) = €* (a > 0) is treated,
but it is easy to see that the same arguments hold for general ¢ and U.

To apply teorem 2.1 we have to verify hypotheses (Go — G3). The verification
of (Go — G2) is the same as in [9], so we state this fact, without proof, in the
following lemma.

Lemma 2.2 Assume that f., F, G are defined as before. Assume that either
the hypotheses of theorem 1.1 or those of theorem 1.2 are satisfied. Then also
(Go), (Gl), (G2) are satisfied.

We are left with the verification of (Gs), and this will be done in the next two
sections.
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3 Proof of theorem 1.1

In this section we prove theorem 1.1. As we pointed out above, we only have to
verify that hypothesis (Gg) holds.

Lemma 3.1 Let us assume (hy),....(hs). Let us define y = (11,...,7n) € RY
by v = [gn(a(z) — A)zidz. Forf € RY we also define

1

r(6) = ~o71 VzP+1(9) - . (5)
Then
tim &52) _ rg) (6)
and
G'(e,20) = O(eF+1). (7)

Notice that in this case p(g) = eV *1.

Proof. The argument to prove (7) is the same as in [9] and we don’t repeat it here.
So let us prove (6). We will prove

Gi(e, 26)
0 eN+1L IN() (®)
. G2(6129)
I~ =0 ©)

which of course imply (6). Let us begin by proving (8). By the change of variables
y =z /¢ we have

- LA p+1
(p+1)G1(e, 29) /RN (a(e) A) 2Pz + 0)dx
= &N / (a(y) — 4) 27 (ey + 0)dy.
RN
By Lagrange’s theorem, we get

2P0 + ey) = 2PT1(0) + eV2PT (0 + hey) - v,
where h = h(y,0,¢) € [0,1]. Hence

~G+ DG = [ (al)- A2 Oy +

vt / (@(y) = AP+ (0 + hey) - ydy =
IR
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et Z/ (a(y) = A)D:2"* (6 + hey)yidy.

=1

As (a(y) — A)y; € L}(RY) and D;zP*! is bounded, by dominated convergence, we
obtain

/ (aly) — A) D326+ hey)y:dy — / (a(y) - A)Diz"* (O)yidy = DizP* ()i,
RN RN
hence

—(p+1)Gi(e, 2 N
0+ DGEH) L, 3 Dm0 = V50)

i=1

so (8) is proved. To prove (9), we distinguish two cases. Assume first N < 22=%—1.
In this case

1 2= T
~N-1 - _ 2 -N-1 hod q+1
€ Ga (e, 2g) q+1€ P _ /mNb(e)z (z + 0)dxz,

and this expression of course vanishes as € — 0, uniformly with respect to 8, because
the integral is bounded. Hence, let us assume N > 2;1,5113 — 1. We have

—N— 1 T
G 20 =~ g S [ (3) 7 e+ )] <

CesE-N-1 (/w |b(§) {ﬁdxyl; ( msz%l(xw)M)%—l <

1

B8
CEE-N-1+F (/ lb(y)l"dy) ,
mN

where § is given by (hs). This term goes to zero as, by (hs), 2;—’5}1-’ —-N-1+ % > 0.
[

We can then conclude the proof of theorem 1.1. We know that 2 is radial and
strictly radial decreasing. Hence we can write 2o(x) = 7(|z|) where n: Rt —» R*,
7'(r) < 0if r > 0, n'(0) = 0 and 7/(r) — 0 as r — oo. This implies that {(r) =
d np“'l(r) has a negative absolute minimum, that is, there are ro > 0 and mo < 0

stch that mo = ((ro) < ¢(r) <0 for all 7 > 0. It is V2P+1(0) = ¢(|6]) |9|0 hence

1

p+1
0)-v=- o

I(9) =

C(lel)l-o—lt‘? gl
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It is then easy to see that 6* = To]},—ﬂ is an absolute maximum point for I', and
—6* is an absolute minimum point. It is also possible to take R > 0 such that for
all 6 with |8 > R or |- 4| < £ we have |T'(9)| < 3|T'(6")| = 3|T(—6*)| (recall that
¢(r)/r is bounded in (0, +00)). Let us define

Uy={0cR"||§|<R,0-y>1/R}, U;={cR"||6/<R,0-yv<-1/R}.
It is then easy to see that
I'(¢*) > inf T(9), T(~6%) < sup I'(6).
6eln ocU;
We can then apply theorem 2.1. We obtain two families {(,ul)}, {(¢,u2)} of
solutions of (2) such that {ul} is a bounded set in H*(IR"). To be precise, we have

(see [2] and [9])

U (z) = 20(z + 6;) + w(e, 6;) (@)

where 6i € U; and w(e,8:) — 0 as € — 0. Hence §: — 6° € U;, as € — 0, so
ui(z) = zo(z + 6%) and 6* # 6%. This implies that u} # uZ, so the two families are
distinct (at least for small €’s) and they give rise to two distinct families of solutions
of (1) bifurcating from the origin.

4 Proof of theorem 1.2

To prove theorem 1.2 we have, as before, to prove only that hypothesis (Gs) holds.
Let us define () = eV |loge|.

Lemma 4.1 Let us assume (hg),....(hio). Define

1

re) = Y Ajwnz2(0). (10)
Then we have
G(e,20) _
e—IR) -—(EGT = 1"(0) (11)
and
G'(e, 20) = o(lp(e) V). (12)

Proof. The proof of (12) is the same as in [9], and we do not repeat it. To prove
(11), we prove the following two statements.

lim Gl(e) Zo)

=0 (p(e) = P(e) (13)
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G2 (E, Zg)
im ————=
=0 o(e)
Again, the proof of (14) is the same as in [9], so we only have to prove (13). For
this, let us write

=0. (14)

—(p+1)Gi(e, 20) /mN (a(z/e) — A) 22T (z + 0)dz (15)

/ (a(z/e) — A= A (1 + [z/e|V)7) 2Pt (z + )dz +
]RN
/ (Ar(1+ [2/elV)™Y) 2241 (z + 0)de.

]RN

By the change of variables y = z/e, and using the hypothesis a(z/e) — A — A;(1 +
|z/e|¥)~1 € LY(RYN), it is easy to get

/ (a(z/e) — A— A1(1 +|z/e|N)?) 2P+ (z + O)dz =
]RN
e” /]RN (a(y) = A— A1+ yV)™") 2P+ ey + O)dy =
eV _/mN (a(y) — A= A (1 +[y|")7") 2P (0)dy + o(e™) = o((e))-
Let us study the second integral on the right-hand side of (15). We have
[0+ o/l o o
]RN

1
— N p+1 0)d
€ /NEN+|$E|NZ (z + 6)dz

+o0 1
_ N p+1
= ¢ ————= 2P (2 + 6)do, | dp
/o l/?B(O,p) eN + |z|V )

+00 1 /‘
— N p+1
= € —— 22Tz + 0)do | dp
-/o eN + oV |Jop(o,0) *

n [T PN +1
= ¢ A 2P (py + 0)do, | dp.
/o eN + pN /33(0,1) ( Jdoy | dp

Here by do, or do, we mean the surface measures of dB(0, p) or B(0,1).
By an integration by parts, this is equal to
p=-+00
] - (16)

p=0

eN |:1—t,- log(p™ + €M) (/ 2P*1(9 -I—py)day)
lyl=1
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Ny [T N, _N
—1
€ /0 i og(p" +¢)

Let us now study these two terms. We know that, for some K, § > 0, it is 27*1(z) <
Ke~%2!. Hence we easily get

V2P0 + py) - yday) dp.
ly|=1

I / P19 + py)day’ < Kyje %7,
lyl=1

for suitable K7,4; > 0, independent from 6 when 6 is in a fixed bounded set. From
this we get easily

log(p™ + ") P10+ py)do, =0 as p— +oo,
lyl=1
and hence, for small ¢’s,

eN [% log(p™ + €M) (/Iy|=1 210 + py)day) l::oo] =

-V logs/ 1 (0)doy = eV| loge|zP T (O)wn = wnp(e)zPT(0).
lyl=1

We estimate the other integral in (16) in the following way: for small ¢’s,

- N/+°°llo oV + €M)
e | g leelp

+o0
N [ 1 oge¥ +e) ( [ et py)lday) dp <
0 ly|=1

V22 (6 + py) - yday) dpl <
lyl=1

+o00
g [ (loge™ + 1)+ og(p™)) ( /

This last integral converges, because the integrand function

. |V2P+1(6 + py)ldoy) dp.

f(o) = (log(p™ +1) + | log(p™)|) (/ . [V2P+1(6 + py)lday)

is continuous in (0, +00), in p = 0 is dominated by the integrable function | log(p)|
and has an exponential decay at infinity, uniformly in 6 when 0 is in a bounded set.
Hence we can write

eN/-H’Ollo (PN +¢eV)
A N gLo

Collecting all these results we obtain

< Ce™ = o(p(e)).

V2P (6 + py) - yday> dp

lyl=1
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Ga(e, z0) =T(9)p(e) + o((e)),

hence (11) is proved. Let us now prove (12). We give the arguments in the case
N > 3; the cases N = 1,2 are similar and in fact easier. We have

[|G1(e, 29)|| = sup |(G"1(E,zg)[v)|= sup / (a(z/e) — A)2P(z + O)vdz| <
[lv]I<1 RN

[lvl1<1
oup ([ late/e) - AR ls@ 4 o)p#as) T ([ pitnas) T <
lfoli<1 \Jm~ RN

c (/IRN la(z/¢) —A]Vzi'\%dzr:>%jl;_2 .

By hypothesis (h7) the function |a(y) — Alﬁ_ﬂ is asymptotic, at infinity, to the

functions |y|~ W_f so of course it belongs to L*(IRY). Hence, by the change of
variables z/e = y, we obtain

IG3(e,z0)l| < CeM/2

so (12) is proved. |

To conclude the proof of theorem 1.2 we notice that z(6) has a strict maximum
at 6 = 0, so the same holds for zP*(6). Hence we can apply theorem 2.1, taking
U = B(0,1) and 6* = 0. We obtain a family {u.} of solutions of (2), from which
we come back, in the usual way, to a family (A, ) of solutions of (1) bifurcating
from the origin.

Remark 4.2 Let us try to explain the meaning of hypothesis (hg). From (h7) we
deduce that g(z) = |z|V(a(z) — A) — A1 — 0 as |z| = co. We can write

A; _ g(:r:)
(@) = A~ = o
and
A _ 1 1 g9(z)
afe) — A= 7w =4 (mN 1+|x1N) eV

The function a(z) — A — T_‘_—’I‘;I—N is of course locally integrable, so hypothesis (hg)
deals with its behavior at infinity. It is obvious that I—leﬁ - T’-FTLT" is integrable at

infinity, so (hg) is equivalent to the hypothesis that %Tz‘e’ is integrable at infinity.
We know that g(z) — 0, so what we need is that g(z) decays fast enough at infinity:
for example if g(z) is asymptotic to 1/|z|*, for any o > 0, or to 1/(log|z|)*, for
any o > 1, then (hg) is satisfied, while it is not satisfied if g(z) is asymptotic to
1/log|z|-



272 M. Badiale

References

{1] A. Ambrosetti and M. Badiale, Homoclinics: Poincaré-Melnikov type results via a
variational approach, Annales L.H.P. - Analyse nonlin. 15 (1998), 233-252.

[2] A. Ambrosetti and M. Badiale, Variational perturbative methods and bifurcation of
bound states from the essential spectrum, Proc. Royal Soc. Edinburgh 128-A (1998),
1131-1161.

[3] A. Ambrosetti and M. Badiale, Remarks on bifurcation from the essential spectrum,
Topics in Nonlinear Analysis, J. Escher e G.Simonett eds., PNLDE 35, Birkhuser
1999, 1-11.

[4] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear
Schrodinger equations, Archive Rat. Mech. Anal. 140 (1997), 285-300.

[5] A. Ambrosetti, J. Garcia Azorero and I. Peral, Perturbation of Au+uN+2/(N-2) — o,
the scalar curvature problem in RN and related topics, J. Funct. Analysis 165 (1999),
117-149.

[6] A. Ambrosetti, J. Garcia Azorero and I. Peral, Remarks on a class of semilinear
elliptic equations on RY , via perturbation methods, Advanced Nonlinear Studies 1
(2001).

[7] A. Ambrosetti, A. Malchiodi and W.M. Ni, Solutions concentrating on spheres to
symmetric singularly perturbed problems, C.R.A.S. 335 (2002), 145-150.

[8] A. Ambrosetti, A. Malchiodi and S. Secchi, Multiplicity results for some nonlinear
Schrédinger equations with potentials, Arch. Rat. Mech. Anal. 159 (2001), 253-271.

[9] M. Badiale and A. Pomponio, Bifurcation results for semilinear elliptic problems in
RY, Preprint.
[10] H. Berestycki and P.L. Lions, Nonlinear scalar field equations I, Ezistence of a ground
state, Archive Rat. Mech. Anal. 82 (1983), 313-345.

[11] H. Berestycki and P.L. Lions, Nonlinear scalar field equations II, Ezistence of infinitely
many solutions, Archive Rat. Mech. Anal. 82 (1983), 347-375.

[12] M. Berti and P. Bolle, Homoclinics and chaotic behavior for perturbed second order
systems, Ann. Mat. Pura ed Appl. 158 (1999), 323-378.

[13] M.K. Kwong, Uniqueness of positive solutions of Au — u + uP = 0 in R™, Archive
Rat. Mech. Anal. 105 (1989), 243-266.

[14] C. Stuart, Bifurcation in LP(R") for a semilinear elliptic equation, Proc. London
Math. Soc. 57 (1988), 511-541.

[15] C. Stuart, Bifurcation from the essential spectrum for some non-compact non-
linearities, Math. Meth. in Appl. Sciences 11 (1989), 525-542.

[16] C. Stuart, Bifurcation into spectral gaps, Supplement to the Bull. Belgian Math. Soc.
November 1995.



