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1. Introduction

In [2] and [4] A. Bove, D.S. Tartakoff and M. Christ have proved that certain models of “sum of squares” operators of real
vector fields with analytic coefficients have a Gevrey hypoellipticity threshold better than that one would have expected.
In [2] moreover a detailed Gevrey partial regularity is obtained showing that the Gevrey regularity in some directions is
better than in other directions.

More precisely in [2] the Oleinik-Radkevi¢ operator, [8], is studied:

P = th + tz(”_l)D? + t2(q_1)D§,
where p < q and p,q € N. It is proved that P is G¥P-hypoelliptic and moreover that if u solves the problem Pu= f, f is

analytic, then u € GG0-51:52) where sg > 1 — % —+ %, s;>1and s, > %; their result is sharp.

In this paper we present a regularity result which concerns a more general class of Oleinik-Radkevi¢ type of operators
generalizing the result in [2] and [4]. Let us consider the “sum of squares” operator

n n
L(t,X; Dy, Dx) =y X3(t,x, D¢, Dy) = D7 + »_*""V D}, (11)
j=0 j=1
on £2, open neighborhood of the origin in R"*!, where the rj's are positive integers such that ry <ry <--- <.
By Hormander’s theorem [7] it is well known that these operators are C°-hypoelliptic. The classical results of Derridj

and Zuily [5] and Rothschild and Stein [9] prove that for the operator L we have the following sub-elliptic a priori estimate
with loss of 2(1 — 1/r,) derivatives. We state it in the quadratic form version:
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n
2 2 2
lullf ), + > IXjul® < C(|(Lu, )| + llul)?). (12)
j=0
Here Xo = D¢, Xj = trf*lD,-, Il - IIs denotes the HS Sobolev norm and || - || = | - |lo denotes the L? norm on a fixed open

set £2.

The results in [9] and [5] are actually applicable in a more general setting: for any operator being a sum of squares
of real vector fields we have that if the fields and their brackets of length at most r span the tangent space then the
sub-elliptic estimate with loss of 2(1 — 1/r) derivatives holds. Moreover the results obtained by Derridj and Zuily [5] say
that the operator is hypoelliptic in all Gevrey classes G° with s >r.

To understand in a clearer way the analytic (or Gevrey) hypoellipticity of sums of squares, F. Treves in [12] introduced
the concept of Poisson stratification for such an operator.

We recall, without giving a definition, the main properties of the Poisson-Treves stratification for a “sum of squares”:

Theorem 1.1. ([12], see also [3].) Let P be the operator P(x; D) = Z'{ XJZ. (x; D), Xj(x; D) vector fields with real analytic coefficients

on an open neighborhood of the origin in R". Let X;(x, &) be the symbol of the vector field X ;. Let X = Char(P) be the characteristic
set of P that is

T ={x & eT*R"\{0}: Xj(x,§)=0Vje{l,....k}}.
Then there is a stratification of X such that
1. Each stratum is a real analytic manifold.

2. The symplectic form o has constant rank on each stratum.
3. There is a sequence of integers, V1 < V2 < --- < Vp_1 < Vp =T (r denotes the maximum length of the Lie brackets involved in the

Hérmander condition), and real analytic relatively open connected disjoint manifolds (strata) X, ;,1=1,...,1}, j < p. Here the
index | counts the connected components at level v;. Moreover, all the Poisson brackets of the vector fields of length v; vanish on
2y, 1=1,...,1j, but there is at least one bracket of length v, which is non-identically zero.

The length of a Poisson bracket of vector fields is just the number of vector fields forming the bracket; for example X j(x, &) is a bracket
of length one while { X1, {X1, X2}}(x, €) is a bracket of length three.

Fore more details on the subject we refer to the papers [13] where it was first introduced and [3] for a different,
constructive definition.
We recall the definition of depth of a point in X':

Definition 1.1. (See [1].) Let p € X' be a characteristic point. Let v, be the smallest number such that there is a bracket of
length v, which is non-zero at p. We define v, to be the depth of the point p and if p € £/, where X’ denotes a stratum
in the stratification, v, will also be called the depth of the stratum X’.

We remark that the depth of a point is less or equal than the maximum length of the Lie brackets needed to generate
the tangent space.
In the case of the operator L we have

Y =CharL={(t,x 7,&) € T*"R"\ {0}: t =0, T =0}
and the related stratification is given by

Zro1x={t,x7,6) e T*R™\{0): t=0, =0, & =0},
Sro1a={tx 7,6 e TR™\{0): t=0, =0, & =0, & =0},

S e={t.x 1.5 e TR\ (0): t=0, 1=0, & =---=£_1=0, § 20,

Sra1a={t.x T e T'R™I\(0): t=0, T=0, §1 = =§-1=0, & 20},
= {0}

n
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We recall the result in [1]:

Theorem 1.2. (See[1].) Let P be a “sum of squares” operator. Let (xo, £0) be a point in the characteristic set X of P and vy, ) its depth.
Denote by £2 a neighborhood of (xo, &). Then P is Gevrey-vx, &,) microlocally hypoelliptic at (xg, &o) i.e. ifWFV(xO.sO) (PuyNn=9o

then (xo,§0) ¢ WFy, ., ().

Here u € 2'(U), U is open subset in R", and W Fs(u) is the Gevrey-s wave front set of the distribution u.

In accordance with the above theorem we have that at the point p; = (0,0, 0, e;), with depth Vp; =Tj, the operator L is
Gevrey-r; microlocally hypoelliptic at p; i.e. pj ¢ W Fy, (u).

In virtue of the above results the operator L is G -hypoelliptic.

The non-isotropic Gevrey classes are defined as follows:

Definition 1.2. A smooth function f(xg, X1, ...,Xn) belongs to the Gevrey space G(@o-21.-@) at the point xo provided that
there exists a neighborhood, U, of xo and a constant Cy such that for all multi-indices g

Dl <cf*lp inu,

where B1% = o0 g1 191 ... B, 1%
Our result can be stated as follows:

Theorem 1.3. The operator L in (1.1) is G™/™ -hypoelliptic and not better. More precisely we have that if u solves the equation Lu = f
and f is analytic then if pj € Xy, 1 then pj ¢ W Fyr, (1) and moreover u € G (0:51,--50) ywhere
mrj—1)
=
mr—1)+rj—n

So=T17, sj=Bj withj=1,...,n;

where r* = sup;{1 — % + %’} in particular s1 > 1 and s, > 1y /11.

Remark 1.1. The result stated above can be extended to the operators

v
L(t,x; Dy, Dx) = Df + ) *7 DAY
j=1
nj
j=nj-1 ‘

- < ny; in this case the points (0,0;0,e;) with nj_1 + 1< j<nj; are not in the %—Gevrey wave front set of u and

u € GGo:S1.Sn) where sy > r* and Sj = (rn(rj—1))/(ra(r1 — 1) +r; —r1). This situation does not present additional difficulties
compared to that we are going to handle.

where r; are positive integers such that r{ <r; <--- <1y, and Ap; = > D? with ng=1,n,=n+1 and ng <nq <

This is the plan of the paper: we will study the direction ¢ and x; using the same technique in [2], while the microlocal
regularity will be obtained using the FBI technique (Fourier-Bros-lagolnitzer (FBI) transform) and the microlocal version of
the Rothschild-Stein estimate (1.2) obtained in [1]; for the sharpness of the result we will follow the ideas in [8] and [2].

We point out here that the Gevrey regularity r,/ry is optimal, as is shown in the final section of the paper. We are also
able to prove that the partial regularity w.r.t. t and x, are also optimal. We have no claim of optimality for s;, 1< j<n—1.

2. Microlocal regularity

We investigate the microlocal regularity of the operator L related with the Poisson-Treves stratification of X = Char(L)
introduced above. The primary tools will be the Fourier-Bros-lagolnitzer (FBI) transform (for more details on this we refer
to [11,10,6]) and the microlocal version of the sub-elliptic a priori estimate obtained in [1] via FBI. We recall some basic
definitions and results which will be useful for our purpose, see [11,6,1].

We consider the FBI transformation with the classical phase function

Tu(z,)) = / e 3 (20— @07y ¢ x) dt dx,

where A>> 1, z= (z0,2') € C1*", (¢, x) e R'" and u is a compactly supported distribution.

Let us denote by £2 an open neighborhood of the point z2° = 7 o H7(z%, ¢%) in C"t1; 7 denotes the space projection
7:CMH1 % C"! — 1 and Hy denotes the complex canonical transform associated to T. Let ¢ be the weight function
corresponding to the classical FBI transformation:
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@o(z2)=— sup Im —i((zo -0+ (7 - x)z).
(t,x)cRn+1 2

Hr maps T*R™! into Ay, = {(z, 39;¢0(2))}. If we denote by L our operator after the FBI we have that Ljs, = L. We
recall briefly the characterization of the s-Gevrey wave front set in the FBI setting, see [11]: a point (xg, &) € U, U open
subset of T*R"1\ {0}, does not belong to W Fs(u) if and only if exists a neighborhood £2 of xg — i&y in C"*! and positive
constants C; and Cy such that

1
lemP@Tu(z, 1) < Cre™**/

for every z € 2.
Since in the following we will work on the FBI side we will continue to denote with L the operator after the FBI
transform. We recall the following result:

Theorem 2.1. (See [1].) Let P be a “sum of squares” operator after the FBI transform and v the depth of the point (xo, &) € Char(P).
Let £21 € £2, £2 is a neighborhood of the point xo — i&p. Then

k
R ulZ, + [ XCul < C(PPu,u), + 2% U2, ov0,). 21)
j=1

where « is a positive integer.
Here P¥ is the $2-realization of the operator, for more details see [6], and

_ 2 _
||u||éO=/e 200@ |y (2)|" dz A dz.
2

In the special case of the operator L, (1.1), if we take pj € Zr;—1, we can choose without loss of generality p; =
(0,0,0,¢j), j =2, then we have that the depth of p; is r; and applying the above theorem we have

n
22 ull?, + Z”xj?u”io < C((1%u,u), + 2l o, (2.2)
j=0

where £2 is a neighborhood of the point 0 —iej, £21 € £2 and L? is the £2-realization of the operator L.
We perturb canonically ¢g using an analytic function r(z, ¢, ») and solve, for small positive s, the Hamilton-Jacobi prob-
lem

0 20
22,2 =r(252Ls.2.0,0).
as i 0z
©(0,z,1) = @o(2).
Since R2™D and Ay, are isomorphic it is easier to construct the function r in R2™*D near the characteristic point

10_) € ETJ'—]-
We choose

n j—1 n
rex T, ) =T+ 4 Y E+E -1 Y A+ K
=1 i=1 i=j
I#j
where 6; = % We remark that r(0,0,0,e;,1) =0 and T\ Ay \l(iej,—e))} is strictly positive.
We write Ay, = exp(isH;)(Ag,). Our purpose is to use the estimate (2.2) with the new weight function ¢;. Consider the
restriction to Ay, of the symbol of L, denoted by L°. We have

n n 2
L=L+sY Xj{r. Xj}+5Y (. X;)> + O(s°A 7).
j=0 j=0

We want to estimate

||{r,X,~}9u||ZS withi=0,...,n.
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We have
[Xo.rt.x, T, 6. 0} ={t.rt,x. 7,6, 1)} =2r;t I = ag(t, £)X;,
(Xirt.x, T, 6.0} ={" g rt,x. 1,6, 0 = =2(r; — DO 25T + 2270 Ty
=mi(t, %, §)Xo +a@r ™% =1, -1,
and
(Xiore.x, 1,6, 0} = {7 &, 16, x, T, 6,0} = =201 — D257 + 201
=ayi(t,x,6)Xo +a3i(x,6)Xi, i=j,...,n.
The choice of 6; allows us to take advantage of the inequality
2 2
2(1—-6;) £2(r;—1) i 2.2(rj—1) _ 4 7; 22
A t KA AT =0T 4 aé)a Xj‘
In view of the above inequality and of Proposition (1.3) in [6] we have
2 2 2 . . :
[ir Xy ully, S IXGully, + X7 uly, +22 ulg,. i=1...5-1,
and
2 2 2 .
Jir X0 ul2, < |X§ulZ + |XRul%. i=i.....n
Rewriting (2.2) with the new weight @
n
2/Fi 19112 2,112 Q 2
A2l + Y IXPul < (L u), + 22Nl ovq,)-
j=0

We can conclude that there are a neighborhood £2¢ of 0+ iej, a positive number § and a positive integer « such that, for
every 21 € §2; € 2 C £2¢, there exists a constant C > 0 such that, for 0 < s < §, we have

R ullgy 00 < C([L%u[y, g, + 2% U llgy2\2,)- (23)

We now prove that if Lu is analytic in p; then the point p; does not belong to W Fy,r, (u).

Since Lu is real analytic the first term in (2.3) can be estimated by Ce=*/C for a positive constant C.
On the other hand we have

@¥s.522

— Se(2.2% 2
¢s(2) = ¢o(2) + 2r(z, e (0,z),k> + O(s%).

Hence

j—1 n
¢5(2) — po(2) ~s<2r9f|z,-|2 + ) 1zl + 1zl + 1zj - i|2>.

i=1 i=j+1

Since on 2\ 2, r> B+ > 27%B; we have

¢s(2)12\2, = Yo(2) + S(ﬂ + Zkf@iﬂi)
The second term on the right hand side of (2.3) can be estimated by

_ _ 1-6; c.
lull, g, <€ *TOTEHTGE),

From (2.3) and the above argument we have
lull3, o, <eT*OO-TATIGE),
Let £23 be a sufficient small neighborhood of the point 0+ iej, then for a fixed positive s we obtain
~  _1-0
ulZ, 0, < Cse™ .

where

r ri—
1—O:inf{l—91,...,1—91_1}:inf{—1,...,]—]},
j JjTj
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that is

_E)Lrl/rj

,
lull?, o, < Cse

Proposition 2.1. The operator L in (1.1) is :—{-Gevrey hypoelliptic microlocally at the stratum Xy, _1, i.e. the point pj € Xr;_1 is not in
the %-Gevrey wave front set of u.

3. Partial regularity

To study the partial regularity of the solutions we estimate the high order derivatives of the solutions in L? norm.
As a matter of fact we estimate a suitable localization of a high derivative using (1.2). Actually we estimate (p(t,x)D‘]?‘u,
j=1,...,n,and ¢(t, x)Dfu. For t # 0 the operator L is elliptic and we shall not examine this region, elliptic operators are
Gevrey hypoelliptic in any class G° for s > 1.

3.1. Direction D1

Let ¢(t,x) be a localizing function of Ehrenpreis—-Hormander type: for any £2; and $2, with £2; compactly contained
in £, there exists a constant C and a family of functions {¢n} € C5°(£2) such that ¢ =1 on £ for every m and such
that for |a| < 2r;m we have |D%@p| < C**1ml®l. We may assume that ¢ is independent of the variable t since every
t-derivative landing on ¢ would leave a cut-off function supported where t is bounded away from zero, where the operator
is elliptic. Let ¢ be a cut-off function of the type described above. We replace u by ¢(x)Dfu in (1.2). We have

n
lepsul?, +> I XjeD%ul? < C(|jLoDfu. ¢Dgul| + |oD%ul). G1)
j=0

The scalar product in the right hand side leads to

n n n
@D Lu, DY)+ 3 ([X7, 9D Ju, oDu) =2 ([X;, ¢DY]u, XjDYu)+ ) ([[X;, 9DT]. X;]u, oD u)
j=1 j=1 j=1

+ (@D Lu, DY u). (3.2)

The last term is trivial to estimate since Lu is analytic; we may assume, without loss of generality, that it is zero. For
every j, 1 < j<n, we have

{[Xj. @D Ju. Xj@DSu)| = (7~ ¢V DYu, X DY )]
< |71 D1V D% . XD ) + (e ¢ DY, XDl
We use Cauchy-Schwartz on the first scalar product and repeat the procedure on the second:
_ 1 ., _
(5. 9D¥Ju XjeDgu) < o Xag VDYl + | XjgDul + (€970} u. XD )
+ (e 9B DY 2u, X o DY u)).
The latter can be handled as before with a constant Cy:
_ 1 _ 1
(5.5 XDl < €130 DFMul” + XD ul + Call X9 ® D52 [ XD u

+ ("1 T3 DY2u, XjpD%ul|.
Iterating we obtain

- 1
(0008 xpp0tu) < Y-l O08~ul + £ | xyp0tul}
=1

.12 1 2
+Carn 6@ 0ul + | Xl
a+1
Recalling that the constants C; are arbitrary we make the choice C; = €~12¢, for a suitable fixed positive €, we may

absorb each second term in the above two lines on the left hand side of (3.1). Choosing ¢ = ¢m, with m ~ &, we have
Cat1llp@Vu|l < C**la!. Finally to estimate the terms Cy[X1¢© D% ‘u||?, we observe that for each of them there has
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been a shift of one or more x;-derivatives from u to ¢, but that they have the same form as ||X1¢D‘1"u||2. We have to
estimate the sum

o o
_ —0. 2 _ 1.2 _ e 12
Y e 2t X1 ODY U = e 2 X1¢ VDY " + ) e 7128 | X196 DY u||” (3.3)
=1 =2
We use the Rothschild-Stein sub-elliptic estimate replacing u with go(”D‘f_lu on the first term; repeating the above proce-
dure we have
. 2 € 2
1) pa—1 —15¢ 4+1) pa—£-1 () pa—1
1008 ] < Yl 2000yl + £ x,0005
=1
modulo terms which give analytic growth or which have the form [([[X;, D% '], X;lu, VDY~ 'u)|, we observe that
for each of them there has been a shift of one xi-derivative from u to ¢, but that they have the same form as

{[[Xj, ¢D{], Xjlu, 9 DYu)| in (3.2), for the discussion of these terms see in the continuation of the proof. As above we
may absorb the second term in the left hand side of the estimate. Therefore we have to estimate the sum

i 1 <1 n l)ze HX1¢“)D“—4u||2 _ 1(1 n 1)22 ||X1¢>(2)D“‘2u”2 n i 1 <1 + 1>2e ”X](p(i)Da—zu”Z
e € 1 € € 1 e € 1 ‘
Repeating the above process p times we have

o o p—1
—19¢ © po—t, |12 1 1 ¢ © no—t,, 12

€ 27X D < -1+ - 27X D
e 2 gl <3 (14 5) 2 xieng
=1 {=p
modulo terms which can be absorbed on the left side or which give analytic growth or which have the form
|([[(Xj,)go(“D‘{“£], Xjlu, gz)“)D‘l’“Zu)L 1< €< p—1, we remark that they have the same form as [([[Xj, D], Xjlu, ¢ DYu)]|
in (3.2).

Keeping on with the same procedure, after o — 1 iterates, we obtain a term of the form

1

1 a—1 )
g(l—i—E) 2| X1 9@ u%.

Choosing ¢ = ¢y, with m ~ o we have € *(1 + €)%~ 12| X;0@u| < ¥l
To conclude this part of the estimate we thus need to bound the term with the double commutator.
We turn our attention to the second sum on the right hand side of (3.2). For every j we have

([[X;. eDT]. XjJu. @DYu)| = |(*"~ D@ DYu. o DYu)|

< |<trjle1(p(2)D(l¥—1u, tr171D1(pD?_1u)| + |(trf71 D](p(Z)Dgx_]u, trjflga(])D?—luH
+ |<trj—1(p(3)Dtlelu’ trj—lDlgDDgl—lu” + |<tri_l(p(3)D?71u, trj—l(p(l)D(ly*lu”

=+ 1+ 13+ 14.

We study each single term. Term I;:

2
I < ZH %XM(Z)D‘{‘_]L( + %”mX](pD‘f_]qu.

We have introduced the “weight” m to balance the number of x;-derivatives on u with the number of derivatives on ¢;
In other words we take the factor m like a derivative on ¢ and m~1¢p® as ¢, Hence the terms on the right hand side
have the same form as ||X1(pD‘1"u||2.

The term I5:

I =t ' D@ DY u, "7 M DY )|
<l Xip D7l + L g Dg T+ 160D 2u, 171Dy )
1

<< Y€ Xae DS u|? 4 e X1 VDS T u* + e o P
j=1

The above sum can be handled with the same process used to estimate the sum (3.3).
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The term I3:

1= (77205, D
2 1 2 a=2, |12 ? 2
+ = lmexipnsul + ¢, |

+ (77 W DY 2u, 17 D1 DY 2|

1 3) pa—1 1 3) pa—2
<G WXN/)( 'DY 1y Ex1<p< )DY~%u

+ Clz HmX1(p(1)D‘1”_2u

2 a—1
<< ch %Xlw(k-&-Z)Dtl)hku + Z Cl ||m2X1<p(’<‘”D‘]"_(k+”u||2
k=1 =1 1
a 2
k=1

Choosing ¢ = ¢m, with m ~ a, we have |1 1p@+tDy, ti~1D1@@ Du)| < C**la!. To estimate the terms in the sums, we
observe that with the help of the weight m we have essentially, on each of them, shifted one or more x;-derivatives from u
to ¢, but that they have the same form as ||X1¢D‘1”u||2.

The term I4:

Iy = [t '@ DY u, 7MW DY )|
< |77 D19 DY 2u, 17 D1 M DY 2u)| + | D19 DY 2u, 77 D1V DY )|
+ (7 W DY U, 7 D1 D DY 2w + | oW DY Pu, £ @ DY 2.
Iterating we obtain

Iy < Z|<trj—1Dl(p(k+2)Dtle(k+1)u’ trj—lD](p(k>D<le(l<+l)u>| + Z|(trj—1¢(1<+2)D<;t7(k+1)u’ trj—l(p(k+1)D<le(k+l)u>|

k=1 k=1
+ Z|(trj—1¢(k+3)Dtlx—(k+1)u7 trj—lDl(p(k)Dt]X—(kH)uH + |<trj—1(p(a+2)u’ trj—l(p(a)u>|.
k=1

Observing that the terms in the first sum have the same form as I, the terms in the second sum have the same form
as I, and those in the third sum have the same form as I3 we can handle each of them as above. Finally, the last term, for
@ = @ with m ~ o can be estimated by C*+1a!.

Using the estimate (1.2) with u replaced by m’(go(f)D‘lx_(”k)u or mkUtK DI Ty and applying recursively the same
strategy followed above we are able to shift all free derivatives on ¢. Hence we have

n
leDul,,, + > I X;0D5ul* < c*'me.
j=0

Choosing ¢ = ¢, with m ~ o, we have the analytic growth in the direction x;.
3.2. Direction Dy,

Let ¢(x) be a cut-off function of Ehrenpreis-Hormander type described above. We replace u by ¢ D%u in (1.2). We have

n
loDul},,, + 2| XiwDiul’ < C(|{LoDfu. oDfu)| + |@Dful?). (34)
j=0

The scalar product in the right hand side leads to
n n
2> (X,[X;. oD Ju. @DFu) + Y ([X;. [X;. 9D ]|u. 9 D¥u) + (9D Lu, 9 D¥u).
j=2 j=2

The last term has a trivial estimate since Lu is analytic. For the sake of simplicity we assume that it is zero. In the case
j=n we have

(X;[X;, @Dy Ju, D)+ ([X;, [X;, 9 D& ]]u, o Difu)

<Clen M pul® + % | Xn@D%u|)? + (20" Dp® D&u, o D%u).
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Thus

Jevo gl = oD Dfl

<C HXngD(l)Dzlqu”Z + Cl]”trn—l(p(Z)ngu”z <o

S
<O g D5 ul* + & e Dy su (35)

k=1

Choosing s + 1 =« we have

|61t D=5 = 1 D] <[ 1 Xoul.

We obtain analytic growth choosing ¢ = ¢, with m ~ «. We further observe that the terms in the sum have the same form
as ||X,190Dﬁu||2 where one or more x,-derivatives have been shifted from u to ¢. In addition, we have

(2= De@ Dy pDYu) < 2||mX,1(,0Dg_]u||2 + H %anp(z)D%‘lu ’ + ||xn<p“)D%‘lu||2 + ||tr"_](0(2)Dﬁ_1u||2

2
+ ZH %trn_l(pG)Dg_]u + ”mtrn—lq)(])Dﬁl—]u HZ

The role of the weight m—a derivative on ¢—allows us to estimate the last three terms as well the ﬁrst three as in (3.5)
i.e. like terms of the type || X, D ~'u||? for which we use estimate (3.4) with u replaced by ¢ Dy, mkeW DI or
m~ kUt pY=J Therefore we can conclude that these terms will give an analytic growth.

The case 1< j <n— 1. We have
065, DT D) = [V D, Xy D)
<aifle oW pgul® + & xp05ul’
and
(X5, [ 0D Tl D] = |20 D, D)

2
<| 2o tem0gu] + e gl

The last term in the first inequality will be absorbed on the right hand side of (3.4), if Cl’l is chosen small enough.
Since the first term does not have sufficient powers of t to take maximal advantage of the a priori estimate (1.2), we will
use the sub-ellipticity. We will analyze in detail the first term in the first inequality. The same strategy can be used to
analyze the terms on the right hand side of the second inequality. We work with the elliptic pseudo-differential operator A,
whose symbol is (1 + |£;]%)1/2. We write

-1 _1
e A A e LT
where
1 1 1
o am] =2 g Pn(e™)ag, (4™).

k>1
Remark that the bracket has a whole asymptotic expansion in decreasing powers of A and increasing number of derivatives

k-1
on ¢. The second term will produce terms of the form (k!)~! Htrf‘l(p(k“)Dz T u||%/rn which can be handled as the first

1
a1
term. To estimate the first term we use the sub-elliptic estimate (1.2) replacing u with t"i=1p®MD, ™ u. We have

_1 _1
”l"’j—l(p(l)Dg n u”f/rn +Z||X,trj—1¢(1)pg n u“z
1>0

r—1,MWp® Ty ri-1M p® Fe1 (1) n® i 12
<2 |(xi[X. i eW]Dy M u. i WDy |+ [T UDy
I>0
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O{fl o{—l a,l 2
+Z|([le[Xlstrj_1§0(1)]]Dn rnu7trj—1¢(1)Dn rnu>|+||trj—1¢(1)Dn rnLu”
1>0
_ -t - a—g 12
<20rj = V{729, " Xot' 1<p<1>Dn ™)+ [t DD, ™ul
_1
+ (1= D= 2)|e (”D ,xorff—%p(”D“ ")l

1
+222| r}+r, (Z)D . X[trj_190(1)Dn >| + ||tr1 (1)D Iy ”2
>1

+ Z’(trjfuszl)w(a)[)z—% ) trf’lgo(])D,?_%)]
11

1 _1
<20 = D[t 2e0Dy " P+ = D=2 |90, |

+20 ) [¢ 2@ Dy i
>1

|+ - Htr’Hf’Z(pG)Dg_% I”+ mHtrﬂrrrz(p(UD:‘% 2

modulo terms which can be absorbed on the left or which give analytic growth. The only way to handle the first term on
the right is to capitalize on sub-ellipticity again. We have

_1 _2
Htrj (1)D n u||2 o ||trj—2¢(1)DZ n ””?/r,,

modulo terms involving the bracket of A1/ with ¢ Iterating the above strategy at the k-th step we obtain a term of the
a_ ke Tj

form [|ti—k+DpMpy u||1/r When k=r; — 1 we have H(p(l)D i u||1/r Iterating this cycle s times we obtain, if we

focus our analysis only on the field Xj, j fixed, a term of the form

2

J
cle®bn " ul},

(3.6)

Using up all x,-derivatives we estimate the left hand side of (3.4) with CC¥m®(/"), choosing ¢ = ¢m with m ~ « we have

a growth corresponding to G'/7i. More in general we obtain terms of the type [@¥'D; LAty /m,, ull},,. =2 p and

using all x,-derivatives we can estimate the left hand side of (3.4) with a term of the type C¥*t1m®(n/m) 1, = infi{rg,}, that
is we have %—Gevrey growth. We can conclude that these terms give a growth corresponding to G° where s = sup j{:—’jf} = ;—’;

a—l P
On the other side we have to estimate terms of the form ||t"it1=29@ D, ™u|> and m~1||t"it1—2® D, ™u|?. If
rj+1—2>r —1 we take maximal advantage of the a priori estimate reducing o by one and obtaining terms of the

J 11
type [ Xt H1==1p@ D" Ty 2 and m— 1| Xt =193 DY y||2 on which we use the estimate (1.2) replacing u
-1 -1
by 7+ lo@pr "y and by ¢t -T=1p®3 DY Ty restarting the cycle. If rji+r—2<r,—1 we use the sub-
ellipticity, as we did above. Iterating these processes many times, removing powers of t with D, and taking profit from the
sub-ellipticity, we obtain terms of the form

,kHth](rl _)—cn(r—1)—p (C+k)Da O H2

%
where ¢ =3 c;. We remark that the quantity c,/r, in the exponent of D, is due to the fact that when we take maximal
advantage of the a priori estimate (1.2) reducing by one the number of x,-derivatives we do not take profit from the
sub-ellipticity, hence we must add it. We remark that in the particular case in which ¢; =0, c=cj=sand p=s(rj—1)—1
we have (3.6).

Iterating the procedure until all the x,-derivatives are used up, we come to estimate the left hand side of (3.4) with
terms of the form

Cam—k|(p(c+k) | ”tZ Cj(rlj—l)—cn(rn—U—Pu ”2

where 0 < > ¢;j(r,—1) = Ca(rn —1) =p <rp —1 and & — ¢y — % - % =0.
We obtained that

n
loDgulls,,, + X[ Xj@Dul® < c§mt + c5 s
j=0
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where ¢ denotes the maximum constant. Since 0 < ch(rlj_1) chn(m—1)—p<r,—1and p>1 we have that ¢ < (x
and we can conclude that

n
Hgngu”f/rn + ZHXj(ng‘UHZ < CcotlmH
=0

Choosing ¢ with m ~a we have a growth corresponding to G»/™ in the direction x;.
3.3. The direction Dy, 2 <k<n-—1

Let ¢(x) be a cut-off function of Ehrenpreis-Hérmander type described above. With k fixed, 2 <k <n — 1, we replace u
by @(x)D2*u in (1.2). We write

n
lenul?, + 3" [xseD3u] < C(|{LyDiu. oDul| + [¢DFul?). 37)
j=0
Without loss of generality we may consider an even number of free derivatives. We stress that if u is a solution of the

problem Lu = 0 then Dyu is again solution of the same problem, since Dy and L commute.
The scalar product in the right hand side leads to

k—1 k—1
23 (Xj[Xj. oD |u. pD%u +2Z Xj[Xj. oDp*Ju, @Dp%u) + Y ([X;. [Xj. ¢ Dp*]u, o Dzu)
j=1 j=k j=1

n
+ D ([ [Xj, 9D ]Ju, 9 DR u) + {9 D3 Lu, 9 DY u).
j=k

The last term has a trivial estimate since Lu is analytic. We assume that it is zero.
For the terms with j >k, that is when r;j > ry, we have

) 2 1 2
(Xj[X;. oD Ju, DEu) < C e oD D" + < X D[
While the last term is absorbed on the right hand side of (3.7), for the first we have

2
” ter(p(l)D,%“u ”2 < H ﬁxkgo(l)Diau + ”4mxk§0(1)Dia_2u ”2 + H ﬁxkgpﬁ) Did—zu ”2 + ||trj+1(p(3) Diot—2u ”2

With s steps we get

”tr,ﬂ (1)D2au” <CZ”(2m) 1y ¢(21+1)D2a 2, Z|2mx ¢(21+1)D2a 20+1),, “
I=1 1 1
+ Hterrl(p(25+l)Dia—Zsu”2.

We observe that the terms in the sums have the same form as ||X,<¢D£”u|\2. We use the a priori estimate (1.2) where u

is replaced by (2m)~'@@*+DD2* "%y and by 2m<p<2‘+1>Dﬁa_2(s+”u to restart the process. For 25+ 1 =2a — 1 the last term
can be estimated by

||tl’j+l(p(25+1)Di0l—25u”2 < 4_mz|

Choosing ¢ with m ~ « the last two terms give analytic growth.
On the other hand we have

| Xep®*~V D2u ||2 +Clp@® |2 + C(2m)? |p2eD |2.

{[X). [Xj. DR [Ju. @D u)| = [(*" 7V DEu, o Du)
< |<t2(r1‘_”Dﬁ¢(2)Dﬁ°‘u, (pDﬁ“U)| + |(t2(rj—1)(p(2)Dlzozu’ gD(Z)Diotuﬂ
2

1 1
| X002 + gl @m XD 2ul + | x|

n |<t2(rj—1)(p(4)D£a72u’ ¢(2)Dﬁ°"2u>| <.
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CZ

+ |(t2(rj—1)90(2(s+]))Dlzoz—Zsu7 g0(2(5-}—1))Di(xfl(erl)uH.

ngp(z(f+1))D20‘ 2f

1< i
N[ L
f=0

We restart the process using the a priori estimate (1.2), replacing u by 4m2g0(2(f+1))D£a_2fu and by (2m)2¢2H x

Dio‘*z(f“)u. We remark that at the step 2(s + 1) = 2o we can estimate the last term in the right hand side with

l9@®12([lull3 + |lul?) which gives analytic growth.
The case j <k — 1. We have
._ 1
(%51, DT, 9D u)] < e o DR u|* + 2| X0 DFul.

The last term is absorbed on the right hand side of (3.7). Since the first term does not have sufficient powers of t to take
maximal advantage of the a priori estimate we write

“tr}-—l(p(l)Dl%au ”2 _ <t2(rj—1)(0(1)Dﬁau7 (p(l)D,f“u>.
Let A =(1+1&*'/2 and let B; be a positive parameter which will be chosen later. We write
|1 D2y | < (120D 421 D22 Py o p2¥Piy)| 4 |(£265=D A2B1 D 2*Piy [V AP1]D2u)|
+ ]2 D[, A7Fi] D2, A%ig W D |
+ |<t2(r1—])AﬁJ [(p(l), A~ ﬁf]Di“u, AFi [q)(”,A—ﬁI]Dﬁ“uH
=H{+H;+ H3+ Hy.
Set
m(rj—1)+re—r;j

(g —1)

Because of the inequality

Bi=

£205-D) A2) < 206D g2 | AT (3.8)

we obtain

Hl < |( t2(l’l¢*1)A2+A%)(p(1)D20t ﬂj (p(l)Dza /3] >’

2a—Bj 2a—Bj 20— Bj ” .

< |Xep D ul + oDl + D (3.9)
On the first two terms we restart the process using the sub-elliptic estimate (1.2) with u replaced by (p(”Dia_ﬂ Tu. Iterating,

if we focus our analysis on the field Xj, j fixed, at the step s we obtain terms of the form

20— S,Bj 20— S,Bj

[ X D u* 4 o D,

Using up all x,-derivatives we estimate the left hand side of (3.7) with
2
DI (IXull® + [ullf ;) < C1C%% @2m)y*H!

where s + 1 = 2a/8;. Choosing ¢ = ¢, with m ~ o we have a growth corresponding to G'/Bi, More in general we obtain

terms of the type

(s) Zafzsjﬂj 2 (s) 20[*251'/5]' 2
Dy ul| Dy u

” Xk + H‘p H]/rn

where s = Ys;. Using all x,-derivatives we can estimate the right hand side of (3.7) with C2*+1(2m)2*/# where g =
inf;{B;}. These terms give the growth G° where

{ 1 } (e —1)
s= sup = )
1<j<k—1 1 Bj (1 —1) 41—

We turn our attention to the last term in (3.9). We have
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’< Z(T] 1)€0(1)D20[ ﬁju (p(l)DZOl ﬂ] >|< HZmX,go“)Dza 2— ﬂ} ” +CH X g0(1)D205 ﬂ}

20-2-B; 20— Bj-2

+—||X/¢‘3)D ull* + e D ) <

Z”mek(/)(zf 1)DZO‘ Bi= zf +CZH—X1§0(2H”D2“ pi=21 H

+Htrk (2s+1)D20t Bj=2s ”2

When 1< 2a — f — 2s <2 the last term can be estimated by |91 |[u]|2, where 25 + 1 < 2a — Bj < 2a/B;.
The term Hy:

[(tZW*”Azﬂfgamn,f“’ﬂfu, [oM, A=Pi]D2 )|
where
M A8 — p(Pi\ o+ 4—p—8i _ (P+1) p—P—B;
AT = (—1)<> ATPTPI =% (g, ATPFS
p=1
We examine a generic term of the sum and obtain
- 20— 20—B— _ 2 200— 20—pf—
(20570 426 (M D24 Py D p2e=F=Py) (X2 4 206D 4 A ) (D D22 Py, P+ p2a=F=Py)

20— 20— ﬂj

<
<2(|x%e D ul* + o D

||1/rn)
+ 5(|!sto“’+”0i“’ﬂ PP+ VD 7 )
‘*‘ZHtrk 1 (1)D20t Bj ” %Htrkflga(erl)Diaﬂsj*Pu”2.

The last two terms can be handled as the last term in (3.9) while the first is taken care of using the sub-elliptic a priori
inequality. The terms H3 and Hy4 can be treated like H».
Using the same strategy we have

(1% [X5, 0D JJu, 9 D u)| = (5~ Ve'® Diu, o Du)
< (2D A2Bi O D2 iy [oM, AP D2w)|
+|<t2(r]—])[(p(1) A™ ﬂJ]Dzau Azﬂj(p(l)DZa ﬁ] >|
+ (27 AM [, A0, 4. A ]Diew)
=R1+R2+ R3+ Ry.
We have

C \? "y 4
Ri< () (o@Dl [0 Pl + [P0 )

2m
() (il 4 homi Pal?, + et g ),

These terms can be studied with the same method used for Hy, (3.9). The terms Ry, R3 and R4 can be treaded like the
terms Hy, H3 and Hg.

Iterating this process, using (3.8) the sub-elliptic estimate, we may estimate the left hand side of (3.7) with terms of the
form

A LT

where s =) s;. Iterating until all the x-derivatives are used up, that is until 2ae — )" s;8; — c ~ 0, since for ¢ > 1 we have
that ¢ +s < 2a/B, Br =inf;{B;}, we can conclude that

n
||g0D,3°’u Hf/r,. + Z ” ngoDﬁ"‘u ”2 < e+ (zm)za/ﬁk
j=0
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where C depends on u and ;. Choosing ¢ = ¢, with m ~ o we have a growth corresponding to G/F« in the direction xj
where

=1 +re—r
k:
(e —1)

We remark that ﬂk_l <rpy/rpforallk=2,...,n—1.

3.4. Direction D¢

Once again our primary tool will be the sub-elliptic estimate (1.2). As in the case of direction x;, we replace u by
@(x)Dfu in (1.2); ¢ is a cut-off function. We recall that ¢ does not depend on t, indeed every t-derivative landing on ¢
would leave a cut-off function supported in a region where t is bounded away from zero, where the operator is elliptic. We
have

n
lepgul?, +> I XjeDful < C(|jLoD?u. ¢Dgul| + |oDEul). (310
j=0

We consider the scalar product in the right hand side of the above inequality. We must study terms of the type
([X;. @D Ju. XjoDiu)|

where j=1,...,n. We have
[Xj @D Ju=[t"""Dj, D] ="~V Dfu — o[ DY, "' ~']Dju

l’j*l

=MD -9 )
I=1

al(ry — 1!
@O = Drj —1=1D!

ti=1=1p%=Ipu.

Without loss of generality we analyze one of the terms. A similar method can be used for the other terms.

Consider a(rj — 1)Dttri‘2<pr"2Dju, that is we have to estimate o/(rj — 1)||X0trf‘2g0D‘["’2Dju||. Applying the sub-elliptic
estimate with u = a(r; — 1)tri*2<pD?‘_2Dju and arguing as above, we study the first term coming from the commutator
with X;. We obtain the term o(a — 2)ert2rf*4<pr"3Dju. We stress that another vector field does not produce additional
difficulties. We have to estimate Cr;o(ox — 2)||thrf*3g0D‘t"_3Dju||. Hence after two steps we have

|XjeD¢ul| — Crjar(e — 2)| Xt 2D >Djul.
Repeating the process p times, we have
o!
drEsyrerEEl

In this way after r; — 1 iterates we have to analyze a term of the form Cr,(a!)/((@ — D)(x — rj)!)thferju. Arguing in the
same way after | steps we have

|Xj@D%ul? > - —C Xt~ (PHDgp@= @+ p |2,

Cra!
ﬁ
a=1)---(x—1-(1—- 1)1‘]')(05 _rjl)!

Iterating this cycle o/r; times we use up all free derivatives in t and we are left with

[ XsoDfu]* — -

a=lIrj p 42
| XjoDi " Djul”.

a((@/rp!) | XjoD5 "l

! ! i9D; .
Since in the direction x; we have a growth as G#i where Bj = (ra(rj — 1))/(rp(r1 — 1) +1j — 1) we can estimate this
1—-1 /11 .

term with C1*+1 (@)’ 7 "7 | Since jef1,....n} we must take the sup;{1 — % + 'f—;} =so. We have obtained a growth
corresponding to G* in the direction t.

3.5. Sharpness

By Lemma 1 in [8] we know that there exists a real number z such that the ordinary differential equation
n
u = th(rf])u _ 1y
j=2

has a non-trivial solution u defined on the whole real line, rapidly decreasing at infinity and such that u(0) # 1.
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We define
+00
. n—1. rj/m,. r/m_ orq/n
v(t, x) = f elpxn+Z]:2 ip' "M xj+/zp e~ P! "u(p]/fnt)dp'
0]

v is a solution to the problem Lu =0 and we have
o0
n
[ag v(0)| ~C / p%e P dp ~ C¥ /M
0

and

o0
r n
|2 u(0)| ~c/p“%e—/”" dp ~C**lal.
0

We can conclude

Proposition 3.1. The Gevrey regularity r,/r1 is optimal. Moreover the operator L, in (1.1), is analytic in the direction x; and ry/r1 in
the x,,-direction. The latter values are optimal.
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