
Applied Mathematical Modelling 38 (2014) 1001–1010
Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm
Curved domain walls dynamics driven by magnetic field
and electric current in hard ferromagnets
0307-904X/$ - see front matter � 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.apm.2013.07.032

⇑ Corresponding author. Tel.: +39 090 3977556; fax: +39 090 3974170.
E-mail addresses: gconsolo@unime.it (G. Consolo), ccurro@unime.it (C. Currò), gvalenti@unime.it (G. Valenti).
Giancarlo Consolo ⇑, Carmela Currò, Giovanna Valenti
Department of Mathematics and Computer Science, University of Messina, V.le F. D’Alcontres, I-98166 Messina, Italy
a r t i c l e i n f o

Article history:
Received 3 September 2012
Received in revised form 20 June 2013
Accepted 16 July 2013
Available online 29 July 2013

Keywords:
Curved domain walls
Micromagnetism
Nonlinear dissipation
Reductive perturbation method
Spin-transfer-torque
a b s t r a c t

The propagation of curved domain walls in hard ferromagnetic materials is studied by
applying a reductive perturbation method to the generalized Landau–Lifshitz–Gilbert
equation. The extended model herein considered explicitly takes into account the effects
of a spin-polarized current as well as those arising from a nonlinear dissipation.

Under the assumption of steady regime of propagation, the domain wall velocity is
derived as a function of the domain wall curvature, the nonlinear damping coefficient,
the magnetic field and the electric current. Threshold and Walker-like breakdown condi-
tions for the external sources are also determined. The analytical results are evaluated
numerically for different domain wall surfaces (planes, cylinders and spheres) and their
physical implications are discussed.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

In recent years, the properties of magnetic domain walls (DWs) observed in ferromagnetic materials have attracted a
great deal of attention due to their fundamental interest and their potential technological applications in the fields of mag-
netic storage and logic devices. Many theoretical and experimental investigations performed on magnetic nanowires and
nanostrips have indeed demonstrated that both static and dynamic information can be associated to the continuous transi-
tion layers between uniformly-magnetized adjacent regions, commonly referred to as DWs. In such devices, it was indeed
shown that the information can be stored and transmitted by controlling, respectively, the structure and the motion of
DWs [1,2].

In former papers [3–5], the one-dimensional dynamics of DWs in ferromagnetic nanostrips subject to the action of exter-
nal magnetic fields and spin-polarized currents was analyzed on the basis of the extended Landau–Lifshitz–Gilbert (ELLG)
equation [6,7]. This model, which describes the precessional motion of the magnetization vector in the framework of con-
tinuous media, incorporates both classical viscous dissipation and current-induced spin-torque effects. In [3], in particular,
our attention was focused on the analytical and numerical characterization of magnetic materials which exhibit crystallo-
graphic defects, such as inclusions, impurities and dislocations. For this class of materials, the corresponding relaxation phe-
nomena were characterized by generalizing the dissipation function through an additional dry-friction term [8,9]. By
adopting the classical traveling waves ansatz, we deduced the expression of the DW velocity as a function of the external
driving sources (magnetic fields and electric currents) and of the dry-friction strength. Our approach confirmed the existence
of two dynamical regimes, steady-state and precessional, which are observed for different magnitudes of the external
sources. Results of our analysis showed that, when dry-friction is included in the model, the steady DW motion takes place
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for fields and currents which overcome well-defined threshold values and stops at the so-called Walker breakdown. Such
theoretical results were also verified by numerical micromagnetic simulations.

It should be pointed out that such an investigation was carried out under the hypothesis that the DW surface is flat, with
the normal to the plane parallel to the direction of propagation.

Nevertheless, some experimental [10–12] and theoretical [13–17] works showed that qualitatively different behaviors
can be observed when the shape of the DW is curved.

Therefore, this paper aims to generalize our previous results to the case of curved DWs which are modeled through
smoothly evolving surfaces. In particular, we consider ferromagnetic materials exhibiting a high magnetocrystalline anisot-
ropy so that the DW width becomes an infinitesimal quantity and, consequently, the analysis can be carried out by means of
a reductive perturbation method [18–21].

The present paper is organized as follows.
In Section 2, we briefly summarize the main results related to dynamics of flat DWs whose relaxation processes are de-

scribed through a standard linear Gilbert dissipation model [22,23].
In Section 3, we focus our attention on a nonlinear dissipation model [24] and we look for solutions of the ELLG equation

in the form of an asymptotic expansion around the equilibrium configuration. By means of this method, we derive a new
formula for the velocity of curved DWs valid for external sources below the above mentioned Walker breakdown condition.
Since we are essentially interested to hard ferromagnets, characterized by a large value of the dimensionless anisotropy
parameter b (and, consequently, by a small DW thickness), we assume b of the order of e�1, being e the small dimensionless
expansion parameter. The results so obtained generalize those of [16] where an infinite ferromagnet was considered and the
effects of spin torque and nonlinear dissipation were not included in the model.

In Section 4, the numerical evaluation of the results obtained is performed for some typologies of DW surfaces (planes,
cylinders and spheres) and some concluding remarks are drawn.

2. Field equation and related classical results

In the present section, we briefly summarize the model equation on which our analysis is based and recall the main re-
sults obtained in the former paper [3].

Magnetization dynamics driven by a spin-polarized electric current in sub-micron scale ferromagnets, including the one-
dimensional motion of DWs in thin wires or stripes, is described by the ELLG equation:
m
�
¼ c heff ^mð Þ þ td þ tst: ð1Þ
which is the classical Landau–Lifshitz–Gilbert equation with an additional spin-transfer term accounting for the effect that
conduction electrons exert on magnetization through the microscopic s� d exchange interaction [6–22,24–29]. In (1),
m ¼ M

MS
is the unit vector along the local magnetization, MS the saturation magnetization and the over-dot denotes time der-

ivation. The parameter c ¼MSl0ce is a constant expressed in terms of the magnetic permeability of the vacuum l0 and of the
gyromagnetic ratio ce ¼ ge=me, being g the Landè factor, e the electron charge and me the electron mass. The first term in the
right-hand side of (1) describes conservative precession of the magnetization m about the direction of the effective magnetic
field heff , the second term td is the dissipative torque describing energy dissipation and the last term tst represents the spin-
transfer torque. The effective magnetic field heff ¼ � dW

dm, calculated as variational derivative of the free energy W, accounts for
external hext, exchange hexc, demagnetizing hdmg and anisotropy han fields:
heff ¼ hext þ hexc þ hdmg þ han: ð2Þ
In the case of a medium of ellipsoidal shape and uniformly magnetized, the associate demagnetizing field, determined
from the Maxwell equations by including the discontinuous jump of the magnetization at the body surface [30], is given by:
hdmg ¼ �N1 m � c1ð Þc1 � N2 m � c2ð Þc2 � N3 m � eð Þe; ð3Þ
being O; x1; x2; x3f g a right-handed coordinate system of unit vectors c1; c2; c3f g, e � c3 the direction along which the mag-
netization minimizes the system free energy (the so-called ‘‘easy axis’’), whereas N1;N2 and N3 are the demagnetizing factors
satisfying the normalization condition N1 þ N2 þ N3 ¼ 1. We would like to remark that the expression of hdmg (3) is com-
monly used in literature as a good approximation also for non ellipsoidal bodies by retaining the only diagonal terms of
the corresponding tensor [30]–[32].

The exchange hexc and the anisotropy han fields have the following expressions:
hexc ¼ ADm;

han ¼ b m � eð Þe
ð4Þ
where D is the laplacian operator while the constants A and b are related to the anisotropy constant K and the exchange stiff-
ness constant Aex, respectively, through the relations:
b ¼ 2K

l0M2
S

; A ¼ 2Aex

l0M2
S

: ð5Þ
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The most general phenomenological form of the damping term, under the assumptions that dissipation is isotropic and
local, is given by the Gilbert-like damping torque [23,24]:
td ¼ a m
� 2

� �
m ^m

�� �
ð6Þ� �
with a m
� 2

a positive-definite dimensionless function which, for finite but not very large angles of magnetization preces-
sion, can be represented as a Taylor series expansion [24]:
a m
� 2

� �
¼ aG

X
jP0

qj c�1m
�� �2j

; q0 ¼ 1: ð7Þ
where qj are dimensionless coefficients.
The spin transfer torque tst is not derivable from a potential but its form is fixed by symmetry arguments and model cal-

culations [33]. A local approximation is:
tst ¼ �1þ gm^ð Þ u � rð Þm ð8Þ
where g is the phenomenological non-adiabatic spin transfer parameter [6–22,24–29]. The velocity u is a vector along the
direction of the electron motion with an amplitude u ¼ gJelBP=2eMS

� �
being lB the Bohr magneton, Je the current density

and P the polarization factor of the current.
In order to recall the main classical results related to the dynamics of DWs having flat surfaces, let us consider, as in our

previous paper [3], a nanostrip of length L, width w and thickness d with L� w > d. We assume the x3 (easy) axis to be along
the perpendicular to the strip axis (x1 axis), the external magnetic field to be uniform in space, constant in time and directed
along the easy axis and an electric current to flow along the wire axis, namely:
hext ¼ he

tst ¼ u �1þ gm^ð Þ @m
@x1

:
ð9Þ
If the dissipation processes are taken into account by means of the basic zeroth-order approximation of (7), namely

a m
� 2

� �
¼ aG ¼ const., it is possible to obtain a traveling wave solution of the form [34,35]:
mðx1; tÞ ¼ � tanh
x1 � kt

d
eþ 1

cosh x1�kt
d

cos u0c1 þ sin u0c2ð Þ: ð10Þ
In (10), u0 ¼ const represents the azimuthal angle related to m; d is the wall width whereas k is the constant DW velocity.
Their expressions are given, respectively, by:
sin 2u0 ¼
2 hþ u

cd g� aGð Þ
h i
aG N1 � N2ð Þ ð11Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A
bþ N2 � N3 þ N1 � N2ð Þ cos2 u0

s
ð12Þ

k ¼ u
aG

gþ hc
aG

d ð13Þ
The relation (11) allows us to deduce the Walker breakdown values for the external magnetic field and the current den-
sity when these sources act separately:
u ¼ 0) hw ¼
aG

2
jN1 � N2j

h ¼ 0) uw ¼
cdaGjN1 � N2j

2jg� aGj

ð14Þ
which set an upper limit on the maximum value of the DW velocity achievable in the steady-state regime.
It should be noticed that, in the framework of flat DWs and Gilbert damping, the motion takes place for any non-null va-

lue of the source terms, namely there are no threshold conditions.
The explicit solution (10) of the ELLG equation also points out that the wall thickness d is a material parameter which

plays a crucial role in the DW dynamics. Therefore, a meaningful comparison between experiment and theory requires a
more realistic representation of the domain structure to which the next section is devoted.

3. Curved domain walls dynamics

In this section we model the DW by means of a regular surface RðtÞ of cartesian equation / x1; x2; x3; tð Þ ¼ 0 such that the
normal speed of propagation k, the unit normal vector n to RðtÞ and the mean curvature j of the DW are given, respectively,
by:
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k ¼ �
@/
@t

j$/j ; n ¼ $/
j$/j ; j ¼ r � n: ð15Þ
Furthermore, we assume a nonlinear model of dissipation [24], obtained by considering the first-order approximation of
(7), namely:
a m
� 2

� �
¼ aG 1þ q1

c2 m
� 2

� �
ð16Þ
so that the ELLG Eq. (1) becomes:
m
�
�aG 1þ q1

c2 m
� 2

� �
m ^m

�� �
¼ cheff ^mþ �1þ gm^ð Þ u � rð Þm ð17Þ
with
heff ¼ ADmþ b m � eð Þe� N1 m � c1ð Þc1 � N2 m � c2ð Þc2 � N3 m � eð Þeþ hext: ð18Þ
In order to derive, by means of a formal asymptotic analysis, a theoretical formula for the velocity of a curved DW which
moves along a ferromagnet of finite dimensions, we need to introduce first the following dimensionless variables and
parameters:
ex ¼ L�1x; et ¼ T�1t; bk ¼ TL�1k; bj ¼ Lj;bc ¼ Tc; bA ¼ L�2A bu ¼ TL�1u
ð19Þ
where x ¼ ðx1; x2; x3Þ, and L and T are suitable length and time scales. Consequently, the (17) reads:
bd
bbm a�1

G
@m
@et � 1þ q1bc2

@m
@et
				 				2

 !
m^ @m

@et
" #

¼ bd2 eDmþ m � eð Þeþþb�1 hdmg þhext �
mbc ^ bu � e$� �

m� gbc bu � e$� �
m

� �
 �
^m

ð20Þ
with
bd ¼ bA
b

 !1=2

; bm ¼ bd
aG
bc: ð21Þ
Since we are interested to the class of hard ferromagnetic materials, characterized by a very large anisotropy energy, we
introduce the small parameter
� ¼ b�1 ð22Þ
so that bd becomes smaller as the anisotropy coefficient bincreases. It is straightforward to notice that, under the hypothesis
(22), from (12) bd turns out to be the dimensionless DW thickness. Accordingly, we choose the time and the length scales, T
and L, as follows:
T ¼ ��1 1
c
; L ¼ ��1=2A1=2

; ð23Þ
in turn we have
bd ¼ �; bm ¼ aGð Þ�1
: ð24Þ
By taking into account (22) and (23), and dropping � for notation convenience, the Eq. (20) becomes:
�2 @m
@t
� aG 1þ �2q1

@m
@t

				 				2
 !

m ^ @m
@t

� � !
¼

�2 Dm�m ^ bu � $� �
m� g bu � $� �

m
� �

þ � hdmg þ hext
� �

þ m � eð Þe
� 


^m ð25Þ
which points out that the magnetization dynamics is governed by terms of different order. In particular, we can easily see
that when �is small, all the dissipative effects (damping and spin-transfer torque) together with the conservative contribu-
tions arising from exchange, demagnetizing and external fields, become negligible with respect to the anisotropy interac-
tions. This means that, in a short time, in each of magnetic domains, m orientates nearly parallel to e.

In what follows, by looking for an asymptotic solution of (25) exhibiting the feature of a progressive wave, we will assume
that m can be expanded in powers of �
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m ¼m0 x1; x2; x3; t; zð Þ þ
X
j>0

�jmj x1; x2; x3; t; zð Þ;

z ¼ ��1/ x1; x2; x3; tð Þ
lim

z!�1
m0 ¼ �e; lim

z!�1
mj ¼ 0; j > 0:

ð26Þ
being m0 and mj (j > 0) the coefficients of the power expansion.
Since all the solutions of the ELLG equation must have constant modulus, expansion (26) is consistent with such a

requirement if
jm0j ¼ 1;
Xj

i¼0

mi �mj�i ¼ 0; j P 1: ð27Þ
After inserting (26) into (25), and requiring the coefficients of the different powers of �to be termwise zero, we obtain the
following set of conditions of the orders �0 and �respectively
m0 ^
@2m0

@z2 þ e �m0ð Þe
 !

¼ 0

m1 ^
@2m0

@z2 þ e �m0ð Þe
" #

þm0 ^
@2m1

@z2 þ e �m1ð Þe
" #

þ b0 ¼ 0

ð28Þ
where, without loss of generality, we assumed jr/j ¼ 1 and where b0 is given by:
b0 ¼ bu � n� bk� � @m0

@z
þm0 ^ hdmg0

þ hext þ aG
bk 1þ q1

@m0

@z

				 				2bk2

 !
� gbu � nþ bj !

@m0

@z

" #
ð29Þ
being hdmg0
the lowest order approximation of the Eq. (3), that is
hdmg0
¼ �N1 m0 � c1ð Þc1 � N2 m0 � c2ð Þc2 � N3 m0 � eð Þe: ð30Þ
We would like to stress that in (30) we made the approximation of considering the demagnetizing factors not affected by
the time evolution of the DW surface. Such an assumption is necessary in view of the complexity in the determination of the
exact values of the demagnetizing coefficients for bodies of arbitrary shape. However, keeping in mind that each of these
coefficients is inversely proportional to the corresponding dimension of the DW region, being in our case the DW thickness
(of order �) very small compared to the other lateral sizes, no significant variations of these parameters are expected and, in
turn, our hypothesis appears to be more than justifiable.

Since the Eqs. (28) are formally the same as those obtained in [16], the smooth solutions to problem (28)1, with boundary
conditions (26)3, assume the form:
m0ðx; t; zÞ ¼ tanh z�xð Þeþ 1
cosh z�xð Þ cos wc1 þ sin wc2ð Þ ð31Þ
being xðx; tÞ and wðx; tÞ suitable fields. As it is easy to ascertain, when R tð Þis a plane with unit normal c1 parallel to the easy
axis e, that is / ¼ x1 � kt, if we choose x ¼ 0 and w ¼ u0, the (31) recovers exactly the solution (10) previously obtained

where, as a consequence of (22), the DW width dreduces to A
b

� �1=2
.

On the other hand, from (28)2, two solvability conditions can be derived. More precisely, by performing the cross product
of both sides of (28)2 by m0, we get:
m0 �
@2m1

@z2 þ e �m1ð Þe
 !" #

m0 �
@2m1

@z2 � e �m1ð Þeþ m0 �
@2m0

@z2 þ e �m0ð Þe
 !" #

m1 þm0 ^ b0 ¼ 0: ð32Þ
Then, by taking the scalar product of (32) with @m0
@z and m0 ^ e , we obtain respectively:
b0 ^m0ð Þ � @m0

@z
þ @

@z
@m1

@z
� @m0

@z
�m1 �

@2m0

@z2

 !
¼ 0 ð33Þ

b0 ^m0ð Þ � m0 ^ eð Þ þ e � @
@z

@m1

@z
^m0 þ

@m0

@z
^m1

� �
¼ 0 ð34Þ
where the following identity, resulting from manipulation of (28)1, has been considered:
@3m0

@z3 þ e � @m0

@z

� �
e� m0 �

@2m0

@z2 þ e �m0ð Þ2
 !

@m0

@z

" #
�m1 ¼ 0: ð35Þ
The integration of (33) and (34) over the real line, using (26)3, allows to deduce the above mentioned solvability
conditions:
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Z þ1

�1
m0 ^ b0 �

@m0

@z
dz ¼ 0; ð36Þ

Z þ1

�1
m0 ^ b0ð Þ � m0 ^ eð Þdz ¼ 0: ð37Þ
which, taking into account (26)3, (29) and (31), lead to respectively
aG 1þ 2
3

q1
bk2

� �bk � g bu � n� �
þ bj þ hext � e ¼ 0

2 bu � n� bk� �
þ p cos wc2 � sin wc1ð Þ � hext þ N1 � N2ð Þ sin 2w ¼ 0:

ð38Þ
Finally, by expressing (38) in the original physical variables, we obtain:
v�1 kþ 2
3

b
A

q1

c2 k3 � g
aG

u � n
� �

þ rjþ hext � e ¼ 0 ð39Þ

2 aGvð Þ�1 u � n� kð Þ þ p cos wc2 � sin wc1ð Þ � hext þ N1 � N2ð Þ sin 2w ¼ 0 ð40Þ
with
r ¼ Abð Þ1=2
; v�1 ¼ aG

c

ffiffiffi
b
A

r
ð41Þ
By taking into account (15), the partial differential equation (39) describes the evolution of the curved DW surface
/ x1; x2; x3; tð Þwhich strongly depends upon all the conservative and dissipative effects here considered. On the other hand,
Eq. (40) affects w x1; x2; x3; tð Þand hence provides information on the zeroth-order magnetization.

In the particular case of a domain wall surface translating rigidly along a preferred axis with a constant velocity (the
hypothesis of the so-called ‘‘steady dynamical regime’’ illustrated in the next section), the (39) gives the steady velocity
as a function of the spin current density, the nonlinear damping and the mean curvature of the surface. In this framework,
(40) provides information about the thresholds and the breakdown conditions on the driving sources, as it will be specified
in the next section.

We also remark that Eqs. (39) and (40) generalize the results previously obtained in [16] where a linear damping model
(q1 ¼ 0) and an infinite medium (N1 ¼ N2 ¼ 0;N3 ¼ 1) were considered in the absence of current-driven spin-transfer torque
(u ¼ 0).

Moreover, if we consider RðtÞ to be a plane with unit normal c1 parallel to the easy axis e, by assuming (9)1 and the zer-
oth-order approximation of (7), the Eqs. (39) and (40) recover the classical solution (13) and (11), respectively.

4. Numerical results and final remarks

In this section, as illustrative examples of the general analytical results developed above, we assume to model the curved
DW through constant-curvature surfaces, namely spheres and cylinders. Since the analysis is performed within the so-called
‘‘steady dynamical regime’’, in which the DW surface translates rigidly along the nanostrip axis with a constant velocity, the
(39) and (40) can be treated as algebraic equations.

We consider a ferromagnetic nanostrip having width w ¼ 60 nm and thickness d ¼ 20 nm. In order to characterize a hard
ferromagnet, we consider the typical parameters of a SmCo5 alloy as in [30], namely: anisotropy constant K ¼ 1:7	 107 J/m3,
saturation magnetization MS ¼ 8:35	 105 A/m, exchange constant Aex ¼ 2:4	 10�11 J/m, dimensionless Gilbert damping
constant aG ¼ 0:2, current polarization factor P ¼ 0:5 and non-adiabatic spin transfer parameter g ¼ 0:5.

According to this setup, the DW width is d ¼ 1:18 nm so that, by using the procedures described in [31,32], we deduced
the following values of the demagnetizing factors N1 ¼ 0:94;N2 ¼ 0:01, N3 ¼ 0:05 which correspond to those of an ellipsoid
of axes d;w; d.

We also consider the external field and the electric current to be directed along the easy axis, namely hext ¼ �he and
u ¼ u Jeð Þe, so that the DW moves towards the positive easy axis and the Eqs. (39) and (40) reduce to:
2
3

b
A

q1

c2 k3 þ kþ v rj� hð Þ � gu
aG

n3 ¼ 0

sin 2w ¼ 2 aGvð Þ�1 un3 � kð Þ
N2 � N1

:

ð42Þ
As it is easy to ascertain, since physically relevant DW velocities must obey the restriction k P 0, from (42)1 we have:
v rj� hð Þ � gu
aG

n3 6 0 ð43Þ
whereas (42)2 leads to
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un3 �
aGv jN2 � N1j

2
6 k 6 un3 þ

aGv jN2 � N1j
2

: ð44Þ
More precisely, (43) determines a threshold condition for h and u below which no DW motion takes place while (44) de-
fines the upper and the lower breakdown velocities that limit the motion in the steady-state regime.

In order to emphasize the different responses of the system herein considered under the action of applied magnetic fields
and electric currents, we show the behavior of DW velocity when these external sources act separately.

The dependence of DW velocity kon the applied magnetic field h, in the absence of electric current, is shown in 1,2 in the
cases of linear (q1 ¼ 0) and nonlinear (q1 – 0) damping model, respectively.

In the present case, being u ¼ 0, the left implication of (44) is trivially satisfied, whereas the breakdown velocity kW and
the corresponding field hW , obtained from (42)1, are:
kW ¼
c
2

ffiffiffi
A
b

s
N2 � N1j j

hW ¼
aG

2
N2 � N1j j 1þ 1

6
q1 N2 � N1ð Þ2


 �
þ rj: ð45Þ
Figs. 1 and 2 show that the curvature of the DW surface introduces a threshold below which no DW motion is observed. As
it is expected from (43), such a threshold value increases with curvature but is independent of the nonlinear damping coef-
ficient, being hth ¼ rj. Such a behavior is illustrated in both figures where, once the geometry of the DW surface is fixed, the
decrease of the radius of curvature R leads to a shift of the threshold towards larger values of the applied field. An analogous
shift takes place by considering a cylinder and a sphere with the same radius of curvature. It should be noticed that any var-
iation of the nonlinear damping coefficient q1 does not affect such a threshold, as sketched for the spherical case in Fig. 2.

Then, from the comparison between Fig.1 and Fig.2, it is possible to appreciate the effects of the curvature of the DW and
of the nonlinear damping with respect to the classical cases of flat DW and Gilbert damping. In particular, once the threshold
is overcome, for a given nonlinear damping coefficient, a non-null curvature acts in such a way the DW velocity is shifted
towards larger values of the driving force, i.e. k hð Þjj–0 ¼ kðh� hthÞjj¼0. In other words, if the DW geometry bends and devi-
ates from the flat case, it is necessary to apply stronger external fields in order to reach a given DW velocity.

Furthermore, the dashed lines, which denote the upper breakdown velocity according to (45)1, point out that the max-
imum value of the DW velocity is independent of both curvature and damping coefficients.

Let us consider now the behavior of the DW velocity under an applied current uðJeÞ only, which is sketched in Figs. 3,4.
In the present case, being h ¼ 0, from (43) we obtain the following threshold for u:
uth ¼
c

gn3

ffiffiffi
A
b

s
rj ð46Þ
which is curvature-dependent and damping-independent as in the field-driven case. However, differently from the previous
case, the left implication of (44) leads to further restrictions on the threshold and the breakdown values for u.

Therefore, for the sake of clarity, we illustrate separately the applied current dependence of the DW velocity for the two
above considered damping models.

Firstly, let us discuss the case of a linear damping model. Being q1 ¼ 0, the required compatibility conditions between
(42)1 and (44) define the lower and the upper breakdown for u and k whose expressions are, respectively, given by:
Magnetic field dependence of the DW velocity for flat, cylindrical and spherical surfaces with different radii of curvature in the case of classical
damping (q1 ¼ 0). The dashed line represents the constant upper breakdown DW velocity.



Fig. 2. Magnetic field dependence of the DW velocity for flat, cylindrical and spherical surfaces with different radii of curvature in the case of nonlinear
damping (q1 – 0). For the spherical geometry, such a dependence is evaluated for different nonlinear damping coefficients. The dashed line represents the
constant upper breakdown DW velocity.

Fig. 3. Current-induced spin-torque dependence of the DW velocity for flat, cylindrical and spherical surfaces with different radii of curvature in the case of
classical Gilbert damping (q1 ¼ 0). The dashed lines represent the lower and the upper breakdown DW velocities while the dotted lines stand for the jumps
of the velocity occurring at uðlowÞ

W .
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h i
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ffiffiffi
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b

s
rjþ g

2
N2 � N1j j

h i
;

uðuppÞ
W ¼ c

g� aG

ffiffiffi
A
b

s
rjþ aG

2
N2 � N1j j

h i
: ð47Þn o
By comparing (46) with (47)2 we deduce the meaningful value of the effective threshold u
th ¼max uth;u
ðlowÞ
W which only

depends on the mean curvature jonce the geometry of the sample and the material parameters are fixed. In particular, in the
illustrative example herein considered, owing to the choice g > aG, if j < g

2r N2 � N1j j, it follows that u
th ¼ uth and the DW

velocity increases smoothly starting from k ¼ 0 to k ¼ kðuppÞ
W . On the contrary, if j > g

2r N2 � N1j j, the DW velocity exhibits

a jump at the threshold u
th ¼ uðlowÞ
W from k ¼ 0 to k ¼ kðlowÞ

W .
These different situations are illustrated in Fig. 3 where u
th ¼ uth is represented for flat (j) and cylindrical (J) DWs, while

u
th ¼ uðlowÞ
W is depicted for cylindrical (.) and spherical (�) DWs. Moreover, the case of a cylindrical (N) DW corresponds to the

limit condition uth ¼ uðlowÞ
W .



Fig. 4. Main panel: current-induced spin-torque dependence of the DW velocity for flat, cylindrical and spherical surfaces with different radii of curvature
in the case of nonlinear damping. For the spherical geometry, such a dependence is evaluated for different nonlinear damping coefficients. The dashed lines
represent the lower and the upper breakdown DW velocities while the dotted lines stand for the jumps of the velocity occurring at uðlowÞ

W . Inset: a zoom of
the threshold region for the spherical geometry showing the velocity jumps and the dependence of the threshold value on the nonlinear damping
coefficient.
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Fig. 3 also shows that, for u > u
th, the DW velocity shifts towards larger values of the applied current for increasing mean
curvatures, as it occurs in the field-driven case. Nevertheless, differently from that case, the upper breakdown is not constant
anymore but depends on j, as it is expected from (47)3.

Let us discuss now the DW dynamics occurring when a nonlinear damping model is considered. By combining (42) with
(44), the lower and the upper breakdown conditions become:
uðlowÞ
W n3 ¼ kðlowÞ

W þ c
2

ffiffi
A
b

q
N2 � N1j j

2
3

b
A

q1
c2 kðlowÞ

W

� �3
þ aG�g

aG
kðlowÞ

W þ c
aG

ffiffi
A
b

q
rj� g

2 N2 � N1j j
� �

¼ 0

8><>: ð48Þ
uðuppÞ
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W � c
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N2 � N1j j

2
3

b
A

q1
c2 kðuppÞ

W

� �3
þ aG�g

aG
kðuppÞ

W þ c
aG

ffiffi
A
b

q
rjþ g

2 N2 � N1j j
� �

¼ 0:

8><>: ð49Þ
In this case, the behavior of the DW velocity close to the threshold is more complicated and requires some further details.
In particular, since the breakdown conditions correspond to the positive real roots of the third-order algebraic Eqs. (48), (49),

more than one value for uðlowÞ
W and uðuppÞ

W could be obtained. The nature and the sign of these solutions depend on the param-
eters and in particular on the values of the mean curvature and of the nonlinear damping coefficient.

For instance, if there are no real positive solutions for uðlowÞ
W , the DW velocity lies entirely below the lower breakdown so

that, according to (44), no DW motion can be observed at all.
For a double positive solution for uðlowÞ

W , a DW motion can only take place at the unique value of the applied current uðlowÞ
W

with velocity kðlowÞ
W . Finally, if two positive roots for uðlowÞ

W (uðlowÞ
W1

< uðlowÞ
W2

) are found, then the DW motion occurs in a range of

applied currents whose lower extremum is u
th ¼max uth;u
ðlowÞ
W1

n o
. For what concerns the upper extremum u
W of this interval,

if at least one positive root of (49) is found, being uðuppÞ
W1

the smallest one, then u
W ¼min uðlowÞ
W2

;uðuppÞ
W1

n o
, otherwise u
W ¼ uðlowÞ

W2
.

The DW dynamics arising in this latter case is illustrated in Fig. 4 for suitable choices of the parameters. In particular, by

fixing q1 ¼ 0:1, we represent the situation u 2 uth;u
ðuppÞ
W1

h i
for flat (h) and cylindrical (/) DWs, whereas the one with

u 2 uðlowÞ
W1

;uðuppÞ
W1

h i
is depicted for cylindrical (M) and spherical (�Þ DWs. Fig. 4 also shows the case u 2 uðlowÞ

W1
;uðlowÞ

W2

h i
for two

spherical DWs having the same curvature but different nonlinear damping coefficient q1 = 0.75 (�) and q1 = 1.5 (
).
In passing we note that when uth

⁄ = uth the threshold value only depends on k, otherwise it is also affected by q1 (as shown
in the inset of Fig. 4.

Summarizing, the overall comparison among Figs. 1 and 2 and 3, 4 allows us to conclude that the DW dynamics can be
characterized by significantly different features depending on the nature of the driving sources.

We also remark that the main effect of a curved DW is the introduction of a propagation threshold which has been ob-
served for both damping models herein considered. Such a behaviour is qualitatively similar to the one investigated in [3] for



1010 G. Consolo et al. / Applied Mathematical Modelling 38 (2014) 1001–1010
a flat DW which propagates along a ferromagnetic nanostrip whose relaxation phenomena are described through a com-
bined viscous-dry friction mechanism. As in [3], the Walker breakdown velocity is field-independent but current-dependent.

Finally, it is interesting to notice that the existence of velocity jumps, as well as the nonlinear dependence of the DW
velocity as a function of the source terms, is consistent with some previous experimental and numerical investigations
[36–38].
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