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Damping mechanisms and order-to-chaos transition in the warm rotating 163Er nucleus
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The γ decay in the quasicontinuum is used to study the order-to-chaos transition in the thermally excited 163Er
nucleus. The experimental analysis is performed on high-statistics EUROBALL data, focusing on the spin region
I ≈ (20–40) h̄, and internal excitation energy up of ≈2.5 MeV. The results are compared to cranked shell model
calculations for this nucleus, taking into account the dependence on the K quantum number. Two main topics
are investigated. First, the validity of the selection rules associated with the K quantum number are studied as
a function of the internal energy U above yrast. K-selection rules are found to be obeyed in the decay along
discrete unresolved rotational bands up to U ≈ 1.2 MeV, whereas in the interval U ≈ 1.2–2.5 MeV, where the
order-to-chaos transition is expected to take place, selection rules are found to be only partially valid. Second,
the line-shape analysis of γ -γ coincidence spectra provides a direct experimental measurement of the rotational
and compound damping widths (�rot and �µ), yielding values of 200 and 20 keV, respectively, in good agreement
with theory.
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I. INTRODUCTION

The transition between order and chaos in a quantum
mechanical system is a fascinating subject that is currently
investigated in different research fields. The atomic nucleus is
one of the best examples of a finite many-body quantum system
for which the interplay between collective and single-particle
degrees of freedom can be used to probe the gradual evolution
of the system toward a chaotic regime.

For deformed rare-earth nuclei, the order-to-chaos tran-
sition should take place at internal excitation energies U
somewhere between 0.5 and 7 MeV. The upper limit, 7 MeV,
stems from numerous studies of neutron resonances at low
spins, which behave in a fully chaotic way, both with respect
to level spacings and strength distributions [1]. The lower limit
is established by studies of level spacing distributions of states
belonging to rotational bands [2], showing that the nucleus
behaves as an ordered system at excitation energies above yrast
up to about 0.5 MeV. Also, at these low excitation energies, the
rotational bands can in a meaningful way be assigned quantum
numbers of quasiparticle excitations of a rotating field [3].

At excitation energies larger than about 0.5 MeV above
the yrast band, it becomes increasingly difficult to resolve
rotational bands. However, in recent years, the region corre-
sponding to values of U up to 2–3 MeV has been investigated
for a variety of nuclei, covering different mass regions,
deformations, and intrinsic configurations [4]. This provides
an opportunity to access precisely the excitation energy region
where one expects that the order-to-chaos transition takes

place. The experimental analysis has shown that the majority
of γ rays emitted in heavy-ion fusion reactions leading to
deformed nuclei are of rotational nature. They are associated
with a lifetime typical of strongly collective transitions [5]
and produce γ -γ coincidence spectra characterized by a
typical ridge-valley structure [4]. Such a landscape carries
information both on the decay along discrete rotational bands
at relatively low excitation energies above yrast (ridges)
and on the more excited strongly interacting bands (valley),
corresponding to states of typical excitation energies 1 to
2 MeV above yrast. At each angular momentum, the high
level density and the interaction among levels give rise to a
fragmented decay-out from each state. This leads to spectra
that contain numerous weak γ transitions and are appropriately
named quasicontinuum spectra. The occurrence of many weak
transitions and of a fragmented decay may be a sign of
an order-to-chaos transition, which can be investigated by
analyzing such quasicontinuum distributions [6,7].

Theoretically, the development of cranked shell model
(CSM) calculations, which combine the cranked Nilsson
mean-field and a residual surface delta two-body interaction
(SDI) [8], has provided a microscopic description of nuclear
levels and E2 transitions in the thermally excited nucleus,
making it possible to study in more detail the properties of
rapidly rotating nuclei with internal energies up to a few MeV
above yrast. In particular, it has been possible to study in detail
the interplay of compound nucleus damping and rotational
damping within the same model. The level density rapidly
increases as a function of the internal excitation energy U.
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FIG. 1. (Color online) Schematic illustration of the fragmentation
of the rotational E2 strength from a state at spin I to a number of final
states at spin (I − 2), as a consequence of the complex nature of the
compound nucleus states. In the figure, the µi’s are np-nh unperturbed
bands, which are mixed to form a state at spin I. The dispersion �ω

in rotational frequency from spin I to spin (I − 2) arises from the
different response of each unperturbed band to the rotation. (Adapted
from Ref. [12].)

As a consequence, the low-lying rotational bands correspond-
ing to a few particle-hole excitations in the deformed mean
field gradually mix via the residual two-body interaction,
acquiring a width �µ, named the compound nucleus damping
width. This leads to a nuclear level spacing distribution that,
around U ≈ 2.5−3 MeV, approaches the one predicted by
the Gaussian orthogonal ensemble (GOE), typical of chaotic
systems [9,10]. The complex nature of the compound nucleus
states has consequences on the rotational motion, since each
level on which the rotational bands are built is an admixture of
np-nh configurations, each one reacting differently to both the
Coriolis and centrifugal forces. As a result, the quadrupole γ

transitions become damped: The decay from a given initial
state at spin I acquires a distribution of final states all at
spin (I − 2), whose FWHM is the rotational damping width
�rot [11]. As schematically illustrated in Fig. 1, the E2 strength
function reflects both the compound and rotational damping
mechanisms: whereas the overall profile is determined by
�rot, the fine structure, which keeps memory of the rotational
correlation in the np-nh unperturbed bands, is characterized by
�µ. The study of rotational damping can, therefore, shed light
on the order-to-chaos transition in the atomic nucleus, since
it not only relates to excitation energy regions where such a
transition is expected to take place but also makes it possible to
obtain estimates for the two damping widths �rot and �µ, which
are determined by the nature of the compound nucleus states.

With increasing internal energy U the calculated E2 strength
from a given initial state gradually fragments over several final
states. A quantitative estimate of this fragmentation is provided
by the branching number [8]nb(α) = 1/�βS2

α→β , where Sα→β

denotes the normalized rotational transition strength from the
level α at angular momentum I to the level β at angular
momentum (I − 2). The onset of damping can then be defined
by the condition nb > 2, which leads to internal energies U

of ≈1 MeV. This strongly limits the number of levels forming
discrete rotational bands, which is generally found to be of the
order of 20–40 at most, for each spin value.

In this paper we present an extensive review of the results
obtained from a data set on 163Er on which two different tech-
niques, namely the statistical fluctuation [13] and the spectral
shape analysis method [14], have been used to investigate
in detail the quasicontinuum γ -decay populating states up to
I ≈ 40h̄ and excitation energy extending up to U ≈ 4 MeV
above yrast. The interpretation of the experimental results will
be based, in both cases, on the same (CSM) calculations of
Ref. [15], thereby providing a consistent overall picture of the
thermally excited rotational motion.

The experimental analysis presented here is based on a high-
statistics data set, taken with the EUROBALL array. We have
performed a detailed study of the γ -decay flow for selected
configurations, associated with high and low values of the
K quantum number (the projection of aligned nucleonic
angular momentum on the symmetry axis), as discussed in
Sec. II.

First, the transition between order and chaos in the excited
163Er nucleus is discussed in Sec. III A in terms of the violation
of selection rules associated with the K quantum number,
as a function of internal energy U. The analysis is made
by comparing the γ -decay flows feeding low-K and high-K
discrete bands in terms of statistical fluctuations of the counts
collected in the corresponding γ -γ coincidence spectra. In
Sec. III B we will present a direct experimental measurement of
the rotational and compound damping widths �rot and �µ in the
spin region I ≈ (30–40) h̄. The first quantity has been studied
experimentally at higher spins with a different technique [16],
and the latter has only been measured indirectly [17]. The
analysis technique is based on the study of the line shape
of the quasicontinuum ridge-valley structure observed in γ -γ
coincidence spectra. The method makes use of an analytic
function that takes into account the complex nature of the
B(E2) strength distribution, carrying information on both �rot

and �µ, as shown in Fig. 1.

II. EXPERIMENT

The experiment was performed using the EUROBALL
array [18,19] at the IReS Laboratory (France), employing
the reaction 18O + 150Nd, at Ebeam = 87 and 93 MeV. The
150Nd target was made of a stack of two thin foils for a total
thickness of 740 µg/cm2 and the corresponding maximum
angular momentum reached in the reaction has been calculated
to be 40h̄ and 45h̄, for the two different bombarding energies.
Energy-dependent time gates on the Ge time signals were
used to suppress neutron-induced background, resulting in a
total of ≈3 × 109 events of triple and higher Ge folds, with
162,163Er as the main evaporation residua. The excitation energy
of the most intensely populated bands of 163Er is shown as
a function of spin in Fig. 2, for (a) positive parity and (b)
negative-parity states, relative to a rigid rotor. In the figure,
the labels A and B (E and F) refer to the signature partners
positive-parity (negative-parity) bands with low-K quantum
number (K = 5/2) and represent in fact the yrast bands for each
Iπ configuration. In addition, K2, K4, and K1 refer to the most
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FIG. 2. Excitation energy versus spin of the most strongly
populated bands of 163Er, relative to a rigid reference with dynamic
moment of inertia J (2) = 63.6 MeV−1 h̄2. The upper scale of panel
(b) refers to the corresponding γ -ray energy Eγ . Panel (a) refers
to positive-parity bands, whereas panel (b) to negative-parity bands.
The gates used to construct the 2D spectra in coincidence with the
different intrinsic configurations are indicated by filled symbols; the
transitions of band A used to construct the matrix collecting the total
decay flow of 163Er are marked by crosses.

intensely populated positive- and negative-parity bands with
high-K quantum number (K = 19/2), following the notation of
Ref. [20]. The collected data have been sorted into a number
of two-dimensional (2D) matrices in coincidence with specific
γ transitions of the 163Er nucleus. In particular, the matrix
collecting the entire decay flow of 163Er (named total ) has been
constructed by gating on the two cleanest low-spin transitions
of energies 127 and 217 keV, marked by crosses in Fig. 2(a).
In addition, seven Eγ1× Eγ2 spectra in coincidence with
transitions belonging to the low-K and high-K bands have been
sorted, using the gates marked by filled symbols in Figs. 2(a)
and 2(b). In the case of the positive-parity high-K states, since
K2 interacts with K4 at I ≈ 21.5h̄, single gating conditions are
not sufficient to separate the feeding of K2 from the feeding
of K4, resulting in gated spectra that contain contribution
from both positive-parity states. Each 2D gated spectrum has
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FIG. 3. (Color online) Double-gated spectra of the most intense
low-K bands of 163Er, labeled according to Ref. [20]. The spectra have
been obtained by setting the additional gate, shown by arrows in the
figure, on the corresponding 2D gate-selected matrix and subtracting
the gate-related background. Transitions marked by circles occur in
band A, to which the specific configuration finally decays.

then been corrected by the corresponding 2D background,
obtained by setting narrow gates around the peaks. It should
also be noticed that the limited number of gating transitions
here used to select a specific intrinsic configuration is a
consequence of the difficulty in finding clean gating conditions
for the 163Er nucleus. This differs from a previous work
reported in Ref. [21], where the use of the BGO Inner Ball
resulted in a better selection of the nuclear configurations.

Figures 3 and 4 show examples of one-dimensional spectra
corresponding to low-K and high-K bands, respectively. Each
spectrum is obtained by setting an additional gate, indicated
by an arrow in each figure, on the 2D matrix in coincidence
with the specific intrinsic configuration, and subtracting the
gate-related background. In Fig. 3, peaks marked by filled
circles indicate transitions belonging to band A, to which the
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FIG. 4. Double-gated spectra of the most intense high-K bands
of 163Er, labeled according to Ref. [20]. The spectra have been
obtained by setting the additional gate, shown by arrows in the
figure, on the corresponding 2D gate-selected matrix and subtracting
the gate-related background. The groups of M1 and E2 transitions,
characteristic of the high-K band structure are indicated by arrows.

specific configuration finally decays. The decay into band A
is particularly evident in the F spectrum, as a consequence of
the use of gating conditions at rather high spins. In contrast,
no transitions from band A are present in the spectrum of
configuration E, since the additional 190-keV gate is placed at
the bottom of this band (9/2− → 5/2−). In the case of the high-
K spectra of Fig. 4, the sequences of in-band E2 transitions
and M1 crossing transitions characteristic of high-K structures
are evident. This is clearly visible also in the case of the K2
band, for which the additional gate has been placed above the
crossing with the K4 band, to uniquely select contributions
from K2. It should also be noticed that in both K1 and K2
spectra no peaks from the yrast band A are present, since
both structures finally decay to an isomeric state with half-life
τ1/2 = 0.58µs [20], outside the electronic range of acquisition.

For the purposes of the analysis discussed in Sec. III all
known peak-peak and peak-background coincidences have
been subtracted from each 2D spectrum, using the Radware
software [22]. In addition, the separately gated matrices have
also been added together in one low-K (A + B + E + F)
and one high-K (K1 + K2 + K4) matrix. Figure 5 (left
column) shows examples of 60-keV-wide cuts perpendicular
to the Eγ1 -Eγ2 diagonal, in the total, low-K, and high-K γ -γ
matrices, at the average transition energy (Eγ 1 + Eγ 2)/2 =
900 keV, corresponding to I = 30h̄. The data show clearly the
ridge-valley structure typical of quasicontinuum spectra of
rotational nuclei, with a separation between the two most
inner ridges equal to 8h̄2/J (2), with J (2) being the dynamical
moment of inertia of the bands. In particular, although the
rather sharp ridges are due to the strong rotational correlations
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FIG. 5. 60-keV-wide projections perpendicular to the Eγ1 = Eγ2

diagonal of experimental and simulated 2D spectra of 163Er (left
and right panels, respectively), at the average transition energy
〈Eγ 〉 = 900 keV. The spectra collect either the total γ -decay flow (a
and b) or the γ decay in coincidence with low-K (c and d) or high-K
(e and f ) configurations. In the simulation, a state is defined as low K
(high K ) if K � 8 (K > 8). The ridge-valley structure typical of ro-
tational nuclei is seen in all spectra, with a separation between the two
most inner ridges equal to 8h̄2/J (2), as indicated by the arrows. The
reduced intensity observed in the Eγ1 � Eγ2 region of the spectra is
mostly due to the subtraction of all discrete lines known from the level
scheme, in the case of the experimental data, and of the yrast and first
excited bands, in the case of the simulation. (Adapted from Ref. [13].)

associated with the decay along discrete rotational bands up to
≈1 MeV excitation energy above yrast, the rather smooth
central valley at Eγ 1 = Eγ 2 mostly collects contributions
from the more excited region of strongly interacting bands
(rotational damping regime). The asymmetry observed in the
intensity of the spectra is due to the discrete line subtraction,
which, in this case, is performed only for Eγ 1 � Eγ 2. The
right-hand side of Fig. 5 shows, for comparison, corresponding
spectra obtained by the Monte Carlo simulation calculations
of the γ -decay cascades [23] discussed in Appendix A.

III. ANALYSIS OF QUASICONTINUUM SPECTRA

In the Past decade, considerable progress has been made in
the experimental study of the thermally excited rotational mo-
tion mainly as a result of the development of two different tech-
niques: (i) the statistical analysis of the fluctuations of counts
in γ -γ matrices [6,24] and (ii) the analysis of the line shape of
quasicontinuum γ -γ spectra [12,14]. With these two methods
it is possible to perform a quantitative analysis of quasicon-
tinuum spectra populated by the γ decay of the warm rotating
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nucleus, providing detailed information on the various quan-
tities entering into the description of the rotational motion at
finite temperature (e.g., the number of decay paths followed by
the nucleus along the decay and the rotational damping width).

The two different techniques are applied in the following
sections to the 163Er data sorted in γ -γ matrices by selecting
the decay flow from low-K and high-K structures, as discussed
in Sec. II. In particular, the statistical analysis of the spectra,
presented in Sec. III A, will make it possible to investigate
experimentally the validity of the selection rules on the K
quantum number with increasing internal energy U. In addi-
tion, the line-shape analysis technique, discussed in Sec. III B,
will provide direct experimental estimates of the rotational and
compound damping widths �rot and �µ.

Since the two methods rely strongly on a detailed analysis
of quasicontinuum distributions, the use of Monte Carlo
simulations of the γ -decay cascades is important to sharpen the
comparison between experimental data and model predictions
[23]. Therefore, the interpretation of the experimental results
from both methods will be based on the analysis of simulated
γ -γ spectra that are treated with the same tools used for real
data. As discussed in detail in Appendix A, the simulated
spectra are produced by realistic simulations of the γ -decay
flow, produced by the Monte Carlo code MONTESTELLA, based
on microscopically calculated energy levels and E2 transition
probabilities for the specific 163Er nucleus [15].

A. Statistical analysis of γ -γ spectra: violation of the
K quantum number with excitation energy

In this paper we relate the question of K-quantum-number
violation in excited states to the study of the transition between
ordered and chaotic motion in nuclei, caused by the residual in-
teraction and the high level density. In fact, for an ordered sys-
tem a complete set of single-particle quantum numbers can be
defined for each given state, resulting in selection rules on the
associated electromagnetic transitions. In contrast, in a chaotic
regime, owing to the complex nature of every state, no precise
definition of quantum numbers (besides energy, spin, and
parity) is possible and selection rules lose their validity [25].

In this context, the investigation of the validity of the
selection rules with increasing internal energy U can be used to
probe experimentally the gradual transition from order to chaos
(which is theoretically expected to take place at U ≈ 2.5 MeV
[9]), giving access to regions where more conventional studies
based on level statistics are hard to perform, because of the
rapidly increasing level density of interacting configurations.
(For a recent study in this direction see Ref. [7].)

In the case of the 163Er nucleus, we have used two
experimental observables to determine the validity of the
K quantum number at increasing internal energy: the number
N

(2)
path of decay paths measured in coincidence with low-

K/ high-K discrete bands and the r correlation coefficient
[6,24]. A path i ≡ (i1, i2) represents a given pair of coincident
E2 transitions (Eγi1 , Eγi2 ) in a given region of the γ -γ plane.
The number N

(2)
path of paths is defined as the weighted average

1/(
∑

i W
2
i ), where Wi is the probability to follow path i. Note

that in practice N
(2)
path is affected by the relative population

probability and strictly corresponds to the actual number of

paths only when all paths are equiprobable, namely when
Wi = 1/N

(2)
path. It is found that the number of paths depends

on both the level density and the rotational damping width [6].
By selecting two-dimensional energy intervals along the ridge
(valley) structure of the γ -γ spectrum the number of paths
corresponding to discrete rotational bands (strongly interacting
bands) can be estimated, as explained in Sec. III A1.

The correlation coefficient r measures the similarity of two
spectra M(A) and M(B), gated by transitions belonging to two
different bands A and B. Denoting by Wi(A) and Wi(B) the
probability to follow path i when the gates are imposed we
define the correlation coefficient as

r(A,B) =
∑

i Wi(A)Wi(B)√
[
∑

i Wi(A)2][
∑

i Wi(B)2]
, (1)

which measures the degree of sharing between decay paths
through different sets of states and therefore the extent to which
selection rules are obeyed during the decay. Both N

(2)
path and r

can be obtained by a statistical analysis of γ -γ coincidence
spectra using the expressions (2) and (5), given later in this
section [6,24].

In the following we present experimental results from the
fluctuations and covariance analysis on the total, low-K, and
high-K γ -γ gated matrices of the 163Er nucleus [13], which
was already studied in a previous experiment [21]. In the
present case we carry out a complete investigation of the
quasicontinuum spectrum up to ≈3 MeV of internal energy.
The experimental data are also compared with results from
similar statistical analysis on simulated γ -γ matrices obtained
using the Monte Carlo code based on CSM calculations for
the specific nucleus [15], as discussed in Appendix A. The
use of the simulation is particularly crucial in the case of the
analysis of the valley region, which is populated by transitions
coming from the warmest part of the decay where rotational
damping dominates. In fact, in such a case it is important to
know the different regions of level densities spanned by the
γ decay of the excited rotating nucleus, and this can be done
by a simulation of the γ -decay flow from the residual nucleus
entry distribution down to the yrast line [4].

1. Fluctuation analysis

The fluctuations of counts in each channel of the 2D ma-
trices, expressed as variance and covariance, can be evaluated
by the program STATFIT and stored into 2D spectra [6].

From the fluctuation spectra it is possible to extract the ef-
fective number of decay paths eventually feeding into the gate-
selected band. In fact, because each rotational Eγ cascade
on average contributes one count in each 4h̄2

J (2) interval, the
number of decay paths N

(2)
path (defined as before) corresponding

to pairs of γ transitions with energies lying in a chosen 4h̄2

J (2) ×
4h̄2

J (2) region can be measured using the simple expression [6]

N
(2)
path = Neve

µ2

µ1
− 1

× P (2), (2)

where Neve is the number of events, and µ1 and µ2 are the first
and second moments of the distribution of counts evaluated
over the sector 4h̄2

J (2) × 4h̄2

J (2) (corresponding to 60 keV × 60 keV
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FIG. 6. The experimental total number of discrete paths pop-
ulating the ridge structure of 163Er (symbols) and the prediction
from the CSM of Ref. [15] (solid line). For comparison we also
show calculations in which no J 2

z term (dotted line) or no residual
interaction (dashed line) is included in the cranking Hamiltonian.

intervals for rare-earth nuclei around 163Er). In this expression
the superscript (2) indicates that the extraction of the number
of paths is based on first and second moments; the P (2) factor
corrects for the finite resolution of the detector system [6].

In the present analysis we have first evaluated the total
number of discrete rotational bands by studying the first ridge
of the 2D total matrix of 163Er. The experimental results
are shown by symbols in Fig. 6, in comparison with the
predictions from different types of CSM calculations for the
specific nucleus (cf. Appendix A). A total of ≈45 discrete
rotational bands at low internal energies is found to exist in
the nucleus 163Er, and this is in good agreement with the
CSM calculations of Ref. [15], including both the residual
interaction and an additional J 2

z term representing the effect
of the K quantum number on the rotational energy (solid
line). As shown in the figure, calculations without the residual
interaction (dashed line) lead to ridge structures populated by a
much larger number of discrete bands, since no fragmentation
of the E2 strength out of a given state would take place.
In contrast, calculations ignoring the J 2

z term (dotted line)
slightly underestimate the total number of paths, since no
high-K structures are produced.

The results of the fluctuation analysis on γ -γ matrices gated
by specific bands are shown in Fig. 7, for both ridge and valley
structures [Figs. 7(a) and 7(b), respectively]. From the analysis
of the first ridge, it is found that the number of paths leading to
each of the four low-K (A, B, E, and F) and of the three high-K
(K1, K2, and K4) configurations is, on average, ≈10. Several
of these paths may lead to more than one configuration and
this effect can be estimated through the additivity formula [24]

1

N
(2)
path

=
∑

i

f 2
i

N
(2)
path,i

∑
i �=j

r(i, j )fifj√
N

(2)
path,iN

(2)
path,j

. (3)

In this expression N
(2)
path,i is the number of paths associated

with configuration i of relative intensity fi (in average
found to be ≈10); r(i, j ) denotes instead the correlation
coefficient (experimentally determined in the next section),

600 700 800 900 1000 1100 1200
0

20

40

60

80

100

Simul

Simul

Ridge

N
(2

) pa
th

E
α
[keV]

 Exp Total 
 Exp Low K
 Exp High K

(b)

(a)

10

100

1000

10000

100000

Valley

 Exp Total
 Exp Low K
 Exp High K
 Sim Tot
 Sim High K

N
(2

) pa
th

FIG. 7. (a) The number of decay paths extracted from the
fluctuation analysis of the ridge structure of 163Er. The open circles
(squares) refer to the number of rotational bands populating the first
ridge of γ -γ matrices gated by low-K (high-K ) configurations; the
filled triangles give the number of discrete paths obtained from the
total matrix. The corresponding values for simulated spectra are
shown by dotted, dashed, and full lines (low K, high K, and total,
respectively). (b) The effective number of paths among strongly
interacting bands obtained from the fluctuation analysis of the valley
region is shown by open circles (squares) for low-K (high-K ) gated
spectra; the filled triangles show the results obtained from the total
γ -γ matrix. The dashed and solid lines give the results for total and
high-K cascades, as obtained from simulated spectra. (Adapted from
Ref. [13].)

which measures the fraction of paths in common between the
two configurations i and j. The results for the total number
of low-K and high-K paths are shown in the bottom panel of
Fig. 7 by open circles and squares, respectively, and correspond
to a total of ≈20 paths, both for low-K and high-K states. In the
same figure we report again the total number of bands in the
163Er nucleus (filled triangles as in Fig. 6), in comparison with
the number of paths extracted from the fluctuation analysis of
the first ridge of the total simulated γ -γ matrix (solid line),
as discussed in Appendix A. It is found that the analysis of
the total simulated spectra reproduces well the experimental
data, being also in accordance with the full CSM calculations
shown in Fig. 6. This confirms that the nucleus 163Er contains
about 45 discrete bands at low internal energies (≈half of
them of high-K character), before damping sets in. It is worth
noticing that this is higher than the typical 20 to 25 discrete
bands obtained for other nuclei of the rare-earth region (as for
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example 164,167,168Yb [6,24]), as a consequence of the presence
of the additional 20 high-K bands, which do not exist at such
low energies in other nuclei.

The number of paths obtained from the experimental
analysis of the valley region, shown in the top panel of
Fig. 7, is instead found to depend significantly on the nuclear
configuration. In fact, a clear difference in the measured
number of paths between low-K and high-K gated spectra
is seen up to Eγ � 1 MeV, corresponding to spin I ≈ 34h̄
and U ≈ 1.5–2 MeV, being the number of paths in the valley
spectra gated by high-K bands almost 10 times smaller than
that of low-K bands. Since the valley region is populated by
transitions from the regime of strongly interacting bands, such
a result indicates that the high-K and low-K states do not mix
together in the region of rotational damping. The experimental
findings are well reproduced by a similar analysis performed
on simulated spectra (shown by lines in the figure), constructed
by requiring the same gating conditions on high-K (K >8)
and low-K (K � 8) configurations. As discussed in Appendix
A, at this excitation energy, not only is the level density for
high-K states ≈3 times lower than for the low-K ones [15]
(cf. Fig. 15), but also the rotational damping width is about
reduced 30% for high-K states, as shown both experimentally
and theoretically (cf. Appendix B) [14]. Since both the level
density and the rotational damping width enter as quadratic
terms in a schematic evaluation of the number of paths [6],
this roughly explains the factor of 10 separating the number of
high-K and low-K gated paths. It should also be noticed that
at the highest transition energies studied here, the number of
low-K and high-K states approach each other, both in the data
and in the simulation, thus indicating a weakening of selection
rules on the K quantum number with increasing rotational
frequency and internal excitation energy. This should occur at
γ -transition energies above 1 MeV, corresponding roughly to
angular momenta above 34h̄ and energies above yrast typically
around 1.5 MeV. This onset of K mixing is found in the
calculations to set in at ≈1.5 MeV above yrast [15].

2. Covariance analysis

A better understanding of the mixing of states with
different K quantum numbers can be obtained by studying
the correlations between the fluctuations of the spectra gated
on specific low-K and high-K bands. These correlations are
expressed by the covariance of counts, defined as

µ2,cov(A,B) = 1

Nch

∑
j

[Mj (A) − M̃j (A)][(Mj (B) − M̃j (B)],

(4)
where M(A) and M(B) refer to spectra gated by transitions
from two different bands, A and B, and M̃ denotes an average
spectrum (which in our case is obtained by the routine STATFIT

as a numerical, smoothed third-order approximation to the
2D spectrum) [24]. As in the case of the fluctuation analysis,
the sum is over a region spanning Nch channels in a two-
dimensional 4h̄2

J (2) × 4h̄2

J (2) window. To determine the degree of
correlation between the two spectra, the correlation coefficient
r(A,B) is calculated:

r(A,B) = µ2,cov(A,B)√
[µ2(A) − µ̃1(A)][µ2(B) − µ̃1(B)]

, (5)

where µ2 denotes the second moment defined for the same
region, related to the expression for the covariance by µ2(A) =
µ2,cov(A,A). The first moment µ̃1 is the average of M over
the region Nch. The subtraction of the first moments in the
denominator of Eq. (5) corrects for the contribution to µ2

from counting statistics.
The power of the covariance technique is illustrated in

Fig. 8, where we show projections perpendicular to the Eγ1 =
Eγ2 axis of µ1 (left panels), µ2 (central panels), and µ2,cov

spectra obtained from experimental γ -γ matrices of 163Er,
gated by different type of structures (explicitly given in each
panel). The projections are all taken at the average transition
energy 〈Eγ 〉 = 960 keV, corresponding to I ≈ 32h̄. As one
can see, the ridge structure is enhanced in the µ2 fluctuation
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FIG. 8. Spectra of µ1 (left)
and µ2 (middle) obtained from ex-
perimental γ -γ coincidence ma-
trices gated by three different
types of structures (named in each
panel). The spectra have been
obtained by projecting the Eγ1×
Eγ2 spectra perpendicularly to
the Eγ1 = Eγ2 diagonal, with a
width of 60 keV and an average
transition energy (Eγ1 + Eγ2 )/
2 = 960 keV. The right part of
the figure shows the covariance
between pairs of gated spectra,
also evaluated in two dimensions
before projection.
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and µ2 (middle) obtained from
simulated γ -γ coincidence ma-
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ent type of structures (named in
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age transition energy (Eγ1+ Eγ2 )/
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the figure shows the covariance
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spectra as compared to the original average distribution of
counts exhibited by the µ1 spectrum, even after the removal of
all known discrete bands. Such an enhancement, which is less
visible in the µ2 high-K spectrum owing to the lower number
of counts in the corresponding µ1 distribution, confirms the
rather low number of discrete regular bands measured by
the fluctuation analysis of the ridges, discussed in Sec. III A
(cf. Fig. 7). A clear difference is observed in the µ2,cov

covariance spectra (right panels) in the case of low-K versus
low-K as compared to low-K versus high-K combinations. In
fact, although in the first case a pronounced ridge structure
is observed, in the latter one a rather flat and close to
zero distribution is found. This observation indicates that
very little correlations are expected among discrete rotational
bands characterized by a large difference in the K quantum
number.

Figure 9 shows similar projections on the µ1, µ2, and
µ2,cov spectra obtained from simulated γ -γ matrices of 163Er,
requiring the same gating conditions as used for the data.
Also in this case, very intense ridge structures are observed
in the µ2 spectra, regardless of the selection on K, even more
pronounced than in the data, particularly for the high-K spectra.
This is related to the discrete line subtraction, which in the
case of the simulation is limited to the low-K A, B, E, and
F yrast and corresponding first excited bands only, as already
discussed in connection with Fig. 5. This implies, in particular,
more intense ridge structures in the µ1 and µ2 high-K spectra
since they include the overall population of high-K states,
at variance from the corresponding experimental data from
which all known discrete high-K bands have been removed.
One should notice, however, that the presence in the simulation
of the most strongly populated high-K bands does not affect
significantly the results from the fluctuation and covariance
analysis, owing to the low intensity of these high-K structures.
Similarly to the data, the µ2,cov covariance spectra (right
panels) show a clear difference between low-K versus low-K
and low-K versus high-K combinations, suggesting strong
correlations between configurations with similar K quantum
number, and almost no mixing between bands with large

differences in K, in the excitation energy region probed by the
ridges.

The average values of the r coefficient obtained from the
analysis of the ridge and valley structures of the experimental
and simulated spectra of 163Er, presented in Figs. 8 and 9, are
shown by symbols and solid lines in Fig. 10. In the figure,
the covariance from the ridge (valley) analysis are presented
in the bottom (top) panels, for combinations of low-K versus
low-K (left) and low-K versus high-K (right) configurations.
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FIG. 10. The results of the covariance analysis on ridge (bottom
panels) and valley (top panels) structures of 163Er. Panels (a) and
(c) show by open squares the correlation coefficient r obtained
experimentally by averaging over pairs of γ -γ spectra gated by
low-K configurations; the correlation coefficient obtained from the
experimental analysis of the low-K versus the high-K matrices is
shown by filled circles in panels (b) and (d). The theoretical values,
as obtained from the covariance analysis of simulated spectra, are
represented by solid lines in all the panels; the dashed lines indicate
the two extreme limits for full mixing (1) and no mixing (0). (Adapted
from Ref. [13].)
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In each panel the dashed lines indicate the two opposite limits
expected in the case of complete conservation of selection
rules (r = 0) and of a compound nucleus regime (r = 1): As
one can see, in all cases good agreement is found between
data and simulations. In the case of the ridge analysis, r is
found to be of the order of 0.2 for configurations with similar
low-K values [Fig. 10(a)], and this can be explained by the
fact that at most one or two E1 transitions cool the nucleus
from the excited unresolved bands below ≈1 MeV of thermal
energy, as discussed in Ref. [13]. Such a modest cross talk
between regular rotational bands is even more hindered among
low-K and high-K states, as testified by the ≈0 correlation
coefficients shown in Fig. 10(b), which is a consequence of
the flat and ≈0 distributions observed in the covariance spectra
(shown in Figs. 8 and 9). This means that there are basically
no cross-transitions between the ≈20 bands feeding high-K
states and the ≈20 bands feeding low-K states.

For the valley fluctuations, the correlation coefficient is
still of the order of 0.2 for low-K versus low-K matrices,
thus indicating similar probabilities for E1 crossings as in
the case of the ridge analysis. In contrast, the r coefficient
is found to increase with increasing Eγ in the case of low
K versus high K, in accordance with the gradual approach
observed in the number of paths for the valley region gated
by low-K and high-K bands, shown in Fig. 7(b). Both results
suggest a weakening of selection rules associated with the
K quantum number with increasing rotational frequency and
internal excitation energy, which produce a gradual mixing
of low- and high-K configurations. The present analysis is
in good agreement with the theoretical predictions from the
band-mixing model on 163Er discussed in Appendix A, for

which the limit of strong K mixing is only achieve above 2.5
MeV internal excitation energy.

B. Line-shape analysis of γ -γ spectra: direct measurement of
the damping widths �rot and �µ

A line-shape analysis technique has been recently de-
veloped to directly extract the rotational and compound
damping widths �rot and �µ from the data [12,14]. The
method follows the theoretical observation that the E2 strength
function, namely the distribution of E2 transition energies,
reflects both the rotational and compound damping width,
through the doorway mechanism schematically illustrated
in Fig. 1: Although the overall profile is determined by
�rot, fine structures are characterized by �µ, which carries
rotational correlations in the unperturbed np-nh bands. As a
consequence, direct information on both the rotational and
compound damping width can be obtained by studying the
strength function for two consecutive E2 γ decays, (I + 2)
→ I → (I − 2), which characterizes the shape of the first
ridge as well as the central valley in 2D γ -coincidence spectra
(cf. Fig. 5) [12]. Figure 11(a) shows the 2D E2 strength
calculated for 163Er at spin I = 40h̄-41h̄ for the levels 11–100,
for each Iπ (corresponding to the average internal energy
〈U 〉 ≈ 1.4 MeV), therefore excluding the contributions from
the ≈45 discrete low-lying rotational bands (cf. Fig. 6). As
one can see, the calculated E2 strength distribution shows a
complex structure with a characteristic correlation parallel to
the diagonal in the Eγ1 ×Eγ2 plane. This indicates that some
rotational correlations survive even in the regime of strongly
interacting bands, where the rotational damping phenomenon

(a) (b)

(d)(c)

FIG. 11. (Color online) Illustration of the
line-shape analysis technique applied and tested
on simulated spectra. (a) An example of the
calculated strength function for two consec-
utive E2 γ rays in the Eγ1 × Eγ2 plane.
(b) Schematic of the analytic two-component
function S(Eγ1 , Eγ2 ), which is found to repro-
duce well the microscopically calculated E2
strength. (c) Projection on the Eγ1 -Eγ2 axis of
the E2 strength shown in (a). In the figure, the
full drawn line is the projection of the two-
component Gaussian function schematically
shown in panel (b), which contains wide and nar-
row distributions of width �wide ≈ √

2�rot and
�nar ≈ 2�µ, respectively. The dark histogram
represents the discrete bands distribution, which
is obtained by requiring a branching number nb

smaller than 2. (d) A projection of a γ -γ spec-
trum calculated for several successive E2 decays.
The full drawn line is the parametrization, which
incorporates the two-component function, with
�rot = 180 keV, �nar = 44 keV, and Inar = 0.3;
the dashed line has no narrow component and a
width �rot = 150 keV.
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largely dominates. The E2 distribution of Fig. 11(a) can be
well approximated by a two-component Gaussian function
S(Eγ1 , Eγ2 ) [illustrated in Fig. 11(b)], defined as

S(Eγ1 , Eγ2 ) = InarS
corr(Eγ1 , Eγ2 )

+ (1−Inar)S
I (Eγ1 )SI−2(Eγ2 ), (6)

where SI (Eγ1 ) SI−2(Eγ2 ) is the strength function for a single
step decay from states at spin I (and I − 2), which is a simple
Gaussian function of FWHM �rot. In this way, the second term
represents the uncorrelated part of the decay, giving rise to the
wide component. The first term represents instead the narrow
component Scorr(Eγ1 , Eγ2 ) of intensity Inar, which is correlated
parallel to the diagonal line and has a narrow width in the
Eγ1 -Eγ2 direction, as shown in Fig. 11(b). The Scorr(Eγ1 , Eγ2 )
distribution can then be parametrized by a two-dimensional
Gaussian function characterized by the widths �nar and �rot.

The two-component structure is even more evident in the
projection of the E2 strength on the Eγ1 -Eγ2 axis, shown
in Fig. 11(c). The projected E2 strength displays, in fact,
a pronounced peak at the same position of the discrete
band distribution, obtained by requiring that the branching
number nb of E2 branches out of a given state is less
than 2 (dark histogram) [8]. As shown in the figure, the
overall E2 distribution is well accounted for by the analytic
function schematically illustrated in Fig. 11(b), made by the
superposition of two Gaussians of width �wide and �nar. As
discussed in Ref. [26], it is found that the wide width �wide is
≈√

2�rot, whereas the narrow width �nar is ≈2�µ. This testifies
to the fact that the narrow structure keeps memory of rotational
correlation in the unperturbed np-nh shell model states,
which at high excitation energies are smeared out by �µ.

The two-component structure also determines the line shape
of two- and higher fold quasicontinuum spectra, produced by
several successive E2 γ decays [14]. This is seen in Fig. 11(d),
which shows a projection of the calculated γ -γ spectrum,
considering levels 11–100 only, for each Iπ , in the spin range
(28–40)h̄ of 163Er (neglecting the E1 contributions to the
γ cascades). The calculations display a ridge-valley profile
very similar to the experimental data, shown for example in
Fig. 5, with a ridge structure at ±70 keV that originates from
the narrow component. Therefore, as discussed in Appendix B,
a multidimensional strength function can be introduced to
interpolate the experimental E2 spectrum, to extract directly
the damping widths �rot and �µ and the intensity Inar of the
narrow component [cf. Eq (6)]. The strength function also
depends on the number Nstep of decay steps considered, which
mostly determines the shape of the spectrum for rather large
values of Eγ1 -Eγ2 . In such a procedure, the J (2) dynamic
moment of inertia of the rotational states can be determined
by the position of the two most inner ridges, as shown in
Fig. 5. This is illustrated in Fig. 11(d), where the full drawn
line is the parametrized 2D spectrum for several successive E2
steps, which incorporates the two-component function, with
�rot = 180 keV, �nar = 44 keV, and Inar = 0.3 . If one ignores
the narrow component, as was previously done in Ref. [27],
a simple Gaussian valley is obtained, as illustrated by the
dashed line. This clearly indicates the importance of the narrow

component for a proper reproduction of the overall spectrum
line shape.

1. Test of the method on simulated spectra

The method has been tested on γ -γ coincidence spectra
obtained by a Monte Carlo code that simulates the γ cascades
via the competition between E1 and E2 transitions, at each
step of the decay [23]. As discussed in detail in Appendix A,
the simulation makes use of the levels and E2 transition
probabilities microscopically calculated for the 163Er nucleus
[15]. Examples of 60-keV-wide cuts on the simulated matrices
collecting the E2 strength from pure discrete rotational bands
(bottom) and damped rotational states (top) are reported for
comparison in the same panel in Figs. 12(a)–12(c). The
projections are taken across the Eγ1 = Eγ2 diagonal, at the
average transition energies 〈Eγ 〉 = 900, 960, and 1020 keV,
corresponding to spins I = 30h̄, 32h̄, and 34h̄, respectively. In
both cases the ridge-valley structure is clearly visible, with a
separation between the two most inner ridges equal to 8h̄2/J (2).
Whereas in the discrete case the ridges are sharp (with a
FWHM ≈ 20 keV) and strongly pronounced, a smoother
pattern is observed in the damped spectra, with weaker and
wider ridges and a central valley partially filled. The smooth
lines superposed on the damped spectra are the best fit of the
two-component spectral function previously discussed. The
values obtained from the χ2 minimization with respect to
the intensity Inar of the narrow component and to the parameter
Nstep are about 5% and 5 and are reported in the left-hand side
of Table I; the results obtained for �nar and �rot are shown by
stars in Fig. 12. The statistical errors associated with the four
parameters Inar, Nstep, �rot and �nar cannot be evaluated from
standard expressions, mainly because of the finite detector
resolution (also included in the simulation), which implies
that the counts in the different channels of the spectrum are
not independent from each other. Instead, the evaluation can
be obtained from the fluctuations in the number of counts in
the spectrum [6]: The error �a in the quantity a is determined
by the value of �a that satisfies the expression

χ2(a0 ± �a) = χ2(a0) + 1

nch
χ2(a0), (7)

where a0 is the best value obtained from the fitting procedure.
In this expression nch indicates the number of channels in one
dimension, which is equal to 4h̄2

J (2)
1
R

= 60 keV/4 keV = 15,
where R is the channel resolution of the spectrum (typically
4 keV). The previous expression leads to rather small statistical
errors (of the order of 5, 15, and 20% for �rot, �nar and
Inar, respectively), to which systematic errors, related to the
uncertainties of the fit, have to be added, resulting in the error
bars reported in Table I and Fig. 12. In particular, the fitting
procedure is found to be rather sensitive to the energy range
considered in the interpolation, which has always been applied
at most to the interval ±3 × 4h̄2

J (2) around the valley region. In
this way we are able to exclude regions of the spectra where
the intensity rapidly decreases owing to the initial feeding
conditions, which in the analytic function can only be partially
accounted for by the Nstep parameter.
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FIG. 12. Panels (a), (b) and (c) show
60-keV-wide projections on simulated spec-
tra of 163Er collecting the E2 strengths from
discrete rotational bands (bottom spectra) and
damped transitions (top spectra), at the aver-
age transition energies 〈Eγ 〉 = 900, 960, and
1020 keV. The interpolation of the damped
spectrum by the two-component function is
given by the solid line. Panels (d) and (e)
show the calculated values of �rot and �nar,
respectively. The lines refer to the values
calculated directly from the CSM bands at three
different excitation energies: for 〈U〉 < 1 MeV
(in which case the bands branch out to less
than two final states, nb < 2), 〈U〉 ≈ 1.4 MeV,
and 〈U〉 ≈ 2 MeV. The open (filled) stars
refer to the values extracted from the simulated
discrete (damped) spectra using the analytic
parameterization. Finally, the open circles refer
to the experimental data extracted from the
spectra presented in Fig. 13.

The values of �rot and �nar obtained from the analysis of
the simulated spectra are of the order of 200 and 40 keV,
respectively, as shown in Figs. 12(d) and 12(e). The figure
also shows the corresponding values deduced directly from
the calculated CSM bands for the low-lying levels (nb < 2),
for the levels 11–100 [with 〈U 〉 ≈ 1.4 MeV (solid line)], and
for the levels 101–300 [with 〈U 〉 ≈ 2 MeV (dashed line)],
as discussed in Appendix B. It is found that the analysis of
the simulated damped spectra agrees well in particular with
the CSM prediction relative to the intermediate energy region,
where the simulated γ -decay flow mostly goes at this spin
interval. This clearly demonstrates the internal consistency of
the present analysis technique.

2. Experimental results

The line-shape analysis technique has been applied to the
total, low-K, and high-K experimental 2D spectra of 163Er,
discussed in Sec. II. After correcting for the detector efficiency,

TABLE I. Values obtained for the parameters Inar and Nstep by
the χ 2 fitting of the parametrized spectrum applied to the simulated
and experimental total matrix of 163Er, as a function of spin.

Simulated Experimental

Spin [h̄] Inar[%] Nstep Spin [h̄] Inar[%] Nstep

30 8 ± 2 6 ± 1 30 10 ± 2 5 ± 1
32 6 ± 1 6 ± 1 32 9 ± 2 5.5 ± 1
34 5 ± 2 5 ± 1 34 12 ± 2 6 ± 1
36 3 ± 1 4 ± 1 36 6 ± 2 6 ± 1
40 3 ± 2 4 ± 1 40 5 ± 1 5.7 ± 1

the pure E2 rotational correlations have been isolated by
subtracting the E1× E1 + E1 × E2 + E2 × E1 background
contributions. The evaluation of the E1 component is obtained
by assuming an exponential shape ∼E3

γ exp(−Eγ /T ), where
T ≈ 0.45 MeV is the nuclear temperature [14,28].

Figure 13 shows examples of one-dimensional projections
along the 60-keV-wide Eγ1 = Eγ2 diagonal, at 〈Eγ 〉 = 900 and
960 keV (corresponding to spin 30h̄ and 32h̄). The projections
are taken on the total matrix (panels a and b), and also on
the low-K (panels c and d) and high-K (panels e and f )
spectra. In all cases, one observes a rather smooth ridge-valley
profile, very similar to the one displayed by the damped
simulated spectra of fig. 12, apart from the ≈25% difference
in the values of J (2). This results in a separation 8h̄2/J (2)

between the two most inner ridges of the order of 120 and 150
keV, respectively, for experimental data and simulation. The
smooth curves in Fig. 13, well reproducing the experimental
data, represent the best fits of the two-component spectral
function.

In the right-hand side of Table I we give values for the
parameters Inar and Nstep as obtained from the analysis of the
total matrix. It is found that Nstep is ≈5, whereas the intensity
Inar of the narrow component is in average ≈0.1, which is
slightly higher than the simulated results. This can be partly
attributed to some remaining contribution from discrete lines,
which in the case of the experimental data are only removed
according to the actual level schemes. As shown in Fig. 12,
�rot significantly increases in the spin region between 20h̄ to
60h̄, with values of the order of 200 keV, whereas the narrow
width of the two-step distribution is more constant, providing
values �µ ≈ 20–30 keV over a wide spin region. In both cases
good agreement is found with both the CSM predictions and
the results from the simulated spectra.
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FIG. 13. 60-keV-wide projections on the
Eγ1 -Eγ2 axis of experimental matrices of 163Er,
at the average transition energies Eγ = 900 and
960 keV. Panels (a) and (b) show projections on
the total γ -γ matrix, whereas panels (c) and (d)
and (e) and (f ) correspond to spectra gated on
low-K and high-K configurations of 163Er. The
(−150,150) keV interval shown here is equiva-
lent to the one adopted in Figs. 12(a), 12(b), and
12(c) (namely (−200,200) keV), considering the
different values of 8h̄2/J (2) in the simulated
and experimental spectra (≈150 and 120 keV,
respectively).

The results from the analysis on the low-K and high-K
matrices are shown instead in Fig. 14, in comparison with the
corresponding low-K (K � 8) and high-K (K > 8) predictions
from CSM calculations. In all cases the parameter Nstep ≈ 5,
while the intensity Inar is in average 0.1 for low-K and 0.17
for high-K. The extracted values of �rot and �nar are in good
agreement with the theoretical prediction relative to a colder
decay flow (i.e. 〈U 〉 ≈ 1.4 MeV), being, in average, of the
order of 200 and 40 keV, respectively. A dependence of the
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FIG. 14. Experimental values of �nar and �rot, as extracted from
the spectral shape analysis of experimental low-K (a and c) and
high-K (b and d) γ -γ coincidence spectra of 163Er. Predictions from
CSM calculations [15] for average excitation energies of 1.4 and
2 MeV are shown by solid and dashed lines, respectively.

damping width on the K values is also observed, since �rot is
almost 30% smaller for high-K states, as also shown in the
calculations (see Appendix A for details). This points to a
difference in the mixing process between low-K and high-K
states, which can be related to a partial conservation of the
K quantum number in the rotational damping region. This
agrees both with the theoretical predictions, which show that
high-K states maintain their rotational character even up to
1.5 MeV of excitation energies, namely in the region where
rotational damping is otherwise largely dominating, and also
with the experimental results from the variance and covariance
analysis discussed in Sec. III A.

IV. CONCLUSIONS

We have here presented an extensive review of the exper-
imental results obtained from the analysis of a high-statistics
data set on the 163Er nucleus. The analysis concerns the
quasicontinuum γ -decay flow in the spin region (20–40) h̄ and
internal excitation energies up to around 2.5 MeV, where the
transition between order and chaos is expected to take place.
Two experimental techniques are discussed: (i) the statistical
analysis of the fluctuations of counts in γ -γ matrices and
(ii) the study of the line shape of quasicontinuum spectra.
In both cases the data are sorted into γ -γ matrices in
coincidence with specific intrinsic structures of 163Er, which
are characterized by small and large values of the K quantum
number. The experimental results are compared with CSM
calculations for this specific nucleus, providing a consistent
picture for the overall description of the warm rotation at
finite temperature, within the limitations of the theoretical
framework.
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By the use of the recently developed line-shape analysis
technique, a direct experimental estimate of the rotational
and compound damping widths �rot and �µ has been given,
providing values of the order of ≈200 keV and ≈20 keV,
respectively. Knowledge of the two damping widths can be
viewed as a step forward in the understanding of the basic nu-
clear structure properties at finite temperature, since they both
relate to the complex nature of the compound nucleus states.

In addition, a statistical analysis of the quasicontinuum
spectra has allowed us to investigate the validity of the selec-
tion rules on the K quantum numbers with increasing internal
excitation energy U, which can be used to investigate the
order-to-chaos transition. It is found that, for internal energies
below ≈1.2 MeV, the K quantum number is rather strictly
conserved. However, at higher internal energy (1.2 � U �
2.5 MeV), the K quantum number is only partially conserved,
pointing to a gradual transition toward a chaotic regime.
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APPENDIX A: MONTE CARLO SIMULATION OF
THE γ -DECAY FLOW

The Monte Carlo code MONTESTELLA [4,23] can perform
a simulation of the γ decay of the excited rotating nucleus
from the residual entry distribution down to the yrast line. The
simulation assumes that for well-deformed nuclei the γ decay
is dominated by the competition between E2 collective and
E1 statistical transitions [29]. The calculations produce sim-
ulated spectra of the same type of the experimental data,
as shown, for example, in the right-hand side of Fig. 5,
therefore providing a valuable tool for a quantitative study
of quasicontinuum distributions.

The simulation makes use of energy levels and E2 tran-
sition probabilities microscopically calculated according to
the model of Ref. [15], which is based on the cranking
model and on the assumption of well-deformed nuclei with
fixed deformation. In the model no pairing correlations are
explicitly taken into account, therefore limiting the validity
to the high-spin region of the γ decay. The use of calculated
levels makes it possible, in particular, to perform a meaningful
statistical analysis of the simulated γ -γ coincidence spectra,
making use of the same analysis technique applied to the
data [6] (see Sec. III). At excitation energies higher than
the ones covered by the microscopic states (i.e., U > 2.5–
3.0 MeV) it is assumed that the rotational decay proceeds
through a continuum of states, governed by a rotational
damping strength of Gaussian shape, with a width �rot

extrapolated from the region of the discrete, microscopically
calculated levels. Also, the level density is extrapolated from
the discrete region.

In the specific case of the 163Er nucleus studied here, the
microscopic levels used as input to the simulation code have
been calculated by a recent version of the model that introduces
in the Hamiltonian a J 2

z term by taking into account the
angular momentum carried by the K quantum number [15]. In
the calculations, 4000 np-nh basis states of lowest excitation
energy (corresponding to a cutoff of approximately 4 MeV) are
used to diagonalize the Nilsson Hamiltonian with deformation
parameters ε2 = −0.252 and ε4 = −0.004, for each Iπ . The
rotational bands are then mixed by the two-body residual
interaction of surface delta type with standard interaction
strength V0 = 27.5 MeV/A. In this way, energy levels and
E2 transition probability have been calculated in the spin
range I = (20–60) h̄, up to approximately 2.5–3 MeV above
yrast. Every state is characterized by an intrinsic Gaussian
distribution of K, with a FWHM σK that increase with U.
Below U ≈ 1.5 MeV, σK is found to be smaller than the
typical spreading in the average value of K, so that it is
possible to define two different sets of states (i.e., low K with
K � 8 and high K with K > 8), which turn out to correspond
to level densities differing by a factor of ≈3, as shown in
Fig. 15. For U � 2–2.5 MeV the average value of K converges
toward 〈K〉 ≈ 7, thus explaining the rapid decrease in the num-
ber of high-K states observed in Fig. 15. In addition, since the
intrinsic FWHM becomes larger than the spreading in the aver-
age values, the distinction between low-K and high-K configu-
rations is blurred, corresponding to the statistical limit of strong
K mixing. For energies around U ≈ 1.5 MeV one finds an
intermediate regime associated with the onset of K mixing.

In Fig. 16, we compare the experimental and calculated
transition energies Eγ , as a function of spin I, for the four
yrast bands A, B, E, and F of 163Er. As one can see, good
agreement is found between their average experimental value
(solid line) and the calculated CSM values (filled diamonds),
which are limited to the spin range (20–60) h̄. This indicates
that the average kinematic moment of inertia J (1) of the CSM
bands is in good agreement with the experimental values,
being J (1) = h̄ I

ω
= h̄2 I

Eγ
. A difference of ≈25% in the value
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FIG. 15. The level density of 163Er as a function of internal energy
U at spin I = 40h̄, 41h̄, calculated according to the model of Ref. [15].
The solid line refers to the total number of states, the dashed (dotted)
lines correspond to the states with 〈K〉� 8 (〈K〉 > 8).
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FIG. 16. The relation between the transition energy Eγ and the
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The average among the experimental data (solid line) is also compared
with the corresponding values from the CSM of Ref. [15] (filled
diamonds).

of the dynamic moment of inertia J (2) is instead found between
the experimental data and CSM bands, as can be seen from
the separation 8h̄2/J (2) between the two most inner ridges
observed in γ -γ coincidence spectra (cf. Fig. 5), which gives
values of the order of 120 and 150 keV, respectively.

In the previous version of the MONTESTELLA code [23] the
total E1 transition probability is defined as

T (E1, Ui) = hE1

∫ Ui

0
T (Ui,Uf )dUf , (A1)

where

T (Ui,Uf ) = (Ui − Uf )3fGDR(Ui − Uf )
ρ(Uf )

ρ(Ui)
(A2)

In this last expression ρ(Ui) (ρ(Uf )) is the level density at
the initial (final) excitation energy Ui (Uf ) and fGDR is the
strength function given by the tail of the giant dipole resonance
(GDR) of Lorentzian shape (assuming that the GDR exhausts
the E1 sum rule), corresponding to a prolate nucleus with the
same deformation parameters used to produce the microscopic
bands. In the case of 163Er, the centroid and width of the
GDR are E0 = 15 MeV and �E1 = 5 MeV, respectively. In
the region of discrete levels, the previous integral is replaced
by a summation.

It was generally found that, to reproduce the average
experimental intensity of low-lying bands, one has to re-
duce substantially the value of fGDR by introducing the
hindrance factor hE1 ≈ 0.4 [4,23]. This is illustrated in
Fig. 17, where the fraction of the total intensity populating
the ridge structure of 163Er in the experimental γ -γ spectrum
(symbols) is compared to the one of the simulated matrix,
obtained by using hindrance factors hE1 = 0.6, 0.4, and 0.2.

In the present simulations we have also taken into account
the microscopic structure of the quantum states connected
by an E1 transition, multiplying T(Ui,Uf ) by an exponential
quenching factor P�K that takes into account the difference in
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FIG. 17. Comparison of the fraction of the total intensity popu-
lating the ridge structure of 163Er in the experimental γ -γ spectrum
(symbols) and in the simulated matrix obtained using the hindrance
factors hE1 = 0.6 , 0.4, and 0.2.

the intrinsic K distribution. Such a factor is defined as

P�K (Ki,Kf ) = C

∫ ∫
dk1dk2e

− (k1−Ki )2

2σ2
i e

− (k2−Kf )2

2σ2
f e− |Kf −Ki |

σ ,

(A3)

where Ki (Kf ) and σi (σf ) are the average values and the
standard deviations, respectively, of the K quantum number of
the initial (final) state; the constant C is chosen to reproduce
the average value of the total transition probability given by
Eq. (A1), with hE1 = 0.4. The value of σ used in the P�K

expression of the 163Er calculation is ≈0.3, in accordance
with a standard estimate for K forbiddeness [3]. Such a value
corresponds to a hindrance factor for degree of K forbiddeness
of the order of 20, in agreement with the analysis of the E1
decay-out from isomeric states [30,31]. However, it turns out
that our results are not very sensitive to the introduction of the
factor P�K in the calculations.
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FIG. 18. Comparison of the measured and calculated intensities
of the discrete γ transitions of the strongest populated bands in 163Er
as a function of spin, relative to the strongest yrast transition.
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In the simulations the initial values of U and I for each
γ cascade are selected from a Gaussian distribution with
centroids and widths reproducing the experimental conditions.
In the case of the 163Er experiment, we have used 〈U 〉 =
4 MeV, FWHMU = 4 MeV and 〈I 〉 = 44 h̄, FWHMI =
20h̄. The resulting simulated intensities reproduce well the
experimental values both for ridge structures and low-spin
yrast transitions, as illustrated in Figs. 17 and 18.
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FIG. 19. Projections on the Eγ1 -Eγ2 axis of the strength function
for two consecutive E2 γ rays, obtained by microscopic CSM
calculations of 163Er [8,12], for the levels 11 to 100 for each Iπ .
The calculations are performed at spin I = 30h̄, 31h̄ (a), I = 40h̄,41h̄
( b), and I = 50h̄,51h̄ (c). The full drawn line is the two-component
function, which contains wide and narrow Gaussian distributions
of width �wide ∼ √

2�rot and �nar ∼ 2�µ, respectively. The discrete
bands distribution (defined by the relation nb < 2) is also shown by
histograms.

APPENDIX B: ANALYSIS OF THE E2 STRENGTH
FUNCTION

Direct information on the rotational and compound damp-
ing widths �rot and �µ can also be obtained from the
microscopic model on which the Monte Carlo simulation is
based (see Appendix A). In fact, as discussed in connection
with the line-shape analysis presented in Sec. III B, the strength
function for two consecutive E2 γ decays, (I + 2) → I →
(I − 2), characterizing the shape of the first ridge as well
as the central valley in 2D γ -coincidence spectra, displays a
two-component structure that can be related to the two different
damping mechanisms (cf. Figs. 1 and 11) [26].

Figure 19 shows examples of projections of the E2 strength
on the Eγ1 -Eγ2 axis, as obtained from calculations performed
for levels 11–100 of 163Er (corresponding to the average
internal energy 〈U 〉 ≈ 1.4 MeV), at spin values I = 30h̄, 31h̄
(panel a), I = 40h̄, 41h̄ (panel b), and I = 50h̄, 51h̄ (panel c),
for each Iπ . As one can see, in all cases the projected E2
strength displays a pronounced peak at the same position of the
discrete band distribution (dark histograms), thus indicating
that in the calculated spectra some rotational correlations sur-
vive even in the regime of strongly interacting bands. As shown
in the figure, the overall E2 distribution is well accounted for
by the analytic function schematically illustrated in Fig. 11(b),
made by the superposition of two Gaussians of width �wide ≈√

2�rot and �nar ≈ 2�µ (solid line in each panel of Fig. 19).
Interpolating the E2 strength distribution for two consecu-

tive γ rays by a two-component Gaussian function, as shown in
Fig. 19, one can extract the quantities �rot and �nar (hence �µ)
from the microscopic model, as a function of spin and internal
excitation energy, as shown in Fig. 20. Although �rot is found to
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FIG. 20. Values of �rot and �nar, as a function of spin, extracted
from the FWHM of the wide and narrow component of the two-step
distribution shown in Fig. 19. The calculations are performed for the
sets of levels 11 to 100 (dashed lines) and 101 to 300 (solid lines),
corresponding to the average internal energy 〈U〉 ≈ 1.4 and 2 MeV,
respectively. The dotted line gives the FWHM of the distribution of
discrete bands (shown by histograms in Fig. 19 and defined by the
condition nb < 2).
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FIG. 21. The same as shown in Fig. 19 for (a) low-K (K � 8), and
(b) high-K (K > 8) states, separately. In both cases, the calculated
distribution is well accounted for by a two-component function
containing wide and narrow Gaussian distributions of width �wide ∼√

2�rot and �nar ∼ 2�µ, respectively. The discrete bands distribution
(defined by the relation nb < 2) is also shown by histograms.

significantly increase with spin in the region between 20h̄ and
60h̄, from ≈150 to 300 keV, the narrow width of the two-step
distribution is more constant, providing values �µ ≈ 20–
30 keV over a wide spin region. In the figure we also show
by a dotted line the FWHM of the discrete band distribution
(represented by dark histograms in Fig. 19), which is found to
be about half the width �nar of the narrow component.

The dependence of �rot and �µ on the K quantum number
can also be inferred by the analysis of the line shape of the two-
step E2 strength, microscopically calculated. In fact, as shown
in Fig. 21, the strength function, calculated separately for the
low-K (K � 8) and the high-K (K > 8) levels 11–100, at spin
I = 40h̄,41h̄, displays in both cases the distinct two-component
structure. It is found that although �µ depends only weakly on
K, a 30% reduction is observed in the values of �rot for high-K
states, as shown in Fig. 14, in comparison with the data. This
prediction is in good agreement with the experimental results
discussed in Sec. III B.

The strength function for two consecutive E2 γ rays
is reflected into the line shape of two- and higher-fold
γ -coincidence spectra, which originate through several suc-
cessive E2 decays. This results in the typical ridge-valley
landscape observed in experiment and reproduced in simu-
lations, shown for example in Figs. 5 and 11(d). Therefore,
a multidimensional strength function S(Eγ1 , Eγ2 . . . Eγn

) can
be introduced, leading to a parametrized spectral function for
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FIG. 22. (a) Projections of 2D parametrized spectra for several
successive E2 decays. The calculations are performed for Inar = 15,
30, and 60%, assuming constant values for �nar = 50 keV and �rot =
200 keV. (b) Results obtained for different values of �rot (i.e., 100,
200, and 300 keV), if no narrow component is included (Inar = 0).
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rotational damping width assumes the values �rot = 100, 200, and
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2D (as well as higher order) γ -coincidence spectra. Such
a function consists of the superpositions of many double-
Gaussian distributions of width �rot and �µ, defined by Eq. (6),
and it can be used to interpolate the line shape of experimental
γ -coincidence spectra. In this way, values for the damping
widths �rot and �µ, the intensity Inar of the narrow component,
and the number Nstep of the decay steps considered can be ex-
tracted from the spectra. Figure 22(a) shows examples of pro-
jections, perpendicular to the Eγ1 = Eγ2 axis, of parametrized
functions for the γ -γ coincidence spectrum produced by
several successive E2 decays. The calculations are done for
�rot = 200 keV and �nar = 50 keV, and the intensity of the
narrow component is Inar = 15, 30, and 60%, respectively. As
one can see, not only does the analytic function display a ridge-
valley structure similar to the one observed in the real data (cf.
Fig. 5), but the overall line shape of the experimental spectrum

is very sensitive to the presence of the narrow component. If
one ignores the narrow component, as was previously done in
Ref. [27], the Eγ1 × Eγ2 spectrum contains just one Gaussian
valley, whose width depends only on �rot, as illustrated in
Fig. 22(b). One can then conclude that the presence of the
narrow component is crucial for a proper description of the line
shape of actual γ -coincidence data and that a multidimensional
fitting of the parametrized spectrum to the experimental E2
spectrum can make it possible to directly extract the damping
and compound widths �rot and �µ from the data. In fact, as
shown in Fig. 23, the spectral region including both the first
ridge and the central Eγ1 = Eγ2 valley turns out to be very
sensitive not only to the intensity of the narrow component
but also to the rotational and compound damping widths.
The method has been applied to the analysis of high-K and
low-K γ -γ coincidence data of 163Er, discussed in Sec. III B.
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