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We prove that  the energy levels  of an a r b i t r a r y  anharmonic  osc i l la tor  (x 2m and in any finite number  
of dimensions)  a re  de te rmined  uniquely by the i r  Rayle igh-Sehrddinger  s e r i e s  via a (generalized) Borel  
summabi l i ty  method. To use this  method for computat ions,  one must  make an analyt ic  continuation 
which we accompl ish  by (a r igorous ly  unjustified) use of Padg approximants  in the case of p2 + x2 + fix4. 
The numer ica l  r e su l t s  appear  to be be t t e r  than with the d i rec t  use of Padg approximants .  

In p h y s i c s ,  one  i s  o f t en  f a c e d  w i t h  a d i v e r g e n t  
[e .g .  1] (but  f i n i t e  o r d e r - b y - o r d e r )  p e r t u r b a t i o n  
s e r i e s ;  in  s u c h  c a s e s ,  one  m u s t  d e c i d e  (or  p r o v e )  
w h a t  the  m e a n i n g  of s u c h  a s e r i e s  s h o u l d  be .  T he  
u s u a l  a n s w e r  i s  t h a t  the  s e r i e s  i s  a s y m p t o t i c ,  
bu t  i t  i s  w e l l  known  [2,3]  t h a t  a n  i n f i n i t e  n u m b e r  
of a n a l y t i c  f u n c t i o n s  h a v e  any  g i v e n  a s y m p t o t i c  
s e r i e s ,  so  t h a t  s u c h  a n  a n s w e r  i s  no t  e n t i r e l y  
s a t i s f a c t o r y .  U n d e r  c e r t a i n  c o n d i t i o n s ,  h o w e v e r ,  
i t  i s  p o s s i b l e  to  o b t a i n  u n i q u e n e s s  t h e o r e m s  by  
m e a n s  of a r e g u l a r  s u m m a b i l i t y  m e t h o d ,  s u c h  a s  
the  S t i e l t j e s - P a d ~  an d  B o r e l  m e t h o d s .  F o r  
e x a m p l e ,  Loe f f e l  e t  al .  [4] h a v e  p r o v e n  t h a t  t he  
p e r t u r b a t i o n  s e r i e s  f o r  the  e n e r g y  l e v e l s  of a 
o n e - d i m e n s i o n a l  x 4 - o s c i l l a t o r :  ~ 2  + x2  + ~x4,  
s u m s  u n d e r  the  S t i e l t j e s - P a d ~  m e t h o d  to the  a c -  
t u a l  l e v e l s .  T h e i r  p r o o f  i s  not  known  to e x t e n d  
e i t h e r  to  m u l t i d i m e n s i o n a l  o s c i l l a t o r s  o r  to  x 2m 
o s c i l l a t o r s  $. In t h i s  n o t e ,  we w i s h  to  d e m o n -  
s t r a t e  t h a t  t he  B o r e l  s u m m a b i l i t y  m e t h o d  ~ t  c a n  
b e  a p p l i e d  to t h e s e  c a s e s .  

The reasons  in these  two cases  a re  dis t inct .  For  
x 2m, the per turba t ion  coefficients grow too fast; 
we avoid this problem by uti l izing some weak ana -  
lytici ty p roper t i e s  on sheets  a f te r  the f i rs t .  For  
mul t i -d imens iona l  osc i l l a to r s ,  the global ana ly t i -  
city p roper t i e s  of Loeffel and Mar t in  [8] have not 
been proven. We s ides tep  this  difficulty by only 
needing local analyt ici ty  p roper t i e s  which can be 
deduced by Hilber t  space methods independent of 
dimension.  

~'~ Ogievski [5] noted long ago that  for the exactly 
solvable Dirac  par t ic le  in a (non-quantized) s ta te  
field the answer  is Borel  summable  and recent ly  
Reeken [6], has s tudied Bore l  summabi l i ty  for r e -  
gular  per turba t ions .  

To  t h i s  end ,  we f i r s t  quo te  a g e n e r a l i z e d  v e r -  
s i o n  of W a t s o n ' s  t h e o r e m  $$t :  L e t  D b e  the  s e c -  
t o r  on  a n  n - s h e e t e d  R i e m a n n  s u r f a c e  d e f i n e d  a s :  
0 < t z l  < B ,  l a r g z ]  < x ,  ~n >;~ >½n. L e t D  1 b e  
t he  s e c t o r :  ] a r g z ]  --< 5 < ;~ - ½-~ and  D the  s e c t o r  
0 < !z]  < B ,  l a r g z  I ~<5. G i v e n  the  f o r m a l  

p o w e r  s e r i e s  ~ a .  z n, s u p p o s e  t h a t :  
( i ) f ( z )  i s  a f u n c t i o n  r e g u l a r  in  D w i t h  the  

f o r m a l  s e r i e s  a s  a s y m p t o t i c  s e r i e s  u n i f o r m l y  in 
D: 

N 

f(z) =~o % zn + RN(Z ) (1) 

(ii) T h e r e  a r e  or, C so  t h a t :  

T%T < c ~ ! ;  IRN(Z) 1 < c ~ N + I ( N + I ) !  ]z] N+I 
(2) 

oo n u n i f o r m l y  in D and  N$ .  T h e n  the  s e r i e s  ~_~ anZ 
i s  B o r e l  s u m m a b l e  to ]~z) in  D, i . e .  one  h a s  
t h e r e :  

cO 

f ( z )  = f e - a  F(za)da (3) 
0 

w h e r e :  

~'~J~Hardy [2, p. 192] proves  the theorem only for k < ~', 
but i ts  genera l iza t ion to an n-shee ted  sur face  is 
s imple.  

:~ We r e m a r k  that  the second par t  of eq. (2) au tomat i -  
cal ly implies the f i r s t  par t .  
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F(z) = ~o an  zn ; cl n = an/nI (4) 

T h i s  s e r i e s ,  c a l l e d  the B o r e l  t r a n s f o r m  o f f ( z ) ,  
be ing  c o n v e r g e n t  f o r  Iz I < 1 / ~  can  be  cont inued 
to a func t ion  r e g u l a r  in D 1. We note  the obv ious  
f a c t  that  once  f (z)  i s  known in D, it  i s  known in 
p r i n c i p l e  th roughout  i t s  d o m a i n  of ana ly t i c i t y ,  i f  
t h i s  i s  b i g g e r  than D. 

Sui table  h y p o t h e s e s  a l low the g e n e r a l i z a t i o n  of 
t h i s  t h e o r e m  to s e r i e s  d i v e r g i n g  m o r e  r ap id ly  
than  n l .  In the f o r m e r  nota t ion ,  suppose  now that :  

' ' ] I < cc~n(mn)! ; ~rnTr > X > ~rnrr , 6= X-  -~rnlr ; a n 

InN(z)] < c~  N+I {rn(N+ 1)}! ]z ]N+I (5) 

m >i 1 be ing  any i n t e g e r ,  a l l  o t h e r  h y p o t h e s e s  
r e m a i n i n g  unchanged.  The t r a n s f o r m a t i o n  z l / m  
= w r e d u c e s  ~b(w) =f(z l / m )  to the cond i t ions  of 
W a t s o n ' s  t h e o r e m ,  so  that  one ob ta ins  e a s i l y :  

oo 

f ( z )  = ( l / m )  f e - a l / m  F ( z a ) a ( l / m ) - I  da , z e b  , 
0 (6) 

w h e r e :  co 

F(z) = ~ a n zn/ (mn)I  (7) 
0 

i s  c o n v e r g e n t  f o r  Iz [ < 1/cr, de f in ing  a func t ion  
wi th  a r e g u l a r  cont inua t ion  to D 1. Th is  r e s u l t  i s  
e x a c t l y  the g e n e r a l i z e d  B o r e l  sum (B ,m)  of L e -  
roy [2, p. 147]. 

C o n s i d e r  now the a n h a r m o n i c  o s c i l l a t o r s  d e -  
f ined  by the H a m i l t o n i a n s :  

Hr n =p2  + x 2 + ~x2rn (8) 

S imon [7] has  p r o v e n  fo r  any rn and p$  : 
Ca) The func t ions  E(rn)(~) a r e  ana ly t i c  in the  

d o m a i n  D(E): {0 < Ifi] < B(~); larg~I< 
½(rn+l)Tr - ~} f o r  any ¢ (with B(E) > 0 dependen t  
o n  £ ,  m ,  p ) .  

(b) The  p e r t u r b a t i o n  s e r i e s  a r e  a s y m p t o t i c  to 
E(rn)(fl), u n i f o r m l y  in e a c h  D(E). 

(c) The  cqe f [ i c i en t s  a (m) of the p e r t u r b a t i o n  
s e r i e s  fo r  E [rn) a r e  O(crn{(rn- 1)n}!). 

S i m i l a r  r e s u l t s  a l so  hold f o r  an s - d i m e n s i o n a l  
o s c i l l a t o r  H~ + V w h e r e  H o is  an s - d i m e n s i o n a l  
~Sp~/  + ~ and V is  a h o m o g e n e o u s  2 m - t h  d e g r e e  
p o l y n o m i a l  which  i s  e v e r y w h e r e  p o s i t i v e  on the 
uni t  s p h e r e .  In addi t ion ,  i t  has  b e e n  p r o v e n  by 
Loe f f e l  and M a r t i n  [8] in the o n e - d i m e n s i o n a l  
c a s e :  

(d) E(m)(fl) a r e  ana ly t i c  in the e n t i r e  cut  p lane  
l a rg f l ]  < n, and a r e  H e r g l o t z  func t ions  t h e r e .  

By (b), (c), (d) one is  a l lowed  to apply fo r  

m = 2, 3 the  S t i e l t j e s - P a d d  s u m m a b i l i t y  method ,  
which  i m p l i e s  the d e t e r m i n a t i o n  of a unique 
S t i e l t j e s  func t ion  f r o m  the a s y m p t o t i c  s e r i e s  and 
the  c o n v e r g e n c e  of any IN, N+j] ( j  f ixed)  Pad~ 
a p p r o x i m a n t s  s e q u e n c e  to the e i g e n v a l u e s .  

F o r  rn > 3 the Pad~ a r e  known to c o n v e r g e n c e ,  
but  i t  i s  not known that  the  a s y m p t o t i c  s e r i e s  de -  
t e r m i n e s  a unique S t i e l t j e s  funct ion:  thus  the  
[N, N+j]  may  not c o n v e r g e  to the  e i g e n v a l u e s  (or 
e v e n  to an a n s w e r  independen t  of j ! ) .  F o r  the  
m u l t i d i m e n s i o n a l  o s c i l l a t o r ,  (d) i s  not  known so  
the  P a d ~ ' s  a r e  not  p r o v e n  to c o n v e r g e ,  le t  a lone  
to c o n v e r g e  to the e i g e n v a l u e s .  

What  we wi l l  show i s  that  the B o r e l  me thod  is  
app l i c ab l e  in a l l  t h e s e  c a s e s .  Given  Ca), one 
needs  only p r o v e  the e s t i m a t e :  

In(nm)(fl)l ~< C n + l  { ( rn -  1) (n+l )} l f l  n + l  (9) 

u n i f o r m l y  in D(E) fo r  e s m a l l  to conc lude  that  
the  p e r t u r b a t i o n  s e r i e s  a r e  (B, r n - 1 )  s u m m a b l e  
in the s e n s e  a s  de f ined  above.  B e f o r e  t u rn ing  to 
the  p roof  of eq.  (9), which  is  s u g g e s t e d  by (c), 
we r e m a r k  that  (b)-(d) imply  eq. (9) in the cut  
p lane  ( the reby  p r o v i n g  the s u m m a b i l i t y  by the  
o r d i n a r y  B o r e l  me thod  f o r  m = 2) and that  one 
has  s u m m a b i l i t y  in r e g i o n s  {lfll < S(~), 
larg/31 < n - e}. We a l so  note that  f o r  any m we 

have  the  B o r e l  t r a n s f o r m  ana ly t i c  in the whole  
f l -p lane ,  cut  a long  the nega t i ve  r e a l  ax i s  f r o m  
- R o t o  - ~ $ $  . 

We now tu rn  to a ske t ch  of the p roof  of eq. (9), 
the  m a i n  t e c h n i c a l  po in t  of th i s  note.  Since  the 
e x t e n s i o n s  to a r b i t r a r y  m and an a r b i t r a r y  n u m -  
b e r o  X d i m e n s i o n s  i s  t r i v i a l ,  we c o n s i d e r  only 
the  x ~ ground s ta te  in one d imens ion .  

We f i r s t  r e c a l l  [7, § II .10,11] that  to c o n t r o l  
eq.  (9), we need  only con t ro l  the r e m a i n d e r  fo r  
the  a s y m p t o t i c  s e r i e s  to the ground s t a t e  of 
H(7, I~l) = I~. + 7x 2 + Ifllx 4 u n i f o r m l y  in 
(~ /171  = 1; l a r g T [  < T r -  E}. Le t  PT(Ifll) be the 
p r o j e c t i o n  onto th i s  g round s t a t e  and le t  ~Po be 
the  u n p e r t u r b e d  ground s t a t e  n o r m a l i z e d  by #: 
( ~ o , ~ o )  = 1. Then  

:~ E~m}(/3) represents  the p-th level of p2 + x 2 + flx2m 
for fl > 0, analytically continued in ft. We suppress 
the p for convenience. 

$:~R o depends on the behaviour of the perturbation co-  
efficients. If the semi-heur is t ic  argumelats of Bender 
and Wu (to be published.) are  correct ,  Ro (rn) = 
{ mr(½ + ml(m - 1))/~112(m _ 1)r (i + ml(~ - 1))} ~-1. 
One of us (B. S.) should like to thank Dr. C. Bender 
for a discussion of these resul ts  before appearence 
of the preprint.  

# For  7 complex, ¢2 o is no longer real .  The normal i -  
zation/~,o2~x)dx = 1 makes @o (7, x) analytic in 7. 
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: <%, PT(~ [)%> (10) 

It i s  not  ha rd  to p r o v e  that  the quo t ien t  of func -  
t ions  f (z ) ,  g(z) obey ing  eq. (9) (with g(0) ¢ 0 of 
c o u r s e ! )  obeys  eq. (9) p e r h a p s  wi th  (~ and C m o d i -  
f i ed ,  so  we need  only p r o v e  a r e s u l t  of type eq. 
(9) fo r  the n u m e r a t o r  and d e n o m i n a t o r  of eq. (10) 
s e p a r a t e l y .  Since  

P (I l) --(- ½ i) / 
I  -½71/2 [--½ 

with  R(~) = {H(7, Ifll) - k} -1 

i t  i s  enough to c o n t r o l  the n u m e r a t o r  and d e n o m -  
i n a t o r  of eq. (10) wi th  P r e p l a c e d  wi th  R (but un i -  
f o r m l y  in )~ wi th  ] h -  ½71/2] = ½). F i n a l l y  s i n c e  
]]H*(},,[3I))iotl and ][)iotl a r e  bounded we need  

only con t ro l  the n o r m s  of the r e m a i n d e r  t e r m s ,  
i .e .  R(X){x4(P 2 +Tx 2 : x)T1)?% !L or sificne R{}) 
i s  u n i f o r m l y  bounded  {x4(p z + 7 x  ~" - X)- ~. )io " 

In t roduce  " s c a l e d "  c r e a t i o n  and ann ih i l a t i on  
o p e r a t o r s  ~ b = 2 - 1 / 2 ( y 1 / 4 x  + i7 -1/4 P), q = 
2 - 1 / 2 ( y l / 4 x -  i 7 - 1 / 4 p ) .  L e t  )in = (n ' )  -1 /2  bn) io  so  

)I n i s  n o r m a l i z e d  by (C~ n,  )in) = 1, i .e .  )in i s  j u s t  

the 7 = 1 e i g e n f u n c t i o n ~ t  s c a l e d  by X % 7 1 / 4 x .  It  i s  
not  h a r d  to p r o v e t t *  that  II)inl] ~<Bn+I fo r  s o m e  B 
which  can  be c h o s e n  independen t ly  of 7 wi th  
l a rgT1  < u - e. To ob ta in  the r e q u i r e d  bound $: 

(I{ + -  )-IV % [l -< D n( 

we expand X : 2 - 1 / 2 7 - 1 / 4 ( a +  b) and m a j o r i z e  the 
n o r m  by 4 n t e r m s  of the f o r m  

tt a{ a t  a~ a~(p 2 + 7x 2 - ; J - 1 . . . ¢ ~ n ( P 2  + 7x 2 - ~)-1 ~o II 

wi th  each  a + : n o r  b. Us ing :  

a) i  n = n l / 2 ) i n _  1 ; b)i  n : (n+ l ) l / 2 ) i  N+ 1 , 

(t 52 + 7x 2 - ?0-1 )ira = (71/2  m - ?0-1 q m  , and 

~ Since 7 is not rea l ,  the creation and annihilation 
operators are  not adjoint to each other, so we in- 
dicate them a, b. 

~'~That is th~ ustt~l Hermite function no~z}alize.d, for 
~=2t, by I I % J / =  1. For 7 non-real,  |l)in(7)II 2 >~ 
I ) i .  (y x)dx = 1. 

~ ' l ~ t  is only necessary  to employ the integral relation 

)in(7, x) : (n.O -1 /2  2n'rr -1 exp (- ½yl/2x2)  × 

oO 

/ ( y l / 4x+  i t ) n e - t 2 d t .  
- o o  

$ Our proof of this bound provides an alternative proof 
of the results of appendix V of ref. [7]; see footnote . 

I1 11 -< B "  

we obta in  the r e q u i r e d  bound. 
While  the  B o r e l  me thod  is  idea l  fo r  p r o v i n g  

that  the p e r t u r b a t i o n  s e r i e s  d e t e r m i n e s  the e i g e n -  
v a l u e s ,  i t  d i f f e r s  f r o m  the S t i e l t j e s - P a d 4  m e t h o d  
in that  i t  i s  not conven ien t  f o r  d i r e c t  compu ta t i ons .  
T h i s  i s  b e c a u s e  an ana ly t i c  con t inua t ion  is  in -  
v o l v e d  in the B o r e l  method.  One can t ry  to p e r -  
f o r m  this  con t inua t ion  of the B o r e l  t r a n s f o r m  by 

Table L N 
Rate of convergence off{B/V' ] (8) for fl small .  

N /3=0.1 f l = l . O  

1 1.06446687045069 1.3240910737850 
2 1.06528056637499 1.3854650092277 
4 1.06528550192618 1.3919181305501 
5 1.06528550919408 1.3922458931894 
6 1.06528550953132 1.3923266135762 
8 1.065 285 509 543 65 1.392349 165 747 9 
9 1. 065 285 509 543 70 1.392350 518 885 0 

10 1.065 285 509 543 70 1.392 350 653 679 1 

Table 2 
Comparison of fi~%N]r~, with the Padd approximants 

fiN,N]. 
i[2o,2o] ~1O,lO] 

0.i 1.065 285 509 543 1.065 285 509 543 70 
0.2 1.118 292 6543(57) 1.118 292 654 35(8 5) 
0.3 1.164047156(234) 1.1640471570(754) 
0.4 1. 204 810 31(0 603) 1. 204 810 324 (767 4) 
0.5 1. 241 853 9(48 135) 1.241 854 04(6 678 2) 
0.6 1.275983(105974) 1.2759835(218545) 
0.7 1.307747(246301) 1.3077485(315493) 
0.8 1.337 54(1 726 579) 1.337 544 9(37 046 5) 
0.9 1.36566(2398911) 1.3656692(831623) 
1.0 1.3923(37481861) 1.392350(6536791) 

Table 3 
Comparison for fl intermediate. 

f(20,20l f[B10,101 

1 1.39234 
2 1.607 1 
3 1.767 
4 1.897 
5 2.00(5) 
6 2.10(0) 
7 2.18(-2) 
8 2.25(0) 
9 2.31(3) 

10 2.37(0) 
Ii 2.4(21) 
12 2.4(68) 
13 2.5(11) 
14 2.5(57) 

1.392 350 (6) 
1.607 50(9 3) 
1.7694(141) 
1.902 (624 1) 
2,017 (235 0) 
2.118 (543 6) 
2,209 (7320) 
2.292 (8867) 
2,369 (463 7) 
2,440 (527 3) 
2,506 (883 4) 
2,56(9 160 3) 
2,62(7 8593) 
2.68(3 387 9) 
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m e a n s  of the f a m i l i a r  Pad6 a p p r o x i m a n t s ,  s i nce  
i t  i s  known [9] that  if  t h e r e  i s  a s e q u e n c e  of 
IN, M], N + M-* ~,  Pad~ a p p r o x i m a n t s  f r e e  of 
p o l e s  and z e r o e s  in a r e g i o n  A s t r i c t l y  con ta in -  
ing the o r i g in ,  then th is  s e q u e n c e  c o n v e r g e s  
u n i f o r m l y  to a func t ion  ana ly t i c  in A, which  i s  
e x a c t l y  the ana ly t i c  con t inua t ion  of the T a y l o r  
s e r i e s .  

L e t  us apply t h e s e  c o n s i d e r a t i o n s  to the 
g round  s t a t e  e i g e n v a l u e  Eo(fi) of the x 4 p e r t u r b e d  
a n h a r m o n i c  o s c i l l a t o r .  In the no ta t ion  of re f .  [4] 
and [7], f [N~ ' ] ( f l )  a r e  the  d i agona l  Pad6 a p p r o x i -  
man t s  f o r m e d  f r o m  the p e r t u r b a t i o n  s e r i e s  
whose  f i r s t  75 c o e f f i c i e n t s  have  b e e n  computed  by 
B e n d e r  and Wu [I0].  Ind ica t ing  the B o r e l  t r a n s -  
f o r m  of the  p e r t u r b a t i o n  s e r i e s  by F(f l) ,  we have  
i n v e s t i g a t e d  i t s  d i agona l  Pad6 a p p r o x i m a n t s  
F[N,N](fl) and found tha t ,  up to N = 10 the po les  
and z e r o e s  l i e  away f r o m  the r e a l  p o s i t i v e  ax i s ,  
wi th  the e x c e p t i o n  of the [3,3] and [7,7]. F o r  
N > 10 the  c o m p u t a t i o n s  cannot  be  done b e c a u s e  
the input c o e f f i c i e n t s  a r e  only g iven  to 12 f i g u r e s  
and c a n c e l l a t i o n s  in the d e t e r m i n a n t s  b e c o m e  
s ign i f i can t .  

In any even t ,  one can a s s u m e  $$ the e x i s t e n c e  
of an inf in i te  s u b s e q u e n c e ,  f o r m e d  by the d i a -  
gonal  a p p r o x i m a n t s  wi th  the excep [ ion  of the 
[ 4 N - 1 , 4 N - 1 ]  ones ,  f r e e  of z e r o e s  and po l e s  in 
a ne ighborhood  of the p o s i t i v e  r e a l  ax i s  and 
m o r e o v e r  that  the n o n u n i f o r m i t y  of c o n v e r g e n c e  
at  ~ i s  su f f i c i en t ly  m i l d  to j u s t i fy  the i n t e r c h a n g e  
of the l i m i t  and the i n t e g r a l  needed  to have :  

0 

c o n v e r g e n t  as  N -* ~ to f(/3). 

:~$ We emphasize that unlike the resul ts  in section II, 
the assumptions made for purposes af computation 
are not r igorous.  

N u m e r i c a l l y ,  one f inds  f i r s t  that  the f]~,,N]'~T 
a p p e a r  to be m o n o t o n i c a l l y  i n c r e a s i n g  which  i s  
not  to be  a p r i o r i  e x p e c t e d  s i nce  F is  not  S t i e l t j e s  
and one a l s o  f inds  c o n v e r g e n c e  to the c o r r e c t  
e i g e n v a l u e s  m o r e  r a p i d l y  than fo r  the  usua l  
P a d ~ ' s  ( c o m p a r e  our  t ab le  1 wi th  tab le  2 of re f .  
[7] o r  look at  our  tabler~ 2 w h e r e  m o r e  f i g u r e s  
a r e  c o n v e r g e n t  fo r  f~0,101 f[20,20~. than Th i s  
m o r e  r a p i d  c o n v e r g e n c e  $$$ i s  e v e n  m o r e  e v i -  
dent  f o r  i n t e r m e d i a t e  ~ # ( table 3) w h e r e  f[~,51 

(14) c o m p a r e s  w i t h f  [2°,2°1 (14) in d e g r e e  of p r e -  
c i s ion .  

It  i s  a p l e a s u r e  to thank Dr .  G. T u r c h e t t i  f o r  
u se fu l  d i s c u s s i o n s ,  and Dr .  D. B e s s i s  fo r  the  
hosp i t a l i t y  of the C a r g 6 s e  S u m m e r  School  w h e r e  
ou r  c o l l a b o r a t i o n  w a s  begun.  

:~$:~ One possible explanation of this ~.~}d convergence 
is that the logarithmic cuts off[B ,N] are better  able 
to mock up the singularit ies of f t h a n  the poles of 
fiN, N]. 

# For  very  large fi, both fiB N'N] andf  IN'N] suffer the 
same defect of going to constants while f(fi)/fi 1/3 
has a finite l imit  for the actual function f(fl). 
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