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Abstract We derive a quantum-corrected hydrodynamic and drift-diffusion
model for the out-of-equilibrium particle dynamics in the presence of parti-
cle collisions, modeled by a BGK collision term. The quantum mechanical
corrections are obtained within the Liouville formalism and are expressed by
an effective nonlinear force. The Boltzmann and Fermi-Dirac statistics are
included.
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1 Introduction

By the technological progress made in the last decade on the fabrication of mi-
croelectronics devices, the active regions of integrated transistors is nowadays
downscaled to the submicrometer dimensions. This opens new possibilities for
designing components for high frequency and optoelectronic devices. As an
example, devices based on the quantum tunneling process like the resonant
tunneling diodes are currently applied in high frequency integrated oscillators.
They are obtained by growing, via molecular-beam epitaxy, a succession of
layers of different materials connected by abrupt junctions. As a result, the
particles inside such an heterostructure material experience strong fields and
discontinuous electric potentials.
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Under such extremal conditions, mathematical models for particle trans-
port in semiconductor devices cannot discard quantum effects. Various for-
malisms have been developed in order to describe the particle motion in a
full-quantum framework. In particular, the quantum phase-space approach is
a well established method for the study of the quantum evolution of interact-
ing particles in a media [15,11]. In this formalism, the Louville distribution
function, that describes the motion of classical particles, is generalized to a
non-positive definite distribution denoted as Wigner quasi-distribution func-
tion. The Wigner quasi-distribution shares strong similarities with the classical
Liuouville distribution [9,7,12]. In particular, the moments (weighted integrals
with respect to the momentum) of the Wigner function, provide the macro-
scopic quantities (like particle density, current and energy), in same way of the
classical formalism. Such a quasi-classical description provides some advan-
tages in terms of simplicity in the physical interpretation and the availability
of feasible method for the inclusion of irreversible processes like thermalization
or phase breaking mechanisms.

However, the direct numerical discretization of the Wigner equation of mo-
tion is extremely challenging [15,13]. The Wigner evolution equation is given
in terms of some nonlocal-in-space pseudo-differential operators. Furthermore,
in the same way as the classical phase-space description of the dynamics, the
quantum formalism use the position and the momentum of the particles as ki-
netic variables. Compared with the Schrodinger approach, this choice doubles
the dimension of the physical space and becomes extremely demanding from
the computational and the cpu-memory point of view.

The typical strategy to reduce the complexity of such quantum-kinetic
models is to derive so called quantum-fluid models which, analogously to clas-
sical fluid models, are formulated in terms of a finite number of macroscopic
moments of the Wigner function (see i. e. Refs. [2,8] for the application of
the method of moment to the classical systems). The equations of a quantum
fluid, therefore, can be deduced from the underlying phase-space description
[5,16]. These models have been applied to different context. As an example,
quantum-hydrodynamic models have been used to the reproduce the particle
motion in semiconductors and some new functional materials like the graphene
[17,4]. Hydrodynamics approaches are able to capture some interesting quan-
tum phenomena like the band transition in multiband systems [10] and the
resonant tunneling in heterostructures [6].

However, the description of the full quantum dynamics at the hydrody-
namical level is extremely challenging and in many cases infeasible. A common
practice is to exploit the analogy between the Wigner formalism and the clas-
sical Liouville dynamics, and derive quantum corrected models that extend
the validity of the conventional drift diffusion or hydrodynamic models.

The most popular approach concerns the so-called fi-expansion [5]. It is
based on the observation that in the quantum phase space framework, the
hamiltonian of the system is represented by a pseudo-differential operator
that admits a formal h-expansion where the leading term is the usual classi-
cal hamiltonian. Although this approach appears to be the most natural way
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to proceed, the use of quantum corrected models based on the h-expansion
encounters many difficulties. In fact, this procedure generates a quite large
number of corrective terms, and it is usually very difficult (sometime impossi-
ble) to ascribe to them a clear physical meaning.

Here, we use a different approach which is based on the quantum-corrected
Liuoville (QL) model described in Ref [14]. In this context, the quantum mo-
tion is described in term of particles traveling along trajectories in the presence
of an effective quantum mechanical potential. In particular, the description of
the quantum motion is maintained as close as possible to the classical counter-
part. The corrections to the classical trajectories are expressed by an effective
nonlinear force. This effective force describes the non-local character of the
quantum particles. This approach offers the considerable advantage that some
quantum corrections can be easily integrated, for example, in a classical code.
In Ref. [14] the particle motion was described at the kinetic level and the well
posedeness of the quantum-corrected Liuoville problem was investigated.

In the present contribution, the QL model is used in order to derive an
hydrodynamic system that contains some quantum corrections and that can
be applied to the study of the particle motion in nanometric structures.

2 Quantum corrected kinetic model

We consider a spinless particle of mass m and charge ¢, represented by the
wavefunction [¢) in the presence of an electric potential V. The Wigner func-
tion f" related to the state |1)) is defined by:

Y (x,p) = W) (¥l],

where the Wigner operator W is
1 .
W)l = oy / (x+ Bl gl — Ba)eie dn.

The evolution equation for the Wigner distribution is obtained from the Schrodinger
equation

3fW 1% w W o_
o + m Vaof" —qo[V]f" =0, (1)

where the pseudo-differential operator [V] is defined by

oV1f = (2717)3/]1%3 /R3 8V (x,m)e'®P~P) 1 f(x ) dn dp,
with )
oV (xm) = 1 [V (x+ &n) = V (x — )]
According to Ref. [14], our model of the particle motion has the structure

of a classical Liouville equation with some quantum corrections. They are
obtained by requiring that the solutions of the quantum-corrected model are
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the best approximation (in terms of the L? norm) of the solutions of the
Wigner equation. We consider a model of the form:

%+VQC~wa+q5QC-fo=O, (2)

and choose vRC[f], E2€[V, f] in order to minimize the L?-norm of the differ-
ence of the classical-like solution and the Wigner function,

1f =z, -

We obtain that the velocity field coincides with the classical term v@© = b
and that the quantum-corrected electric field depends nonlinearly from the
solution of Eq. (2) as follows

Jra 130V (x,m) ‘fN (x,m) ‘2 dn
= . 2 ) (3)
S| Floc,m)|

dn
where the tilde denotes Fourier transform with respect to p,

ECIV, ]

flx = [ 1x.p)e» 7 dp.

The hydrodynamic equations are obtained from the following quantum-
corrected kinetic model

o R .f +agCNW, 1]V, = QU), @
m

where we have included a collision operator Q(f). The operator Q(f) takes
into account all the dissipative processes that affect the evolution of the par-
ticles in a media. Various scattering collision terms have been proposed. They
can model particle-particle scattering and interaction of the particles with a
background medium. e.g. electrons with phonons in a semiconductor lattice
[3]. However, similarly to what happens in the classical case, in order to derive
a fluid model it is not necessary to know all the details of collisions but only
fairly general features, like for example, the conservation properties. Then, a
reasonable and effective choice for the collisional term is the BGK operator

=1 (1= ),

where (-) denotes integral with respect to p, (f) = ﬁ Jgs fdp, and feq is
the equilibrium distribution function. We derive the equilibrium distribution
function using the Maxwell and the Fermi-Dirac statistics. We introduce the
function

exp(—t)  (Maxwell)

F(t) = 1 o ()
B 11 (Fermi-Dirac)
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The equilibrium distribution function is given by

feq(X7 p) = F(AS + %)\sp2)’ (6)

*

where A\j is a function of x and of the external potential V, A5 = ﬁ
depends on the constant equilibrium temperature 7", with electron mass m
and Boltzmann constant kp. The function Aj should be chosen to satisfy the
equilibrium condition:

% . vmfeq + qgQC[‘/v feq] ! vpfeq =0. (7)

Thus, we find

kgT*
B2 VA5 + ECNV, fog) = 0. (8)

We will comment later on the quantum-corrected electric field EC[V, foy]-

3 Hydrodynamic limit

In this section, we derive the hydrodynamic limit of the previous equations.
We make the following ansatz:

f(xvpvt) :F()\0+A1 p+%)\2p2)5 (9)

with Ag, A1, A2 functions of x, t, and F' defined in (5). Equations for the A’s can
be recovered by inserting the ansatz (9) in (4) and taking the moments with
respect to the weights (1, p/m,p?/2m?). We introduce the product (f,g) =
# Jzs fgdp. Using the identities:

2
(Vf =0, (V£ By = rnn (9,8 Py = By,

and noticing that £9¢ = £QC[V, f] does not depend on p, we find

v (12 = .,
5 B (520 By Lne — o B).

b
"m
0 p? p’p q /, P\ gcoC p’
2 <f, 2m2> s <f, PPN 4Py gec (i, B,
(10)
This is a system for the unknowns g, A1, Az. It is more convenient to write

the evolution equations in terms of variables with a direct physical meaning.
In analogy with the gas dynamics, we define

1 b A 1
P p— = T=—- 11
ks T (2/\2 0) VT Ty W G
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which can be interpreted as the chemical potential divided by kg7, the mean
velocity and the temperature. The distribution function, both for Maxwell and
Fermi-Dirac statistic, takes the form

om0 )
— A(x,t) | .

fx,p,t)=F ( 2mkpT (x,t)

We introduce the function
1 oo
a == F(t — s)t™ dt, €R, 12
Fos)= oy | FlE-shat o (12)

which reduces to exp(s), for any «, for the Maxwell distribution, and to the
complete Fermi-Dirac integral F,(s), for the Fermi-Dirac distribution. It is
possible to prove that

o

FL(s) =Fa-1 (s).

o
We use F, to get explicit relations for the number density n, the flux density
j and the specific energy density e in terms of the the variables A, v, T":

n=(f,1)=n\T), (13)
i=(f2) =n(\Dv, (14)
e= <f7 2pm2> =n(\T) (u()\,T) + ;v2> , (15)
with
R m 3/2
n(\T) =no(T) Fy2 (A), no(T) = 2((;32;)2 (16)
a1y = 28,0, ) = B2 17
Fi2 (A)
By substituting in (10) the following expressions
(r %®%> = n(\T) (gu(A,T)I tve v) ,
2
<f, 2meTI?1> =n(\T) (gu()\,T) + ;VQ) v,
(Q(f),1) =0,
(@ By =7
2
<Q(f)v ;:n2> = _;n()‘vT) (U()\aT) + =v? — u(A*,T*)) ,
with
N ==X, T = ! (18)
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we obtain the system

on .

E‘FV'J—O,

dj 2 j? 1, . 4 oo _ 1.
aﬁv«segn frojel) e =2 19

de 5 PN\ . ooc 1 .
8t—l—V-((3e—3n>n)—q‘]wﬁ' ——;(e—nu).

The function u* = u(=M\j, T*) is obtained by solving the equilibrium Eq.
(8) for a given external potential V', and by using Eq. (17). In particular, our
model can be applied to systems for which the equilibrium temperature T*
is known from some physically based considerations. As an example, in the
presence of the phonon thermal bath, the equilibrium temperature 7% equals
the lattice temperature.

It is remarkable that the differential structure of this system is independent
of the function F' which we use to obtain the hydrodynamic limit. However,
by means of (16), the specific choice of F' does affect the reconstruction of the
temperature and the chemical potential. In fact, once we know n, j and e, we

can find u = £ — %, and thus solve (16), (17) for A, T. More into details

Boltzmann statistic: F'(t) = exp(—t).
We have Jga (A) = exp(A) for any «, so we find y1(A) =1, and

n 2mu
A=loe (RO(T)> ’ 3kp (20)

The temperature is proportional to the specific energy density.
Fermi-Dirac statistic: F(t) = (exp(t) + 1)1

In this case F is the complete Fermi integral F,, and we find

n n  2mu
A=F """ \=fp(— 21
7 (im) - mr) O
where the first equality gives A and the second equality gives an equation which
must be solved for T

4 The quantum-corrected electric field

In this section, we analyze the behavior of the quantum corrected force £2¢
used in the fluid model. In particular, we show that the particle statistic dis-
tribution F' plays the role of the smoothing function of the electric field.

The Fourier transform of the distribution function is given by

2
ry —imv- P —ip- —imv-n 7
Focm) =emmen [ 5 (B a) e rap = ),
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with

fo(x,p) =F <2mk§T(X) - )\(x)) .

The function fy depends only by 7" and A. We can make this dependence
explicit by computing

2 2
P _ 27 D .
M errap— 2 [T g Y 2pd
fo= / (2kaT ) p=""/ (2kaT )Sln(pn) pdp,

with p = |p|, n = |n|. Expanding sin(pn) in power series of pn, and integrating
by series, after some algebra we find

~ > (=1)k 2\ ¥ o
o= mmo2 3 S (D) Brsp ) @)
k=0 ’

We can write this function in a more expressive way:
fo = 4m*n(\, T)k(n, A, T), (23)

with

— (—1)* (mkpTn? g lgkﬂ/z ()
(N T) = N, (n) = 2 gy
A1) =32 G (TR ) . ) e

Then, Eq. (3) gives
f]R3 in; 6V (x,m) |k(n, )\vT)‘z dn
fRS 77j | ( 777)\7T)|2 dn

For the Maxwell statistic, we have v, = 1 for all k, and the function s
reduces to

> mkpT mkpTn?
k(A T) = k(n, T Z k' ( B 77) =eXp<—Eé77).

k=0

EFCW, fl =XV AT = (25)

Then, we compute
3/2
2 2 T
,/]RS 77] |’“€(777 )| n 2( kBT)S/Q ’

and we find the expression

2(mkpT)>? [ kT
eectvr) = 2R [ inavxme e dn, (26)

which is independent of A.
To understand the behavior of the electric field, we consider a one-dimensional
system. The one-dimensional expression for the electric field can be obtained
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Fig. 1 Integrated quantum-corrected electric field (continuous line) and original electric
potential (dashed line), for a thin (left) and a thick (right) potential barrier, with I" = 100.

by assuming V(x) = V(x), with x = (x,y, 2z), which leads to éV(x,n) =
6V (x,m), with n = (1,&,¢). Then,

2(mkpT)"/?
g2y, r) = 2k /R indV (ar,m)e” T dy dg dg

2(mkpT)3/?
’% /R’? [V @+ §n) =V (= §n)] T d,

EZCV,T) = £¢° IV, T] = 0.

In scaled variables, with

v ma3 maxd
0= "5 > 0= PRI
2 kpts

oo _ 207 1 1 i
£00 = -2t [ Vet n) =V (o= )] ne T an, 20

where we have introduced the dimensionless parameter

9\ 2

()

hto

In Figure 1, we plot (in the equilibrium case) the integrated quantum-corrected
electric field, which can be seen as a quantum-corrected electric potential,
and compare it with the original potential V. One of the main characteristic
of the quantum corrected potential is that it is typically smoother than the
original bare potential. This has the considerable advantage to simplify the
numerical treatment of the system avoiding the shocks experienced by the
particles at the interface of the potential discontinuities. This behavior reflects
the nonlocal nature of the quantum particles. As displayed in Figure 1, the
support of the quantum-corrected electric potential is larger than the support
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of the classical potential V. We can interpret this property by saying that
the quantum particles “see” an effective potential obtained by the weighted
average over few De Broglie wavelengths of the classical potential.

5 Extension

The approach followed in the previous sections is equivalent to solving a con-
strained maximization problem, assuming one knows the moments of the dis-
tribution function with respect to the weights (1,p, p?/2), for the entropy
8]

— Jgs flog f —1)dp (Maxwell)

S =
- /RS [flogf+ (1 — f)log(1— f)] dp (Fermi-Dirac)

This approach can be extended to an arbitrary number of weights and corre-
sponding moments. The main difference from the case presented in the pre-
vious sections is that, in general, the inversion of the constraints cannot be
obtained explicitly. To show this, let us consider the weights (1, p, %pQ, %p2p).
The closure condition for the hydrodynamic evolution equations is obtained

by imposing that the entropy S is maximized by f under the constraints

{<f71>:n’ <f,%p2>=m26,

28
(f,p) =mj, <f7 %p2p> = m3js. (28)

They involve the number density n, the flux density j, the specific energy
density e and the specific energy flux density js. This maximization problem
leads to a distribution function of the form

f(X, pat) = F()‘O + A1 P + %)\21)2 + %PQAB : p)a (29)

where F is defined in (5), Ag, A1, A2, A3 are Lagrange multipliers associated
to the constraints (28) and are functions of x, t. We note that the distribution
function in (29) is well defined only in a bounded set of the momentum p.
This is the case, for example, of the electrons confined in a single band, where
the momentum p is limited, by periodicity, to a bounded set. However, with
this definition of distribution function is not possible to invert explicitly the
constraints (28) and express the Lagrangian multipliers in terms of the basic
moments. The inversion can be achieved by some approximations. We assume
that the vector Lagrangian multipliers (with odd index) are small with respect
to the isotropic multipliers (with even index) and we replace (29) with the
approximate expression f = fo + f1, where

fo(x,p,t) = F(Xo + 3A2p?), (30)
fi(x,p,t) = F'(Ao + 3220 (A1 - P+ 2p?A5 - p). (31)

The equations for the multipliers are obtained by inserting the previous
ansatz in (4) and taking the moments with respect to the weights (1,p/m,
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p?/2m?, p*p/2m?). We get the system (10) with one additional equation for

the energy flux density:

9 p’p p>p _Dp
8t<f172m3 + V- fo’ﬁE@%

2
L 21+ 2ol e (g 22

We obtain

n = {fo,1) = n(\.T), e—<m7

2

9] > 2 P o)
PoPN_2.g P PPN _ 2B N
<f0’m®m 30 <f0’2m2m®m> " om? 72N

2m3 T

() 22 - L

and
2

j = <f17 £> = COmAl + Clm3A2, jS = <f1a pI;> = Clm)\l +02m3)\2,
m 2m

with n(A\, T), u(A, T) given in (16), (17), and

2 i+1
Ci = 3<F/(A0+é>\2p2)7 (%) >7 Z:0a1»2

With this, we obtain the complete system:

0 .

0. 2 q QC _ 1,
8 . q. QC __ 1 * *
ae+vz'35753~8 f—;(e—nu()\,T)),

ot 2m?

6 Conclusion

0 5(kgT)? 5 1
5,5+ Vs (n(B)w()\)) ~ Mg = .
3m T

(33)

The derivation of a quantum-corrected hydrodynamic model for the out-of-
equilibrium particle dynamics in the presence of particle collisions is presented.
Our model is characterized by the presence of a quantum corrected electric
force. This term depends nonlinearly to the particle distribution, current and
energy. The advantage of this approach is that the modifications of the classical
trajectories induced by the quantum mechanical nature of the particles, are
taken into account by means of a smooth electric potential. This offers the
considerable advantage that some quantum corrections can be easily included
in a classical code. The modifications of the hydrodynamic equations for the

Maxwell or the Fermi-Dirac statistic, are also discussed.
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