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Abstract. We present a complete analysisiéf— 37~ de- cedure to use all the available information on the non—

cays to”(p®) in the low—energy expansion of the Standard  radiative amplitudes t@”(p*), either from experiment or

Model. We employ the notion of “generalized bremsstrah-  from theory? The answer is positive as shown previously

lung” to take full advantage of experimental information on  for a general radiative four—-meson process [7]. Here, we

the corresponding non-radiativé — 3x decays. put the concept of “generalized bremsstrahlung” [7] to a
practical test.

ii. The nonleptonic weak Lagrangian @f(p*) contains a
number of low—energy constants [9, 10] that are little
known at present. Can we expect to extract relevant in-
formation on those constants froki — 37+ data?

iii. More generally, can one make definite predictions for

these radiative kaon decays within the Standard Model?

1 Introduction

The present experimental status &f — 37y decays is
rather meager. So far, only the two channels with a charged
kaon in the initial state have been detected experimentally The outline of the paper is as follows. In Sect. 2, we
with very low statistics [1-3]. None of the decay modes of set up the kinematics and discuss the low—energy expansion
a neutral kaon have been seen. of K — 37 and K — 3wy amplitudes up ta?(p*). We
This unsatisfactory experimental situation will change discuss the concept of generalized bremsstrahlung that takes
soon, especially after the completion of thee~ collider  full advantage of the available experimental information on
DA®NE in Frascati. In thig-—factory one expects [4] a total the non-radiative amplitude in the form of a fourth—order
yield of 7.5-10° K Kg pairs and 11 - 10!1° K*K— pairs  polynomial in the momenta. In Sect. 3, we calculate the
per year. For up—to—date information on the future prospectglectric tree—level amplitude of (p*) in terms of the ap-
of kaon physics we refer to [5]. propriate low—energy constants. We give a fairly complete
With a sufficient number of events, what can one learnlist of experimentally accessible radiative kaon decays that
from a study of those decays? The appropriate frameworklepend on those weak constantscofp*). The calculation
for such an investigation is chiral perturbation theory [6] of the electric loop amplitude is deferred to an Appendix. To
(CHPT). To lowest order in an expansion in momenta andthe same order in the chiral expansion, the magnetic ampli-
meson masses, the radiative decays are completely detetsde is a pure tree—level amplitude that receives both direct
mined [7] by the non-radiative amplitudes far — 3r. At (local) and reducible (nonlocal) contributions. These are put
next-to—leading order, a full-fledged CHPT calculation oftogether in Sect. 4. Numerical results for rates and spectra
nonleptonic weak amplitudes &f (p?) is required (cf., e.g., of the four transitions occurring af'(p*) are collected in
[8]). Among other ingredients to be discussed in Sect. 2 Sect. 5. Some conclusions are presented in Sect. 6. All rele-
important components are the one—loop amplitudes with avant formulas for the one—loop amplitudes are contained in
single vertex from the lowest—order nonleptonic weak La-an Appendix, recapitulating and applying the results of [7].

grangianﬁ/;fs‘:1 and tree—level amplitudes due to the cor-

responding LagrangiatZ, **™* of ().

There are three main issues we want to address: 2 Low-—energy expansion

i. Bremsstrahlung completely determines the lowest-ordemrhe kinematics of the decalf (—ps) — m1(p1)m2(p2)73(p3)
amplitude, but it also contributes at next-to—leading or-~(k) is specified by five scalar variables which we choose
der (and at higher orders as well). Is there a unique proas

* Work supported in part by HCM, EEC-Contract No. CHRX- g = (Pl +p2)2, v = p4(p1 — Pz), t; = k-p; (Z =1,... ,4)(2_1)
CT920026 (EURODANE) and by FWF (Austria), Project Nos. P09505-
PHY, P10876-PHY with



302

4

ZtiZO.

=1

4
> pi+k=0,
i=1

Any three of thet; together withs and v form a set of
independent variables.

The transition amplitude can be decomposed into an elec-

tric and a magnetic part:
A(K — 3my) = ee"(k)(EL + €10 poe M7P7)
with

(2.2)

FE,=0,  upok M =0.

To lowest order in the chiral expansion, the amplitudes y» =

for both radiative and non-radiative transitions are generate
at tree level by the effective chiral Lagrangian®fp?),

L+ LA (2.3)
The strong part has the well-known form [6]

- F?
S = 4 (D, UD*UT +2B.26(U +U")) (2.4)

where { ) denotes the trace in three—dimensional flavour

space.F' is the pion decay constant in the chiral limi ¢
F, =924 MeV), .7 is the quark mass matrix ang is
related to the quark condensate. The unitary 3 matrix

The electric amplitude, on the other hand, is completely
determined by the corresponding non-radiative amplitude
A(s,v) via Low’s theorem [11]:

E¥ = A(s,v)X*
0A(s, V) 0A(s, V)
+2 Os AfLLZ + v (A§LL4 - A’;
+ (k) (2.8)

with (the meson charges in units efare denotedy;, with
4
> i=14 = 0)
4
Z (]ipﬁ-b
— 1
=1

K2

d
Y = A% = (qity — qti) D
v

ti ot
Since there are no terms 6f(k) at lowest order in the chi-
ral expansion, the leading—order electric amplitude is com-
pletely determined by the explicit terms in (2.8) usually
called “internal bremsstrahlung”.

At next—to—leading order” (p*), the situation is much

more complicated. A nonleptonic weak amplituderofp*)
receives in general four types of contributions [8]:

P
DY =Dt ="i (2.9)

field U incorporates the eight pseudoscalar meson fields. In
the exponential parametrization, i. Tree—level amplitudes from the effective chiral Lagran-
gian%;lASl:l of ' (p*) with the proper octet and 27—plet
U = exp(V2d/F) transformation properties.
o n . ii. One—loop amplitudes from diagrams with a single vertex
+ 7r K~ | AS|=L
V2 Ve _ from Z; in the loop. . .
B 0 n o iii. Reducible tree—level amplitudes with a single vertex
b =o' = T VZ * /6 K : (2.5) from #)*°'*! and with a single vertex either from the
_ 2 strong Lagrangian%; or from the anomalous Wess—
K- K° _ A Zumino-Witten Lagrangian [12].
V6 iv. Reducible one-loop amplitudes, consisting of a strong

with K, = K9 = (K°+ K%/v2 and Ks = K? = i(K° —
K©)/+/2 in the limit of CP conservation. For the processes

under consideration, the covariant derivatitg U can be
restricted to

DU =08,U +ieA,[Q,U]

with the photon field4,, and the quark charge matrig.
The weak|AS| = 1 Lagrangian in (2.3) can be written
in the form (our notation and conventions are those of [8])

LA = GeFA (AL, L)
" 2 L
+G27F4 <LM23L31 + 3Lu21L13> + h.c. s (26)
1 , ,
A= SQe—iA7), Ly = iUTD,U.

The coupling constant§s, G,7 in (2.6) measure the strength

loop diagram connected to a vertex ﬁf’zms‘:l by a
single meson line. A typical diagram of this type con-
tains an externak’ — or K —n transition, possibly with
an additional photon (generalized “pole diagrams”). The
calculation of such diagrams is simplified by a rediago-

nalization of the kinetic and mass termsﬁfthz'AS‘:l
(“weak rotation” [13]).

For the decayd< — 3, all four mechanisms are rele-
vant. Most of them also appear in the non-radiative ampli-
tudes. Via Low’s theorem (2.8), the non—radiative amplitude
of @ (p*) will contribute to the electric part of the radiative
amplitude. Unlike at lowest order, this is however not the
whole story ai?(p*). The question then is how to use in an
optimal way the amplitudel(s, v) of @@ (p*), either from the-
ory or from experiment, for calculating the radiative electric
amplitude E# of the same order.

In a recent paper [7], we have presented the general

of the octet and the 27—plet part, respectively, of the strangetheoretical framework for the treatment of radiative four—

ness changing weak interactions. Frém— 77 decays one
finds

|Gg| ~9-10°GeV?,  (Gp/Gg~1/18. (2.7)

At lowest order, the magnetic amplitudd”*? in (2.2)
vanishes since there is notensor in the Lagrangian (2.3).

meson amplitudes lik& — 37~. The essential point is the
concept of “generalized bremsstrahlung”,

Er=El+O(k) (2.10)

whereEY is defined in terms of the non—radiative amplitude
A(s,v) [7]:
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0A(s,v) 0A(s,v) a.=—-9539+£0.40, a,=8435+057
Y- o ’ n no A c ) n )
Egg = Als, )2 +2 o 7 T Ap+ o 1 (A — M) b, =2447+034, b, =—2811+049,
2 A c.=0.68+017, ¢, =—0.05+£022, (2.14)
9°A(s,v) i
20 g (att)dy d.=-163+034, d,=127+045,
> by =—-3.91£0.40, d,=021£051.
fLOAGYY oy g
2 92 17 %28 — Sow) — 1304 For the phases associated with the absorptive parts in (2.12)

0% A(s, V) we use the lowest—order CHPT predictiang= 0.13, ag =
2 59 —0.12 andfBy = —6y = 0.047 [20].
. o N The decomposition (2.12) is based on isospin symmetry.

Referring to [7] for a more thorough exposition, we Moreover, the numerical values in (2.14) have been obtained
concentrate here on the practical advantages of generapy a fit [19] where for simplicity the imaginary parts were
ized bremSStrahlUng. Many of the terms in the above list Ofset to zero. Present data ¢ — 37 are too pOO]r (espe-
four mechanisms appear in both the radiative and the noncially in the K5 channel) both to relax the assumption of
radiative amplitudes and are therefore automatically includegsospin conservation and to be sensitive to the small imagi-
in E¢, . This is in particular true for most of the renormal- nary parts. As a consequence, our numerical predictions for
ization parts that are trivially carried over frorli(s, /) to  the generalized bremsstrahlung amplitude&in- 37~ are
E*, but also for many of the so—called reducible contribu- affected by systematic errors and must be considered as pre-
tions (items iii and iv in the above list). For instance, all |iminary. A new detailed analysis should be performed when
the weak low—energy constam§ [10] contributing to both  complete and accurat® — 3w data will be available.
K — 3m and K — 3my are completely taken into account | the next two sections we discuss separately the electric

by Eg - Therefore, only the genuine radiative low—energy and the magnetic amplitudes for the various channels. To
constantsNuy, ..., Nz will show up in E# — EZ, ..

[toAl, — ts AL] . (2.11)

In the following we use the experimental — 37 am-

plitudes to deriveEgg. If we had limited ourselves to an

analysis at the center of the Dalitz plot & — 37 data

[14-16] or just to linear slopes [17], there would have bee
no need to extend (2.8) to (2.11). However, the quadrat
slopes are observed and the— 37 amplitudes are written
as polynomials of second order smandv [18—20] to fit the
experimental data. The second derivatives in (2.11) are thu
needed to take advantage of all the experimental informatio
available fromK — 3. The (electric) direct emission term
E" — Efg is then a genuine radiative part of the amplitude

not related to the non—radiative transition.

In the numerical analysis we have used the following

parametrization of théd — 37 amplitudes [20, 21]:
AK — 7°%7%%)
= a.(1 +iag — iagY)

—[be(1 +180) — b2(1 +160)] Y

+c (Y2 + X2/3) — (d. — d)(Y? — X?/3) ,
AKY - n'r'n7)
= 2a.(1 +iag +iagY/2)

+[bc(1 + Z60) + b2(1 + Z60)]Y

+2c,(Y? + X?/3) + (d. + do)(Y? — X?/3)
A(Kp — 7tr—n0)
= a, (1 +iag — iagY) — b, (1 +ifo)Y

+c, (Y2 + X2/3) — d, (Y2 - X?/3),
A(Kg — m*n~ 70
= —2i[by(1 +1ibp) — 2d,Y]1X/3
with

(2.12)

4
X =2/M2, Y = (s — s0) /M2, so=» M?/3. (2.13)
=1
The numerical values fod,, b., etc. (in units of 168) are
given by [19, 21]:

© (p*), there are four non—vanishing transitions:
K* — 7%y K —atntn

K — ntr n% Kg — n'n 0y .

inWe make the following simplifications for the calculation.
QI'he 27—plet part of the nonleptonic weak Lagrangian is not

included in the calculation of direct emission amplitudes, i.e.
Ln (E" — E§&g) and M¥?7. This is an excellent approxima-

flon in view of the AT = 1/2 rule. Moreover, in the loop

diagrams we have only kept the dominant two—pion inter-
mediate states. Since the loop amplitudes will turn out to
be rather small anyway, this restriction is justified a poste-
riori. Finally, CP conservation will be assumed throughout
the analysis.

3 Electric amplitudes

To @' (p*), the electric amplitude can be written as

FEH = EgB + Egounter"‘ ElgOpa G5

subtracted

Use of the generalized bremsstrahlung amplitBgg greatly
simplifies the calculation of both the tree—level and the loop
part of (3.1). For instance, all the reducible contributions
(items iii and iv in the list of Sect. 2) to the electric ampli-
tude are automatically contained Bfg. This can be shown
almost without any calculation by going back to the defini-
tion (2.11) of generalized bremsstrahlung. The only excep-
tion that needs some (tree—level) calculations are amplitudes
proportional to the strong low—energy constdnt[6] with
an external weak transition. Although there are strong radi-
ative four—-meson amplitudes proportionalfig, the explicit
calculation shows that they do not contribute A’o— 37y
after a weak rotation.

Another consequence of using generalized bremsstrah-
lung in (3.1) is a much simpler form of’ e All the

1 Note that we have not taken into account the very recent and accurate
results of Serpukhov-167 [22] in th&* — 7079+ channel
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Table 1. Kaon decay modes to which the coupling constavfscontribute. X

For the 3r final states, only the single photon channels are listed. For the Pg Pc
neutral modes, the letteds or S in brackets distinguish betwedki;, and

Kg in the limit of CP conservationy* denotes a lepton pair in the final

state. If a decay mode appears more than once there are different Lorentz

structures in the amplitude. The combinations wifi are scale dependent

compensating the scale dependence of the corresponding loop amplitudePp Pq
The other combinations are scale independent

y

. o 3 N; Fig. 1. One-loop diagram for a four-meson transition. For the radiative
amplitude, the photon must be appended to every charged meson line and
7T+'Y* 71_Jfﬂ,O,y* NI, — NI ) .
os 0ol s 14 15 to every vertex with at least two charged fields. For the cad€ ef 3x(v),
77+'Y (%) ”+”O’Y (L) 2N7{, + Nig —pa = —p4 is the kaon momentum, the other three being the pion momenta.
™Y 7f+7"7’Y’Y fVl4 — Ni5s — 2N1g The weak (strong) vertek; (V2) is defined in (A.1), with the appropriate
T () . coefficients for the various diagrams given in Table 6
w0y WOW;’Y Nis — Ni5 — N1g — N1z
=y (S) +rOm0y "
T () ible channels. This Table is a slightly extended versi
Oy (S) T(NI, — NI+ 5(NZ + Nyo) accessible channels. This Table is a slightly extended version
e (L) NI, = N5 — 3(NIs — Ni7) of the one appearing in [8]. As one can see from the Table,
Tt y* (S) N7, — NI, — 3(NJs+ N17) the specific combination of coupling constats, — Nis —
w0y NI, + 2N, — 3(NJs — N17) Nig — Ni7 occurs also in the amplitudes fé¢* — 7%
Ty (L) wTr a0y (S) Nag+ Na andKg — 7*7~~. On the other hand, A{j,— N{g)+5(N{s+
Tt Ty " ; ot ; ; +_—.0
0y 00 3Npo — Nao N1|7) is a characteristic combinatibrior K¢ — 7*n— 7%
7t =70 (S) 5Nag — Nao + 2Nag only. L .
7= w0 (L) 6Nag+3Nag — 5N3o Both combinations are not yet known phenomenologi-

cally. To get a feeling for the typical size of these couplings
one may appeal to the factorization model that predicts [10]

low—energy constants appearing in both radiative and non-

2
radiative amplitudes are already containedFff. There- [N1ig — Nis — Nig — Ni7]™ = —k f £ s
fore, only the genuine radiative terms in the octet Lagrangian 2My;
of @'(p*) [10] =-7-10%;, (3.7
| ASIEL 2 o 2
%) GaF? ) NiWi +he.. B2 (1N~ Nag)+ SVas+ N = a2k, 7, @)
¢ Vv

with dimensionless coupling constam and octet opera- \here k; is a fudge factor which naive factorization sets

tors W;, contribute toE¢oer IN particular, going through  equal to one. Note the potentially large counterterm ampli-

the Lagrangian (3.2) one finds that only the four low—-energytyde inK s — 7*7~7%y. Table 1 also indicates that the com-

constantsiVus, ..., Ni7 can occur inE¢o e The relevant  pination Nys — Nys — Nig — N7 is scale independent while

parts of the Lagrangian (3.2) are listed below. 7(Nj,— Njg)+5(N]s+N17) is not. Consequently, the loop am-

With F,, = 0,4, — 0,A, the electromagnetic field plitudes are all finite forx* — 7%7%7*y, K* — n*rtn—y

strength tensor, the explicit coupling fdt* — 70707%y and K, — 77~ n%, but divergent forKs — w7 7%.

is given by This divergence is renormalized by the counterterm combi-
ieGg t om0 nation 7(ZV14—N16)+5(N15+N17). In the limit V\(hereGy is

~ 2 (N14a — Ni15s — Nig — N17)Fp,, K'm-0"n"0"n~.(3.3)  set to zero, the two—pion loop does not contribute tokhe

decay . Since we have not included the other loop contribu-

tions that are numerically negligible, the amplitudeofp?)

for the K¢ decay is superficially scale dependent. We shall

The corresponding expression f&r* — " 7*7~~ reads

—4Z;§8 (N1a— N1s— N1g— N17)F,, K*'n~0*770V7~.(3.4)  come back in Sect. 5 to investigate numerically the effect of
this scale dependence.
The decayK, — "=~ 7%y receives a contribution from Finally, the loop contributions to (3.1) have to be calcu-
ieGg lated. Once again, many contributions are already contained

~ 2 (N14 — Nis — Nig — N17) in E&g. The only type of diagram that has to be calculated

explicitly is shown in Fig. 1 where a photon can be appended

Fl, K (0"~ ot — 2%+t oV ) | (3.5) to all (charged) lines and vertices. In this diagrdr,is a
|AS|=1 :

+ — 0 weak vertex fromZ, andV; is a strong vertex from
and K — ' m =y from %5. Of course, such diagrams without a photon contribute
eGg also to theK — 37 amplitudes ofc(p*). In accordance
T2 [7(N14 = Nig) + 5(NV15 + N17)] with the definition of generalized bremsstrahlung in (2.11),
FoKso* a0 n +7*0"77) . (3.6)  the appropriate part has to be subtracted from the radiative

loop amplitude to obtairf}, in the complete am-
In order to facilitate the comparison with other radiative plitude (3.1). loop,sublracted

kaon decays, we list in Table 1 the combinations of low—

energy constantsV; governing the various experimentally 2 We remind the reader tha¥:; is scale independent [10]
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The calculation of the loop amplitudes is rather involved
in the radiative case. We have given in [7] a compact expres-
sion for the radiative loop amplitude with general vertices
Vi, Vo of @(p?). In an Appendix, we reproduce the main @ @
steps for arriving at the final amplitude, together with the
relevant vertices folX’ — 3my.

4 Magnetic amplitudes Fig. 2. Reducible diagram contributing to the magnetic amplitude gi*).
A weak cubic vertex of”(p?) and an anomalous vertex with three mesons

. . . . . . and a photon are connected by a single meson line
The magnetic amplitude in (2.2) receives contributions from P y 9

direct and reducible diagrams [23, 24] corresponding to type

i and iii, respectively, in the classification of Sect. 2. magnetic amplitude (adding the direct term generated by
The direct parts (type i) are generated by the operatorg4.1)) takes the form

Woag, ..., Warin (3.2). Their contribution td(* — 7%7%7*y

is given by MYPP (K — 79707 )
1Gg
G ~ = 3 _ 6 _ 2 k_l/ P a. 46
- €F28 (3N2g — N3g)F, 0" K* 0¥ n~ n°x°, (4.1) 87r2F2( a2 — 6agz — 2)k"pap] (4.6)
where F,, = £,,,0F*° (c0123 = +1). The corresponding There are two types of reducible diagrams contributing
'IL H+P L S— K+ ++—.hK+ k k
expression fortkK* — 7" r~~ reads to — . the K can make a weak transition into
deG a realr* and a virtualr® (or n) which is then transformed
- F28(N29+ Nsl)ﬁwa“KW”n*w*f . (4.2) intoar*7~ pair and a photon,
. . . weak 0 wzw _
The decayK; — n*n— 7% receives a contribution from K" 25 77 = 1t y)
2 G ~ + weak + WwWzw + —
B ;28(6N28+3N29— 5N3o)F,, 0" K,o"n°n~n* | (4.3) K" ™5 7% = nr7 ) .

The total magnetic amplitude is now given by

and Kg — wtr~n% from MY (K" — )
216G i | K [(5Nso — Nao + 2Na)dn%n— 9 * iGs

F2 g S[( 29 — 1V30 31) T s = 271_2F2 k’ypg[(az + 2a4)pz
_ + Ogu *+ v -— o o

2(N29 N31)7T ooy ] . (44) +(M$ _ M}Z()( p1 ) P2 2)] , (47)
Following the theoretical arguments given in [25], the cou- s24— M7 s1a— M
pling constants in the anomalous parity sector‘df*) can with
be estimated as ) ) )
Nan = ay Nan = a» 514 = (p1+ pa) _V+t3+(MK+3M7r_S)/27

28 gr2” 27 3272 45 = (p2+pa)? = —v+ta+ (M2 +3M2 —5)/2 .
NEn = a3 NEn= aq For K — n*n~n% one may either contract the anoma-

16r2 116r2 lous K1 K ¢7m% vertex with the weakK g7~ vertex, or
where the dimensionless coefficienis are expected to be the weakK; — w*7~ transition with ther*7~ 7% Wzw
positive and of order one. vertex: waw e
The second class of diagrams contributing to the mag- Kp =55 n%(Kg 5 n'n7)

netic amplitude are the reducible ones (type iii). These am-
plitudes are due to diagrams with a single meson line be-
tween a weakAS| = 1 vertex and an anomalous vertex Kp 2% 7= (n" 2% 7t72%y) .
from the Wess—Zumino-Witten (WZW) functional [12]. For . . . .
K — 37, all such diagrams have the structure shown inThe last two diagrams give again a local amplitude for a

L K AL
Fig. 2: a weak cubic vertex and an anomalous vertex withSimilar reason as for K* — x°r°x*y in (4.6). Together
three mesons and a photon. with the contribution from (4.3), we arrive at the magnetic

k _ owzw
Ky St (nm S amaty)

In the case ofk* — 7%0x*~, there is only one re- amplitude
ducible contribution at?(p*): the kaon emits a neutral and MYP?(Kp, — 7r+7r—7r07) (4.8)
a charged pion, where thef subsequently makes an anoma- iGy 4M2 — M?)
lous transition tor®n*~, = 24a; + 3a, — 30az — 2 — K ™ 1kY plpg.
T 871'2F2[ 1 2 3 5 — Mf( 1k"p3pg

K+ weak 0( + WzZw 0_+ ) . i
T e Tma) . Finally, we turn toKg — n*7—7%. In this case, the

The corresponding amplitude is local because Hie — reducible diagrams have the following structure:

7%7* vertex vanishes on—shell (remember that we are setting 3 The on-shell amplitude foK;, — 7"~ vanishes in the limit of CP
G,7 = 0 in direct emission amplitudes). Thus, the completeconservation



306

Table 2. Numerical results for the decalf* — =©

I'cs, I'v are given in MeV

707" ~. The photon energy¥, and the decay widths

B, Tes I FFLOW Ie FFGB I BR
10-20 (1384 0.02)- 10719 14108 22-107° 28.107%  (2.60+0.03)-10°°
20-30 (4294 0.06)-10-2°  45.10°3 82.10°> 75.100% (8.05+0.01)- 107
30-40 (145+0.03)-10020 98.10°3 25.1004 11-100% (2.72+0.05)- 107
40-50 (448+0.09)- 1021 1.8-102 22-1004  11-100% (8.42+0.18)-10°8

50-60 (109+0.03)-1072! 29.102 -1.0-10% 6.8-10% (2.05+0.05)-10°8
60-70 (149+£0.05)-10722 43.-102 -68-10% 20-10% (2.81+0.09)-10°°
70-80 (348+0.12)-107%* 56-102 -1.9.102 89-107%" (6.554+0.23)-10° 1

10-80 (2014+0.03)-10°1°®  3.3.10°3 45.10° 41.100%* (3.784+0.05)-10°®

Table 3. Numerical results for the decaf* — n*n*n =~

I'cg — I I'e — I
E, Ten GB . Low E B GB I BR

10-20 (23240.02)-10°18 _-1.7.10°% —42.100% 13.107%* (4.364+0.04)-10°°
20-30 (7634+0.07)-107° —48.10% -12.10% 32.10°% (1.434+0.01)-10°°
30-40 (262+£0.03)-10°1° —92.10% -24.10% 41.10% (4.9340.05)-10°°
40-50 (766+0.08)-10~20 _—15.102 —41-10% 32.10% (1.44+0.01)-10°6
50-60 (143+0.02)-10020 _—21.102 —62-10% 13-100% (2.69+0.03)-10°7
60-70 (723+£0.09)-107%2% -28.102 -85.10"% 1.2.107% (1.3640.02)-10°8
10-70 (344+0.03)-10°8 _-34.10% —-85.10*% 1.3.107% (6.46+0.06)-10°°

K¢ 2% ¥ (r~ 2% 77 7%) from the magnetic amplitudes (fa; = 1); there is no inter-

ference between electric and magnetic amplitudes as long as

the phase space integration is performed “symmetrically”.
For the branching ratios in the last column we distin-

weak

Kg =% = (n* 25 7%2%) |

Kg 2% 7190 X 7t 2 =) | guish between the three channels where the leading—order
amplitude is not suppressed and the desay— w7 70y
Kg 2% 7% 2 ntn—r) . with a suppressed bremsstrahlung amplitude. In the first
_ _ _ group of transitions, the dominamt'(E,) effect is given
Combined with (4.4), we obtain by the differencel'cg — I ow. This deviation from Low’s
vpo +_— 0 theorem, i.e. from a pure QED prediction, could possibly
M Cng - ) (4.9) be observed in the near future. In the above channels, the
= 28 , k" {(5az — 6az +das — 2)(p2 — p1)"p§ residua_l pion—loop 'co.ntribution suffers from relatively large
8reF theoretical uncertainties: the smallness of phase space am-

plifies isospin—breaking effects generated by the mass dif-
2 ferenceM 0 — M,+. However, the effect oFioop subtractediS
A2 — M2) 4(M$ ~ M) o alw_ays so small that it can hgrglly be detec.ted._ The contri-
St 5 1]p3}, _butlon of Ecountes €valuated within the factorization model,
s34 — M3 s34 — My is of the same order aBioop subtracted FOr K — 70r0mty
there is an almost complete destructive interference between
loops and electric counterterms, while faf" — 7*a 7=~
534 = (p3 +p4)2 =s5+2(t1+12) . we find Ecounter = Eloop,subtracted Finally, in the K, chan-
nel Ejgop subtractediS bigger thanEcounter for large E,. For
small £, the two amplitudes are comparable. Probably only
5 Numerical results large deviations from the naive expectation~ (1) could
be observed. Also the magnetic contribution is very much

Our numerical results for the various channels are displaye§uppressed in these channels: the ré}jg' /e is typically

in Tables 2-5. The first column shows the photon energysmaller than 10°. . _ .
range. In the second column, the contribution to the decay Interference effects between electric and magnetic ampli-
width generated by the generalized bremsstrahlung amplitudes could in principle be larger. For instance, observables
tude Egg in (2.11) is listed, together with the corresponding like det(s, p2, ps, pa) (for the decays with three different pi-
errors due to the uncertainties of the— 3 parameters in ~ Ons in the final state) or det(s, p2, p3, pa) (in the case of
(2.14). The next column shows the relative change of the refwo identical particlesr;, ) are sensitive to such interfer-
sult if only the Low amplitude (2.8) is used insteadfags. ~ €nces. Ta” (p*), the interference term

p P
p p
#4122 " .

_ MZ - S04 — Mz)pg

+[—2a; — dag +

where

In the fourth column we see the effect of adding the elec-_,vpo E M +E'M 51
tric counterterms (using; = 1 in (3.7) and (3.8)) and the P BuMypo + By Mups) (5-1)
residual pion—loop contributionSigop subtractedn (3.1). 1w in is proportional to the relatively small absorptive part of the

the next column denotes the contribution to the decay widtrelectric amplitude. Thus, the leading—order piecé&pfdoes
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Table 4. Numerical results for the decalf;, — n*7~ 70y

Ies — I Ie — I
E’Y I GB . Low E h GB I BR

1020 (132+0.02)-10°18 _-45.10% —42.10*% 21.100%® (1.04+0.02)-10~*
20-30 (4894+0.07)-107* —-1.3.102 -11-103 4.4.107% (3.8440.06)- 10>
30-40 (198+0.03)-10°1° —25.102 —-1.8-10°% 50.-10% (1.55+0.03)-10°°
40-50 (733+0.11)-1002° _—40-102 —-1.7-10% 37-10% (576+0.10)-10°°
50-60 (213+0.04)-1072° -58.102 25.10% 1.7.107%® (1.6740.03)-10°°
60-70 (339+0.06)-10721 —-7.9.1072 27-1002 35.107% (2.67+0.05)- 107
70-80 (804+0.15)-1072 —99.102 22.-100! 95.10%° (6.3240.13)-10°°
10-80 (211+0.03)-10® -10-102 -66-10*% 17-10% (1.65+0.03)-10~*

Table 5. Numerical results for the decalfs — "m0y

E, T'ss fes” Ttow Ie T BR
1020 (1294+0.34)-10-%1 1.2.102 11-100% 65.100%® 15.10°10
20-30 (515+1.28)-107%2 38.-102 34.-100%2 16-100% 47.101
30-40 (234+053)-1022 7.7.102 97-100%8 23.100% 13.10°1
40-50 (9974+212)-10-% 1.2.-107! 20-1002 21.100%* 29.10°%
50-60 (334+068)-100 16-10! 22.100% 12.-100%* 46.10°18
60-70 (609+1.22)-10724 21.107! 23.100%® 34.107% 78.1074
70-80 (1624+0.32)-107% 24.107! 1.7.100% 1.2.107% 4.0.10°1°
10-80 (2184+0.55)-107%' 33.102 1.6-107%' 82.107* 22.10°%

not contribute in (5.1). Nevertheless, the possibility of inter-the next-to—leading order contributions generated by octet

ference measurements should be kept in mind once suffieperators are becoming relatively more importaritt the

ciently high statistics will have been achieved. one—loop level, two—pion intermediate states do not con-
For the three channels under consideration, the amplitudé&ibute. Therefore, the” (p*) part of the electric amplitude

is completely dominated by generalized bremsstrahlung. Ins essentially determined by the counterterm

the last column of Tables 2—4, we therefore list the branch- - - - -

ing ratios based on generalized bremsstrahlung only, correNKS(“) = [7(Vis = Nig) + 5(Vis + N17)] () (5.6)

sponding tolgg in the second column. The contributions that is predicted to be large by the factorization model in

to the branching ratios from direct emission are completely(3.8). Its rather modest scale dependence,

concealed by the present experimental uncertainties of the 3

K — 3rm parameters. Ngo(p2) = Ngo(p1) + 3 ,IN(ua/p2) (5.7)
Within those errors, our predictions are consistent with d

standard bremsstrahlung and with the available experimentd$ compensated by loop graphs with kaon intermediate states

results. Our theoretical branching ratio fBr — ﬂ-Oﬂ-Oﬂ-*fY which we have neglected. The Uncertainty induced by this

in Table 2 forE, > 10MeV can be compared directly with scale dependence,

the experimental result [1] N (0.5 GeV)— N~ (1 GeV
00 455 6 s )FM s )~ 0,09 (5.8)
BR(K™ — momm ) = (7.455%) - 107°, Nig
E, >10 MeV. (52)  with NFM given by (3.8) fork; = 1, is certainly smaller
For K* — w*n*n—~, Barmin et al. [2] have reported the than the intrinsic uncertainty of the factorization hypothesis.
branching ratio The corresponding numerical results are displayed in Ta-
. w e 4 ble 5. The numbers fafg are obtained from the sum éfgg
BR(K™ — n'm 7 7) =(110+0.48)- 1077, (using the central values of the input parametersind d,
E, >5MeV, (5.3) in (2.14)) and the aforementioned(p*) counterterm ampli-

. . . tude. Note that the interference is destructive and especially
to be compared with our theoretical prediction pronounced at large values @,. The contribution of the
BR(K" — 77" 77 7)|theor = (1.2640.01)- 107, magnetic amplitude is again shown fgr= 1. For this chan-

E. >5MeV (5.4) nel we list t.he total branching ratio BR ;ﬂ{+FM)/HOE(KS)
v ’ ' for the various photon energy bins. We do not give errors
whereas Stamer et al. [3, 26] have found for these branching ratios because, unlike for the other three
. . - channels, the direct emission amplitude matters with un-
BR(K™ — n'n"n77) = (1.0+0.4)-1077, known theoretical uncertainties (factorization model).
E, > 11 MeV. (5.5) Remembering the projected @AE vyield of 7.5 x
10°K K4 pairs per year, thé&(g — 7*7— 7% decay rate
is still too small for the coming generation of kaon exper-
iments. With an additional improvement of statistics, some

For the decayKs — n*7— 7%y the situation is quite dif-
ferent. To lowest chiral order, the amplitude can only pro-
ceed through a\I = 3/2 transition (via bremsstrahlung) and
is therefore suppressed by thd = 1/2 rule. Consequently, 4 A similar phenomenon occurs in té* — 7* 7% decay [24, 27]
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information might be achieved via time—interference mea- predictions is at the moment only limited by the preci-
surements [28]K 1, s — w7~ %) similar to those recently sion with which the parameters of the non—radiative de-
performed in the non—-radiative case [29, 30]. Then interfer- cay amplitudes are known. Fdfy — 7+~ 7%, there
ence effects between electric and magnetic amplitudes could is some theoretical uncertainty related to the relevant
in principle be measured since a term like low—energy constants.

—E*M,,,) (5.9) ~ As soon as more accurate data will lead to better preci-
pmree sion for theK — 37 parameters, the predictions of the radi-

is generated. In contrast to (5.1), this term is proportional toative amplitudes can be improved accordingly. Although we

the leading—order piece df,,. We stress that even fixed— have only considered total rates and photon energy spectra

target experiments, through regeneration, can perform timein this analysis, the investigation of more subtle effects like

interference measurements and in this case a larger statistifide interference between electric and magnetic amplitudes

is expected. Thus, th&s — 7*7~ 7% decay mode may still may then become feasible.

turn out to be a valuable probe for kaon physics parameters

that is not drowned by bremSStrahlung' AcknowledgementsOne of us (G. D'A.) wants to thank F. Sannino for
discussions.

urpo *
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6 Conclusions Appendix: Loop amplitudes

Anticipating substantial improvements in the statistics of In this Appendix, we collect the main results of [7] for the
K — 3my decays in the near future, we have performedcalculation of loop amplitudes corresponding to the diagram
a comprehensive and complete analysis of these decays t0 Fig. 1.
' (p*) in the low—energy expansion of the Standard Model. ~ First, we calculate the loop amplitude for the non-
To lowest order¢” (p?), the decay amplitudes are determined radiative process — 3r. In our case,—p, = —pa is the
by the corresponding non—radiative amplitudes via Low’skaon momentum antl;, V> are nonleptonic weak and strong
theorem (bremsstrahlung). At next—to—leading order, ther&vertices, respectively. The pion momenta are generically de-
are different contributions to both electric and magnetic partgiotedpy, pe, pa-
of the amplitudes: loops and tree—level (counterterm) ampli- We characterize the verticdg, V> in momentum space
tudes, reducible and irreducible contributions. by constantsi;, b;:

' A major aspect of our analysis is the concept of “gener—.vl = ag + a1pa-py + AP - + az(x® — M?)
alized bremsstrahlung” that transfers the available theoreti- ranl? — M2) + 2 a2y 4 2 _ 2
cal or experimental information oA’ — 37 decays to the aa(y y) ¥ as(Pa a) ¥ as(py 0
corresponding radiative amplitudes in an optimal way at theV; = by + bip.-pg + bope-x + ba(x? — M?)
level of @ (p*). For the numerical analysis, we have used the +ha(y? — M;) +bs(p? — M2) +bs(p2 — M2) . (A1)

factorization hypothesis to estimate the relevant Iow—energ)<N_ . . .
constants. ith P = p.+py, the non—radlatlvg loop amplitude of Flg. 1

Returning to the three issues addressed in the introduc@n be represented in the following form (all external lines
tion, we may summarize our findings as follows: are on—shell):

; , , F(P) = A(My)[a1bapa-po + asbipe-pa
i. In all three channels where the leading—order amplitudes tagba(P? + M? — Mf) + aoba + abg]

are not suppressedi(t — 7°7%*y, K* — ntntn =4,

K; — 7w n 7%), generalized bremsstrahlung com- +A(My)[a1bspa-py + azbzpa- P + agbipe-pa
pletely dominates the amplitudes t6'(p*). The dif- +agbope- P + agbg(P? — M? + M?) + agbs + azbo)
ferences to the QED prediction (standard or internal ) Y
bremsstrahlung) could be experimentally observed in the +B(P?, M., My)[aobo + aob1pe-pa

forthcoming round of kaon experiments, at least from the +a1bopa - py + a1b1pa  PoPePdl

statistical point of view. +By(P2, M, M,)[aobap.- P + azbopa- P

ii. For the same channels, it will hardly be possible to ex- +aibon. - P +aship. Pl
tract the appropriate combinations of low—energy con- 4192Pa " PoPe 2@2 1Pc'PdPa
stants from experiment in the near future. This conclu- +azb[pa-peBao( P4, My, My)
sion hinges, of course, on the assumption that the factor- +pg - Ppe- PBys(P?, M,, M,)] . (A.2)
e B et of a1 varous unctons i (.2) are as defned conventrily
important for Ks — n*n— 7%, especially if the rather (in d dimensions):
large factorization estimate is reliable. However, for this A(M)
decay mode the branching ratio is probably too smallto 1 d%r 1
be detected soon. = i | @n)daz— M2

iii. As a general conclusion, the Standard Model allows for
quite definite predictions for radiative kaon decays into (B B15%: 9w Bao + PP, Ba2)
three pions. Especially fok* — 7%y, K* — _1 dz (1, zp, wpy) (A.3)
n*ntn~y and K, — n*n~ 7%, the accuracy of these i) @) (x2— M2)[(x - P)2— M2~ '



Table 6. Coefficients of the vertice®s, V, defined in (A.1) for the various
loop diagrams. Only the relevant on—shell coefficients are listed

K(=pa) — m(py)+

m(@)m(y) — m(p)m(pa) a0 a1 az bo b1 b2
K* — rt+
mtrT - atr —2M2% -2 —22M2 2 -2
K" — nt+
ntr~ — 00 —2M?2, -2 -2 M2 2 0
K* — nt+
70n0 — wtm— -M2 -2 0 M2 2 0
Kt —n+
ottt — ottt 0 2 0 0 -20
K* — 7%+
70 — 770 -M2 0 -2 M2 0 -2
K9 — 7+
wr= > a%— MZ/Vv2 0 v2 M2 0 -2
Ko — T+
7Or* — nOn* MZ%/v2 0 V2 M2 0 -2
KO — 70+
mtnT sttt MZ2/V2V2 0 2M2 2 -2

We have chosen to expreg¥ P) in terms of the scalar
products

PaPos PePdy P2 PaP, peP, Pape (A.4)

)

instead of using kinematical relations to express all scala
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We have used the definitions (2.9). Whénappears as an
index (e.g., ind%, or D¥,), the corresponding momentum
and charge in (2.9) ar® andq. + q4, respectively.

The second pari/# of the loop amplitude (A.5) cannot
be expressed in terms df or derivatives thereof. For the
relevant case of equal loop massé$,(= M, = M, =: M),
H* takes on the following compact form:

H" = ap(typly — tapy ){(gx — 4,)(2b0 + 2b1pe-pa + bape- P)
X Cao(P?, —k-P) + ba(gs + q)
x[—2p.- PCy(P?, —k- P) + 2t.Ca(P?, —k- P)
—pe-PCoo(P?, —k-P)]} + by(tap — tepl){(g= — qy)
x[2a0 + 2a1p, - pp + az(pa- P +14)]
x ool (P + k)%, k- P) + aa(qu + g,)[—2(pa- P + ta)

x Ca1((P + k)2, k- P) — 2t,Ca((P + k)2, k- P)

~(pa- P +1a)Cool(P + k) k- P)]} . (A7)
The functionsC;; are defined as
~ 13, 0) = Ciy(u,0
G,y = G0 0) = Cu.0) (A8)

v

in terms of the three—propagator one-loop functiohgp?,
%-p) for k2 = 0:

products in terms of the two independent scalar variables

s,v. Note that the analytically non—trivial part of (A.2),
involving the variousB functions, contains only the on—
shell couplingsag, a1, az, b, b1, b2. The off-shell couplings
as, aq, b3, by appear only together with the divergent con-
stantsA(M). Since these terms are polynomials in the mo-
menta of at most degree two, they will enter in the radi-

1 [ di {zpzy, zpz 2}

i) @r)d (22 — M3)[(z +p)? — M[(z +k)? — M?]

= {C20(p®, k- P)gpuv + - - -
031(p2a k’p)(pugup +DuGup t+ ppg;u/)
+Ca2(p?, k- p) (kG + kv Gup + kogun) + ...}

)

(A.9)

ative amplitude only through internal bremsstrahlung and

will therefore eventually be absorbed k. The on—shell
coefficients for the various channels are listed in Table 6.

We now turn to the radiative loop amplitude and decom-
pose it into two parts:
Eloop = G* + H".

loop

(A.5)

The amplitudeG* can be expressed through derivatives of
the non-radiative loop amplitud€ in (A.2) with respect
to the various scalar products (A.4). In some of the follow-
ing terms, the momentun® has to be replaced by + k,
leaving all scalar products unchanged that do not corfain
explicitly:
F(P+k)— F(P)
k-P

(PG o ()
oF
(P+Ek)AL, + .- P)
oF
(pa-pe)
O*F
pa-P)O(pc-P)

(P + k-)D’C*P} :

GH = F(P)S* +
OF

+
9(pa-po)
oF

=+
pe-pa)

+ |:Qatc

©w
Acd

(P+ k)AL,

() - auta <P+k)} D,

oF
a(pa 'pc)
1
- 2((]0 + Qd)tatc |:

9°F
 3(pa-P)(pe-P)

(P)Dyp

(A.6)

We recall the following observations from [7]:

. The amplitudesG* in (A.6) and H" in (A.7) are sepa-
rately gauge invariant.

i. The amplitudeHd* is finite and at least of? (k). It only

contains the on-shell couplings, az, az, bo, b1, by de-

fined in (A.1) and the chargeg;, ¢, of the particles in

the loop.

The generalized bremsstrahlung part of the loop ampli-

tude is contained ir&;**. Denoting byE%(loop) the re-

sult obtained by inserting foA(s, v) the on—shell loop

amplitude (A.2) in (2.11), the difference

AP = G" — Efg(loop) (A.10)

is at least of” (k). Moreover, by construction at% all
the divergences in\* are renormalized by counterterms
with an explicit field strength tensor. Finally\* is finite
for asb, = 0.

Putting everything together, the subtracted loop ampli-
tude Elgop suptractedin (3:1) is given by

ElltL)op,subtracted: Z(AM +H") . (A.11)

loops

The sum extends over the various configurations listed in
Table 6.
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