
Eur. Phys. J. Plus         (2021) 136:382 
https://doi.org/10.1140/epjp/s13360-021-01331-0

Regular Art icle

A computational modeling on transient heat and fluid
flow through a curved duct of large aspect ratio
with centrifugal instability

Shamsun Naher Dolon1, Mohammad Sanjeed Hasan2, Giulio Lorenzini3,a,
Rabindra Nath Mondal1
1 Department of Mathematics, Jagannath University, Dhaka 1100, Bangladesh
2 Department of Mathematics, Bangabandhu Sheikh Mujibur Rahman Science and Technology

University, Gopalganj 8100, Bangladesh
3 Department of Engineering and Architecture, University of Parma, Parco Area delle Scienze 181/A,

43124 Parma, Italy

Received: 3 February 2021 / Accepted: 17 March 2021
© The Author(s) 2021

Abstract Due to remarkable applications of the curved ducts in engineering fields, scientists
have paid much attention to invent new characteristics of curved-duct flow in mechanical
systems. In the ongoing study, a computational modeling of fluid flow and energy distribution
through a curved rectangular duct of large aspect ratio is presented. Governing equations
are enumerated by using a spectral-based numerical technique together with the function
expansion and collocation method. The main purpose of the paper is to analyze the effect of
centrifugal force in the flow transition as well as heat transfer in the fluid. The investigations
are performed for the aspect ratio, Ar � 4; the curvature ratio, δ � 0.5; the Grashof number,
Gr � 1000; and varying the Dean number, 0 < Dn ≤ 1000. It is found that various types of
flow regimes including steady-state and irregular oscillations occur as Dn is increased. To well
understand the characteristics of the flow phase spaces and power spectrum of the solutions
are performed. Next, pattern variations of axial and secondary flow velocity with isotherms
are illustrated for different Dn’s. It is revealed that the flow velocity and the isotherms are
significantly influenced by the duct curvature and the aspect ratio. Convective heat transfer
and temperature gradients are calculated which explores that the fluids are diversified due to
centrifugal instability, and as a consequence the overall heat transfer is enhanced significantly
in the curved duct.

1 Introduction

Investigation of centrifugal instability and heat convection in a curved duct is a fundamental
and classic topic to the researchers in recent times due to noteworthy uses in chemical,
biochemical and mechanical engineering such as in solar collectors, ventilating, chemical
reactors, etc., and scholars are always alert and aware of using these two forces to construct
curved-duct-based mechanical devices. The word “centrifugal force” was first used by Dean
[1] after his pioneer work in 1927. He observed that centrifugal force is affected by the duct
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curvature, and under a critical flow condition the two-vortex secondary flow changes into four-
vortex. The newly two vortices are designated in their study as Dean vortex. In the literature,
there are numerous studies on fluid flows through different types of ducts; some of them may
be mentioned by Mondal [2] (curved square duct (CSD) and CRD), Chandratilleke et al.
[3–5] (elliptical and rectangular duct), Ahmadpour and Akhavan-Behabadi [6] (U-shaped
duct), Abu-Hamdeh et al. [7] (helical tube), Pourhedayat et al. [8] (cylindrical tube) and
Umavathi and Bég [9] (straight duct) for some outstanding works on this field.

In general, when fluid flows through a curved duct there arise some important features
that are observed very carefully by the researchers. Yanase et al. [10, 11] reported a spectral-
based numerical study to examine bifurcation formation through a CRD with linear stability
analysis that applying Grashof numbers or not. A comprehensive study on bifurcation and
flow transition including HT in the curved duct has been conducted by Mondal et al. [12] and
Hasan et al. [13]. Two different types of bifurcations have been obtained by them. For the case
of trembling solution, they demonstrated that when a critical point and bifurcation occurs, the
steady-state flow changes into others regular and irregular flows. Very recently, Tanweer et al.
[14] considered three-dimensional geometry to calculate unsteady behavior with respect to
drag and lift coefficient. To show the unsteady behavior properly they discussed the power
spectrum density. Hashemi et al. [15] addressed velocity fluctuation with flow transition
and the consequences of bifurcation in turbulent flow through the curved tubing. Alonso
et al. [16] explained the variation of flow patterns in respect of time for a vertical cylinder.
Time-average streamline variations in the ingoing-outgoing channel has been investigated
by Kurtulmuş et al. [17]. Islam et al. [18] narrated the time-dependent solution structure for
rotating CRD of Ar � 2 and observed the change of instable characteristics for two different
Dean numbers. Ray et al. [19] discussed the change of secondary vortex in the periodic
and irregular oscillations for time advancement flow where they considered that the heating
lower wall and the cooling top wall. Zhou et al. [20] described the vibration of the flow
through an elliptical cylinder showing the regular and irregular vibration by evaluating phase
spaces. Zhang et al. [21] compared the dynamical responses in terms of HT for a rotating
circular cylinder and an enclosure with different velocities. A correlation between bifurcation
structure and unsteady behavior of the 2-D flow activity in a revolving and stationary duct
has been disclosed by Hasan et al. [22, 23]. Yanase et al. [24] illustrated the time-independent
flow characteristics for an extensive range of Ar, 1≤ Ar ≤ 12 through a non-rotating curved
duct. In their analysis, they did not explain the modes of regular and irregular oscillation
by obtaining phase space or power spectrum. Liu and Wang [25] elucidated the bifurcation
structure variation for changing the grid points and then detected the unsteady behavior for
lager aspect ratio of the curved duct. Mondal et al. [26] narrated unsteady flow characteristics
for the heated side-wall of the curved duct for different pressure gradient parameters. To
interpret the characteristics of periodic, multi-periodic and chaotic oscillation, phase spaces
were further calculated in their study. In the above studies, scholars showed time-history
analysis for an extensive domain of the Dn, Nu, Re etc.; and only one tool phase-space
and power-spectrum was evaluated for justifying the characteristics of periodic and irregular
oscillation. Even the papers did not illustrate the effect of the parameters and the duct size
elaborately. The effort of this paper is to meet up the lacking informations by defining
flow transformations involving centrifugal instability, duct aspect ratio and heating-induced
buoyancy energy.

Flow velocity and isotherm elucidate fluid mixing with centrifugal and aspect ratio effects
in the enhancement of heat which is widely used in biomedical engineering and pharmaceu-
tical industry due to the practical-life applications such as blood flow through the complex
non-dichotomously curved network of blood vessels. Chandratilleke et al. [3–5] performed a
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three-dimensional (3D) computational fluid dynamics (CFD) investigation utilizing helicity
function that illustrates additional vortex configuration and advection properties in the flow
through a rectangular and elliptical tube. Raza et al. [27] elucidated the shape effects of
nanofluid in three different coordinate systems when the fluid flow passes through the chan-
nel. Umavathi et al. [28] illustrated the patterns of unsteady velocity and isotherm contours
through the horizontal channels. Akram and Afzal [29] tried to expose the two-dimensional
flow velocities and isotherms through a uniform channel. Mondal et al. [30, 31] performed
transient testing of fluid flow in the rectangular/square channel and revealed that secondary
flow contributes to heat generation. Norouzi et al. [32] conducted heat transport of viscoelas-
tic fluids in a square geometry treating certain heat flux. In the succeeding paper, Norouzi
and Biglari [33] obtained flow pattern variation in a curved rectangular duct by applying the
perturbation technique analytically. Wu et al. [34] employed spectral scheme for the curved
duct flow. The computational study analyzed the secondary flow pattern by introducing an
azimuthal pressure at the outer surface of the wall. Nowruzi et al. [35] conducted energy
gradient method to visualize the stream velocity contours for various Dean numbers and cur-
vature ratios at 180° inlets. They validated their results with the experimental outcome and
CFD output, respectively. Abu-Hamdeh et al. [7] chose k− ∈ model to depict the contours of
flow velocity and isotherm in the helically coiled tube for high Reynolds number. Kushawaha
et al. [36] adopted finite difference and successive over-relaxation method to demonstrate the
five different cases of flow characteristics through the rectangular enclosure with changing
the Prandtl number. Umavathi and Bég [9] tried to show the three-dimensional contours of
secondary flow and explained the characteristics of two different fluids both theoretically
and experimentally. Hasan et al. [37] and Sultana et al. [38] established a relation between
the axial and secondary velocity and the isotherms for the curved duct flow. They alongside
obtained that flow velocities are stronger in periodic, multi-periodic and chaotic flows than
the steady-state flow. But their study was unable to show the structural change when the
aspect ratio is increased. Liu et al. [39] drove PIV and POD approach to obtain the flow
behavior experimentally through the U-bend duct. Influences on the vortices in the shape
of the helical rectangular tube have been studied by Zhang et al. [40] experimentally. They
further demonstrated the flow velocity by drawing vector plots. Bibin and Jayakumar [41]
investigated the hydraulic flow behavior along the duct center. Zhang et al. [42] proposed a
three-dimensional model to conduct the flow patterns in periodic oscillation at several inlets.
Li et al. [43, 44] numerically and experimentally displayed the two- and three-dimensional
contours of secondary flow to discuss the hydrodynamic instability and the aspect ratio effect
for curved ducts. In the above cited studies, the authors did not disclose the connection
between axial and secondary velocity and isotherms for a curved rectangular duct flow. But it
is very important to establish a relationship between them. The ongoing paper is an endeavor
to reduce this gap.

It is important that calculating the heat transfer through a curved duct is an important
phenomenon because it is widely applied in metallic industry, chemical components, nuclear
power engineering, petroleum engineering, aerospace engineering, centrifugal pumps, etc.
Riyi et al. [45] numerically and experimentally illustrated the overall heat transfer through
the eccentric annular in the cooled and heated sidewalls separately. Pourhedayat et al. [8]
imposed triangular winglets in cylindrical tubes to observe the enhancement of heat transfer
through the tubes. Zhang et al. [46] explained the heat transfer for changing the Reynolds
number, temperature ratios and rotational numbers through a rotating channel by considering
turbulence correction and k − ω model. Benzenine et al. [47] explored the HT phenomena
three-dimensionally in a curved channel of large aspect ratio to reduce the manufacturing cost
by inputting low-pressure drops and getting high temperatures. Chamkha et al. [48] measured
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the Nu for various parameters such as rotation, radiation, Reynolds number and magnetic
parameter, and then described how these parameters are affected by the spinning scheme.
Dogonchi et al. [49] adopted finite element approach to compare the overall heat flow between
the elliptical cylinder and enclosure in the presence of the Rayleigh number, Darcy number
and aspect ratio. Shashikumar et al. [50] analytically demonstrated the electrical and ther-
mal conductivity throughout the nano-channel where two different nanofluid particles were
considered in their study. They further compared their analytical results with the numerical
outcomes. Fallahnezhad and Nazif [51] narrated the forced convection and hydrodynamic
instability through the channel where copper nanofluid is considered in their exploration.
Selimefendigil et al. [52] employed Galerkin weighted residual technique to interpret the
nanofluid forced convection in the branching channel. Baleanu et al. [53] analyzed the mag-
netic field and heat transfer effect among the SWC and MWC nanotubes. Yang et al. [54]
employed defined-function and FLUENT software to enumerate the forced convective heat
transfer through a vibrated cylinder. They further traced out the particle trajectories when
the fluid particle is thermally insulated. Rajamohan et al. [55] experimentally expressed the
convection and radiation of laminar flow through the channel whose lower wall was heated
and upper wall cooled. Dolon et al. [56] sumptuously explained how heat transfer affects
the secondary vortex structure as well as flow transition by showing the steam function and
the isotherm. Hasan et al. [57] analyzed the influence of heat transformation in the steady
and unsteady flow simultaneously. They noticed that the fluid is mixed more because of the
vibration of the fluid particles and as a consequence heat is transferred substantially by the
periodic and irregular oscillation. In the above study, however, scholars did not investigate
the flow transition and heat transfer as well as flow behavior together and there are few works
on these phenomena. The current paper, therefore, proposes to investigate the flow transition
and heat transfer in a curved rectangular duct of large aspect ratio discussing the physics of
the problem. Besides, centrifugal instability and aspect ratio effects in unsteady behavior,
vortex structure and heat transfer with temperature gradients are illustrated elaborately. The
present numerical work is validated with the experimental data as well.

2 Flow model and governing equations

The two-dimensional (2-D) geometric model of the flow through a CRD with necessary
notations is illustrated in Fig. 1 where the fluid is considered to be laminar. These side walls
are assumed to be differentially heated where the heating outside wall while the other three
walls are adiabatic. As the flow geometry is considered in the cylindrical co-ordinate system,
so r , θ and y are assumed as the required axis. However, the conservation of mass, momentum
and energy equations in cylindrical coordinate system are expressed as,

Conservation of mass equation:

∂vr

∂r
+

1

r

∂vθ

∂θ
+

∂vy
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+
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r
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Momentum equations:

∂vr

∂t
+ (v · ∇)vr − v2

θ

r
� − 1

ρ

∂P

∂r
+ ν

(
�̃vr − vr

r2 − 2

r2

∂vθ

∂θ

)
(2)

∂vθ

∂t
+ (v · ∇)vθ +

vrvθ

r
� − 1

ρr

∂P

∂θ
+ ν

(
�̃vθ − vθ

r2 +
2

r2

∂vr

∂θ

)
(3)

∂vy

∂t
+ (v · ∇)vy � − 1

ρ

∂P

∂y
+ ν�̃vr + βgT (4)
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Fig. 1 a The physical model, b cross-sectional view of CRD

Energy equation:

∂T

∂t
+ (v · ∇)T � κ�̃T (5)

Here, v · ∇ � vr
∂
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∂
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r

∂
∂r + 1

r2
∂2

∂θ2 + ∂2

∂y2 .
Here, κ; coefficient of thermal conductivity, g; gravitational acceleration, υ; kinematic

viscosity and ρ; density respectively. Now, Eqs. (1) to (5) are non-dimensionalized by the
following assumptions:

r � L + dx ′, y � hy′, Lθ � −dz′, T � T ′�T, vr � vx � U0u′, vy � vy � U0v
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vθ � −vz � U0w
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0 P
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√
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2δ, δ � d
L , Ar � 4h

d

where G; pressure gradient parameter which calculates the rate of pressure with respect to
the particular axis; δ; curvature and Ar; aspect ratio of the duct. In the present paper, the
cross section is considered as rectangular. Since the fluid passes through consistently in the
stream-wise direction, so ∂p′

∂z′ � 0.
The transformed Eqs. (1) to (5) can be written as,
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Energy equation:
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The vorticity vector and stream functions have the following form, respectively,

�′ � ∂v′

∂x ′ − ∂u′

∂y′ � − 1

r ′

(
∂2

∂x ′2 +
∂2

∂y′2 − δ

r ′
∂

∂x ′

)
(11)

u′ � 1

r ′
∂ψ ′

∂y′ and v′ � − 1

r ′
∂ψ ′

∂x ′ (12)

Now ∂
∂x ′ (8) − ∂

∂y′ (9), we obtain the equation,

∂�′

∂t ′
+

(
u′ ∂

∂x ′ + v′ ∂

∂y′

)
�′ − δu′

r ′ �′ +
∈2 w′

r ′
∂w′

∂y′ � ∈
Dn

(
�̃′

2 − δ2

r ′

)
�′ +

βg�TAr

U 2
0

∂T ′

∂x ′
(13)

Then, modified basic equations for ω, η, and ξ as follows (eliminating (′) sign)
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The dimensionless parameters, Dean number; Dn Grashof number; Gr and Prandtl number;
Pr are defined as:

Dn � Gd3

μν

√
2d

L
� Gd3

μν

√
2δ, Gr � βg�Td3

ν2 , Pr � ν

κ

The bounder conditions of the axial velocity (ω) and the sectional stream velocity (η) are,

ω � η � ∂η

∂x
� 0, x � ±1, y � y

ω � η � ∂η

∂y
� 0, x � x, y � ±1 (17)

and the conducting boundary conditions for isotherms (ξ) are taken as,

ξ(1, y) � y, ξ(−1, y) � y, ξ(x, 1) � x, ξ(x,−1) � x (18)

In this study, water is considered as the working fluid (Pr � 7.0); the Grashof number (Gr)
and the aspect ratio (Ar) are fixed as Gr � 1000 and 4, respectively, and the Dean number
(Dn) varies (0 < Dn≤1000).
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3 Numerical calculations

3.1 Method of numerical design

To obtain numerical solutions of Eqs. (14)–(16), spectral scheme is applied. According to the
principle of this scheme, the variables are expanded in a series of functions consisting of the
Chebyshev polynomials. That is, the functions expansion of ϕn(x) and ηn(x) are articulated
as

ϕn(x) � (1 − x2)Fn(x),

ηn(x) � (1 − x2)2Fn(x) (19)

where Fn(x) � cos
(
n cos−1(x)

)
is the nth-order Chebyshev polynomial. ω(x, y, t), η

(x, y, t) and ξ(x, y, t) are stated ϕn(x) and ηn(x) as

ω(x, y, t) �
M∑

m�0

N∑
n�0

ωm n (t) φm (x) φn (y)

η(x, y, t) �
M∑

m�0

N∑
n�0

ηm n (t) ηm (x) ηn (y)

ξ (x, y, t) �
M∑

m�0

N∑
n�0

ξm n (t) ϕm (x) ϕn(y) + x

(20)

where M and N represent the truncation numbers in the x- and y- directions, respectively,
and ωmn , ηmn and ξmn are the coefficients of expansion.

To achieve time-dependent solutions, the expansion series (20) with coefficients ωmn(t),
ηmn(t) and ξmn(t) are converted into the basic Eqs. (14)–(16) abide by applying the Crank-
Nicolson, Adams–Bashforth and the collocation method which are not shown here for brevity.
Details of this method are available in Gottlieb and Orszag [58] and in Mondal [2].

3.2 Resistance coefficient

The resistance coefficient λ, another name the hydraulic resistance coefficient, designating
the quantity of the flow state is stated as

p1 − p2

�z
� λ

dh

1

2
ρ〈σ 〉2 (21)

The mean axial velocity 〈σ 〉 is calculated by

〈 σ 〉 � v

4
√

2δd

1∫
−1

dx

1∫
−1

σ(x, y, t)dy (22)

λ is related to the mean non-dimensional axial velocity as 〈ω 〉 � √
2δd〈σ 〉/v

λ � 32
√

2δDn

5〈ω〉2 (23)

3.3 The Nusselt number (Nu)

The ratio of convective to conductive HT throughout the duct is known as Nusselt number
(Nu). As the current study focuses on HT, there will be need to calculate two different types
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Table 1 Grid accuracy for Dn �
1000, Gr � 1000, δ � 0.5 and Ar
� 4

M N λ w(0, 0)

14 50 0.366008633988 626.6143487316

14 54 0.365991921591 626.6563173072

16 56 0.366103444057 626.8017425746

16 60 0.366108424501 626.7947121678

16 64 0.366109012251 626.7939354819

of HT through the duct, HT in the steady and unsteady solution. The Nu for steady solution
is enumerated by,

Nu � − d∗

�T ∗

〈
∂T ∗

∂x∗

∣∣∣∣
x�0

〉
(24)

Here,〈〉and (∗) represent the mean of HT from the fluid to the duct walls and the dimen-
sionless quantities, respectively; x; distance of the walls; and �T ; difference of heat.

Now the Nusselt number for cooled and heated side walls are denoted by Nuc and Nuh

for unsteady solution, respectively, and quantified by the following

Nuτc � 1

2

∫ 1

−1

〈〈
∂T

∂x

∣∣∣∣
x�−1

〉〉
dy, Nuτh � 1

2

∫ 1

−1

〈〈
∂T

∂x

∣∣∣∣
x�1

〉〉
dy (25)

Here τ is the average time-interval which is addressed by 〈〈〉〉; and taken as one-period
oscillation if periodic flow occurs; and chosen as a suitable time-interval if chaotic flow
generates.

3.4 Grid accuracy

In this section, grid accuracy is computed for different grid numbers. Here M and N are
addressed as the grid sizes. Here, five different grid sizes such as 14×50, 14×54, 16×
56, 16×60, 16×64 are enumerated for fixed Dean and Grashof number, and curvature and
aspect ratio as explored in Table 1. It is seen that the findings are sufficiently accurate for
increasing the grid numbers. In this study, M � 16 and N � 60 are considered to obtain the
flow behavior as well as the heat transfer. Table 1 summarizes the parameters for the 5 test
cases. A grid with dimensions of 20×60 is used.

4 Results

Here, three different types of investigations have been performed, namely transitional behav-
ior of the time-dependent flow, convective heat transfer with temperature gradients and finally
the numerical result is validated with experimental outcomes. All these phenomena are ana-
lyzed for aspect ratio (Ar) 4; curvature ratio δ � 0.5; the Grashof number Gr � 1000 over a
wide range of the Dean number 0 < Dn ≤ 1000.

4.1 Analysis of flow transitions

To discern the flow transition of the present study, time-evolution calculations are performed
for Dn > 0 to Dn � 145 and it is obtained that the unsteady solutions (US) give steady-state
graph for these Dean numbers in time vs. Resistance coefficient plane. Figure 2a, b depicts the
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Fig. 2 a Unsteady solution, b axial (top) and secondary (middle) flow velocity and isotherms (bottom); for
Dn � 100 and 140

US as well as flow patterns for Dn � 100 and Dn � 140, respectively. It is remarked in Fig. 2a
that magnitude of the λ is decreased for raising Dn and it is noticed that there arises single-
and two-vortex solutions creating a robust link between the axial and secondary velocity.
For Dn � 100, a single dumbbell has been generated in the middle of the axial flow, and
as a result a single-vortex solution is created. On the contrary, at Dn � 140, the two-vortex
asymmetric secondary flow is produced at the duct upper and lower wall because a pair of
dumbbells is created in the middle of the axial flow.

The steady-state flow converts into periodic flow if Dn is increased. The periodic oscillation
begins at Dn � 150 and which continues up to Dn � 180. Figure 3a illustrates the periodic
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Fig. 3 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 150

oscillating flow at Dn � 150, and Fig. 3b, c represents the phase space and power spectrum
to ensure more about the periodic flow. The phase space demonstrates the total area of path
line of the stream function for a specific Dn. More clearly, the phase space is calculated
by γ � ∫ ∫

ψdxdy and drawn in λ − γ plane. As seen in Fig. 3b, the path lines of the
stream velocity completed a single cycle and this velocity is limited to the specific orbit. On
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the other hand, the power spectrum illustrates in the Frequency vs. Amplitude plane which
narrates about the ability of the oscillation of the flow behavior how strong or weak the
flow is. It is obtained from Fig. 3c that the line spectrum as well as frequencies are less
strong at 0.00125 than 0.000125 and this weak oscillation turns into a steady-state flow after
crossing over 0.00125, which certainly reported that the flow characteristics at Dn � 150
are a periodic oscillating solution. Contours of axial flow, two-vortex asymmetric secondary
flow and isotherms are shown in Fig. 3d for Dn � 150.

The study shows that if Dn is increased a little, the flow fluctuations are significantly
changed. It is obtained that multi-periodic oscillation occurs from Dn � 190 to Dn � 220 as
revealed in Figs. 4a and 5a for Dn � 190 and Dn � 220, respectively. It is apparently seen
that Fig. 4a shows the periodic oscillation. For this reason, phase space and power spectrum
density are calculated and plotted in Fig. 4b, c consecutively. Phase space demonstrates that
the path lines create a pair of orbits and the power spectrum describes that the oscillation of
line spectrum and the frequencies become weaker gradually after vibrating a small range in the
frequency-amplitude plane. Figure 4a shows the multi-periodic oscillation, and specifically
it is assumed that it is the initial stage of multi-periodic solution rather than periodic. Axial
and secondary flow velocity and temperature profiles are plotted in Fig. 4d. It is observed
that two- and three-vortex solutions are found at Dn � 190 and the density of isotherm is
more for multi-periodic (Dn � 190) flow than the periodic flow (Dn � 150). Secondary flow
demonstrates that from t � 16.30 to t � 16.50, the flow completes multiple cycles, i.e.,
the multi-periodic oscillation at Dn � 190 repeats after 20 s consecutively. On the other
hand, Fig. 5a–c shows that the flow behavior is clearly multi-periodic without any doubt. The
flow patterns and the isotherms are also exhibited in Fig. 5d where it is seen that the axial
flows are pushed to the outer wall of the duct and the axial flow patterns of multi-periodic
flows at Dn � 220 is potent than that at Dn � 190. At Dn � 150, the axial flow creates two
high-velocity regions a single dumbbell at the upper wall of the duct (Fig. 4d at t � 16.30)
while at Dn � 190 the axial flow produces two high-velocity regions with more than two
dumbbells (Fig. 5d at t � 20.50). This is occurred due to the centrifugal force of the duct. It
is also described that due to the increase of dumbbells in axial flow, the number of secondary
vortices is risen up. Two to five-vortex secondary velocity are generated at the outer, middle
and lower wall of the duct. Thus, the secondary flow in multi-periodic solution also provides
a basis for the mixing of fluids as well as heat transfer in the duct. It is well known that
the vibrations of the particles in the ducts create instability within themselves. As a result,
they are mixed well and when a fixed temperature is conducted throughout the duct wall
and the particles, the particles certainly absorb the heat, and because of mixing themselves
heat transfer is enhanced. However, in the present study, the streamlines in the temperature
profiles demonstrate that the distribution of temperature has equally allocated from the outer
heated wall, and due to the influence on curvature and heating-induced buoyancy force effect,
secondary flows altered significantly and enhance the number of vortices in the duct. Besides,
it is clear that the temperature contours are generated to the bottom wall of the duct but the
heat transferred and mixed from the outer wall of the duct, as a consequence, asymmetric
lines are caused which becomes relatively uneven than the isothermal flow. This is only
constructed because of the connection between the centrifugal force and heating-induced
buoyancy force which also affects the formation of secondary vortices. In this instance, it is
said that the centrifugal force produces two different forces in the duct; one is, it drives the
fluid motion from the inner wall to the outer wall of the duct and another is, it creates a pressure
gradient region throughout the duct cross section. Here, the fluid motion happens opposite
to the pressure gradient which is produced by the duct curvature and is imposed on the axial
velocity to construct the secondary vortex. On the contrary, as the Dean number/pressure
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Fig. 4 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 190

gradient force is risen up, the flow velocities become stronger and the region of pressure
becomes escalated. Alongside this, a lethargic flow region is formed because of the adverse
pressure field and the viscosity effects reduce the fluid motion. On account of the increasing
and decreasing of the flow, the pressure gradients become strong to the opposite flow direction
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Fig. 5 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 220

under a certain critical value of Dn. As a result, new vortices of secondary flow appear at
the outer wall of the duct. The newly two vortices are entitled as Dean vortex and the flow
conditions are known as Dean’s hydrodynamic instability where the previous two-vortex is
called Ekman vortex.
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Fig. 6 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 260

Now, we analyze the time-dependent solution from Dn � 230 to Dn � 260 and it is
detected that the unsteady flow behavior shows chaotic oscillation as shown in Fig. 6a for Dn
� 260. To have a clear insight into multi-periodic behavior, phase space and power spectrum
are enumerated as disclosed in Fig. 6b, c, respectively. It is noted that the vibration as well as
path lines and line spectrums of the particles are enhanced for increasing Dn. The phase space
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reports that the path lines of the stream flow start to move arbitrarily and show an irregular
movement of the particles. But the density of the path lines is not enough what is considered to
the chaotic oscillation. On the other side, the power spectrum discusses that the line spectrums
oscillate subsequently and this oscillation is reduced when the line spectrum crosses 0.0002
in the frequency line. So this type of chaotic oscillation is termed as transitional chaos (details
of transitional chaos are described by Mondal et al. [12]. Flow velocities such as axial and
secondary flow and isotherms are sketched in Fig. 6d. It is obtained that high-velocity regions
are produced in the axial flows, as a consequence, two- to five-vortex secondary flows are
generated every side of the duct wall except the inner wall.

The transitional chaos is changed to multi-periodic again if Dn is raised up. The multi-
periodic solutions occurred again at Dn � 270 as exhibited in Fig. 7a. The phase space and
power spectrum for multi-periodic solutions are manipulated in Fig. 7b, c consecutively. The
power spectrum in Fig. 7c shows that the line spectrum vibrates continuously but the line
spectrums are weaker enough. The continuous vibrations happen due to the pressure gradient
effect. But the phase space in Fig. 7b visualizes that the path lines completed two cycles in the
lambda-gamma plane. Axial and secondary velocity and isotherms are displayed in Fig. 7d.
Secondary vortices explain that due to the decrease of flow transition, the number of vortices
reduces. From two- to four-vortex solution is found in the multi-periodic flow around the
duct walls. A correlation has been established between the axial and the secondary velocity.
At t � 12.70, the axial flow pushes to the middle-outer wall of the duct and it creates two
high-velocity regions with a dumbbell at the upper wall of the duct; and as a consequence,
four-vortex secondary flow is obtained where the upper vortex is stronger than the lower one.

Now, time-dependent characteristics are explored for further Dn’s. It is obtained that the
chaotic oscillations start for prolonging Dn’s after the multi-periodic oscillation. The chaotic
characteristic begins at Dn � 290 and it is continued up to Dn � 1000. It is noticed that
there is some dramatic change between these chaotic behaviors. However, Figs. 7a and 8a
represent the chaotic flow for Dn � 290 and Dn � 1000, respectively. It is observed that
the oscillations occurred in Figs. 7a and 8a is much stronger than that in Fig. 6a. So, the
chaotic oscillation at Dn � 290 & Dn � 1000 can be addressed as “strong chaos” (details
of transitional chaos are described by Mondal et al. [12]). To fathom appropriately, phase
space followed by power spectrums are evaluated further as depicted in Fig. 7b, c and in
Fig. 8c, d consecutively. It is observed that the path line at Dn � 2190 moves willingly,
and as a consequence it overlaps each other. The line spectrum for the same Dean number
demonstrates that the beginning of frequency and the line spectrums oscillate strongly and
the oscillation is weaker when it crosses 0.002 in the frequency line. On the other hand, phase
space at Dn � 1000 elucidates that the path line oscillates more and creates a denser area than
that at Dn � 290. Power spectrum for the same Dn interprets that the line spectrums oscillate
frequently and the frequencies are stronger more than at Dn � 290. It is noticed that the total
area of phase space and power spectrums are increased gradually for increasing the Dean
number. So it can be easily said from not only phase space and power spectrum but also time-
history analysis that the chaotic flows are less stronger at low Dn’s than the high Dn’s. This
is occurred due to different types of phenomena. The pressure of the fluid is higher due to the
centrifugal force effect; besides that, the flow through the curved duct pushes to the outer wall
while the temperature induces at the outer wall, therefore heating-induced buoyancy force
is formed and the fluid is mixed properly which enhanced the flow vibration consequently.
Moreover, we can also get a decision by depicting the flow velocity and the isotherms. Flow
velocity including axial and secondary flow and isotherms are shown in Figs. 7d and 8d for
Dn � 290 and Dn � 1000, respectively. It is seen that from two- to six-vortex secondary
flow is produced for Dn � 290 and from two- to eight-vortex secondary flow is generated for
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Fig. 7 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 270

Dn � 1000. In the chaotic flow at Dn � 290, a relationship is obtained among the axial and
secondary flow. It is already noticed that the number of dumbbells in axial flow represents
how strong the flow velocity is. single-, two- and three-dumbbells are created at the chaotic
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Fig. 8 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 290

flow. It is seen that when two dumbbells are generated at the axial flow, four-vortex is formed
in the secondary flow, in the same way, when three dumbbells are found the secondary flow
shows six-vortex. In a word, for increasing a single dumbbell in axial flow, an additional pair
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of vortex is generated in secondary flow. It is moreover analyzed that the dumbbells in the
axial velocity at t � 15.50 (Dn � 290) are created almost upper side of the duct wall, and
consequently the newly secondary vortices are originated at the upper section of the duct. But
it is noted that at Dn � 1000, the secondary vortex almost follows the rules in such a way as
the number of vortex increased. At t � 12.50, a dumbbell is produced at the lower-inner wall
of the duct; therefore, a new vortex is created at the lower-inner wall of the duct. However,
it is certain that the flow velocities are stronger at Dn � 1000 than that at Dn � 290 which
can be easily proved by analyzing the number of dumbbells and the vortices. The isotherms
show that the fluid is properly mixed and creates more density, which assures that buoyancy
forces as well as overall heat in the duct are significantly transferred to the particle to particle
(Fig. 9).

4.2 Vortex structure

Vortex structure explores the fluid mixing and the overall heat transfer in the fluid through the
duct. In this section, a total vortex structure over a wide range of Dn (100 ≤ Dn ≤ 1000) is
presented in Fig. 10 in Dn vs. Number of vortex plane. Here, single- to eight-vortex secondary
flows are designated by circle, triangle, right triangle, square, left triangle, gradient, diamond
and star, respectively. It is obtained that only single- and two-vortex solutions have generated
for low Dn and steady-state solution. When the disturbance in the fluid particle occurs, the
number of vortices increases as shown in Fig. 10 for Dn � 200. Three different types of
asymmetric vortices are found at Dn � 200. The number of vortices is more increased in the
multi-periodic and chaotic oscillation than the steady-state and periodic oscillation. It is seen
that from two- to six-vortex solutions are produced for 300 ≤ Dn ≤ 400, two- to seven-vortex
for 500 ≤ Dn ≤ 800 and above seven-vortex solutions are found for 900 ≤ Dn ≤ 1000,
respectively. The consecutiveness of the increasing the number of vortices has occurred due
to different types of forces including the centrifugal force which is induced by the curvature of
the duct, pressure gradient force and the heating-induced buoyancy force and it is important
to note that a relationship is built up among these three types of forces. In the steady-state
solutions, no vibration occurs, so the particle moves without any collisions between them.
When steady-state solution is changed to periodic oscillation, the number of vortices increases
at Dn � 200 on account of its oscillation. Besides, colliding with the particles, the fluids are
mixed which enhances the heat transfer overall in the fluid particles through the duct. In the
multi-periodic (Dn � 220) and transitional chaotic (Dn � 230) oscillation, the number of
vortices does not rise up but the secondary vortex is stronger than the steady-state solution
certainly. So it can be said that as the pressure gradient of the fluid particle is not so high,
the fluid particles do not composite with each other as expected. For increasing the pressure
gradient parameter, the number of vortex is increased again in the chaotic oscillation and it
is finally showed eight-vortex at Dn � 1000. So from Dn � 500, three types of forces act
together, i.e., pressure gradient forces create the pressure between the fluid particles; colliding
with fluid particles produced fluid mixing, besides it enhances the overall heat particularly
vibration between the fluid particle created heating-induced buoyancy force; and finally, with
this two types of forces, centrifugal force helps to increase the number of vortices. It is also
noted that increasing the Dean number not only intensifies the number of vortices but also
describes how much stronger the number of vortices and the chaos is.
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Fig. 9 a Unsteady solution, b phase space, c power spectrum, d axial (top) and secondary (middle) flow
velocity and isotherms (bottom); for Dn � 1000

4.3 Heat transfer (HT) and temperature gradients (TG)

Heat transfer and the temperature gradients interpret the amount of heat transfer in the steady
and unsteady solution throughout the duct as well as fluid particles. In this section, heat
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Fig. 10 Vortex structure of
unsteady solutions for
100 ≤ Dn ≤ 1000

transfer is elucidated in Fig. 11a. From Fig. 11a, it is seen that two solid lines and circle and
cross for 100 ≤ Dn ≤ 1000 are used to narrate the heat transfer. The solid lines are obtained
from the steady solution branch which covers throughout the whole range of Dn. In the heat
transfer figure, black and red solid lines represent the heat transfer for cooled and heated side-
wall, respectively. On the other hand, the symbols are found from calculating the average of
unsteady flow behavior for a specific Dn. The circles and cross address the average of time-
evolution of the unsteady solution for cooled and heated side-wall consecutively. However,
heat transfer in the rectangular curved duct demonstrates that the heat is transferred less from
the cooled side-wall than the heated side-wall. It is also observed that the heat transfer in
flow transition is enhanced significantly in both cooled and heated side walls as shown by
the symbols. Moreover, the heat is shifted less for steady-state flow than the periodic, multi-
periodic and chaotic oscillation. On the other hand, due to the heating-induced buoyancy
force and the centrifugal force, the heat transmission in both steady and unsteady solution
is raised more. So, it is apparent that the flow isolation at the heated side-wall consent the
necessary heat transfer at the high flow rate (Dn) under fixed heat flux condition.

To have a clear insight into the heat transfer, temperature gradients are further calculated as
an index of heat transfer as plotted in Fig. 11b, c for cooled and heated sidewalls, respectively.
Temperature gradients for cooled and heated sidewalls demonstrate that the amount of heat
is symmetric with respect to y � 0. Temperature gradient for cooled side-wall describes that
dT
dx enhances for raising Dn. It is also obtained that the heat is increased in a parallel way
when Dn is passed over 100 and the heat plotted U-shape around y � 0. On the contrary,
temperature gradients for heated sidewall explore that the heat is increased more for raising
Dn, but when the heat is crossed over − 0.08 in the y-axis heat transfer becomes less and
again heat transfer is increased when it passes − 0.05 in y-axis and finally it climbs at the
highest position when y � 0. The same phenomenon is occurred on the right side of y � 0. It
is also noted for the heated side-wall that from y � −0.5 to y � 0.5, dT

dx creates the opposite
of U-shape. Mainly the increase of heat-flux at the central region occurs for two reasons; one
is the advection of the duct and the other is the centrifugal force. More specifically, due to the
aspect ratio, curvature, pressure gradient and advection, the secondary flow becomes stronger
and because of this fluid is mixed up substantially and thereby enhances heat transfer in the
fluid. Consequently, it is suggested that secondary flow creates an inward direction which is
also known as the reverse flow of the outward secondary flow in the central region.
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Fig. 11 a Heat transfer, b temperature gradients for cooled side-wall, c temperature gradient for heated side-
wall; for several Dean numbers

4.4 Experimental validation

Now, the present numerical calculations are validated with the experimental outcome where
the experimental outcomes are found by Chandratilleke et al. [3–5]. It should be noted that
Chandratilleke et al. [3–5] first reveal the experimental outcome of the secondary flow for dif-
ferent aspect ratios (aspect ratio 2, 4 and 8) and non-isothermal cases for non-rotating curved
duct. To visualize the outcome of the flow patterns, they have driven the flow visualization
technique at 180° inlet. Here, we compare our computational outcome with the experimental
result. Figure 12 reveals the numerical vs. experimental results while right figures that is
Fig. 12a–d exhibit numerical results, and the left figures show the experimental outcomes.
On the other hand, Fig. 12a, b compares the numerical as well as experimental results for
aspect ratio 2. It is noted that Fig. 12c, d illustrates not only the secondary flow but also the
isotherms. However, it is observed that numerical outcomes of secondary flows and isotherm
for different aspect ratios are quite identical with the experimental data.
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Fig. 12 Comparison of experimental findings (left) with numerical result (right). a, b for aspect ratio 2, c,
d for aspect ratio 4

5 Discussions

Flow transition and HT in a CRD is commonly used in industrial field including solar panels,
metallic industry, polymer industry and air conditioning equipment. It is important that the
engineers mainly look into optimizing the equipment costs as well as convenience of the
usage of rectangular ducts before their experiments. For the applications in mechanical and
chemical engineering, a curved rectangular-shaped duct is the best way for the researchers
to optimize costs and convenience; for example, to make an air-condition, the most efficient
way in terms of conveying air is to use the rectangular-shaped duct. On the other hand, a duct
of large aspect ratio is the most proficient in the use of the material and experiences great
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pressure losses. Besides, the rectangular duct is ideal in trading off added duct cost of material
and fan energy for headroom savings. Therefore, keeping these widespread applications of
curved rectangular-shaped channels in mind, in this part, a brief discussion is apprehended
along with the novelty of the present study. Watanabe and Yanase [59] numerically deployed
the bifurcation, stability and flow-state features through a CSD. Though their study explored
three-dimensional flow features for large Dn’s but their study carried some limitations to
present other phenomena like transitional behavior, influences of Dn and curvature on vortex-
pattern etc. Very recently, Nowruzi et al. [60] adopted CFD-based software using energy
gradient method to visualize the hydrodynamic unsteadiness in the CD for various Ar where
aspects of unsteady behavior with the influences of Ar on fluid transition were absent. But it is
important that there is a deep connection between the unsteady behavior and hydrodynamic-
instability of the flow. Hasan et al. [57] conducted spectral method to illustrate the relation
between bifurcation structure, linear stability and flow transitions properly for CSD flow.
Secondary flow (SF) mechanisms in bifurcations and unsteady behavior have been discussed
by Liu and Wang [25]. They have considered showing this mechanism for large Ar but their
study was unable to report effects of SF in HT. Even if the change of axial flow behavior
with changing Dn and SF were absent in their study. Li et al. [44] investigated SF variation
for δ � 0.4, 1 and 2.3 In their study, they first discussed 3D contour and explored point-
by-point variation in Dean flow for changing Ar. A suitable comparison is observed with
their numerical and experimental data but HT impacts on the Dean flow was a lacking in
their study. Norouzi and Biglari [33] computed the Dean flow analytically for a CRD by
adopting the perturbation approach. A correlation of the HT and pressure drop for three
different ducts containing coiled, circular and curved duct has been analyzed by Ghobadi
and Muzychka [61] for large interval of Dn. Bouzit et al. [62] attempted to interpret the
thermal-buoyancy effect in the curved duct flow and showed the isotherms and velocity
contours separately by adopting the ANSYS-CFS software. Adopting computational fluid
dynamics tool, Sasmito et al. [63] obtained different flow unsteadiness in nanofluid flow
through coiled square tubes where they drew their velocity contours by using vector plots.
Five different types of contours such as isotherms, masslines, heat-lines, streamlines and
isosolutes for different Rayleigh numbers were presented by Kushawaha et al. [36]. Arpino
et al. [64] elucidated the transient behavior of temperature contour for different aspect ratios.
Very recently, Yadegari et al. [65] comprehensively studied the centrifugal force, turning angle
and curvature ratio of the curved diffusers with rectangular cross section. Though they three-
dimensionally expressed all the phenomena of the channel but their study had a shortcoming
to represent the relationship between axial, secondary and temperature contours as well as
transient behavior of the flow in the channel. A detailed discussion on curved duct flow and
HT was elucidated by Chandratilleke et al. [3–5] while they considered both cylindrical and
elliptical coordinates in their exploration. Furthermore, they reported the thermal behavior
and effect of secondary flow both numerically and experimentally. But their investigation was
limited to low Dn. Though recently transitional behavior for two different pressure gradient
parameters with buoyancy effects has been presented by Mondal et al. [26] for various Ar, but
the impacts of periodic, multi- periodic and even chaotic behavior in the flow velocity were
not explained elaborately in their study. In a word, a compact investigation on flow transition
with the physics of fluids; the correlation between axial, SF velocity and isotherms are not
demonstrated together in the above exploration. Therefore, our current study aimed to meet up
this lacking information because till now no complete investigation is available for transient
solutions with flow transition for a stationary CRD taking large Ar effects on vortex-pattern
into account which has been addressed in the existing study very meticulously. In addition,
hydrodynamic-unsteadiness and production of longitudinal vortex have been discussed in
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the ongoing study which gives a strong conception about the convective HT through a CRD
via flow state oscillations. The ongoing exploration furthermore calculates the overall HT
including TG and fluid mixing in a large-shaped rectangular duct in detail.

6 Conclusion

A mathematical analysis for transient fluid flow with HT has been presented through a CRD
of strong curvature with large Ar over a wide range of the Dean number (0 < Dn ≤ 1000).
The outer side-wall is heated and the other three walls are at room temperature. The below
stated points are major outcomes of this study.

• The transient flow develops in the sequence “steady-state →periodic →multi-periodic
→chaotic→multi-periodic→chaotic,” if Dn is increased. The oscillating behavior shows
that it gradually increases with the increase of Dn. The phase spaces for the periodic and
multi-periodic flow show the single and multiple orbits, respectively, whereas chaotic
oscillations create episodic path lines. The line spectrum reveals that the frequencies are
fluctuated remarkably for chaotic oscillation than periodic and multi-periodic oscillation.

• Flow velocity and isotherms show several behaviors of the flow features. It is revealed that
the flow velocity and the isotherms are significantly influenced by the duct curvature and
the aspect ratio of the duct.

• The study shows that only single- and two-vortex secondary flow is created at no oscillation
state flow, two- to six-vortex for periodic oscillation while two- to eight-vortex for irregular
oscillation. A dominant link is established among the axial flow, secondary flow and
isotherms. The isotherms depict that the fluid particles transfer heat from the heated wall
and the normal temperature fluid, and they are mixed significantly with each other and
consequently heating-induced buoyancy force is enhanced. The flow velocity is affected
causing the centrifugal force greatly.

• The overall heat transfer in the periodic, multi-periodic and chaotic oscillation is expres-
sively more than the steady-state solution which gives a firm framework that the fluid is
mixed at a great deal for the regular and irregular oscillation. When the two forces, cen-
trifugal and buoyancy, are accumulated, the flow becomes stronger creating multi-vortex
solution and thereafter promotes heat transfer in the fluid.
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