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Abstract—Shannon in his 1956 seminal paper introduced the
concept of the zero error capacity, Co, of a noisy channel. This is
defined as the least upper bound of rates at which it is possible
to transmit information with zero probability of error. At present
not many codes are known to achieve the zero error capacity.
In this paper, some codes which achieve zero error capacities in
limited magnitude error channels are described. The code lengths
of these zero error capacity achieving codes can be of any finite
length n = 1,2,..., in contrast to the long lengths required for
the known regular capacity achieving codes such as turbo codes,
LDPC codes and polar codes. Both wrap around and non-wrap
around limited magnitude error models are considered in this
paper. For non-wrap around error model, the exact value of
zero error capacities are derived, and optimal non-systematic
and systematic codes are designed. The non-systematic codes
achieve the zero error capacity with any finite length. The optimal
systematic codes achieve the systematic zero error capacity of
the channel, which is defined as the zero error capacity with the
additional requirements that the communication must be carried
out with a systematic code. It is also shown that the rates of the
proposed systematic codes are equal to or approximately equal
to the zero error capacity of the channel. For the wrap around
model bounds are derived for the zero error capacity and in
many cases the bounds give the exact value. In addition, optimal
wrap around non-systematic and systematic codes are developed
which either achieve or are close to achieving the zero error
capacity with finite length.

Index terms: Capacity, zero error capacity, asymmetric
channel, symmetric channel, limited magnitude errors, positive
and negative errors.

I. INTRODUCTION

Let the codes be over the alphabet
Z,,={0,1,...,m—1} C ZZ.

In this paper, we are concerned with the limited magnitude
channel error models for both wrap around and non-wrap
around cases. In particular, for [_, [y €IN such that [_ 41, <
m — 1, the wrap around channel error model with negative
errors of limited magnitude /_ and positive errors of limited
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Fig. 1. Limited magnitude, | = 1
asymmetric error model with wrap
around.

Fig. 2. Limited magnitude, | = 1
symmetric error model with wrap
around.

magnitude [ (briefly, WA-(I_, [, )-channel), is defined by the
relations

for all a€ZZ,,, and i € ZZ, (D)
7; g [—177 l+] —
P(Y = (a+i) mod m|X =a) =0;

where X € ZZ,,, and Y € ZZ,,, are the channel input and output
symbol random variables, respectively.

When [ = 0 and [} = [ we get the totally asymmetric
wrap around channel with errors of limited magnitude /. On
the other hand, when [_ = [ = [, we get the symmetric wrap

around limited magnitude ! error model.

For m = 8 and [ = 1, the asymmetric and symmetric error
models of limited magnitude 1 with wrap around are shown
in Figure [T] and Figure [2] respectively.

In the case of non-wrap around errors, the channel error
model with negative errors of limited magnitude [_ and
positive errors of limited magnitude [ (briefly, NW-(I_, 1} )-
channel), is defined by the relations

for all a€ ZZ,, and i€ ZZ, 2)
i -l ly]ora+icZ -7, =
PY =(a+i) mod m|X =a) =0;

Copyright © 2017 IEEE
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where, again, X € ZZ,,, and Y € ZZ,,, are the channel input
and output symbol random variables, respectively. From (I)
and (2), note that the NW-({_, [, )-channels are particular WA-
(I—,14)-channels.

The asymmetric and symmetric limited magnitude error
models have applications in flash memories [§]], in m-phase
shift keying (m-PSK) communication systems [4]], [5]], [15]
and, for m = 400, in correcting repetition errors [19].

The capacity, C, of a channel is defined as [9]

C=maxI(X,Y)=max(H(Y) — HY|X)) 3)

p(x) p(x)

where I(X,Y) is the mutual information between X and Y,
H(Y) is the entropy of Y, H(Y|X) is the conditional entropy
of Y given X and the maximum is taken over all possible input
probability distribution p(x). Since H(Y|X = z) is constant
with respect to the input symbol = € ZZ,,, it is readily seen
that the capacity, C(""4), of the general wrap around channel

given in (I is

C(WA) = logm —h (p—l_ ye -9y P=1,P0,P15- - - 7pl+)a (4)
where p; ef P(Y = (a+ i) mod m|X = a), for all a € ZZ,,
and 1€ ZZ, and

D-1
hqo @1, -+, qp-1) = — Y _ qnlogan
h=0

is the D variable entropy function. Note that, for all a € ZZ,,,,

Z bi
i€[—i_,14]-{0}
It is well known that n € IN uses of a discrete memoryless
channel does not change the capacity, C, of the channel per
single use.

In [18], Shannon introduced the concept of zero error
capacity, Cp, of a noisy channel. This is defined as the least
upper bound (i. e., the supremum) of rates at which it is
possible to transmit information with zero probability of error.
In general, the zero error capacity of a channel, Cp, is always
less than or equal to the regular capacity of the channel, C; i.
e., Cyp < C. We readily note that, unlike the regular capacity,
this zero error capacity per single use may depend on the
number n € IN of uses of the discrete memoryless channel,
so that

PY=aX=a)=py=1-

Cy = sup Cy(n);
n€IN

where Cy(n) is the maximum information rate achievable by
using the channel n times. This makes the problem of finding
the zero error capacity achieving codes a difficult and inter-
esting combinatorial problem [3[], [7], [L1], [13], [[14], [17],
[18]. In all these papers except [17] the zero error capacities
of graphs are described. Only in [17], some nontrivial limited
magnitude one asymmetric error correcting linear codes over
7Z.,, are described. In [8]], the authors consider ¢ (instead of
all) limited magnitude [ error correcting codes.

Example 1.1: For example, the wrap around limited mag-
nitude | = 1 asymmetric error channel with m = 5 has [|I8|]

I
Co(1) = Tog2 < 5> < (),
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and, indeed, it has been proved that Cy = (1/2)log5 [11]],
[13)]. In fact, an optimal solution is given by the code [18)],

def

C = {00,12,24,31,43} C ZZ2;

which is a systematic code, where the underlined digit is the
information digit.

In a systematic code the information part is separated
from the check part and hence, the data processing and the
encoding/decoding can be done in parallel. Since here we
are also interested in systemaic codes we give the following
definition.

Definition 1.1 (systematic zero error capacity): Let the
systematic zero error capacity, Cp sys, Of a noisy channel be
defined as the least upper bound (i. e., the supremum) of
rates at which it is possible to transmit information with zero
probability of error by using a systematic code.

Note that, like the Shannon’s (non-systematic) zero error
capacity, this systematic zero error capacity per single use
may depend on the number n € IN of uses of the discrete
memoryless channel, so that

CO,sys = Ssup CO,sys (n)7
ne€IN

where Cp 4ys(n) = k/n is the maximum information rate
achievable by using the channel n times with a systematic
code of length n € IN conveying k£ € IN information digits.

In this paper we describe codes achieving zero error ca-
pacities in limited magnitude error channels. Interestingly, the
length of these zero error capacity achieving codes can be
of any finite length, n = 1,2,... in contrast to the regular
capacity achieving known codes, which require a long code
length. Both systematic and non-systematic codes are designed
here.

The rest of the paper is organized as follows. In Section
the combinatorial characterization of error correcting codes
for the non-wrap around error model is given based on the
max L; distance, then the zero error capacity derivation
and error correcting code designs for both non-systematic
and systematic codes are described. These topics for wrap
around limited magnitude error channel model are discussed
in Section [[TI] In Section [IV] an efficient systematic coding
algorithm is presented. Some concluding remarks are given in
Section [V1

In the following, X, Y, Z, ... indicate vectors or words,
XY Z...indicate their concatenation and x;, v;, 2;, . . ., where
1€ IN, indicate the i-th component or digit of X, Y, Z, ...,
respectively. Also, for a,b€IN, we let

(a)p 4 4 mod be Zy, = {0,1,...,b—1}.
Furthermore, given d, k€ IN and R € ZZ%, let
[R]dE]N

indicate the natural number whose expression in radix d is R.
On the other hand, given a,b,l € IN with [ > [log,(a + 1)] €
IN, let

(a)y €72,

indicate the length [ radix b expression of the natural number
a.
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II. NON-WRAP AROUND ERROR CHANNEL

The case of non-wrap around (I_, ;) error channel model
is defined by (2).

Here, we design error correcting codes that achieve the zero
error capacities for the non-wrap around error model. These
codes are capable of correcting all limited magnitude of [_
negative errors and [, positive errors and are referred to as
(I—,14)-AEC ((I—,14)-All Error Correcting) codes. Similarly,
codes capable of correcting all asymmetric errors of limited
magnitude [ and codes capable of correcting all symmetric
errors of limited magnitude [ are referred to as [-AAEC (I-All
Asymmetric Error Correcting) and [-ASEC (I-All Symmetric
Error Correcting) codes, respectively. Before describing the
code design methods, some preliminaries which are useful for
the code designs are given.

A. Combinatorial characterization of error correcting codes
for the non-wrap around error model

For m € IN, let x,y € Z,,. The L; distance D) (z,y)
between = and y is defined as the absolute value of the real
difference between z and y. That is,

def

DU (z,y) = |z — y).

For example, if m =7, x = 2 and y = 6, then D(Ll)(2, 6) =
|2 — 6] = 4. The following distance metric is useful in
designing ({_,1)-AEC codes.

Definition 2.1 (max L, distance): Given n € IN, let X =
(Tn—1,Tn—2y...,20) EZY, and Y = (Yn—1,Yn—2,..-,Y0) €
727 . The max L, distance, Dﬁ,fal% (X,Y), between X and Y
is defined as:

DEV(X V) = DED (i y) = |z —wi b 5
S Y) = max {D") @iy = i —ul} . O
For example, if m = 7, n = 4, X = (0,4,2,1) and

Y = (4,2,3,1) then DY) (X,Y) = max{4,2,1,0} = 4.
It is worth noting that Dg‘;g(X ,Y) is a metric. Furthermore,

D)X, V) e[0,m—1] because DTV (z,y) € [0, m— 1] and

The following theorem and the corollaries give the neces-
sary and sufficient conditions on the minimum distance for
error correction.

Theorem 2.1 (characterization of (I_,11)-AEC for non-
wrap around errors): Let m,n € IN and [_,l; € IN. A
code C C ZZ7, is capable of correcting all negative errors
of magnitude up to [_ and all positive errors of magnitude up
to [ if, and only if,

for all X,Y €C, (6)
X#4Y = DE(X,Y)>1_ +1,.

Proof: Given @), for all n =1,2,.. ., let

forall i €[0,n—1],
zi=wi+e and 3 = (7)
—l_ S €; S l+

{ZeZL}, : forallic|0,n—1], zi€lx; — l_,z; + 4]}

m,n,l_,l

SINW)(x) {Z /43

be the set of all m-ary vectors obtained from X € ZZ7}, due to
any number of negative errors of magnitude up to /_ and any
number of positive errors of magnitude up to /.

First note that, C is (I_,[;)-AEC if, and only if,

for all X,Y €C, 8)
X#£Y = SMW)  (x)ns™) vy =q.

m,n,l_,l4 m,n,l_,l4

So, the equivalence between (6) and () must be shown.
Suppose (6) holds. From (3)), this implies that for all X,Y e
C with X # Y, there exists an index ¢ € [0,n — 1] such that

wi—yi| > I-+1y. Letx = max{z;,y;} > min{x;,y;} def Y.
So,

r—y=lr, -yl >+l =
y+li<zr—-I- =

[y—l_,y+l+]ﬂ[xfl_,x+l+] :Q =
(NW)

NW
ot 1, (@) 0 Sr(n,n,l)_,l+ (y) =
-l z+ i Ny— Il y+ 4 NZp =0 =
NW NW
Sf(n,n,l),,u (X) N ST(YL,n,l),,l+ (Y) = Q;

that is, (§) holds.

Conversely, if (6) does not hold then there exists X,Y eC
such that DS (X,Y) < I_ + I,. Hence, from I_,1; € IN,
X,Y €ZZ?, and (), for all integer i€ [0,n — 1],

max{z;,y;} —min{z;, y;} = |z, —ys| < I-+ 1y =
max{z;,y;} — - < min{z;,y;} +1 =
max{z;,y;} — l_, min{x;, y; } + 4] N Zy, # 0.

So, for all integer i € [0,n — 1], choose z; € [max{x;,y;} —

I_,min{x;,y;} + 4] N ZZ,, and let the well defined vector,
def

Z e L, be Z = (zn-1,2n—2,...,%20). The word Z €
Sv(nJYZLH (X) ﬂanj\TZLH (Y) # 0; that is, (8) does not hold.
|

Corollary 2.2 (characterization of I-AAEC for non-wrap
around errors): Let m,n,l € IN. A code C C ZZ? is an
I-AAEC code if, and only if,

forall X,YeC, X#Y = D)X YV)>1. (9
Proof: Let [_ =0 and [ = [ in the above Theorem [2.1
|

Corollary 2.3 (characterization of I-ASEC for non-wrap

around errors): Let m,n,l € IN. A code C C ZZ7 is an
I-ASEC code if, and only if,

forall X,YeC, X#Y = DUE(X V) >l

max

(10)

Proof: Let I_ =l =l in the above Theorem 2.1T M
Suppose X,Y € Z}. If m —1 < I_ + [; then
DENX,Y) < m—1 < I_ +1, and so, the (I_,14)-
AEC code can have at most only one codeword, which is
not interesting. So, in the rest of the paper, for the non-wrap
around error model, it is assumed that [_ + 14 <m — 1.
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B. Zero error capacity derivations
Given m,n,l_,l; €IN, let
DYI_ 41 +1eIN,
Anyw(m,n,l_ 1) € IN be the maximum cardinality for a
non-wrap around (I_,[;)-AEC code of length n, and

1Og ANW(m7 n, l—a l+)
N n
be the maximum information rate achievable by using the
channel n times, where log indicates a base m logarithm.
The zero error capacity of the m-ary NW-(I_, [ )-channel
model is defined as

N (m, 1 14) = sup SN (myn, 114
nelN

e cIR

m, n7l—7l+)

From Theorem [2.5] below, it is readily seen that the non-
wrap around zero error capacity behaves like the normal
capacity and does not depend on the number of indepen-
dent uses of the channel. Indeed, it is possible to determine
Anw(m,n,l_,1;) exactly as below. First note that, from
Theorem 2.1] we have

ANW(m,n,l,,lJr) :ANW(mfnwoal* + l+) déf

ANw(m7n,D — 1)

(11

Now, the following theorem can be found in [[1]] and the proof
is given here for completeness.

Theorem 2.4 (the maximum cardinality of non-wrap around
L-AAEC codes [1]]): If m,n, D €IN then

Anw(m,n, D —1) = [@T

D
Proof: If C C ZZ7, is an (D — 1)-AAEC code then
m n
cl < [f] . 12
s[5 (12)
In fact, let

m—1
oy, — 2| (m—1)/D]+1 = {0, L..., {DJ}
be the function defined as
o(z) = %J , forall 2€Z,, = {0,1,...,m—1}. (13)

Also, let ¢ : L7, — ZZ7

(m—1)/D]+1 be defined as

SO(X) = (Lp(xnfl)a W(xn72)a ) SD(SUO))7
for all X = (xy—1,Tp—2,...,%0) EZLT;

and

¢c:C— 2 _1)/p) 11
be the restriction of the above ¢ to C C ZZ7, defined by
we(X) = p(X), for all X € C. Now, the function p¢ is
injective. In fact, if X,Y € C and ¢¢(X) = @c(Y) then,
forall :=0,1,...,n—1,

5] = l@) = pe(@:) = velys) = o) = | 5] —
T, — (zi)p = {%J D = L%J D =vy;—(yi)p =
2=y = (w)p — (y)p€[~(D=1),(D—1)] =

DY) (zy,y;) < |z —ys| < D — L.

IEEE TRANSACTION ON INFORMATION THEORY, VOL. 63, NO. ?, ? 2017

Since D) (x;, ;) < D — 1, for all integer i € [0,n — 1], it

follows that D%;;((X ,Y) < D — 1. From Corollary , this

implies X =Y because X,Y €C and C is an (D — 1)-AAEC
code. Since ¢ is injective it follows that

€ = lee(@) < |Zn1/0)41
m—1 " min
(=5 -f31"
and (T2) is proved.

Recall that (a), ¢ amodb € Z,, for a,b € IN, and
consider the m-ary codes of length n € IN defined as follows.

For all V & (Un—1,Vn—2,...,v0) EZLY}, C Zy,, 14)
n—1 n—1

Cdéan(V) « H{xGZm: (x)p=wv; } = HC1(U2')7
i=0 =0

where the product indicates a cartesian product. Note that the
minimum max L; distance of the code C is
D) ©) def

max

DUV(X YY) > D

max max

X,YEC: XAY

because, up to a constant, every codeword component is a
multiple of D. When V = (0,0,...,0) = 0€ Z?,, the code

Ca(0) E {(@n_1,Tns,...,20) EZ, :
(z;)p = 0, for all integer i€ [0,n — 1]} =
{x €2y, : (x)p =0}" =C1(0)"

has a cardinality which is exactly equal to |C1(0)]" =
[m/D]". Thus, from Corollary this code is a (D — 1)-
AAEC code with cardinality [m/D]" and the equality in the
statement is proved. [ ]

We note that the above function is an adjacent reducing
mapping [[18]] for the non-wrap around asymmetric channel.
So, the theorem may follow from Theorem 3 in [18].

Theorem 2.5 (zero error capacity for the m-ary non-wrap
around (1_, 1) error model): i m,n,l_, 14, D =1_+Il,+1€
IN then

5)

_log Anyw(m,n,l_,1y) m
m,n,l_,ly) = - = log [5—‘ .

Hence, the zero error capacity is independent of n and

C(()NW) (mvl—al-‘r) = sup C(()NW)(mvnal—al-‘r) = (16)
n€IN
e m,1,00,00) = 1og [ 5]
forall m,l_,l;,D=1_+1; +1€IN.
Proof: 1t follows from (II)) and Theorem [2.4] ]
So, from Theorem [2.5] for the non-wrap around asymmetric
limited magnitude error channel (where [_ = 0 and I, = 1),
the zero error capacity is given by
) (m,0,1) = 1o { m w 17
Similarly, for the non-wrap around symmetric limited magni-
tude error channel (where [_ = [ = [), the zero error capacity
is given by
) (m, 1,1) = log | ——— | . 18
0 (m’ ) ) Og (QZ + 1) ( )
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C. Code designs Taking the log on both sides of the above inequality we get
the desired property. [ ]

By using the same systematic code design given in [16]
for (D —1)-AAEC codes, we get optimal systematic (I_, [ )-
AEC codes with the number of check digits reaching the lower
bound in @]), i. e., the codes require exactly

First, we describe the non-systematic (I_,l;)-AEC code
design, where [_,[, eINand D —-1=1_+1[1, <m—1.In
Subsection [[I-B] we have seen that some zero error capacity
achieving codes are the ones given in and can be obtained
by taking the code symbols input to the channel as bD, where
b=0,1,2...,[m/D]—1. For these codes, a received symbol klog D
y € ZL,, is decoded into the code symbol x € ZZ,,, by rounding [log[m/m—‘
it to a multiple of D according to the following rule.

2

check digits to encode any number k € IN of information

y digits, with D = [_ + 1 + 1 € IN. We briefly describe this

{BJ D=y-{yp code design.

if (y)pel0,ly], Algorithm 2.1 (Encoding Algorithm):

Input: The information word:
T = (19)
_ k

(\‘%J+1)D:y+D_<y>D X—(xk_l,xk_g,...,l‘o)ezm.

if (y)pe[D—1_,D—1]. Output: The codeword:

XA= (xk:717 Ll—2ycey L0y Qp—1,0r—2,. .., aO) € Z{;j"’"

Example 2.1: Let m = 16 and consider the code C =
{0,5,10,15} C Z16. For any n € IN, the code C" has a
minimum max Ly distance of D = 5 and so it is capable of

Perform the following steps.
1) Perform the following steps.

correcting all symmetric errors of magnitude 2 (that is, C" is 1.a) Compute the component-wise mod D) operation of
2-ASEC), or, all asymmetric errors of magnitude 4 (that is, C" the vector X
is 4-AAEC), oy, in gener.a.l, all negative errors of magnitude Y = Yoty Yooy - - s Y0) =
up to l_ =1 and all positive errors of magnitude up to 1, = X
4 —1, for all 1 €{0,1,2,3,4}. Also, the code C" is optimal ((zr—1)D, (@k—2)D; - -+ (x0) D) = (X) p €EZ].
be(C]\C,lIb/‘Vs)e its rate is R = (1/n)log4" = log4 = log [16/5] = 1.b) Compute the natural number whose expression in
Co (m, 1 1y). radix D is Y

Now, we turn our attention to the (I_,1;)-AEC systematic o1
code design. Before that, we derive the following bound which 2 =[Y]p = Z y.Di € Z e C IN.
is useful in proving the optimality of the proposed systematic = -

codes. The following theorem generalizes Theorem 4 and 10

given in [[16] and shows a lower bound on the number of 2) Represent the number z in base b = [m/D] as a vector:

.check digits to c.lesign a systematic ({_,1;)-AEC code with k Z = (oot 2y s 20) = (Z)l[)r] c7Z;.
information digits.
Theorem 2.6: Let C be a systematic m-ary non-wrap around 3) Compute the check symbol as
(I—,14)-AEC code such that the number of information digits
in a codeword is k. Then, the number of check digits, r, A=(ar—1,ar-2,...,00) =
satisfies the following condition. (Dzy—1, Dz, ..., D2o) € Zy,.
S [ klog D —‘ ) 20) 4) Output the codeword X A and exit.
~ |log[m/D] |’ Example 2.2: Let m = 10, D = 3 and k = 4. We encode the

word X = (6,2,8,1) over ZLyo, assuming a maximum error
level of I =14 = 1. The number of check digits needed is
r = [4log(2+1)/log[10/(2+ 1)]] = 4. With notation as
above,

where D =1_ + 1, + 1.

Proof: Because of Theorem C is a systematic m-ary
(D — 1)-AAEC code. So, consider the subset of information
vectors,

— 3 2 1 0 __
V:{(’U}C,h’ukfg,...,?)o): 0§U¢<Dand7;€[0,k—1]}. Z2=0x3+2x3+2x3 +1x3" =25

d thus Z = (0,1,2,1) is th tati in base b =
Vectors of V' can be viewed as the set of all vectors of length ?;; / D?tsi [10(/31 4 )Tl}fere;ol;‘;p’;ls:ghiclzlzsoﬁzjn(0a;eﬁ 3)
L - - = ’ - 5y Yy
k over ZLp. Hence, for all X,Y €V, D’('“II;(X’Y> < D: 4nd the encoded codeword is X A = (6,2,8,1,0,3,6,3).

— Dk (L1)
and [V| = D". Therefore, from Theorem the Dinaz of The (I_,11)-AEC decoding for these (D —1)-AAEC codes
every two checks assigned to vectors in V' must be at least D. s qone as follows.

Theorem[2.4] gives a bound on the number of vectors satisfying Algorithm 2.2 (Decoding Algorithm):

such criterion and we get Input: The channel output:

m s
V| = D* < Ayw (m,r, D —1) = [5] . XA = (@), T greo sy d g d s, .. dl) € TLEFT
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Output: The recovered codeword:

_ e+
XA=(Th—1,Tk-2,..-,%0,0r-1,0r—2,...,00) €Ly

Perform the following steps.

1) Recover the check word, A = (a,—1,a,—2,...,a0),
with ; that is, either subtract at most [ or add at
most [_ from each a) so that each a; is a multiple of
D.

2) Perform the following steps.

2.a) Compute the vector

Z :(Zr—lazr—27~- '720) =
Ar—1 QAr—2 ap A
, yeey,— | = =€},
( D’ D D) D7t

2.b) Compute the natural number whose expression in
radix b = [m/D] is Z:
k-1
z = [Z}b = Zziblezbk C IN.
i=0
3) Represent the number z in base D as a vector:

Y = (b1, Yp2s- - 90) = (2) )y € 25,

4) Perform the following steps.
4.a) Compute the error vector

E= (6}671, €k—2;- -+, 60) € [—177 lJr}k

such that:
e; = (y; — 2i)p mod D and e; €[—I_,1;] C ZZ.

4.b) Recover the information word as X = X' + E.

5) Output the codeword X A and exit.

Example 2.3: Let the encoded word be as in Example
Let the channel output be X' A" = (5,3,7,2,1,2,5,4).
Rounding the check symbols to the nearest multiple of 3,
we get A = (0,3,6,3). As in Steps 2) and 3) of the
algorithm, we compute z = [0121]4 = 25, and Y = (25)4 =
(0,2,2,1). As in Step 4.a), we compute FE € [—1_,1,]* such
that E = (Y — X')3mod 3 = ((-5,-1,-5,—1))5 mod
3 = (1,2,1,2) mod 3. Thus, E = (1,—-1,1,-1). As in
Step 4.b), we compute X = X' + F = (5,3,7,2) +
(1,-1,1,—-1) = (6,2,8,1). Therefore, the correct codeword
is X A=(6,2,8,1,0,3,6,3).

A more general decoding algorithm for the codes is ex-
plained in Section [[V] of this paper.

From (2I), the information rate of these optimal non-
systematic non wrap-around (I_,[l;)-AEC codes of length
n(k) =k+relN is

RO (k) & RN (m, D;n(k)) &

sys sys

ko k .

k+r k+[klogD/log[m/D]]’

where k € IN is the number of information digits. Note that,
from z < [z] <z +1,

1 <

1+logD/log [m/D]+1/k —

(22)

R (k) <

sYs

(23)

1
1+logD/log[m/D]"
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Hence, from the code optimality shown in Theorem [2.6] the
systematic zero error capacity

S m 1, 1) = Tim R (k) = o
1 log[m/D]

1 +log D/ log [m/D] - log (D-[m/D])’

In order to estimate how fast the sequence

{ROYW)(k): keIN}

sYs

converges to the above quantity, consider the real function
F@) ¥ (14 2)"! and let 7 % log D/log [m/D] € IR*.

Note that, from the mean value theorem,

0< 1@~ 1 (a+ 1) =17@1 ¢ < o
with € (z,z + 1/k).

So, from this, 23)) and (24) it follows,

NW
C((Lsys) - joy\{eW)(k) <
1 1

1+1logD/log[m/D] 1+logD/log[m/D]+1/k B
_ _ 1 < 1 < 1
f(x)_f<$+k) (422 Kk

k € IN} reaches i

0,sys

Hence, the sequence {R&QVSW) (k) :

in such a way that Rggsw)(k) is very close to C(g]z;ﬁ: ) even
for small values of k. In particular, if
—gef 11 D
pet L loa[m/D] g (25)
z log D
then, from (22)) and (24),
- k
RONW) (i, Din(k)) = —— = 26
0 (m, Di () = 26)
Comga (m, 1, 14) <G5 (m, 1 1);

and so the systematic zero error capacity is reached with finite
length n ' & + 1. For example, if m €[253,256] and D = 4
then 7 = 4 and k = 3. Furthermore, if holds and D|m
then

7. NW
RO (m, Dyn(k)) = CSNY) (m, 1, 14) =

0,sys

CSNW) (m,l_,1;) = log,, <%>

because of (16), (24) and @26). Hence, in this case, the
proposed optimal systematic (I_,[;)-AEC codes also reach
the zero error capacity with finite length n. For example,
R(256,4;4) = CSVW)(256,1_,1,) = SV (256,1_,1,) =

,SYS

0.75. In general, if log [m/D] ~ log (m/D) then

7. NW
RN (m, Dsn(k)) =~ CSNW (m,1_,14) ~
log [m/D] _
logm

because of (T6).

log,, [%] =S (m, 1_,14)
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III. WRAP AROUND ERROR CHANNEL

The wrap around (I_,ly) error channel model is defined
by (I). In this section, the probelm of designing systematic
and non-systematic efficient m-ary wrap around (I_, 1 )-AEC,
m,l_,l; €N, codes is addressed for this channel model.

A. Combinatorial characterization of error correcting codes
for the wrap around error model

In order to design codes for the wrap around error model,
a slightly different distance metric, which is defined below, is
useful.

For meIN, let x,y € ZZ,,. The m-ary Lee distance

D) (m; 2, y) 1 DE) ()

between = and y is defined as

ce def .
D(L )(.13, y) = mln{<ﬂf - y>m7 <y - x>m}

= min{{(x — Y)m,m — ( — Y)m }
= min {D(Ll)(%y), m — D) (z, y)}

27)

= min{|z —y|,m — |z — y|}
—oote e 2]

For example, when m = 7, x = 2 and y = 6, D1°®)(2,6) =
min{3,4} = 3. The following distance metric is useful in
designing (I_,14)-AEC codes.

Definition 3.1 (m-ary max Lee distance): Given n €
IN, let X = (zp_1,Tn-2,---,%9) € Z" and Y
(Yn—1,Yn—2,---,Y0) EZY,. The m-ary max Lee distance,

DiLed (m; X,Y) < D) (X,Y),

max max

between X and Y is defined as:

DLee) (X Y) =

max

(28)

max {D(Lee) (x5, y;) =min{|x; — y;|,m — |x; — yl\}}

1€[0,n—1]
For example, if m = 7, n = 4, X = (0,4,2,1) and YV =
(4,2,3,1) then DSed)(X,Y) = max{3,2,1,0} = 3. It is
worth noting that, as DX (X,Y), D9 (X,Y) defines a
metric. Furthermore, for all m,n 1IN,

for all X,Y €ZZ",, DL (m; X,Y) < DED(X,Y); (29)

because of , and . Also, DSE9(X, Y)Y €[0, [m/2]]
because of (27).

The following theorem gives the necessary and sufficient
conditions on the minimum distance for error correction.

Theorem 3.1 (characterization of (I—,1)-AEC for wrap
around errors): Let m,n €IN and [_, [, € IN. An m-ary code
C C 727}, is capable of correcting all negative wrap around
errors of magnitude up to [_ and all positive wrap around
errors of magnitude up to [, if, and only if,

for all X,Y €C,
XY =

(30)
DEee) (m: XYY > 1_ + 1.

max

Proof: Given (1)), for all n =1,2,.. ., let

for all i€[0,n — 1],
ZEZ,,”” Zi = <l‘7, + ei)m and
e;e[—1_,1.] N Z

def

s (x) €

m,n,l_,ly (31)
be the set of m-ary vectors obtained from X € ZZ7 due to
any number of negative errors of magnitude up to [_ and
any number of positive errors of magnitude up to [, where
the errors may wrap around. Given (3I)), the proof follows
similarly to the proof of Theorem [2.1 |

From Theorem [3.1] the following corollaries follow analo-
gously to the non-wrap around case.

Corollary 3.2 (characterization of I-AAEC for wrap around
errors): Let m,n,l€IN. A code C C ZZ7, is an [-AAEC code
if, and only fif,

forall X,YeC, X#Y = DU)(X V) >

max

Corollary 3.3 (characterization of I-ASEC for wrap around
errors): Let m,n,l€IN. A code C C ZZ7, is an [-ASEC code
if, and only if,

forall X,YeC, X#Y = DU)(XY)> 2l

max

Suppose X, Y € ZZ?, . If |m/2| <I_ +1, then
Dd(X,Y) < | 5] <t +1

and so, the ({_,1;)-AEC code can have only one code word,
which is not interesting. So, in the rest of the paper, for the
wrap around error model, it is assumed that [_ +1. < |[m/2];
that is, 2(I_ +14) < m — 1. Also, note that any wrap around
(I—,14+)-AEC code is a non-wrap around (/_,[;)-AEC code
because of Theorem [2.1) Theorem [3.1] and (29).

B. Zero error capacity derivations and bounds
As in Subsection [II-B] given m,n,l_, [l €IN, let

DY 41, +1elN,

Awa(m,n,l_,1}) € IN be the maximum cardinality for a
wrap around (I_,l)-AEC code of length n,

log A I
m, n7 l_7l+) = Og WA(m7 n’ ’l+)

A
o -

be the maximum information rate achievable by using the
channel n times and

C(()WA) (my,l_,l}) = sup C(()WA) (myn,l_,1)
nelN
be the the zero error capacity of the m-ary WA-(I_,1)-
channel model. As in the non-wrap around case, we have

Awa(m,n,l_,13) = Awalm,n, 0,1 +1,)

Awa(m,n,D —1).

(32)

This comes from Theorem @ However, as the 5-ary WA-
(0,1) channel example mentioned in Example shows, the
wrap around zero error capacity may depend on the number,
n, of independent uses of the channel and determining the
exact value of Aya(m,n,l_,[;) may be challenging, unless
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D divides m, in which case, we get an exact value as derived
below.
Theorem 3.4: If m,n,l_,ly,D =1_+1; +1€IN then

(121)" < Awnonn < |(5)'] = (2
Hence, if D|m then

Awa(m,n,l_, 1) = (%)n ,

(53)

and so, the zero error capacity is

C’(()WA)( sup C’(()WA) (m,v,l_,ly) =

velN
C(gWA) (m7 n, l—7 l+) =
log Awa(m,n,l_, 1) ~ log (m)

n

m,l_,ly) =

D

Thus, if D|m then the zero error capacity is independent of
n.

Proof: Unlike the non-wrap around case, a sphere packing
argument can be used to derive a good upper-bound because
the error spheres in (31) have the same cardinality given by

| g4

mand_ 1, (X)| = D", for all X € ZZy,.

Thus, if C is any (I_, 1 )-AEC code of length n then
n WA
cID" = 3 I8,h

m,n,z_,l+(X)| <|Z; |=m"
XecC

and so, the following upper-bound holds.

m'(l

€] < Awatm,n, 1) < (F) (34)

With respect to a lower-bound, consider the m-ary codes of
length n € IN defined as follows.

For all V % (Vn—1,Vn—2,...,v0) EZy,, 35)
ce,(v)E
n—1
[ {z€Z: 2= (v +bD),, and bEZZ\,,/p)} =
i=0

n—1
H Cl (Ui)7
=0

where, as in @]) the product indicates a cartesian product.
Note that the minimum max Lee distance of these codes is
D because, up to a constant, every codeword component is a
multiple of D under the mod m operation and because b <
|m/D] — 1. Note also that the cardinality of the above codes
is

CalV)] = C1(O)" = |Zpyy|" = | 5| (36)

D
< AWA(m7na l*a l+)

The rest of the theorem follows from (34), (36) and the zero
error capacity definition. ]

When D does not divide m, determining the exact value of
the zero error capacity is still an open problem [/11f]. However,
the bounds in (33) are still valid, and so the following bounds

IEEE TRANSACTION ON INFORMATION THEORY, VOL. 63, NO. ?, ? 2017

hold for the wrap around zero error capacity and the maximum
achievable information rate.
m

log [DJ =" mn=1,1_,1,) < 37)

CéWA) (m,n=2,1_,14) <

(WA) < m
Cy " (m,l_,11) <log (D)

We note that, from the general Theorem 1 in [18]], the
above upper-bound C(gWA) (m,l_,14) <log(m/D) can also
be derived by taking the minimum of the normal capacity
CWA) = Cc"N(p_y p_y 41,...,p4,) in over the
probability distribution defined by the p;’s for i€ [—1_,1].
From Theorem [3.4] note that when D = [_+1, +1 divides
m, the zero error capacity for the wrap around asymmetric
limited magnitude error channel (where [ = 0 and I, = [)
is given by
" (m,0,1) = log <z+m1) : (38)

Similarly, when D|m, the zero error capacity for the wrap
around symmetric limited magnitude error channel (where
l_ =14 =1)is given by

(WA) _ m
Cy (m,l,l)10g<2Z+1>.

In general, for both cases, the bounds in hold for
C’(()WA) (m,0,1) and C(()WA) (m,1,1).

(39)

C. Code designs

As before, first, we describe the non-systematic (I_,14)-
AEC code design, where [_,l, €IN and D—-1=1[1_+1; <
|m/2]. In Subsection we have seen that the codes in
(35) are zero error capacity achieving (i. e., optimal) if D
divides m. The codes are obtained by taking the code symbols
input to the channel as

(v+bD)y, = (v+ bD) mod m,

where b=0,1...,|m/D|—1 and v€ZZ,, is a fixed element.
For example, by letting v = 0 for every component, the
following codes are obtained.

Co(0) W (01, 2ps, ... o) EZLT,
2i/DE 2y p) for all ic[0,n — 1]} =
{v€Zy, : x=0bD with b€ Z,,,/p|}" = C1(0)"

(40)

For these last codes, a received symbol y € ZZ,, is decoded
into the code symbol z € ZZ,, by rounding it to the closest
integer multiple of D according to the rule in (I9), taking into
account the mod m operation (i. e., the wrap around).

Example 3.1: Let m = 16 and consider the code C =
{0,4,8,12} C ZZyg. For any n € IN, the code C™ has a
minimum max Lee distance of D = 4 and so it is capable
of correcting all negative errors of magnitude up to _ =1
and all positive errors of magnitude up to 1, = 3 — 1, for all
1€{0,1,2,3}. Also, the code C™ is optimal because its rate
is R = (1/n)log4™ = log4 = log|16/4] = log(16/4) =
" (m, 1 14).

0 ) y v+
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When D does not divide m, the codes in (33), which are
obtained by concatenating optimal non-systematic codes of
length n = 1, are close to optimal non-systematic (I_,1)-
AEC codes for the wrap around error model. However, they
may not be optimal in general, as the following Example [3.2]
shows.

Example 3.2: Let m = 16 and consider the code C =
{0,5,10} C ZZ16 (note that, unlike the code in Example
for the non-wrap around model, the symbol 15 cannot be in C).
For any n €N, the code C™ has a minimum max Lee distance
of D = 5 and so it has exactly the same error correcting
abilities of the code in Example 2.1} but for the wrap around
error model. Also, the code rate is R = log(3), wheras

1 1
CSWA)(m =16,1_,11)€ [1og {;J ,log (:)] =

[log(3),log(3.2)].

By considering the concatenation of codes of length n = 2,
some improvement can be obtained, as shown in the following
two examples.
Example 3.3: Let m = 8, n =2 and D = 3. Consider the
code
C = {00,13,36,41,64} C ZZ2.

The code C has length 2, cardinality 5 (> 4), a minimum max
Lee distance of D = 3 and, hence, an information rate of

1
R =3 log(5) = log (V5) = log(2.236).
On the other hand,

" (m=8,1_,1,)¢ {log EJ log (iﬂ _
log(2), log(2.666))].

Example 3.4: Let m = 16, n = 2 and D = 3. Consider the
code

= o o W o

S = oo 1o
w o o w o

5
=
& |
n g
N
Ico

The code C has length 2, cardinality 26 (> 25), a minimum
max Lee distance of D = 3 and, hence, an information rate

of
R= %log(%) = log (V26) = log(5.099).

On the other hand,

" m =16,1_,1,)¢ [1og {?J log (f)] -
llog(5), log(5.333)].

We suspect all the above examples to be indeed optimal
non-systematic minimum max Lee distance D codes. Also,
a general method of how to construct these codes is still an
open problem.

Now we focus our attention on systematic code design.
Before describing the code design method, first we investigate
the minimum number of check digits needed to encode infor-
mation vectors of a certain length in any systematic (I_, [, )-
AEC code.

Theorem 3.5: Let C be any systematic m-ary wrap around
(I—,14)-AEC code of length n € IN such that the number of
information digits in a codeword is k € IN. Then, the number
of check digits, r = n — k€I, satisfies the relation,

S klog D
(= il
~ |log(m/D)
where D =1_ + 1, + 1.

Proof: The proof follows exactly as that of Theorem

(41)

| ]
Let d€IN be defined as
def m m

d= { —‘ > >D 42)

lm/D] lm/D|

and note that if D|m then d = D. Furthermore,

m m m

—> =] > =
51215125 @)

In the rest of the paper, given m,l_,l;,L € IN with D =
I_ +14 + 1, optimal or close to optimal m-ary (I_,1)-AEC
systematic codes which require

klogd < klogd
T =
log [m/D] | — [log(m/d)
check digits are presented, where k € IN is the number of

information digits. From ({2, and (@4), when Fk is large,
the information rate of these codes of length n(k) = k+r €IN
is

—‘ cIN (44)

WA D def K _
Rsys (m,D,n(k)) k47 (45)
k p—
k+ [klogd/log |m/D]]

k
k+ [klog [m/ Uln/ D] /log |m/D]]

~

L +log [m/[m/D]] /log |m/D]
log [m/D]
log [m/D] +log [m/ |m/D]]
log [m/D] _
log([m/D] - [m/|m/D]1)’
def

and, if k& = log|m/D] /log[m/|m/D]] € IN then with
finite length 1 =k + 1,

k log |m/D]
k+1  log(lm/D]-[m/[m/D]])
Furthermore, from and , if D\m then d = D
and the proposed systematic (I_, 15 )-AEC codes are optimal
systematic and non-systematic (I_,[;)-AEC codes (i. e., they
achieve the zero error capacities). If instead D does not divide
m and d is close to D then the codes are close to optimal;

however, in general, there is some room for improvement,
especially when m/D is low (see Example and Example

A.10).

RWA) (m, D;n) =

sYs
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IV. GENERAL SYSTEMATIC CODE DESIGN

For both wrap around and non-wrap around error model,
a very general systematic coding scheme can be designed. In
fact, this systematic code construction is so general that it
can be applied to do error correction for any channel model.
The idea is very simple and can be described as follows. For
example, assume wrap around model. Given m, s,d € IN, let

P ={Co,C1,...,Ca-1}

be a partition (or, more generally, a covering set with d to be
as small as possible) of Z?, into (I_,[;)-AEC codes where,

m

as before, [_,l, D =1_+1; +1€IN. Let

(46)

p:an—)Zd

be the function which associates every X € ZZ; with the index
of the code in the partition which contains X; formally,

p(X) =i

Example 4.1: If m =17, D = 3 and s = 1 then a value of
d = 4 can be obtained with the following partition of ZL;, =
77,17 into minimum max Lee distance D = 3 codes.

def

— Xe(eP. 47

def

Co < {0,4,8,11,14},
def
p_JlC = {1,5,9,12,15}, 48)
Cy < {2,6,10,13,16},
;< {37}
In this way,

p(0) = p(4) = p(8) = p(11) = p(14) =0,

p(1) = p(5) = p(9) = p(12) = p(15) =1,

p(2) = p(6) = p(10) = p(13) = p(16) = 2,

p(3) = p(7) =3.

For simplicity, let the number of information digits be K € IN
where K/s 4 € IN so that K is a multiple of s. In this
way, the function p can be easily componentwise extended to
a vector function

p: ()" =k — 7k (49)

defined as

p(X) = (p(Xk-1), p(Xk—2), ..., p(X0)),
forall X = Xp 1 X 1.. .X()EZK

m*

Example 4.2 (Example continued): Continuing the pre-
vious example with m = 17, D = 3, s = 1 and d = 4, for
K =k =8 we have

(50)

Now, let us assume X € ZZE is the sent information part of a
codeword and Y € ZZX is its received version. Note that if the
receiver knows p(X) then it is capable of performing (I_,1)-
All Error Correction because, for every received part Y; € ZZ; ,
i1 €0,k — 1], the receiver knows that the corresponding X, €
Cy(x,)» and so, it recover X; by applying the (I_,1;)-AEC
procedure of C,(x,) with input Yj.
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Example 4.3 (Example continued): Continuing the
example with m = 17, K = k = 8 D = 3. As-
sume we want to perform (I = 1,14 = 1)-AEC and
X = (1,0,16,7,1,12,13,2) in (@) is the sent informa-
tion part. Suppose the received information vector is ¥ =
(1,16,0,8,2,12,12,2). Since it is assumed that p(X) is
known to the receiver, it knows

2
Hence, since Cy, C1, Co and Cs are (1,1)-AEC codes, the
receiver,

o knows that X7 € C; = {1,5,9,12,15} and Y7 = 1. So
it can apply the (1,1)-AEC of Cy on input Y7 = 1 and
recover X7 =1,

o knows that Xg €Cy = {0,4,8,11,14} and Y5 = 16. So
it can apply the (1,1)-AEC of Cy on input Y = 16 and
recover Xg = 0,

o knows that X5 € Cy = {2,6,10,13,16} and Y5 = 0. So
it can apply the (1,1)-AEC of Cy on input Y5 = 0 and
recover X5 = 16,

o knows that X4 € C3 = {3,7} and Yy = 8. So it can
apply the (1,1)-AEC of Cs on input Y4 = 8 and recover
Xys=7,

e and so on.

At this point the code design idea for an m-ary systematic
(I-,14)-AEC code C is very simple and is captured by the
following algorithm.

Algorithm 4.1 (General Encoding Algorithm):

Input: the information word X € ZX, K = sk with s, k € IN.
Output: the codeword

S(X)=XAeCcCZ",

where n = K +r and A€ ZZ], is the check word.
Perform steps S1, S2, S3 and S4.

S1: Compute p(X) € ZZE according to and . }
S2: Encode p(X) into an m-ary (I_,l;)-AEC code C with

the smallest possible length € IN. Let £(p(X)) € C be this
encoding of p(X), where

E:uk-~ccu, (51)

S3: Append the check word A e E(p(X))eZL, to X to get
the systematic encoding of X as

EX)=XE(p(X)) =X AeZL",

S4: Output £(X)eC and exit.

Example 4.4: If we need to design a systematic wrap around
m-ary (I_,11)-AEC code, C, with k information digits with
the following parameters: m = 12, K = k =5 (i. e, s =
1), I- =14 =1 then Algorithm can be implemented as
follows. Since D = 3 divides m = 12, the partition in [{0)) can
be defined with the codes of length n =1 in ([33) by letting,

¢, ey (v) =

{r€Zlys: x=v+0b-3 wirhbe{0,1,2,3}} =
(3Z + v)NIN, for all veZLs.
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In this way, d = D = 3 and

Co ' {0,3,6,91,

¢ ¥ {1,4,7,10},
{2,5,8,11}

P =

c,

Y

Step SI of Algoirliti:n; K1) the function p in {#9) can be deﬁned

as the remainder mod 3 vector

p(X) =X mod3=02212c7}.

In , we can let C % Cy = {0,3,6,9}" where the length
r of C is the smallest possible natural such that there exists
an encoding function & : 73 — C C Z,; that is, such that
35 = |Z5| < |C| = |Co|" = 4". Then, in Step S2 of Algorithm
this least redundant encoding function € can be defined
as follows.

1) compute the natural number whose radix d = 3 expres-

sion is p(X) € Z3 as

P(X)]a=0x3*+2x3>+2x3*+1x3"+2x3" = 77;

2) convert this number in radix b = |C| = [m/d] = 12/3 =
4 form with smallest possible length
r = [log, |Z}|] = [log, 3°] = [3.962] = 4.
That is,
([Pl = (7)) = 1031 223;
3) multiply each component of ([p(X)]a )Z[)] by D =3 to

obtain the vector
A=3-([p(X)]a))’ =3093eC" C 71,
Therefore, in Step S3 of Algorithm the encoded word is
XA=6281113093€C. (52)

Given the encoding Algorithm f.1] the decoding of the
above m-ary systematic (I_,l;)-AEC code C can be per-
formed as follows.

Algorithm 4.2 (General Decoding Algorithm):
Input: the received word Y A’ € ZZ", where n =
K = sk with s, k€IN, Y € ZE and A’ € ZZ7,.
Output: the information word X € ZZX.

Perform steps S1, S2, S3 and S4.

S1: Apply the (I_,1,)-AEC procedure of C with input A’ and
correct all the errors in the check part. In this way, the output
from this procedure is exactly A = £(p(X))eC C ZZr,.

S2: From A, compute ( ) = E1(A) € ZE according to
the definition of £ in and . At this point the receiver
knows the received informatlon part Y and p(X).

S3: From Y and p(X), correct all the errors in the information
part Y to get X. Note that the error values must be in
[—l_,l{]NZZ.

S4: Output X € ZE and exit.

Example 4.5 (Example continued): Let the encoded
word be the one in (52)) and let the channel output, given
as input to Algorithm [{.2] be

YA =53720 21192723,

K+,

In Step S1 of Algorithm[#.2] by rounding the check symbols to
the nearest multiple of 3 and then taking the componentwise
modm = mod12 operation we correct the errors in the
check part and get

A=3093€Zj,.

In Step S2 of Algorithm we compute p(X) = E7(A) as
follows.

1) Divide each component of A by D = 3 to get the vector

A

3

2) compute the number whose expression in radix b = 4 is

A/3, i e,

=1031 = ([p(X)]a)} e 2Z4;

\ —

22 4+3x4'+1x4° =

3) convert [A/3], in radix d = 3 form of length k =5, as

(151, -

In Step S3 of Algorithm componentwise compute the
integer error vector, E €[—1,+1]5, as

= X mod 3.

E=( —-X)mod3=
(5—0)3 (3 — 2)5 (T —2)3 (2 — 1)5 (0 — 2)5 =
(2)3 (1)3(2)3 (1)3(1)3 =
—14+1—-14+1+1 mod 3

and subtract it under mod 12 to the received information part
Y to obtain the correct sent information word X as

X=Y—-FE)mod12=
(B =(=1)2 = (+1)12(7T— (=1)12
(2= (+1)12(0 = (+1)12 =
(6)12 (2)12 (8)12 (D12 (—1)12 =
628111.

Now, let us focus on the number of redundant digits
required. In the proposed coding schemes, s = 1. Note that
the encoding is done as follows. The function

S:Z’;%Z:n

to encode p(X) € ZZk given in is defined as follows. First,
express the number [p(X)]q in base

def def
b= max |Cy(v)] = [C1(0)],

and then encode each b-ary digit of ([p(X)]4) g] €ZZ" into the
code C;(0) as defined in or for the non-wrap around
case or the wrap around case, respectively. In both cases, the
encoding is defined as

E(p(X)) =D - (lp(X)a)} e 2z, ;
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T3k

where indicates a scalar times a vector product. Since
p(X)e Z’; can be any element, the redundancy of the coding
scheme can be

r= ’VIOgb (max [pla + 1>-‘ = [log, dk] =

(53)
pEZL’,

klog(d)
1 = .
htogy )] = | SEi
In general s > 1 and if
- log|C ]
R(C) = og |C]| o klogd
T r

is the information rate of the (I_,I;)-AEC code C then the
information rate of the code C is given by
K K s
R(C)=—= ~
(©) n K+r

—. (54)
s +log(d)/R(C)

Note that, if a systematic code is needed with m = 9 in
the above Example [4.4] for the non-wrap around error model
then Algorithm [.T] and Algorithm .2 can be implemented in
exactily the same way and they are exactly equal to the optimal
algorithms given in [16]. In fact, for the non-wrap around error
model, this holds true in general for the code design obtained
with the partitioning method given in Subsection

A. Optimal partitioning method for s = 1

From (54), it is clear that to reduce the redundancy the
cardinality, d, of the partition in @ should be as small as
possible. Given m, D,l_,l, €IN, with D =1[_ +1; + 1, in
this subsection, we describe an optimal partitioning of ZZ,,
into minimum max L;/Lee distance D codes.

In the non-wrap around case, b = |C1(0)| =
the partition {6) can be defined as

Co=Ci(v) =D -ZZ+v|NZ,y,

[m/D] and
for all veZp.

Example 4.6: For example, when m = 14 and D = 3, the
partition is

Co % 10,3,6,9,12},

P=1< ¢ ¥ {1,4,7,10,13},
C, ¥ {25,811}

Hence, d = |P| = D. So, for the non-wrap around case, the
redundancy is the one given in (2T)) and the codes are optimal
systematic (1,1 )-AEC codes because of Theorem [2.6

On the other hand, in the wrap around case, b = |C1(0)| =
|m/D] is the maximum possible because of Theorem [3.4] with
n = 1; and so, since P is a covering of ZZ,,,

12 || = | o |

Indeed, as Example [4.1] shows, it is not difficult to design a

partition (@6) whose cardinality d reaches the above lower-

bound. It can be done as follows. Let b |m/D], recall

(@2) and let
SESEO

(55)

IEEE TRANSACTION ON INFORMATION THEORY, VOL. 63, NO. ?, ? 2017

Without restriction, D € IN can be assumed to be the greatest
natural such that b = [m/D|; otherwise, the partition can be
designed for a natural D’ > D (for example, assume m = 89
and D = 15. Then, b = |89/15] = |89/16] = |89/17] =5
and [89/18| = 4. Thus, we can design a code with a minimum
distance up to D' = 17 > 15 = D). In this way, we can
assume b = |m/D| > [m/(D + 1)]. Hence, since

m
m = bJ D+ (m)p = bD + (m)p, (56)
it follows
m m m
v=|5]> {D+1J = b5 =
% <D+1 = bD+ (m)p =m < bD +b;
and so,
(m)p < b. (57)
Also, from (33), (36) and (57),
~m1 [ D if (m)p =0,
d‘[bW‘{DH if (m)p 0. (58)

Now, with regard to the partition, consider the following codes,

Ao E{0,(D+1),2(D+1),...,((m)p — 1) (D+ 1)} =

(D—|—1) . Z<m>D,

Bo © {(m)p(D +1), (m)p(D+1) + D,
<m>D(D+ 1)+2D,...7
(m)p(D+1)+ (- (m)p —1)D} =
(D+1)m)p + D ZLy_ (1,
Co LAy UB,.
Note that the above codes are well defined because of (57).
Example 4.7: For example, let m = 29 and D = 5. Then
b=1[20/5] =5, d=1[29/5] =6, (29)5 = 4 and

A €{0,6,12,18} ,

By < {24},

Co 1 {0,6,12,18,24} .
Note that |Co| = b = |m/D]. Furthermore, DLe¢ (Co) >

D because DLee (Ag) > D, DEee (By) > D and the Lee

max
distance between the last word in By C Cy and 0 € Ay C Cy
is

m — [(m)p(D + 1)+ (b— (m)p — 1) D] = D.

This last relation follows from (56)). At this point, by an integer
translation, we let

Cy def Co+v=(Ag+v)U(By+v), for all integer v € Zp;
and

def
Cp = Zm— | ) Co=Ap=A¢+D={D,D+(D+1),

DISY/A5)
D+2(D+1),...,D+((m)p—1) (D+1)},

where (m)p = 0 if, and only if, Cp = . From the
construction, the above codes are well defined and, as above
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for Cp, from and , it follows that DLe¢ (C,) > D, for
all ve ZD+1 .

Example 4.8 (Example continued): For the given exam-
ple with m = 29 and D = 5 the partition elements are

Co ¥10,6,12,18,24} ,

¢, ¥ 1,7,13,19,25}
C, (2,8,14,20,26}

C; % (3,9,15,21,27},

Cy ¥ {4,10,16, 22,28},

C; ¥ y5,11,17,23) .
In this way, the sought partition (@6) of cardinality d into
minimum max Lee distance D codes is well defined. The
partition given in (#8) is also obtained with the method just
described.
Hence, in the wrap around case, the redundancy is the one

given in (@4).

B. Improved codes based on partitioning ZL;,, for s > 1

As mentioned earlier, in general, there may be some room
for improvement in the case of systematic code design for
the wrap around error model, especially when m/D is low.
In fact, a little higher information rate may be achieved for
s = 2 (or, even more for s > 2) as the following examples
show.

Example 4.9: If m = 8 D = 3 and s = 2 then a
value of d = 15 can be obtained with the following partition
P ={Co,C1,...,Cia} of ZS, = ZL2 into minimum max Lee
distance D =1_+1, +1=3 (i. e., (I_,11)-AEC) codes.

Co %' {00, 13,36, 41,64} (this is the code in Example 33),

¢ e, + o1,

Co ¥ ey 4 02,

Cs déf Co + 10,

C, e+ 11,

Cs ¥ ey 112,

Cs ¢y + 20,

Cr déf Co + 21,

Cs o Co + 22,

Co ¥ ¢y + 70,

Cio % (17,32, 45,60, 73},

Ciy % (16,44, 67,72},

Cro ¥ {27,771,

Cis ¥ {07,551,

Crq & {711,

Assume that the code C in is obtained by concatenation
of the above code Cy. Then, from , s =2, d=15 and

R(C) = (1/2)1og(5), the information rate of this systematic
code is

R(C) °

" s+ log(d)/R(C)
1 1

1+ log(15)/log(5) 1+ logs(15)

On the other hand, if s = 1 then d = 4 and R(C) = log(2),
and so, the code design gives an information rate of

R(C)

= (59)

~ (0.3728.

S

" s +1log(d)/R(C)
1 1

1+ log(4)/log(2) T 1+ log,(4)
1
3 ~ (0.3334 < 0.3728.

In any case, from (37), the maximum possible information rate
of a systematic 8-ary code with minimum max distance of 3
° log(m/D)

log(m)
The systematic information rate gap may be filled by consid-
ering a smaller partition for s = 2 (if there exists one) or
other small partitions for s > 2.

Example 4.10: If m = 16, D = 3 and s = 2 then a
value of d = 12 can be obtained with the following partition
P ={Co,C1,...,C13} of ZL:, = 23 into minimum max Lee
distance D =1_+1, +1=3 (i. e,, (I_,14)-AEC) codes. Let

Ropt S

= logg(8/3) ~ 0.4717.

€=1{00,04,17,110,213,
30,33,46,49,512,
62,615,75,78,811,
91,914,104,107,11 10,
1213,130,133,136,149,
1513} C 7%,

be the code of length 2, cardinality 26 and minimum max
Lee distance of D = 3 considered in Example Then, the
elements of the partition P are

def

Co=C (this is the code in Example [3.4),
def

C, =Cy+01,

Co ¥ ey + 02,

Cs e, 410,

Cy défCo + 11,

Cs ey + 12,

Cs défCQ + 20,

Cr e, + 21,

Cs ¥+ 22,
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Cin = {23,122,1512}.

Assume that the code C in is obtained by concatenation
of the above code Cy. So, from B4), s = 2, d = 12 and
R(C) = (1/2)10g(26), the information rate of this systematic
code is

O o6 0
1 1

1+1og(12)/10g(26) 1+ logyg(12)

~ (0.5673.

On the other hand, if s = 1 then d = 4 and R(C) = log(5),

and so, the code design gives an information rate of

R(C)

" s +log(d)/RC)
1

1+ log(4)/log(5)
~ (0.5372 < 0.5673.

1+ logs(4)

In any case, from (37), the maximum possible information rate
of a systematic 16-ary code with minimum max distance of 3
is

log(m/D)

<
Ropt = =g (m)

= log,4(16/3) ~ 0.6038.

This systematic information rate gap may be filled by consid-
ering a smaller partition for s = 2 (if there exists one) or
other small partitions for s > 2.

V. CONCLUDING REMARKS

In this paper, we have described some non-systematic and
systematic (I_,1;)-AEC, I-ASEC and [-AAEC codes which
all achieve or are close to achieving Shannon’s zero error
capacities with any finite length. Codes for both wrap around
and non-wrap around limited magnitude m-ary (I_, [y )-error
channels are described and it is shown that the error correcting
code parameters depend on [_ and [/ only through D =1_+
I+ +1. In particular, given m,l_,l,, D =1_+1;+1,n€IN,
let

Co * Co(m. D) = sup Co(m, Din)
nelN
be the zero error capacity where Cy(n) e Co(m, D;n)

is the maximum information rate achievable for zero error
transmission with n independent uses of the m-ary (I_,[4)-
channel. For the non wrap-around error model Cy(n) does not
depend on n and

C"W) = log [%W > 61)

( ) - log (m/D] m
b’ = Tog (D T/ DT} = 1% ()

Optimal non-systematic non wrap-around (I_, [ )-AEC codes
are given in (I3) with information rate

nsy nsy

R (n) % R om, Din) = 65" = 1og [ ]

IEEE TRANSACTION ON INFORMATION THEORY, VOL. 63, NO. ?, ? 2017

of any length n € IN. Also, optimal systematic zero error
capacity achieving non wrap-around (I_,[;)-AEC codes of
length n(k) €IN are given with information rate as in (22)),

RO (k) < ROYW) (m, Din(k)) =
k

k+ [klog D/log [m/D]]’

where k € IN is the number of information digits. These codes
are systematic zero error capacity achieving codes; that is,

RO (00) & lim RO (k) = VW)

sYSs Esoo  SYS 0,sys

It is also shown that even for small values of k their infor-
mation rate Rgggw)(k) is very close to C’éﬁg ). Also, for the

values of m, D € IN such that k = log, [m/D] €IN holds, it
is shown that RELVSW) (k) = C'é]\g‘: ); that is, the codes achieve
the systematic zero error capacity with finite length. If D|m
then all the quantities in are equal to log(m/D), and
so, the codes achieve the (non-systematic) zero error capacity
and, if k = logp(m/D) € IN (that is, m is a power of D)
then they achieve the zero error capacity with finite length

n(k) = n(logp(m/D)).
For the wrap-around error model Cy(n) may depend on n,
unless D|m. Also, for the non-systematic case,

tog () 2 "™ =" (2) 2 (62)
(WA) . m
Cy (1) =log {DJ .
Whereas, for the systematic case,
m (WA)
— ) > >
log (D) > (") > (63)

(WA) log [m/D]

3= = log[lm/D] - [m/ |m/D]]]
Suboptimal non-systematic wrap-around (I_,1)-AEC codes
are given in (@0) with information rate

R (n) = ROV (m, Din) = " (1) = log [m/ D]

nsy nsy

of any length n € IN, and two new examples (Example [3.3]
and Example where R%Z‘;A) (n) > COWA)(l) are given.
Close to optimal systematic wrap-around (I_,{;)-AEC codes
of length n(k) € IN are derived with information rate as in

b}

def
RGM (k) = RGN (m, Dyn(k)) =
k

k+ [Klog [m/ [m/D]] [log [m/D]]’
where k& € IN is the number of information digits. For these
codes,

RWA) (o0) X (64)

sys

lim R (k) =

k—oo Y8

log [m/D]
log [m/D] - [m/|m/D]]]’

If D|m then all the quantities in (61), and are equal
to log(m/D), and so, either

lim R (6) = CS) = G — o) — o™
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or

RWA) () =

SYSs

(WA) _ CéWA)

NW NW
0,sys ; ) = C(g )

0,sys

for some finite & logp(m/D)€IN. Also, only if D|m, the
optimal systematic and non-systematic code designs and the
decoding algorithms for the non-wrap around error model are
exactly the same as the algorithms for the wrap around error
model. Improved codes are discussed by giving two non-trivial
examples (Example [4.9) and Example [4.10).

For some values of m and D, Table |l| gives the information
rates of the optimal systematic and non-systematic codes and
these rates are respectively equal to or asymptotically equal to
the systematic and non-systematic zero error capacities of the
m-ary NW-(I_, 1 )-channel. Analogously, Table [[I| compares
the information rates of the optimal/close to optimal non-
systematic and systematic code designs with the bounds given
in (62) and (63) on the zero error capacities of the m-ary
WA-(I_, 1 )-channel.

The regular capacity achieving codes such as turbo codes
[6], [12], LDPC codes [10] and polar codes [2f] require
long lengths to achieve the capacity of the error channels,
whereas the proposed zero error capacity achieving codes
can be designed for any finite length n = 1,2,.... These
codes have simple encoding and decoding algorithms and can
be systematic. The implication of these zero error capacity
achieving codes is that, when the data words are sent through
these limited magnitude error channels, using the proposed
(I-,14)-AEC, I-AAEC and [-ASEC codes, it is possible to
recover the original data words with 100% error free.
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TABLE II
TABLE I COMPARISONS OF CODE PARAMETERS FOR THE WRAP AROUND CHANNEL
COMPARISONS OF CODE PARAMETERS FOR THE NON WRAP AROUND MODEL.
CHANNEL MODEL.
AW (0 — 1) — VW) _ m | D 1o (22) R (n=1) = R (k=00) for s = 1 (left),
m | D v 0 RO (k=o00) = c{NW) b log | 2| ROV (k= o0) for s = 2 (right)
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65 11025 0.2493 The value in the third and fourth 'columr.l give3 respectively the upper and lower
129170125 01248 bounds pf the zero error capacity dfarlved in @ The value in the fourt_h
column is also equal to the information rate of the proposed non-systematic

The values in the third and fourth columns give the information rates of the
proposed non-systematic and systematic codes, respectively, and are computed

with (&T).
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codes. The value in the left side of the fifth column is the information rate
computed with (64) of the proposed systematic code designs with s = 1.

The right side of the fifth column gives the information rates, (39) and (60),
obtained for the given examples with s = 2.



