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ABSTRACT This paper faces a challenge in power education: how to teach the students the impact of 
different transmission lines on the power system at power frequency. More specifically, the paper exploits 
the very effective and elegant Ossanna's theorem in order to make it clear which are the allowable electrical 
regimes of different transmission line typologies in terms of power losses, voltage drops, transmissible 
powers and the conditions for the voltage collapse. Moreover, the formulation of the complex power at the 
sending-end of the power transmission line inferred from the Ossanna’s theorem, which has never been 
shown in technical literature, is clearly presented. It is worth noting that although the paper is focused on 
high and extra-high voltage transmission lines, the presented didactical approach can be indifferently 
applied to any voltage level. 

INDEX TERMS Ossanna's Theorem, Power Education, Power Losses, Transmission Lines, Voltage Drops. 

I. INTRODUCTION 
This paper presents the experiences of the Department of 
Industrial Engineering at Padova University in the 
extensive use of Ossanna's theorem [1, 2] for educational 
purpose, together with other original formulae never 
presented in scientific literature.  

Ossanna is well known in scientific literature for his 
circle diagram. However, he was also involved in the 
analysis of very long (up to 1000 km) high voltage (220 
kV) shunt compensated overhead lines, where he developed 
the very effective theorem applied in this paper. Maybe the 
German language (his work was also translated in Italian 
language in a paper of the Journal named L'Elettrotecnica in 
1923) or the presence of his famous circle diagram meant 
that the theorem recovered in this paper fell on deaf ears: on 
the contrary, the authors are convinced that it ought to be 
also appreciated as one of the more important tool in the 
circuit theory.  

In particular, the methodology described in the paper 
makes the students able to clearly understand the concept of 
allowable steady state regimes of different transmission 
lines, which is not straightforward, but which is very 
important in the electrical engineer formation. The students 
at the end of a power systems course should be able to 
answer easily the following questions: which is the 
transmissible power of an electric line? Which are the 

power losses and the voltage drops? Is a given steady-state 
regime allowable and physically feasible inside the grid?  

These questions encompass the student brains and power 
education needs to give the students an effective tool to 
answer them. Several books [3-8] face these issues since 
they generally deal with the electrical lines modelled by a 
single-phase circuit with distributed parameters. There is no 
doubt that a more traditional approach based only on power 
flow analyses by including a transmission line typology 
rather than another, is also possible. However, the use of 
power flow tools alone does not allow the students to focus 
on the transmission line performances. Furthermore, if the 
power flows are performed only by means of commercial 
software, the student minds are captured by how the 
software works rather than how a transmission line 
electrically behaves. Therefore, an analytical and self-
implementable algorithm has been felt as necessary: in 
Padova University, this has been achieved by the Ossanna’s 
method together with some other original formulae deriving 
from the known transmission equations, which are 
completely expounded in this paper.  

By implementing the described procedures in any 
mathematical software (Matlab is used in the advanced 
power systems course at Padova University, but others are 
possible) the students have a powerful ally to effectively 
understand both the role and the behaviour of different 
transmission lines in the power system.  
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II.  NOMENCLATURE 
pul: per unit length and pu per unit; 
d: line length; 
S and R: subscripts for sending-end and receiving-end; 
r: pul longitudinal resistance [Ω/km]; 
: pul longitudinal inductance [mH/km]; 
g: pul shunt conductance [S/km]; 
c: pul shunt capacitance [F/km]; 
z= r+jω: pul longitudinal impedance [Ω/km]; 
y= g+jωc: pul shunt admittance [S/km]; 
A, B, C, D: elements of the transmission matrix M; 
k=k'+jk'': propagation constant [1/km]; 
Zc: characteristic impedance [Ω]; 
wS, wR: voltage and current vectors at sending-end and at 

receiving-end; 
Snat: characteristic or natural power; 
SR:three-phase complex power fixed at receiving-end; 
SoR= SoR ejϕ : single-phase power fixed at receiving-end; 
IRsc: short circuit current at R; 
UoRNL: voltage of the Thevenin equivalent generator;  
Z=Z ejψ : impedance of the Thevenin equivalent generator; 
u=uejδ: pu unknown voltage at receiving-end with the real 

and imaginary components ux and uy; 
Uob, Zb, Sob: basis voltage, impedance and power for pu 

method; 
α: argument of A; 
I''sc: three-phase subtransient short circuit magnitude;  
Δu, Δp, ΔP, ΔQ: percent voltage drop, percent Joule losses, 

Joule losses [MW], reactive power required by the 
line [Mvar]; 

INL: current at no-load; 
U''oR: no-load power frequency sub-transient voltage; 
u1, u2: two possible solutions of Ossanna's theorem. 

III.  ELECTRIC LINES MODELLED WITH DISTRIBUTED 
PARAMETERS: BRIEF RECALLS 
The geometrical structure of an overhead line always 
implies an asymmetric system, which cannot be licitly 
studied by means of a positive sequence equivalent circuit. 
The possibility of line symmetrisation, e.g. by means of 
phase transpositions, is not always feasible. Anyway, it is 
well known that the approximations introduced by the 
hypothesis of perfect structural symmetry are wholly 
acceptable as a first orientation. For other transmission line 
typologies, the situation is much closer to a symmetric 
structure. In fact, for cable lines, the asymmetry is limited 
since the external electric field is zeroed by screen bonding 
and earthing. For Gas Insulated Lines, the zeroing of 
external electric and magnetic fields implies a perfect 
electric and magnetic decoupling between the three phases 
so that the system is completely symmetric and licitly 
representable by means of an equivalent single-phase 
positive sequence circuit.  

Hence, in the hypothesis of a symmetric transmission 
line, it is possible to refer to a positive sequence equivalent 
circuit.  

The knowledge of the pul distributed parameters r, , c 
and g representing the transmission line, as a positive 
sequence equivalent circuit, allows computing the 
propagation constant k and the characteristic impedance Zc 
[3-8] as follows: 

 
= ⋅k z y  [1/km]   and   cZ z y=   [Ω]. 

 
Let us introduce the two transmission equations (1) and 

(2), which are commonly used to express the voltage ((1)) 
and current ((2)) at the sending-end of a transmission line 
as a function of the receiving end current and voltage: 

 
RoRoS IBUAU ⋅+⋅=                     (1) 

RoRS IDUCI ⋅+⋅=  ;      (2) 
 
with: ( )dkcoshA = ; ( )dksinhZB c ⋅= ; ( )[ ] cZdksinhC = ; 

( )dkcoshD = . The eqs. (1) and (2) can be rearranged in the 
concise elegant matrix form, where M is often named 
transmission matrix [3-8],  
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which allows obtaining the vector wS at sending-end once 
fixed the vector wR at receiving-end. In order to express the 
vector wR at receiving-end, as a function of the vector wS at 
sending-end, the matrix formulation changes as follows: 
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; Ma=M-1 .    (4) 

 
It is easy to demonstrate that Ma is the inverse of M, by 

remembering that, A D - B C = 1 in virtue of the reciprocity 
principle [3-8]. 

IV.  THE OSSANNA'S THEOREM APPLIED TO THE 
EQUIVALENT POSITIVE-SEQUENCE CIRCUIT OF ANY 
TRANSMISSION LINE 
Ossanna’s theorem [1-2] analytically solves the regimes of 
any electric line modelled by its equivalent single-phase 
circuit when a voltage phasor is applied at its sending-end 
and a three-phase complex power SR is fixed at its 
receiving-end.  

It constitutes a powerful tool to investigate the steady 
state regimes and can determine the limit conditions of 
physical feasibility of the line operation. Of course, in the 
hypothesis of constraining the voltage phasor at receiving-
end, there would be no need to refer to Ossanna’s theorem, 
but such assumption is theoretically mistaken and inelegant.  
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In fact, by knowing the three-phase complex power at 
receiving-end of a line, the current would be immediately 
known and consequently the voltage and current at sending-
end would be known as well. This is because the sending-
end voltage and current are linked to the receiving-end ones 
by means of (3).  

A more traditional approach involves an iterative 
procedure instead of the Ossanna’s theorem to solve the 
electrical regime of transmission lines. In summary, in such 
procedure a voltage phasor magnitude is tentatively 
hypothesized at receiving-end; then, the current absorbed 
by the load is easily computed (by knowing the complex 
power fixed at receiving-end) and by means of the 
transmission equations (1) and (2), the voltage magnitude 
(and current) at the sending-end is computed and compared 
with the fixed one.  

The iterations stop when the magnitude of computed 
sending-end voltage differs from the fixed one by a given 
mismatch (see Appendix).  

However, this method is cumbersome since the number 
of necessary iterations increases significantly by increasing 
the chosen precision (see Appendix). In this context, one of 
the major points of strength of the Ossanna’s theorem is 
that it allows using a direct analytical solution and avoiding 
iterative procedures.  

Given the single-phase modelling of a three-phase 
network seen at the R port, the Ossanna's method 
determines, at the port itself, the possible voltage regimes 
(and consequently the current ones) due to a fixed absorbed 
complex power (for each phase) SoR = SoR ejϕ=SR/3.  

It is very useful, in this analysis, to represent the line by 
means of its equivalent Thevenin generator as seen by the 
port R, as it is shown in Fig. 1. The values of Thevenin 
equivalent voltage source and impedance can be derived 
from (1) and (2) as in (5) and (6):  
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being IRsc= short circuit current at the R port.  
Hence, by applying the second Kirchhoff law, (7) can be 

written as: 
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If the pu method is adopted and by assuming the 

following basis quantities  
 

  Uob=UoRNL   Sob=
Z

U 2
ob            Zb=Z 

and by posing UoRNL on the real axis, the following pu 
relations can be obtained:  
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By explicating the real and the imaginary parts of the 
unknown voltage in (8), the following system of equations 
is obtained  
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so that the uy component is derived from (10), i.e.  
 

 
uy =s⋅sin χ                                           (11) 

 
and it allows transforming (9) in (12): 
 
u2x +(s⋅sinχ)2–ux+s⋅cosχ=0  u2x–ux+[s⋅cosχ+(s⋅sinχ)2]=0.  (12) 
 

From (12), two analytical solutions yield:  
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where ζOss= ( )24
1 sin scoss χχ −−                          (14) 

 
Since ζOss must be real, this constrain gives the condition 

of physical feasibility.  
 
 

SoR ejϕ: single-phase
 complex power 

Z ejψ   IR 

 UoR UoRNL

 u=UoR/Uob 

 u=ue-jδ  uy 

 ux 

δ 
uoRNL=1 

R 

 Uob=|UoRNL| 

 
FIGURE 1  Single-phase model as seen at port R and phasor u (pu)  
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Therefore, it is possible to determine analytically the two 
pu phasors u1 and u2 at the port R, each of them compatible 
with the same pu fixed power s: 

 
 u1 =[(1/2) +ζOss ]− j[uy]                                    (15) 
 u2=[(1/2) −ζOss]− j[uy]                                      (16) 

ζOss≥ 0                                                                (17) 
 
being (17) the constraint of physical feasibility.  

It can be ascertained that the phasor u2, in (16), always 
presents very small magnitudes (with consequently higher 
currents) and it can be exploited as a precise reference for 
possible investigations of the voltage collapse conditions. 
Hence, if the objective of the transmission line study is to 
investigate the allowable regimes, only (15) must be taken 
into account. From (15) and (16) it is immediate to derive 
the relation ( ) ( )* *

1 2 2 11u u u u+ = = + , which clearly 
highlights how, if u1 is close to 1, the same cannot be for u2. 
 
A. The derivation of a direct formula for estimating the 
complex power at sending-end  
In order to compute the power losses Δp=3⋅real(SoS-SoR) and 
the whole reactive power required by the line 
Δq=3⋅imag(SoS-SoR), it is necessary to compute the complex 
power at sending-end SS. In order to obtain such 
fundamental formula (not shown in the Ossanna’s papers 
and never published in technical literature), the equivalent 
generator scheme as seen at sending-end must be 
considered.  

From (4), it is immediate to write the current IS as: 
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If, once again, the same basis quantities of Sect IV are 
adopted, the complex power at the sending-end is obtained 
as in (18): 
 

*

*

oR

S
S j

uDs Ai
eA ψ

−
= = → ( )* * 2j j

S oRs AD u e eα ψ= −       (18) 

 
where α is the argument of A and uoR is given by (15).  

Eq. (18) is completely general and it has never been 
published before. In case of symmetric line with D=A, (18) 
becomes the simpler one [9]: 

 
( )*2 2j j

S oRs A u e eα ψ= − . 

 
 
FIGURE 2  a) Indication of complex powers at sending and receiving 
ends; b) Equivalent generator as seen at sending-end  

B. The no-load energization of electric lines inside the 
grid and its de-energization 
In order to understand the behaviour of a given 
transmission line, the electrical engineering students should 
be able to easily answer the following questions: what 
happens when a no-load electric line is energized and de-
energized? How does a weak (i.e. low fault levels) or strong 
(i.e. high fault levels) grid condition overvoltages and no-
load currents?  

Let us consider the simplified sketch of Fig. 3, which 
shows the switch-on of a circuit breaker in the point S of a 
given line in order to energize it. It serves as a first 
didactical approach devoted to highlight the limit 
conditions for line energisation at no-load.  

In a generic network, the power supply in S can be 
modelled as an equivalent generator characterized by an 
electromotive force oU  (supposed to be equal to the 
nominal phase-to-earth voltage) and a short-circuit 
subtransient impedance Z'' (for simplicity assumed purely 
inductive, i.e. Z''=jX). The magnitude of the sub-transient 

voltage oRU ″  at the power frequency and no-load condition 
at the port R, following the closure of the circuit breaker is 
completely defined through the following formulae: 
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Line length = d 
S RZ'' 

U''oR Uo U''oS 

Electric line 

 
FIGURE 3  No- load energization at port S 

 
It is worth remembering that (20) expresses the Ferranti's 

effect.  
With regard to the evaluation of Z'', it is possible to refer 

to the relationship Z''= oU / scI ′′ . For example, in case of 
considering a 400 kV grid, the values of the subtransient 
short circuit current scI ′′  (three-phase short circuit at S) can 
be foreseen in the range of 10-50 kA, whereas the values of 
the reactance X ranges between 23-4,6 Ω. In order to 
respect the standard switching levels (e.g. 1050 kV for 
Ur=400 kV) with a conservative margin, it seems advisable 
that the phasor U''oR does not exceed the magnitude 
Um/ 3 ( e.g. =242,5 kV for Ur=400 kV and Um=420 kV).  

 
TABLE I  

PREFERRED VALUES OF RATED CAPACITIVE SWITCHING CURRENTS 
ADAPTED FROM [10] 

 Overhead line Cable line 

Rated voltage Ur  
[kV r.m.s.] 

Rated line-charging 
breaking 

current I [A r.m.s] 

Rated cable charging 
breaking 

current Ic [A r.m.s.] 
3,6 10 10 
12 10 25 
24 10 31,5 
36 10 50 
52  10  80  

72,5  10  125  
145  50  160  
245  125  250  
420  400  400  
550  500  500  
800  900  / 

 
In the hypothesis that, once the transient phenomena are 

extinguished, the voltage regulation system of the grid 
restores again the rated value Uo =230 kV at port S, it is 
possible to compute the no-load steady state current INL: 
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NL                                        (22) 

 
INL is the current which the circuit breaker b must be able 

to interrupt in case of de-energization of the no-load line. 
For this current the Standards on the Circuit Breaker (§ 
4.107 of [10]) suggest the limit values of Table 1. 

Eventually, the students must check that both the 
following additional constraints are fulfilled  

 
  oRU ′′ ≤ Um/ 3                                   (23) 

  |INL |≤ I  or  |INL |≤ Ic                            (24) 
 

V. APPLICATIONS  
Given that each professor can apply the approach presented 
in Sect. IV to the line typologies and voltage levels that he 
considers to be of much efficacy in relation to his course, in 
the following some possible applications to extra high 
voltage transmission lines are presented. More specifically, 
an overhead line, an insulated cable line and a gas-insulated 
line. The characteristics of these lines are shown in Table 2. 
In Table 2, beyond the pul parameters necessary for the 
computation of k and Zc, also the current rating Icur_rat (often 
called ampacity) is reported, so that it is possible to 
compute the receiving-end complex power at Icur_rat, i.e. 

 
( )_3 cos sinR R cur ratS U I jϕ ϕ= ⋅ +      (25) 

 
The power factor cosϕ can be set freely: in extra high 

voltage, a typical setting is cosϕ=0,98. 
 

A. Overhead line [11-13] with lengths of 300 and 50 km  
The natural power Snat [3-8] with reference to the voltage 

Ur=400 kV (see Table 2) is given by:  
 

[ ]
2 2

*

400000 624,21-j23,263 MW jMvar
255,97 j9,5394

r
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c
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Z

= = = +
+

 
whose magnitude is ⏐Snat⏐=624,64 [MVA]. From the 

power transmission theory, it is well known that for a real 
line operated at the natural power the percent voltage drop 
Δu, the percent power losses Δp and the percent reactive 
power required by the line Δq are given by: 

 

  

' 1,28 %
2 ' 2,56 %
2 ' 2,56 %

u k d
p k d
q k d

Δ ≅ =
Δ ≅ ⋅ =
Δ ≅ ⋅ =                        (26) 

 
where k' is the attenuation constant (real part of the 
propagation constant in Table 2). The complex power at 
current rating Icur_rat, is given by (25) i.e.  

 
( )3 400000 2955 0,98 0, 2 2006 407[ var]RS j j MW jM= ⋅ ⋅ ⋅ + ≅ + +

 
By means of (15), the students can realize how ζOss< 0 so 

that this complex power is not physically feasible for d=300 
km. Moreover, Table 3 reports several regimes that the 
electrical engineering students should be able to solve: such 
regimes are all very close to Snat (two are equal to it). The 
conclusion is that an overhead line of such length cannot 
transmit a power that is much higher than the natural one: 
the row 3 of Table 3 shows that even SR=700+j140 
[MW+jMvar] gives unacceptable voltage drops (about 20 
%!).  
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The second row of Table 3 allows the students to verify 
that if the line is operated at natural power with fixed 
voltage UoS=233,94 kV (so to have the same phase-to-earth 
voltage at receiving-end used to compute Snat i.e. 
400/ 3 =230,97 kV), the Δu and both Δp/Δq are practically 
equal to those theoretically foreseen in (26). If the length of 
the line were 50 km as in Table 4, a student could realize 
how the OHL can transmit power much higher than Snat up 
to that related to the current rating. The electrical 
engineering students can build a lot of tables for different 
line lengths, like Table 3 and 4, so to realize the following 
conclusions:  

 
• if the OHL is relatively short (about d≤150 km), it 

can transmit power much higher than Snat (up to 
about three times); 

• if the OHL is relatively long i.e. d>150 km, the 
transmissible power must be very close to Snat.  

 
Regarding the aspects deriving from the line 

energization, scI ′′  ranges between 10,8 kA (lowest fault 
level) and 50,8 kA (highest fault level) in the Italian extra 
high voltage grid. This implies the two equivalent reactance 
limits Xweak and Xstrong:  

 

[ ] ''0
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U
X Z jX j

I
= = = Ω ≅ =

[ ] ''0
''
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50800 strongstrong strong
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U
X Z jX j

I
= = = Ω ≅ =

 
Eq. (21) gives the two overvoltage limits for the weakest 

node and for the strongest one i.e.:  
 

'' ''0
'' 243,4oR oR
strong

UU 243430 -j1030,4 V U kV
A Z C

= = → ≅
+ ⋅

'' ''0
'' 249oR oR
weak

U
U 249010 -j1088,4 V U kV

A Z C
= = → ≅
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Eq. (23) must be particularized for the chosen voltage 

level Ur=400 kV: IEC standard gives Um=420 kV so that: 
''
oRU ≤ 420/ 3 =242,5 kV 

 
In both cases, the overvoltages exceed the constraint. 

Regarding the no-load switching current, it is:  
 

[ ]0 j89,66
NL

U
I 1,7638 +j294,58 294,59 e  A

A C
°= = =

 
 
In order to verify (24), Table 1 gives the value of 400 A 

so that: 
  |INL |≤ I =400 A 
which is verified.  

B. Insulated cable [14-19] 
The natural power Snat with reference to the voltage Ur=400 
kV is given by:  

 

[ ]
2 2

*

400000 3219,2-j109,9 MW jMvar
49,644 1,695

r
nat

c

US
jZ

= = = +
+

 

whose magnitude is [ ]3221 natS MVA= . This value is 
about five times the OHL natural power; consequently, the 
insulated cable has a greater aptitude for transmission of 
electric energy.  

The complex power at current rating is given by (25) i.e.  
 

( )3 400000 1788 0,98 0, 2 1214 248[ var]RS j j MW jM= ⋅ ⋅ ⋅ + = + +
 

Therefore, since this power is lower than the natural one, 
the insulated cable is limited by its thermal behavior even if 
from a power transmission standpoint, it has a very good 
behavior.  

By fixing 1 2 1 4 2 4 8 [ ]RS j M W a rjM v= + + , and 
by applying the Ossanna’s theorem, the students can easily 
infer that: 

0,618 %
3,8
297 var

u
P MW

Q M

Δ ≅
 Δ =
Δ ≅ −

 

 
Therefore, the steady-state regime is extremely good with 

a very low voltage drop and low power losses. It is worth 
noting that the cable line has a beneficial effect on power 
factor correction: in fact, the sending-end reactive power is 
only -54 Mvar.  

Many other regimes can be solved: it could be didactical to 
make the students solve an overload of the 10 %, i.e 

1 3 3 5   2 6  [ ]7RS Mj MW rj va= ++ . 
The results are reported below: 

 
0,751 %
4,6
287 var

u
P MW

Q M

Δ ≅
 Δ =
Δ ≅ −

 

 
The regime is still extremely good. With regard to the 

aspects deriving from the line energization, by 
hypothesizing, as in Sect. A, two limit equivalent 
impedances '' 21,905weakZ j≅=  and '' 4,5276strongZ j≅ , (21) 
gives the two overvoltage limits for the weakest node and 
for the strongest one, i.e.:  

'' ''0
''oR oR
strong

U
U 233730-j100,34 V U 233,73kV

A Z C
= = → ≅

+ ⋅

'' ''0
''oR oR
weak

U
U 243178 -j 114,1 V U 243,18 kV

A Z C
= = → ≅

+ ⋅
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In case of the insulated cable with d=30 km, (23) is not 
verified only for the weakest node energization: 
 

oRU ′′ ≥ 420/ 3 =242,5 kV 
 
In this way, the students should fix in their minds the 

very important concept of best-end switching [20]. 
Regarding the no-load switching current, it is:  

 
0

NL
U

I 0,499 +j509,28 A
A C

= =  

 
The magnitude of INL is greater than Ic=400 A and 

therefore the switching rated current constraint |INL|≤Ic=400 
A is not verified.  

An interesting exercise for the students could be to 
answer the following question: which is the maximum 
length of the insulated cable in order to fulfil the constraint 
of rated capacitive switching current?  

The solution is d=23,6 km (the solution can be found 
analytically only if the insulated cable were ideal (r=g=0), 
otherwise the students must find it by attempts).  

The professor can increase the length of the insulated 
cable and add the shunt compensations at both ends or at 
intermediate points along the cable. The students can again 
apply the settlement presented in this paper after having 
obtained the transmission matrix equivalent to the cascade 
connection of the cable sections and of the shunt reactors as 
the ordered product of all the transmission matrixes.  

 

C. Gas-insulated line [21-23] 
The natural power with reference to the voltage Ur=400 kV 
is given by:  
 

[ ]
2 2

*

400000 2535,5-j161,51 MW jMvar
62,849 j4

r
nat

c

US
Z

= = = +
+

 

 
whose magnitude is [ ]2541natS MVA≅ . This value is about 
four times greater than the OHL natural power, but it is 0,8 
times lower than the cable one. Consequently, the gas-
insulated line would have an aptitude for transmission of 
electric energy greater than OHL but lower than insulated 
cable. The complex power at current rating is given by (25) 
i.e.  

 
( )3 400000 2390 0,98 0, 2 1623 330[ var]RS j j MW jM= ⋅ ⋅ ⋅ + = + +   

 
Therefore, being this power lower than Snat, the gas-

insulated line is limited by its thermal constrain even if 
from a power transmission standpoint, it has a good 
behavior.  

By fixing 1 6 2 3 3 3 0[ ]RS j M W a rjM v= + + , the 

students must apply the Ossanna’s theorem, so to obtain:  
 

2,04 %
15,1

148,7 var

u
P MW

Q M

Δ ≅
 Δ =
Δ ≅ −

 

 
The steady-state regime is very good with a low voltage 

drop and low power losses.  
For exercise, the students can solve other regimes as 

those in Table 5. The first row is the no-load regime: the 
voltage drop Δu has a minus sign, i.e. it is an overvoltage 
due to the Ferranti’s effect. The second row is the natural 
power regime by fixing a voltage at sending-end equal to 
232,53 kV: from the theory, the voltage drop, power losses 
and reactive power required by the line should be about: 

 
' 0,685 %

2 ' 1,37 %
2 ' 1,37 %

u k d
p k d
q k d

Δ ≅ =
Δ ≅ ⋅ =
Δ ≅ ⋅ =

 

 
These values are almost completely confirmed. With 

regard to the aspects deriving from the line energization, by 
hypothesizing, as in Sect. A, two limit equivalent 
impedances '' 21,905weakZ j≅=  and '' 4,5276strongZ j≅ , (21) 
gives the two overvoltage limits for the weakest node and 
for the strongest one i.e.:  

 
'' ''0

''oR oR
strong

U
U 233150-j173,54 V U 233,15 kV

A Z C
= = → ≅

+ ⋅
 

'' ''0
''oR oR
weak

U
U 240,383-j0,183 V U 240,4 kV

A Z C
= = → ≅

+ ⋅
 

In case of the gas-insulated line with d=100 km, (23) is 
always verified i.e.  

 
  oRU ′′ ≤ 420/ 3 =242,5 kV 

 
About the no-load switching current, it is:  

 
0

NL
U

I 0,195 +j395,32 A
A C

= =  

 
whose magnitude is slightly lower than Ic = 400 A i.e. the 
inequation |INL |≤ Ic =400 A is verified.  

This implies that d=100 km is approximately the limit 
length for no-load switching current.  

Longer GILs need a suitable shunt compensation.  
 
D. Hybrid transmission lines: cascade connection of 
overhead, cable and gas-insulated lines [24-26] 
Hybrid lines are an interesting possibility to overcome 
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geographical limits or oppositions to the erection of an 
entirely overhead line.  

The professor can ideate any combination of cascade 
connection of the three abovementioned transmission line 
typologies with or without shunt reactive compensation.  

E. The voltage collapse [27] 
The last application of the Ossanna’s theorem could be the 
drawing of the classical "nose curve" due to the voltage 
collapse. In fact, as already mentioned, it can be ascertained 
that the phasors u2, by (16), gives a precise reference for the 
voltage collapse.  

Therefore, the students can storage the two vectors u1 
form (15) and u2 from (16) by increasing the receiving-end 
active power.  

By plotting as x-axis, the receiving-end active power and 
as y-axis the receiving-end voltage magnitudes of u1 and u2, 
it is possible to obtain the curve of Fig. 4.  

 

Only this use of Ossanna's theorem allows the students to 
avoid the cumbersome formulae [28] commonly used to 
obtain the "nose curve".  

 
FIGURE 4  Voltage collapse of the overhead line d=50 km in Table 2 

 

TABLE 2  
APPLICATION OF THE PRESENT EDUCATION APPROACH TO THE EXTRA HIGH VOLTAGE TRANSMISSION LINES 

OVERHEAD LINE Ur=400 kV INSULATED CABLE Ur=400 kV GAS-INSULATED LINE Ur=400 kV

 

7,4 7,4 

0,95 

7,
4 

9,43 

s=0,4 m 

1 
2 

3 

4 5 

42
,2

0 

3 bundled 
conductor ACSR 
Φ=31,5 mm; 
r20°C=0,05564 Ω/km 

 

 
 

 
 
 

d=300 km and d=50 km d=30 km d=100 km 
r50°C=21 mΩ/km r90°C=12,5 mΩ/km r=8,616 mΩ/km 
=0,8591 mH/km =0,576 mH/km =0,2144 mH/km 
c=13 nS/km c=234 nF/km c=54,5 nF/km 
g=13,13 nS/km g=51,459 nS/km g=0 nS/km
k=42,687⋅10-6+j1,056⋅10-3 1/km k=0,12718⋅10-3+j3,6494⋅10-3 1/km k=68,545⋅10-6+j1,0761 10-31/km 
ZC=255,97-j 9,5394 Ω ZC=49,644-j1,695 Ω ZC=62,849-j4 Ω 
Icur_rat=2955 A Icur_rat =1788 A Icur_rat =2390 A 

 

TABLE 3  
STEADY-STATE REGIMES OF THE OVERHEAD LINE OF TABLE 2 WITH d=300 km 

SR [MW+jMvar] R

R

Q
P

 ⏐UoR⏐ 
kV 

⏐UoS⏐ 
kV 

ϑ 
° 

Δu 
% 

ΔP 
MW 

ΔQ 
Mvar 

Δp 
% 

⏐IR⏐ 
A 

⏐IS⏐ 
A _

max( , )R S

cur rat

I I
I

624-j23,3 0,04 225,98 230 18,64 1,78 16,81 15,44 2,69 921,4 929,1 0,314 
624-j23,3 0,04 230,97 233,94 17,91 1,286 16,19 -0,713 2,59 901,5 913,1 0,309
700+j140 0,2 191,6 230 24,5 20,04 28,03 190,46 4 1241,9 1158,7 0,42
750+j150 0,2 181,22 230 28,02 26,91 35,87 300,7 4,78 1406,8 1313 0,476
800+j160 0,2 160,48 230 34,45 43,29 51,98 525,31 6,5 1694,3 1584,6 0,573
800+j160 0,2 198,16 242,5 25,76 22,37 34,18 254,36 4,27 1372,3 1280,4 0,464

 

PR MW 

kV

| UoR|
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TABLE 4  
STEADY-STATE REGIMES OF THE OVERHEAD LINE OF TABLE 2 WITH d=50 km 

SR [MW+jMvar] R

R

Q
P

 ⏐UoR⏐ 
kV 

⏐UoS⏐ 
kV 

ϑ 
° 

Δu 
% 

ΔP 
MW 

ΔQ 
Mvar 

Δp 
% 

⏐IR⏐ 
A 

⏐IS⏐ 
A _

max( , )R S

cur rat

I I
I

1000+j200 0,2 223,879 230 4,931 2,734 7,316 60,879 0,732 1518,4 1508 0,514
1200+j240 0,2 222,321 230 5,962 3,454 10,646 103,923 0,887 1834,8 1824 0,621
1400+j280 0,2 220,658 230 7,013 4,233 14,680 156,039 1,049 2156,8 2145,4 0,730 
1600+j320 0,2 218,884 230 8,087 5,078 19,464 217,794 1,216 2484,8 2473,1 0,841
1800+j360 0,2 216,987 230 9,186 5,997 25,047 289,860 1,392 2819,9 2807,7 0,954
2000+j400 0,2 214,957 230 10,314 6,998 31,494 373,038 1,575 3162,8 3150,2 1,070

TABLE 5  
STEADY-STATE REGIMES OF THE GAS-INSULATED LINE OF TABLE 2 WITH D=100 KM 

SR [MW+jMvar] R

R

Q
P

 ⏐UoR⏐ 
kV 

⏐UoS⏐ 
kV 

ϑ 
° 

Δu 

% 
ΔP 

MW 
ΔQ 

Mvar 
Δp 
% 

⏐IR⏐ 
A 

⏐IS⏐ 
A _

max( , )R S

cur rat

I I
I

0,00+j0,00 / 231,33 230 0,042 -0,576 0,135 -272,770 / 0 395,3 0,165
2535,5-j161,51 -0,064 230,94 232,53 6,123 0,688 34,998 -2,24 1,380 3667,1 3692,3 1,545

 

VII. CONCLUSIONS 
The paper presents the power education approach used in 
the Department of Industrial Engineering at Padova 
University. The extensive use of Ossanna’s theorem, 
together with other original formulae of no-load switching 
current and overvoltages due to the line energization, gives 
the students a powerful tool to understand the impact of 
steady-state regimes of symmetric electric lines. Moreover, 
the paper shows how the voltage collapse can also be 
evaluated in a very simple manner. During the last ten 
years, this approach has proven to increase the awareness of 
the students regarding the actual issues of the power 
systems. Moreover, our graduate students, employed in the 
Italian Transmission and Distribution System Operators, 
witness that they continue using these concepts during their 
working activities.  
Furthermore, the authors wish to highlight that, potentially, 
Ossanna's theorem could be applicable to large power 
systems for solving analytically the power flow by avoiding 
iterative procedures. Of course, a lot of research (and a 
stroke of genius) is necessary to verify if this is possible. In 
this case, it would not be a didactical result but a very 
important scientific contribution to power system 
community. 

APPENDIX ITERATIVE PROCEDURES 
Let us suppose to solve the regime of row 6 in Tab. 4. A 
first tentative chosen voltage magnitude can be UoR=210 kV 
so to compute  

  
*

*
oR

R
oR

S
I 3,1746 -j0,635 kA

U
= =  

By means of (1), the value of Uos can be derived i.e.:  
 

221,605 +j 42,178 kVRoS oRU A U B I= ⋅ + ⋅ =  
 
whose magnitude 225,583 kV is different from the fixed 
voltage 230 kV. Then, a magnitude value greater than 0,1 
kV is newly chosen for UoR and the same aforementioned 
procedure iterates. By setting a precision of 0,1 kV, in 49 

iterations, the regime is solved with a solution equal to UoR 
= 214,9 kV versus the exact value of UoR = 214,957 kV by 
Ossanna's theorem. The iterative method needs to have a 
first tentative value as close as possible to the right solution 
otherwise thousands of iterations are needed: therefore, it is 
cumbersome and much less effective than an analytical 
solution and, furthermore it does not allow evaluating the 
phenomenon of the voltage collapse.  
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