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W econsiderdi�erentM 2-branecon�gurationsin theM -theory AdS 7� S4 background,with

�eld theory dualA N � 1(2;0)SC F T.New m em branesolutionsarefound and com pared with the

recently obtained ones.

K eyw ords:M -theory,AdS-CFT and dS-CFT Correspondence

1 Introduction

The paper[1]by G ubser,K lebanov and Polyakov on the sem i-classicallim itofthe AdS=C F T

duality hasinspired a lotofinterestin theinvestigation oftheexisting connectionsbetween the

classicalstring solutions,their sem i-classically quantized versions and the relevant objects on

the �eld theory side. Di�erentstring con�gurationshave been considered,describing rotating,

pulsating or orbiting strings. M uch attention has been paid to string solutions in type IIB

AdS5 � S5 background with �eld theory dualN = 4 SU (N ) SY M in four dim ensionalat

space-tim e. M oreover,the string dynam ics has been investigated in m any other string theory

backgrounds,known to have�eld theory dualdescriptionsin di�erentdim ensions,with di�erent

num berof(orwithout)supersym m etries,conform alornon-conform al.Besides,m em branesolu-

tionsin M -theory backgroundshavebeen obtained [2]-[5].In [2]-[4],M 2-branecon�gurations

have been considered in AdS7 � S4 space-tim e,with �eld theory dualA N � 1(2;0) SC F T. Ro-

tating m em brane solution in AdS7 have been obtained in [2].Rotating and boosted m em brane

con�guration wasinvestigated in [3].M ultiwrapped circularm em brane,pulsating in the radial

direction ofAdS7,hasbeen considered in [4]. The article [5]isdevoted to the investigation of

rotating m em braneson G 2 m anifolds.

Here,we willbe interested in obtaining new m em brane solutions in AdS7 � S4 M -theory

background. In section 2,we give briefdescription ofthe recently received M 2-brane solutions

in thisspace-tim e.In section 3,we�rstly settlethefram ework,which wewillwork in.1 Then,we

proceed to�nd severalM 2-branesolutions,based on twodi�erenttypesofm em braneem bedding.

Thegeneric form ulas,necessary forourcalculationsin thissection,are collected in appendix.

1
Actually,we willuse the generalapproach developed in [6].
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2 Short review ofthe recent M 2-brane solutions in AdS7 � S
4

Letusreview briey som e ofthe resultsobtained recently in [2]-[4],concerning the M 2-brane

dynam icson AdS7 � S4 background.

In [2],a rotating m em brane in AdS7 was considered. The background m etric is taken in

globalcoordinates

ds
2
A dS7

= � cosh2�dt2 + d�
2 + sinh2�

h

d�
2 + sin2�

�

d�
2 + sin2�d
2

3

�i

:

The M 2-brane worldvolum e coordinates are (�;�;’)and the rotating m em brane con�guration

isgiven by the ansatz

t= �; � = �(�); � = �(’); � = !�: (2.1)

Therefore,the m etric seen by theM 2-brane is

ds
2 = � cosh2�dt2 + d�

2 + sinh2�
�

d�
2 + sin2�d�2

�

:

Thisbackground doesnotdepend on the coordinatestand �,which leadsto the conservation

ofthe corresponding generalized m om enta -the energy and the spin ofthe m em brane.Forthe

con�guration (2.1),they were found to be

E = 4N

Z �0

0

d�

Z �2

�1

d�
cosh2�sinh�

q

cosh2� � !2sinh2�sin2�

;

s= 4N !

Z �0

0

d�

Z �2

�1

d�
sinh3�sin2�

q

cosh2� � !2sinh2�sin2�

:

Rotating and boosted m em brane con�guration wasinvestigated in [3]. The following coor-

dinatesfortheAdS7 � S4 m etric have been used

l
� 2
p ds

2

A dS7� S
4 = 4R 2

n

� cosh2�dt2 + d�
2 + sinh2�

�

d 
2
1 + cos2 1d 

2
2 + sin2 1d


2
3

�

+
1

4

h

d�
2 + cos2�d�2 + sin2�

�

d�
2 + cos2�d2

�i�

; (2.2)

d
2
3 = d 

2
3 + cos2 3d 

2
4 + cos2 3cos

2
 4d 

2
5; R

3 = �N :

The coordinateswhich param eterize the m em brane worldvolum e are chosen to be (�1;�2;�3)=

(�;�;�).Then,theconsidered M 2-brane em bedding can bewritten asfollows

t= ��; � = �(�);  1 = �=4;  2 =
p
2a�;  5 =

p
2!�; � = 2��; (2.3)

and allothercoordinatessetto zero.Hence,thebackground feltby them em brane is

ds
2 = (2lpR)

2

�

� cosh2�dt2 + d�
2 +

1

2
sinh2�

�

d 
2
2 + d 

2
5

�

+
1

4
d�

2

�

:

Thism etric doesnotdepend on fourcoordinates -t, 2, 5 and �. The conserved quantities,

corresponding to the K illing vectors@=@t,@=@ 5 and @=@�,have been obtained to begiven by
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the equalities

E =
4R 3

�
�

Z �0

0

sinh�cosh2�d�
q

(�2 � �2)cosh2� � (!2 � �2)sinh2�

;

S =
4R 3

�
!

Z �0

0

sinh3�d�
q

(�2 � �2)cosh2� � (!2 � �2)sinh2�

;

J =
4R 3

�
�

Z �0

0

sinh�d�
q

(�2 � �2)cosh2� � (!2 � �2)sinh2�

:

Itwaspointed outin [3]thatthere existsthe following connection between the energy E ,the

spin S and theR-charge J ofthem em brane

E =
�

!
S +

�

�
J:

Then,thisconstrainthasbeen used to determ inethe dependenceofE on S and J.

AnothertypeofM 2-branecon�guration -m ultiwrapped circularm em branepulsating in the

radialdirection ofAdS7,hasbeen considered in [4].Thecoordinateson AdS7 � S4 and on the

M 2-brane worldvolum e are chosen asin [3].Them em braneem bedding isgiven by theansatz

t= �; � = �(�);  1 = �=4;  2 =
p
2a�;  5 =

p
2m �: (2.4)

Itfollowsfrom herethatthe m etric seen by theM 2-brane is

ds
2 = (2lpR)

2

�

� cosh2�dt2 + d�
2 +

1

2
sinh2�

�

d 
2
2 + d 

2
5

��

: (2.5)

Therelevantaction forsuch m em branecon�guration reads[4]:

I = � (2R)
3
am

Z

dtsinh2�

q

cosh2� � _�2: (2.6)

3 N ew M 2-brane solutions in AdS7 � S
4

In considering theM 2-branedynam ics,wewillusethefollowing action fora m em branem oving

in curved space-tim e with m etric tensor gM N (x),and interacting with a background 3-form

gauge �eld bM N P (x)

S =

Z

d
3
�L =

Z

d
3
�

�
1

4�0

h

gM N (X )
�

@0 � �
i
@i

�

X
M
�

@0 � �
j
@j

�

X
N (3.1)

�

�

2�0T2

�2
det

�

gM N (X )@iX
M
@jX

N
�i

+ T2bM N P (X )@0X
M
@1X

N
@2X

P

�

;

� = (�0;�1;�2)= (�;�;�); @m = @=@�
m
;

m = (0;i)= (0;1;2); M = (0;1;:::;10);

where �m are Lagrange m ultipliers,xM = X M (�) are the m em brane em bedding coordinates,

and T2 isitstension.Thisaction isclassically equivalentto the Nam bu-G oto typeaction 2

S
N G = � T2

Z

d
3
�

�q

� det(@m X
M @nX

N gM N (X ))�
1

6
"
m np

@m X
M
@nX

N
@pX

P
bM N P (X )

�

;(3.2)

2
Nam ely thisaction hasbeen used in [2]-[4].
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and to the Polyakov type action

S
P = �

T2

2

Z

d
3
�

np
� 

h


m n
@m X

M
@nX

N
gM N (X )� 1

i

�
1

3
"
m np

@m X
M
@nX

N
@pX

P
bM N P (X )

�

;

asshown in [6].

W echooseto work with theaction (3.1),becauseitpossessesthefollowing advantages.First

ofall,itdoesnotcontain squareroot,thusavoiding theintroduction ofadditionalnonlinearities

in the equations ofm otion. Besides,the equations ofm otion for the Lagrange m ultipliers �m

generate the independentconstraintsonly

G 00 � 2�jG 0j + �
i
�
j
G ij +

�

2�0T2

�2
det(G ij)= 0; (3.3)

G 0j � �
i
G ij = 0;

where

G m n = @m X
M
@nX

N
gM N (X ) (3.4)

isthem etricinduced on them em braneworldvolum e.Finally,thisaction givesa uni�ed descrip-

tion forthe tensile and tensionlessm em branes,so the lim itT2 ! 0 m ay be taken atany stage

ofourconsiderations.

Furtheron,wewillusethegauge�m = constants,in which theequationsofm otion forX M ,

following from (3.1),are given by (G � det(G ij))

gLN

��

@0 � �
i
@i

� �

@0 � �
j
@j

�

X
N
�

�

2�0T2

�2
@i

�

G G
ij
@jX

N
��

+ �L;M N

��

@0 � �
i
@i

�

X
M
�

@0 � �
j
@j

�

X
N
�

�

2�0T2

�2
G G

ij
@iX

M
@jX

N

�

= 2�0T2H LM N P @0X
M
@1X

N
@2X

P
;

where

�L;M N = gLK �
K
M N =

1

2
(@M gN L + @N gM L � @LgM N )

arethecom ponentsofthesym m etricconnection com patiblewith them etric gM N and H LM N P

isthe�eld strength ofthe 3-form gauge potentialbM N P .

W e willinvestigate the M 2-brane dynam icsin the fram ework ofthe following two typesof

em bedding (��m = constants)

X
�(�;�i)= ��m �

m = �
�

0
� + �

�

1
� + �

�

2
�; X

a(�;�i)= Y
a(�); (3.5)

and

X
�(�;�i)= �

�

1� + �
�

2� + Y
�(�); X

a(�;�i)= Y
a(�): (3.6)

Here,the em bedding coordinatesX M (�;�i)are divided into X M = (X �;X a),where X �(�;�i)

correspond to the space-tim e coordinatesx�,on which the background �eldsdo notdepend

@�gM N = 0; @�bM N P = 0: (3.7)

In otherwords,we suppose thatthere existn� com m uting K illing vectors @=@x�,where n� is

the num ber ofthe coordinates x�. The two ansatzes -(3.5) and (3.6),willbe referred to as

lineargaugesand generalgauges,in analogy with thenam estatic gaugeused fortheem bedding

X m (�n)= �m .

Allform ulas,necessary forourcalculationsin thissection,are given in appendix.
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3.1 Exact m em brane solutions in linear gauges

Com paring the M 2-brane em beddings(3.5)and (3.6),which we are going to explore,with the

previously used ones(2.1),(2.3)and (2.4),oneseesthatonly (2.4)isofthesam etype.Nam ely,

itisparticularcase of(3.5),corresponding to (X � = X 0;2;3;X a = X 1)

�00 = 1; �0i = 0; �21 =
p
2a; �20 = �22 = 0; �32 =

p
2m ; �30 = �31 = 0;

X
1(�;�;�)= Y

1(�)= �(�):

Asfarasclassicalm em branesolution hasbeen notgiven in [4],webegin with obtaining such

solution,based on theiransatz (2.4). Letus�rstwrite down the two actions-(3.1)and (3.2),

forthe case underconsideration.To thisend,we need to com pute the induced m etric (3.4).It

can befound by com paring (3.3)with (A.2),forexam ple.Itsnonzero com ponentsare

G 00 = � (2lpR)
2
�

cosh2� � _�2
�

; G 11 = (2lpR)
2
a
2sinh2�; G22 = (2lpR)

2
m

2sinh2�:

Taking thisinto account,one receives

S
N G = � (2�)2T2(2lpR)

3
am

Z

dtsinh2�

q

cosh2� � _�2;

which reproducesthe Nam bu-G oto typeaction (2.6),used in [4],for

T2 =
1

(2�)2l3p
:

O uraction forthiscase isgiven by (A.1),and itreads

S
LG =

(2�lpR)
2

�0

Z

dt

�

_�2 +

��

�
1
a

�2
+
�

�
2
m

�2
�

sinh2� (3.8)

� cosh2� �
�

2�0T2

�2
(2lpR)

2
a
2
m

2sinh4�

�

:

Since our m em brane con�guration is de�ned by (2.4),the relevant background is (2.5). It

doesnotdepend on x0 = t,x2 =  2 and x
3 =  5,i.e.we have three com m uting K illing vectors

@=@t,@=@ 2 and @=@ 5.Correspondingly,the Lagrangian in (3.8)doesnotdepend on x0 = t,

x2 =  2 and x
3 =  5.Therefore,theconjugated m om enta P0 = Pt,P2 = P 2 and P3 = P 5 are

conserved.From (A.5),one obtainsthefollowing explicitexpressionsforthem

P0 = �
(2lpR)

2

2�0
cosh2�; P2 = �

p
2a�1

(2lpR)
2

4�0
sinh2�; P3 = �

p
2m �2

(2lpR)
2

4�0
sinh2�:

For com patibility ofthe m em brane em bedding with the constraints (A.3),the conditions

(A.6)m ustbeful�lled.In thepresentcase,they lead to P2 = P3 = 0.Thism eansthatwehave

to work in theworldvolum e gauge �i= 0.Then

P2 = P3 � 0; �
�

iP� � 0;

and theconstraints(A.3)arealso identically satis�ed.

In lineargauges,thereisanotherconsistency condition -(A.7),which connectthem em brane

energy E with allthe conserved m om enta P�. For the em bedding,we are considering,(A.7)

juststatesthat

E = � V P0 = const:

5



Thus,in the fram ework ofthe ansatz (2.4),the only nontrivialconserved quantity is the M 2-

braneenergy.

Finally, it rem ains to present the solution of the equations of m otion (A.9) and of the

constraint(A.8).O urbackground (2.5)dependson only one coordinate -x1 = �.In thiscase,

asexplained in theappendix,theconstraint(A.8)is�rstintegralfortheequation ofm otion for

�(�),and thegeneralsolution satisfying � (�0)= �0 isgiven by (A.19).Forthecase athand,it

reads

� (�)= �0 +

Z �

�0

d�

"
�0E

(2�lpR)
2
� cosh2� �

�

2�0T2

�2
(2lpR)

2
a
2
m

2sinh4�

#
� 1=2

: (3.9)

Letusnow try to �nd a m em brane solution based on m ore generalem bedding ofthe type

(3.5),when thebackground seen by theM 2-branedependson two coordinates.To thisend,we

choose the following ansatz (X � = X 0;3;4;X a = X 1;2 in ournotations)

X
0(�;�;�)� t(�;�;�)= �;

X
1(�;�;�)= Y

1(�)= �(�);

X
2(�;�;�)= Y

2(�)=  1(�); (3.10)

X
3(�;�;�)�  2(�;�;�)= �31� + �32�;

X
4(�;�;�)�  5(�;�;�)= �41� + �42�:

Com paring with (2.2),oneseesthatthe relevantbackground m etric is

ds
2 = (2lpR)

2
h

� cosh2�dt2 + d�
2 + sinh2�

�

d 
2
1 + cos2 1d 

2
2 + sin2 1d 

2
5

�i

: (3.11)

Fortheabovem em branecon�guration,ouraction (A.1),in worldvolum egauge�i= 0,reads

S
LG =

(2�lpR)
2

�0

Z

dt

h

_�2 + _ 1
2
sinh2� � cosh2� (3.12)

� (2lpR)
2
�

2�0T2�
�2
sinh4�sin2 1cos

2
 1

�

;

�= � 3
1�

4
2 � �41�

3
2:

Thecorresponding Nam bu-G oto type action is

S
N G = � (2�)2(2lpR)

3
T2�

Z

dtsinh2�sin 1cos 1

q

cosh2� � _�2 � _ 1
2
sinh2�: (3.13)

According to (A.5)and (A.7),the conserved quantitiesare given by

E = � (2�)2P0 =
(4�lpR)

2

2�0
cosh2�; P3 = P4 = 0:

Thecom patibility conditions(A.6),and therefore-theconstraints(A.3),areidentically satis�ed.

So,ournexttask isto solve the equationsofm otion (A.9)and the rem aining constraint(A.8).

As far as the background (3.11)is diagonalone,and dependson two coordinates,we can use

the generalexpressions(A.25)and (A.26)forthe �rstintegralsofthe equations(A.21),which

also solve the constraint(A.22),ifthe conditions(A.23)and (A.24)are satis�ed.Letuscheck

ifthisisthe case.Theconditions(A.23)areful�lled,because they take the form

A
L
a � 0;

@

@ 1
sinh2� � 0:
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Consequently,itrem ainsto satisfy theconditions(A.24).In thecaseathand,they require,the

righthand sidesof(A.25)and (A.26)to depend only on Y 1 = � and Y2 =  1 respectively. To

see ifthisistrue,letuswritedown the �rstintegrals(A.25)and (A.26)explicitly

(2lpR)
4
_�2 = �

D 2(�)

sinh2�
� F (�)� 0; (3.14)

(2lpR sinh�)
4 _ 1

2
= D 2(�)+ (2lpR sinh�)

2
U
L(�; 1) (3.15)

= D 2(�)+ (2lpR sinh�)
2

(
�0E

�2
� (2lpR)

2
h

cosh2�

+ (2lpR)
2
�

2�0T2�
�2
sinh4�sin2 1cos

2
 1

��

:

Itisevidentthatthe r.h.s.ofthe equation for _� isa function only on �,while the r.h.s.ofthe

equation for _ 1 isnota function only on  1.Hence,thesecond oftheconditions(A.24)rem ains

unsatis�ed in thegeneralcase.Thereexists,however,a particularcase,when itcan beful�lled.

Aslong asthefourparam eters�
3;4

i in ouransatz(3.10)arestillarbitrary,wecan restrictthem

by the condition �= 0,and choose the arbitrary function D 2(�)as

D 2(�)= d
2
� (2lpR sinh�)

2

"
�0E

�2
� (2lpR)

2
cosh2�

#

� 0; d
2 = const:

In thisway,ther.h.s.of(3.15)becam eaconstantand allintegrability conditions(A.23),(A.24),

are satis�ed. 3

Thesam eresultm ay beachieved by setting them em branetension T2 = 0,instead of�= 0.

In both cases,thesolution oftheequations(3.14)and (3.15)willcorrespond toanullm em brane,

becausethedeterm inantoftheworldvolum em etriciszero forthiscon�guration.W e notethat

such solution cannotbeobtained by using theNam bu-G oto typeaction (3.13).Itisidentically

zero in thiscase,while theaction (3.12),which we are using,sim pli�esto

S
LG
0 =

(2�lpR)
2

�0

Z

dt

�

_�2 + _ 1
2
sinh2� � cosh2�

�

:

Letusturn to them oreinteresting case,when theM 2-braneextendsalso on theS4-partof

the AdS7 � S4 background.To thisaim ,we choose the following em bedding oftype(3.5)4

X
0(�;�;�)� t(�;�;�)= �00� + �01� + �02�;

X
1(�;�;�)= Y

1(�)= �(�);

X
2(�;�;�)�  2(�;�;�)= �20� + �21� + �22�; (3.16)

X
3(�;�;�)�  5(�;�;�)= �30� + �31� + �32�;

X
4(�;�;�)= Y

4(�)= �(�);

X
5(�;�;�)� �(�;�;�)= �50� + �51� + �52�:

Thebackground seen by them em brane is( 1 = �=4)

ds
2 = (2lpR)

2

�

� cosh2�dt2 + d�
2 +

1

2
sinh2�

�

d 
2
2 + d 

2
5

�

+
1

4

�

d�
2 + cos2�d�2

��

; (3.17)

3
How the equations (3.14) and (3.15) can be solved, we will explain on the exam ple of the next case of

m em brane em bedding,considered below.
4
The M -theory background 3-form on S

4
iszero forthisansatz.
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and in ournotationsX � = X 0;2;3;5;X a = X 1;4.

Fortheansatz (3.16)and in accordance with (A.7),theenergy E isa linearcom bination of

allconserved m om enta P�

E = � (2�)2�
�

0P� = �
(2�)2

2�0
�
�

0

�

��0 � �
j��j

�

g��:

Actually,thecom patibility conditions(A.6),(A.7),can besatis�ed byexpressingthreeofthefree

param etersthrough the others.Ifwe choose to exclude �51,�
5
2 and P0,the following equalities

willhold

�51 =
1

�00P5

h

�01

�

E + �50P5

�

� D 02P2 � D 03P3

i

;

�52 =
1

�00P5

h

�02

�

E + �50P5

�

� d02P2 � d03P3

i

;

P0 = �
1

�00

�

E + �20P2 + �30P3 + �50P5

�

:

Here

D 02 = �00�
2
1 � �20�

0
1; D 03 = �00�

3
1 � �30�

0
1;

d02 = �00�
2
2 � �20�

0
2; d03 = �00�

3
2 � �30�

0
2:

O urnexttask is to solve the equations ofm otion (A.21)and the constraint(A.22),where

A a = 0,Gaa = (g11;g44),

U =
2�0E

(2�)2
�

�

2�0T2

�2
det(�

�

i�
�
jg��)

=
2�0E

(2�)2
+ (2lpR)

4
�

�
0
T2

�2 nh

2
�

� 2
02 + � 2

03

�

cosh2� � � 2
23sinh

2
�

i

sinh2�

+
1

2

h

2� 2
05cosh

2
� �

�

� 2
25 + � 2

35

�

sinh2�
i

cos2�

�

;

and � 2
�� = (�

�

1
��2 � ��1�

�

2
)
2
.Now,contrary to the previously considered case,we have enough

freedom to satisfy the integrability conditions (A.23) and (A.24), for arbitrary value of the

m em branetension.To thisend,we can choose

� 2
25 + � 2

35 = 2� 2
05;

D 4(�)= d� (lpR)
2

(
2�0E

(2�)2
+ (lpR)

4
�

4�0T2

�2

�

h

2
�

� 2
02 + � 2

03

�

cosh2� � � 2
23sinh

2
�

i

sinh2�
o

� 0;

where d is arbitrary constant. After this choice,the �rst integrals (A.25) and (A.26) ofthe

equationsofm otion for�(�)and �(�)take the form

(g11 _�)
2
= � 4D 4(�)� �1(�)� 0; (3.18)

(g44 _�)
2
= d+ (lpR)

6
�

4�0T2� 05

�2
cos2� � � 4(�)� 0: (3.19)

Thegeneralsolutionsofthese equationsaregiven by

�(�)= (2lpR)
2

Z
d�

p
�1(�)

; �(�)= (lpR)
2

Z
d�

p
�4(�)

:
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From (3.18)and (3.19),we can also �nd theorbit� = �(�):

4

Z
d�

p
�1(�)

=

Z
d�

p
�4(�)

:

3.2 Exact m em brane solutions in generalgauges

In this subsection,we willconsider severalM 2-brane con�gurations in the fram ework ofthe

ansatz (3.6),which corresponds to m ore generalem bedding than (3.5). Now,the m em brane

coordinatesX �(�;�;�)are allowed to vary non-linearly with the propertim e �.

To begin with,letustake the m ostgeneralansatz oftype(3.6)forthebackground (2.5)

X
0(�;�;�)� t(�;�;�)= �01� + �02� + Y

0(�);

X
1(�;�;�)= Y

1(�)= �(�);

X
2(�;�;�)�  2(�;�;�)= �21� + �22� + Y

2(�); (3.20)

X
3(�;�;�)�  5(�;�;�)= �31� + �32� + Y

3(�);

X
� = X

0;2;3
; X

a = X
1
:

Theconserved m om enta are given in (A.12),and forourcase they read

P� =
g��

2�0

�
_Y �

� �
j��j

�

: (3.21)

In particular,them em braneenergy is

E = � p0 = � V P0 =
(4�lpR)

2

2�0
cosh2�

�
_Y 0
� �

j�0j

�

: (3.22)

Thecom patibility conditions(A.13)are satis�ed for

�31 =
1

p3

�

�01E � �21p2

�

; �32 =
1

p3

�

�02E � �22p2

�

;

and thefollowing relationsbetween theconserved quantitiescan bealso derived from them

E =
� 23

� 03

p2 = �
� 23

� 02

p3:

The background (2.5)dependsonly on the �-coordinate. In thiscase,the generalsolution

for the m em brane coordinate �(�) is given by (A.19),which for the case under consideration

reducesto

�(�)= �0 +
1

2�0

Z
�

�0

d�
p
W (�)

;

where

W (�) =
1

(4�lpR)
4

"
E 2

cosh2�
�
2(p22 + p23)

sinh2�

#

� (lpR)
2

�
T2� 02

p3

�2 h

E
2sinh2� � 2(p22 + p

2
3)cosh

2
�

i

sinh2�:

To see the di�erence between the m em brane solutions,obtained in the fram ework ofdi�erent

type ofem beddings,one can com pare the above result with (3.9). Both solutions are for the

sam e background (2.5).
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W orking with the ansatz (3.20),we have to write down also the solutionsfortherem aining

M 2-brane coordinates X �,given in the generic case in (A.20). These generalsolutions are as

follows

X
0(�;�;�)� t(�;�;�)= �01

h

�
1
�(�)+ �

i

+ �02

h

�
2
�(�)+ �

i

+
E

(4�lpR)
2

Z �

�0

d�

cosh2�
p
W (�)

;

X
2(�;�;�)�  2(�;�;�)= �21

h

�
1
�(�)+ �

i

+ �22

h

�
2
�(�)+ �

i

+
2p2

(4�lpR)
2

Z
�

�0

d�

sinh2�
p
W (�)

;

X
3(�;�;�)�  5(�;�;�)=

1

p3

n�

�01E � �21p2

� h

�
1
�(�)+ �

i

+
�

�02E � �22p2

� h

�
2
�(�)+ �

io

+
2p3

(4�lpR)
2

Z
�

�0

d�

sinh2�
p
W (�)

:

The nextM 2-brane con�guration,we willconsider,isbased on the m ostgeneralansatz of

type (3.6)forthe background (3.17)

X
0(�;�;�)� t(�;�;�)= �01� + �02� + Y

0(�);

X
1(�;�;�)= Y

1(�)= �(�);

X
2(�;�;�)�  2(�;�;�)= �21� + �22� + Y

2(�); (3.23)

X
3(�;�;�)�  5(�;�;�)= �31� + �32� + Y

3(�);

X
4(�;�;�)= Y

4(�)= �(�);

X
5(�;�;�)� �(�;�;�)= �51� + �52� + Y

5(�);

X
� = X

0;2;3;5
;X

a = X
1;4
:

Theexpressionsfortheconserved m om enta,and in particularforthem em braneenergy arethe

sam easin (3.21)and (3.22).Thecom patibility conditions(A.13)areful�lled identically,when

�51 =
1

p5

�

�01E � �21p2 � �31p3

�

; �52 =
1

p5

�

�02E � �22p2 � �32p3

�

:

As explained in appendix,we can now give three types ofm em brane solutions: when �

is �xed,when � is �xed, and without �xing any of the coordinates � and �, on which the

background (3.17)depends.In the�rsttwo cases,theform ulas(A.19),(A.20)apply.In thelast

case,we can use(A.25)and (A.26),ifwe succeed to satisfy the integrability conditions(A.23),

(A.24).In allthese cases,the e�ective scalarpotentialU A (�;�)is5

U
A (�;�) =

(�0)2

(2�)4(lpR)
2

"
E 2

cosh2�
�
2(p22 + p23)

sinh2�
�

4p25

cos2�

#

+ (2lpR)
4
�

�
0
T2

�2 nh

2
�

� 2
02 + � 2

03

�

cosh2� � � 2
23sinh

2
�

i

sinh2�

+
1

2

h

2� 2
05cosh

2
� �

�

� 2
25 + � 2

35

�

sinh2�
i

cos2�

�

:

For� = �0 = constant,one obtainsthesolution

� (�)= �0 + 2lpR

Z �

�0

d�
q

UA (�;�0)
;

5
The e�ective 1-form gauge potentialA

A
= 0.
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X
0(�;�;�)� t(�;�;�)= �01

h

�
1
�(�)+ �

i

+ �02

h

�
2
�(�)+ �

i

+
�0E

(2�)2lpR

Z �

�0

d�

cosh2�

q

UA(�;�0)
;

X
2(�;�;�)�  2(�;�;�)= �21

h

�
1
�(�)+ �

i

+ �22

h

�
2
�(�)+ �

i

+
2�0p2

(2�)2lpR

Z �

�0

d�

sinh2�

q

UA (�;�0)
;

X
3(�;�;�)�  5(�;�;�)= �31

h

�
1
�(�)+ �

i

+ �32

h

�
2
�(�)+ �

i

+
2�0p3

(2�)2lpR

Z �

�0

d�

sinh2�

q

UA (�;�0)
;

X
5(�;�;�)� �(�;�;�)=

1

p5

n�

�01E � �21p2 � �31p3

� h

�
1
�(�)+ �

i

+
�

�02E � �22p2 � �32p3

� h

�
2
�(�)+ �

io

+
2�0p5

(2�)2(lpR)
2cos2�0

[�(�)� �0]:

For� = �0 = constant,theM 2-brane solution is

� (�)= �0 + lpR

Z
�

�0

d�
q

UA (�0;�)
;

X
0(�;�;�)� t(�;�;�)= �01

h

�
1
�(�)+ �

i

+ �02

h

�
2
�(�)+ �

i

+
2�0E [�(�)� �0]

(4�lpR)
2cosh2�0

X
2(�;�;�)�  2(�;�;�)= �21

h

�
1
�(�)+ �

i

+ �22

h

�
2
�(�)+ �

i

+
4�0p2[�(�)� �0]

(4�lpR)
2sinh2�0

;

X
3(�;�;�)�  5(�;�;�)= �31

h

�
1
�(�)+ �

i

+ �32

h

�
2
�(�)+ �

i

+
4�0p3[�(�)� �0]

(4�lpR)
2sinh2�0

;

X
5(�;�;�)� �(�;�;�)=

1

p5

n�

�01E � �21p2 � �31p3

� h

�
1
�(�)+ �

i

+
�

�02E � �22p2 � �32p3

� h

�
2
�(�)+ �

io

+
2�0p5

(2�)2lpR

Z �

�0

d�

cos2�

q

UA (�0;�)
:

W hen none ofthe coordinates � and � is kept �xed,the conditions (A.23),(A.24) willbe

ful�lled,ifby using thearbitrarinessoftheparam eters�
�

i and ofthefunction D 4(�),wechoose

� 2
25 + � 2

35 = 2� 2
05;

D 4(�)= d�
(�0)2

(2�)4

"
E 2

cosh2�
�
2(p22 + p23)

sinh2�

#

� 16(lpR)
6
�

�
0
T2

�2

�

h

2
�

� 2
02 + � 2

03

�

cosh2� � � 2
23sinh

2
�

i

sinh2� � 0;
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whered isarbitrary constant.Afterthischoice ism ade,the�rstintegrals(A.25)and (A.26)of

the equationsofm otion for�(�)and �(�)reduceto

(g11 _�)
2
=
(2�0)2

(2�)4

"
E 2

cosh2�
+
2(p22 + p23)

sinh2�

#

+ (2lpR)
6
�

�
0
T2

�2
(3.24)

�

h

2
�

� 2
02 + � 2

03

�

cosh2� � � 2
23sinh

2
�

i

sinh2� � 4d � F1(�)� 0;

(g44 _�)
2
= d+ (lpR)

6
�

4�0T2� 05

�2
cos2� �

(2�0p5)
2

(2�)4cos2�
� F4(�)� 0: (3.25)

Thegeneralsolutionsoftheabove two equationsare

�(�)= (2lpR)
2

Z
d�

p
F1(�)

; �(�)= (lpR)
2

Z
d�

p
F4(�)

:

From (3.24)and (3.25),one can also �nd theorbit� = �(�):

4

Z
d�

p
F1(�)

=

Z
d�

p
F4(�)

: (3.26)

Now,we have to �nd the solutions for the rem aining m em brane coordinates X �. To this

end,we willuse(A.16),i.e.theconservation lawsforp�,which in ourcase read

_Y � =
2�0p�

(2�)2

�

g
� 1
���

(�;�)+ �
i�

�

i:

Representing _Y � as

_Y � =
@Y �

@�
_� +

@Y �

@�
_�;

and using (3.24)and (3.25),one obtains

p
F1(�)

(2lpR)
2

@Y �

@�
+

p
F4(�)

(lpR)
2

@Y �

@�
=
2�0p�

(2�)2

�

g
� 1
���

(�;�)+ �
i�

�

i:

Thisisa system oflinear PDEsof�rstorder,which generalsolution can be easily found. Its

replacem ent in the ansatz (3.23),leads to the following explicit expressions for the M 2-brane

coordinatesX �

X
0(�;�;�;�)� t(�;�;�;�)= �01

h

�
1
�(�)+ �

i

+ �02

h

�
2
�(�)+ �

i

+
2�0E

(2�)2

Z
d�

cosh2�
p
F1(�)

+ f
0[C (�;�)];

X
2(�;�;�;�)�  2(�;�;�;�)= �21

h

�
1
�(�)+ �

i

+ �22

h

�
2
�(�)+ �

i

+
4�0p2

(2�)2

Z
d�

sinh2�
p
F1(�)

+ f
2[C (�;�)];

X
3(�;�;�;�)�  5(�;�;�;�)= �31

h

�
1
�(�)+ �

i

+ �32

h

�
2
�(�)+ �

i

+
4�0p3

(2�)2

Z
d�

sinh2�
p
F1(�)

+ f
3[C (�;�)];
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X
5(�;�;�;�)� �(�;�;�;�)=

1

p5

n�

�01E � �21p2 � �31p3

� h

�
1
�(�)+ �

i

+
�

�02E � �22p2 � �32p3

� h

�
2
�(�)+ �

io

+
2�0p5

(2�)2

Z
d�

cos2�
p
F4(�)

+ f
5[C (�;�)];

wheref�[C (�;�)]are arbitrary functionsofC (�;�).In turn,C (�;�)isthe �rstintegralofthe

equation (3.26).
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A ppendix A G eneric form ulas

Here,wedescribethem em branedynam icsand �nd thecorrespondingsolutionsoftheequations

ofm otion and constraints,in thefram ework ofthetwo ansatzes-(3.5)and (3.6).6 Initially,the

background �eldsgM N (x)and bM N P (x)are restricted only by the conditions(3.7).

A .1 M em branes dynam ics in linear gauges

In lineargauges,and undertheconditions(3.7),theaction (3.1)reducesto (theover-dotisused

ford=d�)

S
LG =

Z

d�L
LG (�); V =

Z

d
2
� =

Z

d�d�; (A.1)

L
LG (�)=

V

4�0

n

gab
_Y a _Y b+ 2

h�

�
�

0 � �
i�

�

i

�

g�a + 2�0T2B a12

i
_Y a

+
�

�
�

0
� �

i�
�

i

� �

��0 � �
j��j

�

g�� �

�

2�0T2

�2
det(�

�

i�
�
jg��)

+ 4�0T2�
�

0
B �12

o

; B M 12 � bM ���
�

1
��2:

Theconstraintsderived from thelagrangian (A.1)are:

gab
_Y a _Y b+ 2

�

�
�

0
� �

i�
�

i

�

g�a
_Y a +

�

�
�

0
� �

i�
�

i

�

(A.2)

�

�

��0 � �
j��j

�

g�� +
�

2�0T2

�2
det(�

�

i�
�
jg��)= 0;

�
�

i

h

g�a
_Y a +

�

��0 � �
j��j

�

g��

i

= 0: (A.3)

Thelagrangian LLG doesnotdepend on � explicitly,so the energy E isconserved:

gab
_Y a _Y b�

�

�
�

0
� �

i�
�

i

� �

��0 � �
j��j

�

g�� +
�

2�0T2

�2
det(�

�

i�
�
jg��)

� 4�0T2�
�

0
B �12 =

4�0E

V
= constant:

6
W e use partofthe resultsobtained in [6],forthe particularcase p = 2 (2-brane).
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W ith thehelp oftheconstraints(A.2)and (A.3),onecan replacethisequality by thefollowing

one

�
�

0

h

g�a
_Y a +

�

��0 � �
j��j

�

g�� + 2�0T2B �12

i

= �
2�0E

V
: (A.4)

In lineargauges,the m om enta PM take the form

2�0PM = gM a
_Y a +

�

��0 � �
j��j

�

gM � + 2�0T2B M 12: (A.5)

Thecom parison of(A.5)with (A.3)and (A.4)gives

�
�

iP� = constants= 0; (A.6)

�
�

0
P� = �

E

V
= constant: (A.7)

Therefore,in thelineargauges,theprojectionsofthem om entaP� onto�
�
n areconserved.M ore-

over,asfarasthe lagrangian (A.1)doesnotdepend on the coordinatesX �,the corresponding

conjugated m om enta P� are also conserved.

Theequalities(A.6)m ay beinterpreted assolutionsofthe constraints(A.3),which restrict

the num berofthe independentparam etersin thetheory.

Inserting (A.4)and (A.3)into (A.2),we obtain the e�ective constraint

gab
_Y a _Y b = U

L
; (A.8)

wherethe e�ective scalarpotentialisgiven by

U
L = �

�

2�0T2

�2
det(�

�

i�
�
jg��)+

�

�
�

0
� �

i�
�

i

� �

��0 � �
j��j

�

g��

+ 4�0
�

T2�
�

0B �12 +
E

V

�

:

In thegauge �m = constants,theequationsofm otion following from LLG take the form :

gab
�Y b+ �a;bc

_Y b _Y c =
1

2
@aU

L + 2@[aA
L
b]
_Y b; (A.9)

where

A
L
a =

�

�
�

0
� �

i�
�

i

�

ga� + 2�0T2B a12;

is the e�ective 1-form gauge potential,generated by the non-diagonalcom ponents ga� ofthe

background m etric and by the com ponentsba�� ofthe background 3-form gauge �eld.

A .2 M em branes dynam ics in generalgauges

W e willuse a superscriptA to denote thatthe corresponding quantity is taken on the ansatz

(3.6).Itisunderstood thatthe conditions(3.7)arealso ful�lled.

Now,thereduced lagrangian obtained from the action (3.1)isgiven by

L
A (�)=

V

4�0

h

gM N
_Y M _Y N � 2

�

�
i�

�

ig�N � 2�0T2B N 12

�
_Y N

+ �
i�

�

i�
j��jg�� �

�

2�0T2

�2
det(�

�

i�
�
jg��)

�

:
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Theconstraints,derived from the above lagrangian,are:

gM N
_Y M _Y N � 2�i�

�

ig�N
_Y N + �

i�
�

i�
j��jg�� +

�

2�0T2

�2
det(�

�

i�
�
jg��)= 0; (A.10)

�
�

i

�

g�N
_Y N � �

j��jg��

�

= 0: (A.11)

Thecorresponding m om enta are (PM = pM =V )

2�0PM = gM N
_Y N

� �
j��jgM � + 2�0T2B M 12;

and partofthem ,P�,are conserved

g�N
_Y N

� �
j��jg�� + 2�0T2B �12 = 2�0P� = constants; (A.12)

because LA does not depend on X �. From (A.11) and (A.12),the com patibility conditions

follow

�
�

iP� = 0: (A.13)

W e willregard on (A.13)asa solution ofthe constraints(A.11),which restrictsthe num berof

theindependentparam eters�
�

i.Thatiswhy from now on,wewilldealonly with theconstraint

(A.10).

In the gauge �m = constants,the equationsofm otion forY N ,following from LA ,have the

form

gLN
�Y N + �L;M N

_Y M _Y N =
1

2
@LU

in + 2@[LA
in
N ]

_Y N ; (A.14)

where

U
in = �

�

2�0T2

�2
det(�

�

i�
�
jg��)+ �

i�
�

i�
j��jg��;

A
in
N = � �

i�
�

igN � + 2�0T2B N 12:

Letus�rstconsiderthispartoftheequationsofm otion (A.14),which correspondsto L = �.It

iseasy to check thatthey justexpressthe factthatthe m om enta P� are conserved.Therefore,

we have to dealonly with the otherpartofthe equationsofm otion,corresponding to L = a

gaN
�Y N + �a;M N

_Y M _Y N =
1

2
@aU

in + 2@[aA
in
N ]

_Y N : (A.15)

O urnexttask isto elim inatethevariables _Y � from theseequationsand from theconstraint

(A.10). To thisend,we willuse the conservation laws(A.12)to express _Y � through _Y a. The

resultis

_Y � =
�

g
� 1
��� h

2�0(P� � T2B �12)� g�a
_Y a

i

+ �
i�

�

i: (A.16)

By using (A.16),aftersom e calculations,one rewritesthe equations ofm otion (A.15)and the

constraint(A.10)in the form

hab
�Y b+ �ha;bc

_Y b _Y c =
1

2
@aU

A + 2@[aA
A
b]
_Y b
;

hab
_Y a _Y b = U

A
;
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wherea new,e�ective m etric appeared

hab = gab� ga�(g
� 1)��g�b:

�ha;bc istheconnection com patible with thism etric

�ha;bc =
1

2
(@bhca + @chba � @ahbc):

Thenew,e�ective scalarand gauge potentialsare given by

U
A = �

�

2�0T2

�2
det(�

�

i�
�
jg��)� (2�0)2(P� � T2B �12)

�

g
� 1
���

(P� � T2B �12);

A
A
a = 2�0

h

ga�

�

g
� 1
���

(P� � T2B �12)+ T2B a12

i

:

A .3 Solutions ofthe equations ofm otion

Thetwocasesofm em branedynam icsconsidered sofar,haveonecom m on feature.Thedynam ics

ofthe corresponding reduced particle-like system isdescribed by e�ective equations ofm otion

and one e�ective constraint,which have the sam e form ,independently ofthe ansatz used to

reduce the m em branesdynam ics. O uraim here isto give theirexactsolutions. To be able to

describethetwo casessim ultaneously,letus�rstintroducesom e generalnotations.

W e willsearch forsolutionsofthe following system ofnonlinear di�erentialequations

Gab
�Y b+ �G

a;bc
_Y b _Y c =

1

2
@aU + 2@[aA b]

_Y b
; (A.17)

Gab
_Y a _Y b = U; (A.18)

whereGab,�
G

a;bc
,U,and A a can beasfollows

Gab = (gab;hab); �G
a;bc

=
�

�a;bc;�
h

a;bc

�

; U =
�

U
L
;U

A
�

; A a =
�

A
L
a;A

A
a

�

;

depending on the m em braneem bedding.

Letusstartwith thesim plestcase,when thebackground �eldsdependon onlyonecoordinate

X a = Y a(�).In thiscase the solution of(A.17),com patible with (A.18),isjustthe constraint

(A.18).In otherwords,(A.18)is�rstintegralofthe equation ofm otion forthe coordinate Y a.

By integrating (A.18),oneobtainsthe following exactm em brane solution

� (X a)= �0 +

Z X a

X a

0

�
U

Gaa

�
� 1=2

dx; (A.19)

where�0 and X
a
0 arearbitrary constants.

W hen one works in the fram ework ofthe generalansatz (3.6),one hasto also write down

the solution for the rem aining coordinates X �. Itcan be obtained as follows. O ne represents
_Y � as

_Y � =
dY �

dY a
_Y a
;

and use thisand (A.18)in (A.16). The resultisa system ofordinary di�erentialequationsof

�rstorderwith separated variables,which integration isstraightforward.Replacingtheobtained
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solution forY �(X a)in theansatz (3.6),one �nally arrivesat

X
�(X a

;�
i)= �

�

i

h

�
i
�(X a)+ �

i
i

(A.20)

+

Z
X a

X a

0

�

g
� 1
���

2

42�0(P� � T2B �12)

 
UA

haa

!
� 1=2

� g�a

3

5 dx:

Letusturn to them orecom plicated case,when thebackground �eldsdepend on m orethan

one coordinate X a = Y a(�).Ifthe m etric Gab isa diagonalone,then the e�ective equationsof

m otion (A.17)and the e�ective constraint(A.18)can berewritten in theform

d

d�

�

Gaa
_Y a
�2
� _Y a

@a (GaaU) (A.21)

+ _Y a
X

b6= a

�

@a

�
Gaa

Gbb

� �

Gbb
_Y b
�2
� 4@[aA b]Gaa

_Y b

�

= 0;

Gaa

�
_Y a
�2

+
X

b6= a

Gbb

�
_Y b
�2

= U: (A.22)

To �nd solutionsoftheaboveequationswithoutchoosing particularbackground,wecan �x

allcoordinatesX a exceptone.Then theexactm em branesolution oftheequationsofm otion is

given again by thesam eexpression (A.19)for� (X a).In thecasewhen oneisusing thegeneral

ansatz (3.6),thesolution (A.20)stillalso hold.

To �nd solutionsdepending on m orethan onecoordinate,wehaveto im posefurtherrestric-

tionson the background �elds.W e cannotgive a prescription how to solve the problem in the

generalcase. However,we can give an exam ple ofsu�cient conditions,which are ful�lled in

m any cases,and which allow us to �nd the �rst integrals ofthe equations ofm otion (A.21),

com patiblewith thee�ective constraint(A.22).IfwedenoteoneofthecoordinatesY a with Y r

and Y � arethe others,these conditionson thebackground can bewritten as

A a � (A r;A �)= (A r;@�f); @�

�
G��

Gaa

�

= 0; (A.23)

@�

�

Grr
_Y r
�2

= 0; @r

�

G��
_Y �
�2

= 0: (A.24)

By using the restrictionsgiven above,one obtainsthe following �rstintegralsofthe equations

(A.21),which also solve theconstraint(A.22)

�

Grr
_Y r
�2

= Grr

2

4(1� n�)U � 2n� (A r � @rf) _Y
r
�
X

�

D �

�

Y a6= �
�

G��

3

5 = Fr(Y
r)� 0; (A.25)

�

G��
_Y �
�2

= D �

�

Y
a6= �

�

+ G��

h

U + 2(A r � @rf) _Y
r
i

= F�

�

Y
�
�

� 0; (A.26)

where n� isthe num berofthe coordinatesY �,and D �,Fr,F� are arbitrary functionsoftheir

argum ents.

Furtherprogressispossible,when working with particularbackground con�gurations,allow-

ing forseparation ofthe variablesin (A.25)and (A.26).
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