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The analytical solutions of the integrable generalized (2 + 1)-dimensional nonlinear conformable Schrodinger
(NLCS) system of equations was explored in this paper with the aid of three novel techniques which consist of
(G'/G)-expansion method, generalized Riccati equation mapping method and the Kudryashov method in the
conformable sense. We have discovered a new and more general variety of exact traveling wave solutions by
using the proposed methods with a variety of soliton solutions of several structures. With several plots illustrating

the behavior of dynamic shapes of the solutions, the findings are highly applicable and detailed the physical
dynamic of the considered nonlinear system.

Introduction

The search for an exact soliton solutions to the nonlinear models has
been one of the most fascinating and exciting areas of research in the
field of sciences and engineering for many years [1-22]. Nonlinear
models are frequently used in a broad range of research fields and have
been studied from a variety of perspectives. In the development of new
theories in mathematical physics, the study of solitons, especially in the
field of plasma physics, has a critical part to play, while the development
of mathematical methods, that further give us more accurate results for
the extraction of solitons, is a highly prominent area of applied physics
research with promising features in several other fields of physics.
Nonlinear fractional models (NFMs) which consist of non-integer order
are the generalizations of classical nonlinear models of integer order.
Many physical phenomena have been modeled by the utilization of
fractional calculus due to modern fractional-order models are more
suitable and flexible when compared with the traditionally used integer-
order models. Some applications of fractional calculus can be found in
[23-39]. An elegant way of seeking the soliton solutions of nonlinear
classical and fractional system is to suggest a transformation to arrive at
a solvable a nonlinear ordinary differential equations (NODEs) using
analytical techniques such as iterative shehu transform method [40],
variational iteration method [41], perturbation-iteration algorithm

* Corresponding author.

[42,43], sine-Gordon expansion method [44], tanh method [45], re-
sidual power series method [46,47], 5-homotopy perturbation transform
method [48], sub-equation method [49], modified simple equation
[50], g-homotopy analysis method [51,52], new extended direct alge-
braic method [53,54], F-expansion method [55], fractional reduced
differential transform method [56], homogeneous balance method [57],
g-homotopy analysis transform method [58,59], extended modified
auxiliary equation mapping method [60], simple equation method [61]
and considerably more.

In [62], Radha and Lakshmanan examined the integrable (2 +
1)-dimensional NLS system of equations defined below:

P, =P,+PQ,
o =2(|PF) . W

Using the P-analysis, its bilinear form have been obtained that can
then be employed to produce the soliton solutions. This system have
been studied in [62,60,63]. In [62], a direct method have been proposed
to study ghost solitons of the (2 + 1)-dimensional NLCS system.
Recently, In [60], newly method called the extended modified auxiliary
equation mapping method (EMAEMM) was applied to retrieve its exact
traveling wave solutions of the (2 + 1)-dimensional NLCS system.
Hosseini et.al. in [63] used Kudryashov method and its modified version
to investigate the exact solutions of the proposed problem. The focus of
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the current research is to further complement the studies previously
conducted on the system 1 and to extract its optical soliton solutions
using three novel approaches consisting of the (G /G) expansion
method, the generalized Riccati equation mapping method and the
Kudryashov method. For this purpose, we analysis the generalized (2 +
1)-dimensional NLCS system of equations given as

iD'P+ B Py + PO =0,
po+p(IP7) =0,

y

®))

where f;,f,, 55 and S, are arbitrary constants and p, (0 < p<1) is the
fractional order.

The layout of the present article is as follows: In Section “Pre-
liminaries”, we present definitions and some basic properties of the
conformable derivative. The general formulation of solutions to inte-
grable (2 4+ 1)-dimensional NLCS system of equations which includes
the implementation of three efficient and reliable techniques, namely,
(G /G)-expansion method, generalized Riccati equation mapping
method and the Kudryashov method in the conformable sense are pre-
sented in Section “Mathematical formulation of the integrable (2 +
1)-dimensional NLCS system”. Finally, Section “Concluding remarks”
presents the concluding remarks.

Preliminaries

Here, we present definitions and some basic properties of the
conformable derivative which can be found in [64,65].
Definition 1. Let P: [0, c0)—>R. The conformable derivative of P of
order p is given by

I-py _
Fp(s) = lim LU AT = PO

: lim 7 , Vi>0, pe(0,1). 3)

Furthermore, If P is p-differentiable in some interval (0, {) where ¢ >
0 and lim,_oP" (t) exists. We define

PY(0) = limPY (7). (O]

-0+

Lemma 1.
t > 0. Then

[64] Let p € (0,1] and Py, P, be p-differentiable at a point

(i.) 9?(A1P1 +A2P2) =A; gfpl + Ay 9’2’P27 VA;,Ay € R.
(ii.) 5/?(1.“7) =ot"? YoeR.
(iii.) 7 (P\P;) = P, 7Py + P, Z7P;.

GP Py Py P .
(v.) 7 (g_> = MAPILP: provided Py # 0.

(v.) Z7(K) = 0, where K is a constant.

i) 9P (t) = tl’/’d%(t), for a differentiable function P;.

(1 1
" [ — au, lemhe,/;ﬁ — 4u, §> +chosh<§,/uf — 4u, 5)
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Mathematical formulation of the integrable (2 + 1)-dimensional
NLCS system

Consider the generalized integrable (2 + 1)-dimensional NLCS sys-
tem of equations
iF'P+ B, Py + PO =0,
ﬂSQx+ﬂ4<|P‘2) —0.

y

(5)

Here, P € C while Q € .%#. The transformation is suggested by us as:
= P(é)em7
O(eyt) =Q), E=aw b+ i n=antbhy+ o,

P(x,y,1)
(6)

where a;, b;, and c¢;, i = 1,2 are respectively the speed of wave, wave
number and frequency of the soliton. Using Eq. 6, we achieve the
imaginary and real parts of Eq. 5 as follows:

(1 + B, (a1by + azby))P (£) = 0, 7)
—2P(€) = fa:baP(€) + Braib P'(€) + B,P(E)Q(E) = 0, ®
and

BrarQ (&) +Bibi (P(E)) = 0. ©)

Integrating Eq. 9 once and setting constant of integration to zero
result in

b]ﬂ4 2
= 2 pe)°. 10
018 = ~ 5 PE) 10)
After solving Eq. 7 leads to
¢y = —pi(a1by +azby). an

Inserting Eq. 10 into Eq. 8, we get

bbb, a2

lllﬂs

—(c2+ Prasb)P(&) + prarby P (£) @’ =o.

By balancing P(¢)® and P’ (¢), we have w = 1.
The (G /G)-expansion method

Implementing the (G /G) expansion method [66,671, the solution of
Eq. 12 can be express as:

P(&) =ko+ i}(%) ko # 0. 13)
Here, G(¢) satisfies an ODE:

G'(&) = —mG (&) —mG(©), a4

where constants k;, i =0,1,2,--,w and y;, i = 1,2 can be determined

subsequent. The generalized solutions to the above mentioned ODE are
given as

2 2

1 . (1 ’
Q,cosh <§\/ﬂf — 4y, nf) + stmh<§ \ = 4, 5)

. (1 1
G(&) = —(1% — 4u,) lem<§ —(ui — 4py) 5) +92005(§ =(ut — 4u) f) 15)

i — 4, > 0,

F—,
2 Q + 9

u
_71 2 1 1 ) /’t? - 4”2 < 07
Qjcos (5 — (45 — 4,) 5) + QzSin(E —(uy — 4u,) f)
Q
A : pi =4, =0,
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where Q; and Q; are arbitrary constants. Since w = 1, then Eq. 13 reads:

G(©)

P(¢) =ko Jrklwa

ki #0, (16)

Insertion of Egs. 14 and 16 into Eq. 12, considering the (G'/G)',i = 0,

1, 2, 3, coefficients to zero results in some algebraic equations in the
form:

, B,p,k
G /GY(@) -anbiprkupitty — PP _ oty — erko =0,
1 172 aﬁ 1
173
, 3b kK
(G /G)l(f) 1alb1ﬂ|k1ﬂ% +2a1b\f ki, _%_aZbZﬂlkl — 2k =0,
173
2
(G 1GY (@) :3anbyfykup, — PPk _
alﬁz
, b K
' 2a101py iy —————=0.
(G /G (&) 2aibip ~2LPK g
ﬂl/”z

a7

By solving the above equations through Mathematica software and
considering Eq. 11, the outcomes are:

1
ci = —piaby+aby), ¢» = -5 (arbip; — daibypy + 2a2b,), ko

aipibfs 2aip\ps
-+ L7 k) = 44 |3 18
V288, 1 T B, 1

From the above solutions with Egs. 15 and 16, we obtain solutions of
Eq. 5 as

1
Q,sinh 4 +Q cosh<
Pi(x,y,1) ==+ Pt — ) [ (2 Hi = 4y ) )
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28,5, (U2 — 4 1 i ayerboy+2e
Pliy.f) =+ a1/1/32(;1ﬂ M2)tanh<§ /ﬂf “a, §>e<z +hyy+ )7
2F4
aib 24 1
O(x,y,1) = ———HEr 20 'ﬂl(zﬂﬁ' #2) ani? <§ VA — 4, §>.
2

(22)

When Q; =0 and Q, # 0, in Eq. 19 reveals the singular soliton
solutions of Eq. 5 as

B, (1 — 4 1 i\ arxtboy+ 2
P(x,y,1) ==+ 7‘/1/32(;; ”2)c0th<§\/uf—4ﬂz §)e<2 ’ )
2F4
arb f, (4 — 4 1
O(ryr) = LDl = 3n) I(Z”ﬂ‘ #) o (5 VA — 4, é)-
2

(23)

Remark 2. A special case when Q; # 0and Q; =0, in Eq. 20 reveals
the periodic solitary wave solutions of Eq. 5 as

P(x,y,1) %&m (; - 5) ¢ <”2"+b2”%”> 7
biy (4 B
Q(x,y,t) = _al lﬂ] (2,6”22 ”1) tan (2 ﬂ] 4:“42 5)

(24

When Q; =0and Q, # 0, in Eq. 20 also reveals the periodic solitary
wave solutions of Eq. 5 as

2p:P,

1 1
Qlcosh(2 —4u, ) + Q,sinh (2

Ql('x!y7 t) =

)
)

2 Qlcosh( V=4, & +stmh< VI — 4, f)

PZ(x7y7t) =+ 2ﬁ2ﬂ4

1
Qsin( =+/4u, —
@B, —p) | (2 o =i &
\/4.“2

1
Qcos (5

iy G — 4gy) [ SiTD <% Vit =4 6) + chesh( N 5) )

b
QZ(x7yvl) = A

2
Qsin( Ly/du, — 3 — Qycos( 2 /du, — u?
a lﬁl (4/42 2) l (2 g ' tf) ’ <2 g : é:)

2 .
& Qcos <% Vi, — i é) + Qpsin (% Vo, —pi &

Py(x,y,1) =+ Z/fﬂl/fﬁ3 @ afézg ) (o) :
2F4 1 2 (21)
2a,b, 4,
Q3(xay¢t) :7%
Qi + B, ()
Remark 1. A special case when ; # 0and Q; =0, in Eq. 19 reveals

the dark soliton solutions of Eq. 5 as

-4 .
”2 ei (a21+bzy+72r/’) 7
—4u, &
s 19
(20)
P 7Y XCTR A O (mromize)
. 2p:hs 2V ’
aibi By (4p, — ﬂl) 1 2
1) = R0t (54 /4 )
Q(x,y,t) 2/}2 CO ﬂ2 Ml 5
(25)
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The GREM method

As regards to the GREM method [68,69], we presume that Eq. 5
solution is described by

PE) =ko+ Y kA (&), ky # 0. (26)

where constants k;, i = 0,1,2, -, w and y;, i = 1, 2 can parameters to be
evaluated later. The function .%2(¢) satisfies the generalized Riccati
equation defined by

(&) = 80+ 8 H(E) +5,7(E), 6 # 0, 27)

where &y, 51 and 6 are constants. The resulting solutions of Eq. 27 are
categorized as follows:

Set1. For ¢ = 6% —45062 > 0,618 # 0 (or 5052 # 0) and non-zero
M and N are real constants:

() = — 215 <5l+ftanh(‘/2—g)),

<51 +\/5c0th< > 5) ),

- _%(6 +f<tanh \/—f)ilSCCh(\/—f)))

26,
1
25 (5 +ve (coth Ve &) % csch( \/Z)é)))
! (251 +.e (tanh({f f) +c0th<§ 5) ) )7
7 1 vo(M? +N?) — M, /g cosh(,/g &)
76(¢) 26, o+ Msinh(,/g &) + N
7 1 Ve o(M? + N?) + M /¢ cosh(,/g &)
7(6) 2752 e Msinh( /¢ &) + N
25y cosh (@ g)
Hy(§) = ’
\/@sinh (@ f) — &) cosh (@ 5)
—28ysinh (§ 5)
‘[/;’9(5) = El
& sinh (@ 5) — \/gcosh (@ 5)
@ - 28 cosh(,/0¢)
Fll) = V@sinh(y/@&) — 6, cosh(,/2¢) £ i\/@’
P B 28y sinh(,/0¢)
Fulf) = Vecosh(,/gé) — 8 sinh(,/0¢) £ /@
48,sinh (% 5) cosh (% 5)
%12(5) =

2 Jacosh? (% 5) — 26, sinh (% 5) cosh (% 5) N .

Set2. For ¢ = 62 —48,5, < 0,615, # 0 (or 6,6, # 0), M and N are
non-zero real constants that satisfy M? —N? > 0:
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a0 (o vm(52)),

() = — 2172 (51 Ve cot<@§> >
P1s(8) = 55 (— 01+ V=B tan( 7 &) £ 5ec(v T ),
Fae(E) = ‘2%2(5‘ + /=0 (cot(y/=¢ &) £ ese(/=28))),
Hq(E) = (— 261 ++/—¢ (tan<\/4_7@ 5) - COt(@ ‘f) ) )v
i\/iMz ) +M,/=¢ cos(/=¢ &)
( Msin(y/=¢ &) + N )
7 25y cos (@6)
F(f) = — )
J/—asin (@5) + 6, cos (@5)
2aosin(@§)

Fn(§) = )

J/=acos (@6) -5 sin(@é)
Fnll) =~ ﬁs(%)cfz(ﬁj%a Ve
#2(8)= - F@(\/é;ﬂ(;/jg(i)—_ef) SN
e 48, sin (@5) cos (@5)

2,/—ocos? (CZ L_‘f) — 26, sin (\/ja 5) cos (@5) - /=0
Set3. For §p = 0 and 6;6, # O:
01y

o) = = T T cosh(5,8) — sinh(5,8))
p ___ di(cosh(6,¢) —sinh(6,£))
Fs(8) = 55 (& + cosh(8, &) — sinh(8, &)~
org(£) = — 81 (cosh(8 £) + sinh(6, &) )

5, (& + cosh(8; £) + sinh(6,€))
Set4. For 6, # Oand 6; =&y = O:

1

P (£) = TET e

where &, is an arbitrary constant. Since w = 1, from Eq. 26 we have
P(&) =ko+hki#(£), ki # 0. (28)

Inserting Egs. 27 and 28 into Eq. 12 with the coefficients of .%7'(¢),
i=0,1,2,3, to zero, we obtain
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. biBoBk;
GO(E): ko(—azbafy — c2) + arby By 8981k ——222470 — ), 2 N
R TR T Polys) = aﬁ?g(mﬂh(m)iisech(ﬁa)f( ),
PNE): k(—arbafpy — 2 _3biBaBikiky _ . (33)
B : 1( ay Zﬂl cz)+a1b1ﬂ151k1+2a1b1ﬂ1§052k1 aﬂ 707 al lﬂlg
173 Qslvwnt) === DAL tanh (/g &) =+ isech(y/ 5))
2
FHE): 3arb, 5150k —%/;*"‘)"1:07
3 i| arx+byy+2
3 7(x,y, 1) “aif]/;g COth (Ve &) :I:csch(\/‘g)) ( S ),
T (&) 2a1b]ﬂ15§k1—%/ﬂ;‘k‘:0. e (34)
173
(29) O7(x,y,1) = alz}jﬂ19<coth Ve &) £ csch( /o f))

Considering Eq. 11 and the solution of the above equations, we have

the following cases: 5 o
Py(x,y,1) = 1“M<txmh<£ 5) + coth(ﬁ 5) ) e ( b ’+/’tﬂ) ’
Case 1. 2\ 26,5, 4 4

= —p(aby+arby), ¢ = ﬁﬂ (a1b18} — 4ayb1808, + 2a2b,), ko 2
] ] Os(x,y,1) = 7% (tanh (? 5) -+ coth (@ 5) ) ;
S Y TN S W - T ’ 35)
25,y 2
(30)

According to the above values with the use of Eq. 28 and the already —
defined solutions sets, we have the following results: Po(x,y,f) =— aipifs [ Ve(M” +N?) —M./gcosh(,/@¢) o (“v'+bzy+7;w)
. \ 26.8,

For ¢ = 82 —48052 > 0 and 6162 # 0 (or 5p02 # 0): Msinh(,/6 &) +N ’
2
25 fro ( e ) (_) abp, (v/oM? +N?) — M /gcosh(\/g &)
Py(x,y, Y il U L Lo N A , yp) = : 7
4(x,y,1) \/Jzﬁ;tan 2 Ele - Qo (x,y,1) 25, Msmh(ﬁf)-&-N o
Qs(x,y,1) :7%tanh2< )
hifse Q )\ ’*"” _|ai BBy [V e(MP+N*) +M /gcosh(,/5 ) ’(azxw#,—?ﬂ')
Fslas,i) \/; (2 §>e 32 Proxy.1) -\ 2/32/34( Msinh(\/g &)+ N ’
2
Ostxyn) =5 o’ (VY 5), Oui by (VAU N M Jgeosh(a8)
2 10\%,, 26, Msinh(\/g &)+ N )
37
Ve
25, p 48y8,cosh (T 5) i<a2x+bzy+‘73w>
Pll(xvyvt) = - 1211,), 1+ e ,
frba 51 (\/5 sinh (@ 5) — &, cosh (@ z;) )
2 (38)
2 45052COSh (ﬁ 5)
Qll(x,y,t) _ all;lﬂl‘sl 1+ 2 7
P 51 <\/Z) sinh (4 f) — &, cosh (‘/' 5) )
4805,sinh | =
Plz(x,y,t) _ a%tﬁﬂ]ﬂs 1— 002310 ( 2 f ei<a3x+bzy+%ﬂ’)7
VAR (51 sinh (@ 5) ~ V@ cosh (@ g) )
2 (39)
4805,sinh | 2
On(iy) = abipid || 0, in (z 6) |
2p, 8 (51 sinh (% f) —-\e cosh (g 5) )
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PGy =y [A0Phs () 40dacosh(v/2 &) ornrie)
s 2p,p4 5 (\/5 sinh(y/g €) — &, cosh(,/g &) :l:t\/§> 7

(40)
Onlet) — ab, 8 - 48y8,cosh(,/ &)
3(x, 26, 5 (\/5 sinh(\/g &) — & cosh(,/g &) +
Pl — — [0 () 48,5:sinh(/2 &) J(strize)
26,54 5 (\@ cosh(,/@ &) — &, sinh(\/g &) & \/{;)
2 41)
O, 1) a\b, B, | 46805,sinh(,/0 &)
25, 61( Ve cosh(y/2 &) — disinh(/2 &) 2 )
2555, 8800, sinh (@ é‘) cosh (@ 5) ( b +_)
Pis(x,y, 1) =—y [ 1+ PAN ,
20,4 o (2\/§ cosh? (4 §> — 26, sinh (45) cosh (@ f) -Ve >
. 42)
) 8805,sinh (ﬁ 5) cosh (ﬁ zg)
Ois(x,y,1) = albzlfltsl 1+ ! : .
& 8 (2\/5 cosh’ (%5) — 26, sinh (%5) cosh (%5) NG} )
For ¢ =67 —4505, <0 and 65, # 0 (or §o5, # 0): oy ( y +)
Pi(x,y,1) =4/~ & 3Q(cot (V=e &) tosc(y/=0&))e A ,
2 — i arxtbyy+2 2
Pty —— Lalz‘ﬂg]'ﬂ;gtanc/z—g §>e( +hyy+2 )7 N
; o @) ou(ern) =2 ey e 8) £ese(vT E)
Qis(x,y,1) = %MHQ (g f) ) (46)

P af ﬁ;Q -0 i azﬂrbzw 1/)
17 x y7 \/1— ( 5 e i |
20,p. 2 2 /=0 = il aaxtbry+2e
N on(x,y,t) = alﬂlﬁsQ(tan (795) cot (7\/4@ 5) ) . ( +b ,+/)z/) ’

44
b (V=T “o 2.5 4
Qi(x,y,1) = a2he 2( ) f)

? = - 2
$, Q2 (x,y,1) :alg}flg([an(\/? 5)—cot(\/? §>> ,
47)
Poteont) = BB (VNI Mg cos( 70 )| (i)
R - 224 Msin(,/=¢ &) + N )
48

On (i) — iy (VR £ Py=g cos(y/=a &) ’
21X, Y, = 26, Msin(\/—_géj)—i-N 5

Pig(x,y, 1) = lz,ﬂﬁj’zg(tan(\/_ &) +sec(,/=0 &) :(a2x+b2y+‘72,/1)’

abipe

QlS(-x7yat) Zﬁ

— - (tan(y/=¢ &) £ sec(v/=¢ )%,
(45)
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Pzz(x?)%t)

QZZ(x7y7 t)

P23(x7y7t)

Q23 (X, Y t)

Pay(x,y,1)

Q24(X7,V» t)

Pas(x,y,1)

Q25 (M% t)

PZG(x7y7 t)

O6(x,,1)

For 6y

P (x,y,t)

Qa7 (x,y,1)

P28 (xayJ)

Qo (x,y,1)

\/“?5)

4606,c08
I TN " ( 2
2abs o1 ( g sm( ) + 0y cos(
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i (azx+b2 ;-+%ﬂ')
e

v—e §> ) '
2
2 (49
Nad
_ alblﬂllf 1— Houdscos ’ é)
26 8, (\/Tg sin (@ 6) + 8, cos (@f) )
o 0%5%/}1/}3 . 46005, Sln< 5 5) ei (a2x+hzy+%ﬂ’)
V 20,4 5 <\/Tg cos (\/zjé rf) -8 Sin(\/zjé Zj) )
) (50)
(=2
22 8 (\/:5 cos (@5) — & sin (V;_‘ 5) )
_ ai5ip\ps 1— 4506,c0s(1/—0 &) ’(agwbzw%ﬂ)
\/ 28,5, 81(v/=0 sin(y/—@&) + 8, cos(\/—¢ &) £ /—0) ' -
__abpd (| 46,8,008(,/= &) ’
2p, 81 (=g sin(v/=e&) +bicos(y=¢ &) £ /=2) )’
_ a8151Ps 1— 4808sin(y/=e &) ‘(“2"*bZY+%"'>
28,64 8i(v/=e cos(y=e &) + drsin(y/=¢ §) £ /=¢) 7
(52)
__abpd (| 48085in( /=G £) ’
2p, 81 (y=ecos(y=e &) +aisin(y=e ) = ~e) )’
— aﬁs?ﬁl/& 1+ 8606251“( 4 5) COS( 4 §> ei (azx+h2}'+%r/’)
\/ 20,4 5 <2\/—_Q cos? (@5) — 26, sin<\/47_é £ |cos (\/Z—Q é‘) -0 )
(53)

in (2 e
b\ L 8505zsm( 7 §>Cos< 7 5)

25, Ve
4

8 (2 /=0 cos? (@ 5) — 26, sin ( g) cos (

=0 and 5102 ?ﬁ 0:

—_— a%5%ﬂ1ﬂ3 (1 _ 2§, ) ei (nzx+bzy+‘/%z/')
2p:P4 (& +cosh(8; &) £ sinh(8, £)) )
alblﬂléf 26,
26, &)

(_(§o+cosh(5 isinh(&lg))>2’

(54)

B d%lfﬁlﬁ% (1 B 2(cosh(6, &) —sinh(8, €)) ) ei (agx+bz_»‘+%ﬂ’)
26,8, \ (& -+cosh(6,&)—sinh(5,¢)) ’
( _ 2(cosh(3,€) —sinh (5, £)) )2
(&y+cosh(8,&) —sinh(6,£)) )’

alblﬁl(s%
2p,

(55)

]

) i <azx+bzy+%r/’>

_ |aisiBips 2(cosh(8; &) +sinh (5, £))
Poledt) ==\Z5p, (1_<fo+cosh(51:)+sinh(alf)) ¢

alblﬁlﬁf( 2(cosh(8; &) +sinh(8, £)) )2
1) = 1—
Qo9 (x,3,1) 25, (& +cosh(8; &) +sinh(5; £))
(56)
For 6, # 0 and &, = §y = 0:
Py(x,y,1) = \ /;l (;2 (52? fsf ) ei (I’Z'W[)z}*/_'rﬂ)y
2P4(02 0 (57)
Zalblﬁlég
O30(x,y, t) =T, .
‘ o826 + &)
where E=mx+ b]_)’Jr %tp, Coy = -1 1 ((111)15% — 4a1b16962 + 2(121)2),

and &, is arbitrary constant.
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Case 2.
c1 = = pi(aby+arby), ¢ = —*ﬁl a b, 5 —4a, b, 5()52+2a2b2) ko

_ [ BiPs 5155
= a0, 2%, ﬁ4 152\/;

According to the above values with the use of Eq. 28 and the already
defined solutions sets, we have the following results:
For ¢ = 82 —45062 > 0 and 815, # O (or 852 # 0):

(58)

2 i\ arx+byy+20"
Py (x,y,1) - Mtanh<ﬁ§>el<m G >,

26,5, 2 9)
@@w):‘%%wﬁl)

26,

2 N
Po(ty.f) —— alﬁ1ﬁ3()c0th(gg>el<azx h_)+/,z/>7

26,54 2 (60)
Q32(.X,y, t) = 7alzlﬁ/jlgcoth2 (Tgf) s
P33 (x,y,t apibe tanh (\/ &) isech( /o 5)> x(”zxﬁzw’%ﬂ)

33 (X, Y, 25,5, ,

Qi) = 5) S s

(61)

46(6,cosh (g §>

[a;515,8

N W o CILATEY I

e 2h:Ps ’ 5 (\/5 sinh <\/§ 5) — &) cosh <\/6 5) )
2 2

2

A NG
1f1ﬂ15% 5052(:osh( 5 5)
Q38(x1y-,t) = 1+

2p, 5 <\/§ sinh (4 5) — 6, cosh (@ 5) ) 7

(V2
Py(x,y,1) = T 1 4505251nh( 5 5)
39\X, Y, = B
26, 5 (5, sinh (@ g) —~ /@ cosh (@ 5) )
Ve 2
1 (4
O3 (x,y,1) = ab, 5 . 45052s1nh(T 5)
30(X, Y, — -

2p, 5 (51 sinh <§ 5) — /@ cosh (TQ 5) ) 7
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i i by y+2
Paten) == [P con ) £ sn 2 9) L),
Qulx,y,1) = 12’1ﬁﬁ19<coth(\/z)§ )+ csch(,/g & )

(62)

1
Pys(x,y,1) = -

Ll%ﬁlﬂ}@ (tanh (ﬁ 5) +COIh <$ §> ) e[ <azx+b2,\‘ﬁ%¢/’> 7

2. 4

035 (x,y,1) :f";"ﬂﬂ“’ (t h({&) +c0th<{ g) )2,

)
(63)

PN LY A0ud:c0sh(/2 €) (oriorize)
Y 26,5, 51 (V@ sinh(y/2 &) — 51 cosh(y/2 &) £/ ) ’

ab, B, 480,cosh(,/0 &)

40X Y, = 1
Qo) 26, ( T (vesinh(y2 ¢)

~ 8 cosh(y/2 &) £iy/2 ) ) ’

Pas(x,y,0) = 1ﬁ b \/W M,/gcosh(,/0¢) L<11zx+b2y+%2[/')
e 25, Msinh(,/@&)+N )
Oss(x,y,1) = aib,f, (/o(M2+N2) —M,/gcosh(,/e¢) 2
36\X%),0) = 26, Msinh(\/gzj)-Hv >
(64)
Por(royst) =— aipibs \/WJrM\/Ecosh(\/@g) ei(GZHbZH%/’)
T 25,54 Msinh(\/g&) +N .
On(epnt) —_G101B1 (Ve +N?) + M /geosh(ya¢) ’
TRl = 2p, Msinh(,/g&)+N )
(65)
ei (a2x+b:y+‘/—3w) ’
(66)
ei (azx+b2y+‘%r/’) ’
(67)
(68)
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P _ ai5ipips 488,sinh (/0 &) i(“2X+h2}'+%ﬂ')
41(%)’70 - zﬂﬂ 1+ . ’
2P 8 (\/6 cosh(y/e &) — 6 sinh(,/g &) £ \/5)
2 | , (69)
Q4l(x7y7t) all;lflél 1 + 4605251“*‘(\(6 5) ’
f, 8 (\/a cosh(,/g &) — & sinh(\/g &) i\/é)
By 8506,sinh (ﬁ 5) cosh <@ é) ) o,
Po(xyf) = [GOBs 4 4 ¢ <uzx+b2".+7’ﬂ> :
26,5, 5y (2 /@ cosh? (@ g) — 268, sinh (@ 5) cosh (@ 5) -e )
. . ) (70)
) 85,8,sinh <—g f) cosh <—g 6)
Ouliyi) = albzlﬂﬂ,&l - 4 3
2

5 (2\/(_) cosh? (@ Ej) — 28, sinh <§ 5) cosh (@

For ¢ =087 —468,5, <0 and 6,5, # 0 (or 5,6, # 0):

J )

P46(x,y, t) _ _ 127}2,210(“)“\/_ f) 1 esc (\/_ 5)) x(azx+b2y+(/_%rﬂ)7

Py(x,y,t) = ——a;/;/;gtan (—‘/;E 5) ei <”””’2>’*'73”’> ,
24 ,
b D Qe =2 eoyma8) Fese(v 4
_ 2
Qus(x,y,1) = %tan2 (g 5)7 i
Pu(x,y,1) 1/5 /530 (\/— )ei <a2x+bzy+%ﬂ’>
s Vs 2 2 ) ; _ _ (o,
b 2P4
Qu(x,y,1) :(ll2lﬂfleC (\/2_ ) ) abip,o = Ne 2
On(x,y,1) = lglﬁ 10 (tan(Tgf) —cot( 49,5)) 7
2
Pus(x,y,1) 1;; ?Q(tan(\/— &) £ sec(\/—0¢ 5)) l<02x+b2}'+(/_;zm>’ 5
4
Qis(x.y.) “‘Z‘f DO an( /=g &) + sec(y=¢ &),
(73)
Pys(x,y,1) = 1/} b i\/il\lz ) £M,/=¢ cos(,/—¢ &) z<112x+llz)v+%1/’>
e 2654 Msin(,/=¢ &) + N ,
(76)
Oulr,y,1) — arb, B, [ £+/e(N* —M?) £ P,/=¢ cos(,/—0 o\’
wm 2f, Msin(y/=¢ &) + N
v=e
Py(x,y,t) = \/(m 1 46062COS( 2 5) ei<112x+bzy+%r/’>
49\ Y, = — y
2p,P4 5 (JTQ sin <\/;—Q f) + 6 cos (\/;—Q g) )
2 77)
4 N
Qulx,y,1) — alblﬂléf - 5052(:05( 3 5)
o 26, -

8 (\/——g sin (@5) +6 cos( =

)
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. (e )
46062, s .
Pso(x,y,1) = a%(s%ﬁlﬁ‘; 1+ 027 5m< 2 . ei<azx+b2)‘+%p>
\/ 2p,p4 8 (\/lz cos (\/? f) — &) sin (J? f) >
s (78)
in( 2
QOso(x,y,1) = @b i3, 1+ o Sm( : §>
2b 8y (\/Tg cos (@5) — &, sin <@§) )
Paliyt) — VAT 45062c0s(\/— 5 i a xiby >+—ﬂ
e 26,84 V= sin(y/—&) + 8 cos(v/—¢ &) £ vV—¢)
79
_ dlb1ﬁ15 45052009(\/—?:
Os1(x,y,1) 28, (1 /=@ sin(y/=¢€&) + 8y cos(,/=¢ &) £ /=0) )
Poliyl) — adihbs(, 46¢8:sin(y/=¢ &) i a xiby v+—ﬂ
25 26,54 V=0 cos(y/=¢ &) + b1 sin(y/=¢ &) £ \/=0)
(80)
1 alblﬂlé 4§g§2§m(\/— &)
Osloyt) = 28, (1 /=0 cos(,/=¢ &) + & sin(\/=¢ &) £ /=0) )
lazgzﬂ 5 8005,sin (\/? f) cos (ﬁ 5) i<a2x+bz‘,+r_zl,,>
P53(x»)’7t) = Py 1+ — e o )
20,4 5 (ZH cos’ <Q§> — 26, sin (T f) cos \/4_9 Zj \/_Q
(81)
in[ X2 v=e
25 8y (2 /=0 cos? (‘/_ f) — 26, sin (‘/;E 5) cos (‘/F 5 \/—é
For 8, =0 and 6,6, # O: B aio\/ 20,5 i (“?”1”2”3—»2”’)
P57(x1y7t) = T . .. ¢ I
22 . A% ﬂ2ﬁ4(525 + fo)
Psi(x,y,1) = a6/, Ps 1— 2¢, ei(“l“Jr"Zy*/%’/)) N (85)
Y 28B4 (&0 +cosh(8; §) £sinh(8:£)) ’ 0s5:(x,,1) _2abipis,
X ) ' Br(626+ &)
Oss(xmt) = aibp,6; (1 B 25, )
Y 26, (& +cosh(8, &) £sinn(5,8)) ) where & = aix+ biy+ 9 ,c; = —}
(82) 2
ﬁl (a1b161 — 4a1b15062 + 2(12172)7 and 50
is arbitrary constant.
252 : : o
_ [@spps (| 2Acosh(58) —sinh(6,8) \ i(wmesnriie)
Pslen) =\["p.p, (- Grents s 8¢ * The Kudryashov method
_ abyp5; : 2(cosh(8, &) —sinh(8,£)) \? With regard to the Kudryashov method [70-74], we assume that the
Oss(wyit) = 26, " (& +cosh(5, &) —sinh(5,&)) ) Eq. 5 solution is defined as
(83) @ .
P(E) =ko+ Y _kiH'(&), ky # 0. (86)
i=1
3 . . The function .%# (&) satisfies an ODE express as
Ps, ()C y Z) _ alﬁl/il/i3 (1 _ 2(C0$h(5] if) +smh(6] &f)) ) Ki (zxzx+liz)'+7z"”>
. \ 28,8, (& +cosh (8, €) +sinh(, ¢)) ’ T (&) = A& (1 - QA (¢)). (87)
Oss(t3,1) = aibi B, 5] (1 _2(cosh(8, &) +sinh(4,£)) )2 The solution to the ODE referred to above is given as
e 2, (& +cosh(31€) +sinh(5:¢)) ) * "
@) 7= : Q=4B,B,, (88)

For 6, # 0 and &; = &

=0:

10

(482 — Q)sinh(&) + (4B + Q)cosh(é)’

where B; and B, are arbitrary constants. Again, since w =1, from Eq. 26
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Fig. 1. The dark soliton solution Eq. 22, (a)-(c) 3D plots at p = 1, (d)-(f) 2D plots at t = 10, with g; =, = —1,63 =1, = —2,a1 =az = 0.1,b; = by = 0.2,
u =V8 =1,y =1,0; =1,and Q; = 0.

we have
c1 = —fi(aby +aiby), ¢ = pi(ariby — arb,), ko =0, ki
P(§) = ko +ki#(&), ki # 0. (89)
— tig,. [2iPR
Putting Eqs. 86 and 87 into Eq. 12 accordingly, collecting all the I VN

coefficient of .%'(&),i = 0,1,2,3, and setting them to zero, we have
By incorporating these parameters into Eq. 89 and consider Eq. 88,

) - _bifafiky arhsfiky — coky = 0 we obtain the solutions
’ aipy : '
dia\B, /2B, P02 i(u2x+b2y+%/’>
) 3y, Bukok® Psg(x,y,1) =+ - e ,
PAGE _%4301 —0, s(x0.0) /PP (4B —Q)sinh(&) + (4B> + Q)cosh(€))
2 ©0 Bib dia A\/2P B0 :
_ 3byp,f ki k _ P a V3
(g . _2P1PPaKiIKy _ _ _ V,t) = — .
R (5) : e + a1bf ki — ax by k) — ek =0, Q58(x y ) ap, ( /_ﬁ2ﬂ4 ((4A2 — Q)sinh(f) T (4A2 +Q)cosh(§))>
3 (oD
FE): —2a1bpkQ — bbbk _
arps
The solutions of the equations obtained above along with Eq. 11 Remark 3. Letting By = B, = 1 in Eq. 91 yields the bright soliton so-
yields: lutions of Eq. 5 as follows:

2a% b b [(az)ﬁrbzyﬁi/}l("1‘71)7“2‘72)1”)
P(x,1) ==+i Msech aix +byy — Mﬂ’ e / ,
Pabs P

_ 2a,b, p1(axby +alb2)t’7)

(92)

Q(x,1) sech? (alx +by—

2

11
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Remark 4. Letting By =1 and B, =—1 in Eq. 91 yields the singular

soliton solutions of £q. 5 as: Remark 5. It should be noted that all the solutions presented in this

) 2 b b i(a2x+b2y+ﬂl(alhliazhz)tﬂ)
P(x,r) =i —%csch(a1x+b1y—Wt") e ! ,
V 2P4

93
2a,b by +ab
Ox,1) = SO L sch? (a.x+ by _Biah +aby) 2)l“’).
Py 4
T
S
///
010 /\ < y ’/ 0.00 {\\\
RelP(x.y U]DODOSOE 1POY.O1 05‘\ // 710 ey \

/

3 1
010l % \! 0.00%

(b) ()

Fig. 2. The optical soliton solution Eq. 38 (a)-(c) 3D plotsatp =1, (d)-(f) 2D plotsatt = 10,8, = —1,f, =f3 =1,, = —2,a; =az =0.1,b; = by = 05,y = 1,
5 =v8,8, =6 = -1,M =2,and N = 1.

<

Re[P(c.y.]0.05]

\
OOOt

(a) (b) (c)

Re[P(x,t)]
0.10

Fig. 3. The bright soliton solution Eq. 22, (a)-(c) 3D plots at p =1, (d)-(f) 2D plots att =10, with ; =, =—1,3=1,43=-2, a1 = a2 =0.1,b; =by =03,y =
1,31 =1 ande =1.
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work have been verified by the help of Mathematica package software.

Concluding remarks

We successfully study the integrable generalized (2 + 1)-dimen-
sional nonlinear conformable Schrodinger system with nonlinear optical
applications. Three different schemes, specifically, (G /G)-expansion
method, generalized Riccati equation mapping method and the
Kudryashov method have been implemented to construct several optical
soliton solutions to the proposed integrable system. The 3D and 2D (with
distinct fractional order p) plots are depicted in Fig. 1-3 to examine the
dynamical characteristics of the soliton solutions. The advantages of
choosing the conformable derivative over the the most common used
fractional derivatives, the Caputo and Riemann-Liouville fractional
derivative in this present investigation are as follows:

(i.) The conformable derivative provide us more flexibility when
applying to the FPDEs, in view of the fact that the FPDEs of
conformable type are more convenient to compute analytically or
approximately when compared to the Caputo or Riemann-Liouville
fractional derivative.

(ii.) This definition is natural and it fulfills almost all of the prop-
erties that the classical derivative and integral possesses, particu-
larly, the product rule, power rule, quotient rule, integration by
parts, chain rule, linearity, derivatives with constant functions is
zero, mean value theorem, and Rolle’s theorem [65].

Our results show that the proposed methods are powerful, reliable,
and efficient tools for constructing new wave solutions to this nonlinear
system and potentially be extended to other kinds of nonlinear integer
and non-integer order systems arising in applied physics. Finally, in
developing new theories in plasma physics, nuclear physics, fluid dy-
namics, quantum mechanics, soliton dynamics, optical physics, elec-
tromagnetism, biomedical concerns, industrial studies, mathematical
physics, and many other natural and physical sciences, these findings
can be highly applicable.
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