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A B S T R A C T   

The analytical solutions of the integrable generalized (2 + 1)-dimensional nonlinear conformable Schrödinger 
(NLCS) system of equations was explored in this paper with the aid of three novel techniques which consist of 
(G′

/G)-expansion method, generalized Riccati equation mapping method and the Kudryashov method in the 
conformable sense. We have discovered a new and more general variety of exact traveling wave solutions by 
using the proposed methods with a variety of soliton solutions of several structures. With several plots illustrating 
the behavior of dynamic shapes of the solutions, the findings are highly applicable and detailed the physical 
dynamic of the considered nonlinear system.   

Introduction 

The search for an exact soliton solutions to the nonlinear models has 
been one of the most fascinating and exciting areas of research in the 
field of sciences and engineering for many years [1–22]. Nonlinear 
models are frequently used in a broad range of research fields and have 
been studied from a variety of perspectives. In the development of new 
theories in mathematical physics, the study of solitons, especially in the 
field of plasma physics, has a critical part to play, while the development 
of mathematical methods, that further give us more accurate results for 
the extraction of solitons, is a highly prominent area of applied physics 
research with promising features in several other fields of physics. 
Nonlinear fractional models (NFMs) which consist of non-integer order 
are the generalizations of classical nonlinear models of integer order. 
Many physical phenomena have been modeled by the utilization of 
fractional calculus due to modern fractional-order models are more 
suitable and flexible when compared with the traditionally used integer- 
order models. Some applications of fractional calculus can be found in 
[23–39]. An elegant way of seeking the soliton solutions of nonlinear 
classical and fractional system is to suggest a transformation to arrive at 
a solvable a nonlinear ordinary differential equations (NODEs) using 
analytical techniques such as iterative shehu transform method [40], 
variational iteration method [41], perturbation-iteration algorithm 

[42,43], sine–Gordon expansion method [44], tanh method [45], re-
sidual power series method [46,47], δ-homotopy perturbation transform 
method [48], sub-equation method [49], modified simple equation 
[50], q-homotopy analysis method [51,52], new extended direct alge-
braic method [53,54], F-expansion method [55], fractional reduced 
differential transform method [56], homogeneous balance method [57], 
q-homotopy analysis transform method [58,59], extended modified 
auxiliary equation mapping method [60], simple equation method [61] 
and considerably more. 

In [62], Radha and Lakshmanan examined the integrable (2 +

1)-dimensional NLS system of equations defined below: 

Pt = Pxy + PQ,

Qx = 2
(⃒
⃒P|2

)

y
.

(1) 

Using the P-analysis, its bilinear form have been obtained that can 
then be employed to produce the soliton solutions. This system have 
been studied in [62,60,63]. In [62], a direct method have been proposed 
to study ghost solitons of the (2 + 1)-dimensional NLCS system. 
Recently, In [60], newly method called the extended modified auxiliary 
equation mapping method (EMAEMM) was applied to retrieve its exact 
traveling wave solutions of the (2 + 1)-dimensional NLCS system. 
Hosseini et.al. in [63] used Kudryashov method and its modified version 
to investigate the exact solutions of the proposed problem. The focus of 
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the current research is to further complement the studies previously 
conducted on the system 1 and to extract its optical soliton solutions 
using three novel approaches consisting of the (G′

/G) expansion 
method, the generalized Riccati equation mapping method and the 
Kudryashov method. For this purpose, we analysis the generalized (2 +

1)-dimensional NLCS system of equations given as 

iD ρ
t P + β1 Pxy + β2PQ = 0,

β3Qx + β4

(⃒
⃒P|2

)

y
= 0, (2)  

where β1, β2, β3 and β4 are arbitrary constants and ρ, (0 < ρ⩽1) is the 
fractional order. 

The layout of the present article is as follows: In Section “Pre-
liminaries”, we present definitions and some basic properties of the 
conformable derivative. The general formulation of solutions to inte-
grable (2 + 1)-dimensional NLCS system of equations which includes 
the implementation of three efficient and reliable techniques, namely, 
(G′

/G)-expansion method, generalized Riccati equation mapping 
method and the Kudryashov method in the conformable sense are pre-
sented in Section “Mathematical formulation of the integrable (2 +

1)-dimensional NLCS system”. Finally, Section “Concluding remarks” 
presents the concluding remarks. 

Preliminaries 

Here, we present definitions and some basic properties of the 
conformable derivative which can be found in [64,65]. 

Definition 1. Let P : [0, ∞)→R. The conformable derivative of P of 
order ρ is given by 

D
ρ
t P(t) = lim

ℏ→0

P(t + ℏt1− ρ) − P(t)
ℏ

, ∀ t > 0, ρ ∈ (0, 1). (3) 

Furthermore, If P is ρ-differentiable in some interval (0, ζ) where ζ >

0 and limt→0P(ρ)
t (t) exists. We define 

P(ρ)
t (0) = lim

t→0+
P(ρ)

t (t). (4)   

Lemma 1. [64] Let ρ ∈ (0, 1] and P1, P2 be ρ-differentiable at a point 
t > 0. Then 

(i.) D ρ
t (A1 P1 + A2 P2) = A1D

ρ
t P1 + A2D

ρ
t P2, ∀ A1,A2 ∈ R. 

(ii.) D ρ
t (tσ) = σtσ− ρ, ∀ σ ∈ R. 

(iii.) D ρ
t (P1P2) = P1D

ρ
t P2 + P2D

ρ
t P1. 

(iv.) D ρ
t

(
P1
P2

)

=
P2D

ρ
t P1 − P1D

ρ
t P2

P2
2

, provided P2 ∕= 0. 

(v.) D ρ
t (K) = 0, where K is a constant. 

(vi.) D ρ
t P1(t) = t1− ρ∂P1(t)

∂t , for a differentiable function P1. 

Mathematical formulation of the integrable (2 + 1)-dimensional 
NLCS system 

Consider the generalized integrable (2 + 1)-dimensional NLCS sys-
tem of equations 

iD ρ
t P + β1 Pxy + β2PQ = 0,

β3Qx + β4

(⃒
⃒P|2

)

y
= 0. (5) 

Here, P ∈ C while Q ∈ R . The transformation is suggested by us as: 

P(x, y, t) = P(ξ)eiη,

Q(x, y, t) = Q(ξ), ξ = a1x + b1y +
c1

ρ tρ, η = a2x + b2y +
c2

ρ tρ,
(6)  

where ai, bi, and ci, i = 1,2 are respectively the speed of wave, wave 
number and frequency of the soliton. Using Eq. 6, we achieve the 
imaginary and real parts of Eq. 5 as follows: 

(c1 + β1(a1b2 + a2b1))P
′

(ξ) = 0, (7)  

− c2P(ξ) − β1a2b2P(ξ)+ β1a1b1P′ ′(ξ)+ β2P(ξ)Q(ξ) = 0,
(8)  

and 

β3a1Q′

(ξ)+ β4b1(P(ξ)2
)
′

= 0. (9) 

Integrating Eq. 9 once and setting constant of integration to zero 
result in 

Q(ξ) = −
b1β4

a1β3
P(ξ)2

. (10) 

After solving Eq. 7 leads to 

c1 = − β1(a1b2 + a2b1). (11) 

Inserting Eq. 10 into Eq. 8, we get 

− (c2 + β1a2b2)P(ξ)+ β1a1b1P′ ′(ξ) −
b1β2β4

a1β3
P(ξ)3

= 0.
(12) 

By balancing P(ξ)3 and P’’(ξ), we have ϖ = 1. 

The (G′

/G)-expansion method 

Implementing the (G′

/G) expansion method [66,67], the solution of 
Eq. 12 can be express as: 

P(ξ) = k0 +
∑ϖ

i=1
ki

(
G′

(ξ)
G(ξ)

)i

, kϖ ∕= 0. (13) 

Here, G(ξ) satisfies an ODE: 

G′ ′(ξ) = − μ1G′

(ξ) − μ2G(ξ), (14)  

where constants ki, i = 0, 1,2,⋯,ϖ and μi, i = 1, 2 can be determined 
subsequent. The generalized solutions to the above mentioned ODE are 
given as 

G′

(ξ)
G(ξ)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
μ1

2
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

2

⎛

⎜
⎜
⎝

Ω1sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

+ Ω2cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

Ω1cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

+ Ω2sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

⎞

⎟
⎟
⎠, μ2

1 − 4μ2 > 0,

−
μ1

2
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (μ2
1 − 4μ2)

√

2

⎛

⎜
⎜
⎝

Ω1sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (μ2
1 − 4μ2)

√

ξ
)

+ Ω2cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (μ2
1 − 4μ2)

√

ξ
)

Ω1cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (μ2
1 − 4μ2)

√

ξ
)

+ Ω2sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (μ2
1 − 4μ2)

√

ξ
)

⎞

⎟
⎟
⎠, μ2

1 − 4μ2 < 0,

−
μ1

2
+

Ω2

Ω1 + Ω2ξ
, μ2

1 − 4μ2 = 0,

(15)   
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where Ω1 and Ω2 are arbitrary constants. Since ϖ = 1, then Eq. 13 reads: 

P(ξ) = k0 + k1
G′

(ξ)
G(ξ)

, k1 ∕= 0, (16) 

Insertion of Eqs. 14 and 16 into Eq. 12, considering the (G′

/G)i
, i = 0,

1, 2, 3, coefficients to zero results in some algebraic equations in the 
form: 

(G
′

/G)
0
(ξ) : a1b1β1k1μ1μ2 −

b1β2β4k3
0

a1β3
− a2b2β1k0 − c2k0 = 0,

(G
′

/G)
1
(ξ) : a1b1β1k1μ2

1 +2a1b1β1k1μ2 −
3b1β2β4k1k2

0

a1β3
− a2b2β1k1 − c2k1 = 0,

(G′

/G)
2
(ξ) : 3a1b1β1k1μ1 −

3b1β2β4k0k2
1

a1β3
= 0,

(G′

/G)
3
(ξ) : 2a1b1β1k1 −

b1β2β4k3
1

a1β3
= 0.

(17) 

By solving the above equations through Mathematica software and 
considering Eq. 11, the outcomes are: 

c1 = − β1(a1b2 + a2b1), c2 = −
1
2

β1
(
a1b1μ2

1 − 4a1b1μ2 + 2a2b2
)
, k0

= ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1μ2

1β1β3

2β2β4

√

, k1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2a2
1β1β3

β2β4

√

. (18) 

From the above solutions with Eqs. 15 and 16, we obtain solutions of 
Eq. 5 as  

P3(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3

β2β4

√
a1Ω2

(Ω1 + ξΩ2)
e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q3(x, y, t) = −
2a1b1β1Ω2

2

Ω1 + β2(ξΩ2)
2 .

(21)  

Remark 1. A special case when Ω1 ∕= 0 and Ω2 = 0, in Eq. 19 reveals 
the dark soliton solutions of Eq. 5 as 

P(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(μ2
1 − 4μ2)

2β2β4

√

tanh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q(x, y, t) = −
a1b1β1(μ2

1 − 4μ2)

2β2
tanh2

(
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

.

(22) 

When Ω1 = 0 and Ω2 ∕= 0, in Eq. 19 reveals the singular soliton 
solutions of Eq. 5 as 

P(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(μ2
1 − 4μ2)

2β2β4

√

coth
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q(x, y, t) = −
a1b1β1(μ2

1 − 4μ2)

2β2
coth2

(
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

.

(23)   

Remark 2. A special case when Ω1 ∕= 0 and Ω2 = 0, in Eq. 20 reveals 
the periodic solitary wave solutions of Eq. 5 as 

P(x, y, t) = ∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(4μ2 − μ2
1)

2β2β4

√

tan
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q(x, y, t) = −
a1b1β1(4μ2 − μ2

1)

2β2
tan2

(
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

.

(24) 

When Ω1 = 0 and Ω2 ∕= 0, in Eq. 20 also reveals the periodic solitary 
wave solutions of Eq. 5 as 

P(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(4μ2 − μ2
1)

2β2β4

√

cot
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q(x, y, t) = −
a1b1β1(4μ2 − μ2

1)

2β2
cot2

(
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

.

(25)   

P1(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(μ2
1 − 4μ2)

2β2β4

√
⎛

⎜
⎜
⎝

Ω1sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

+ Ω2cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

Ω1cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

+ Ω2sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2
1 − 4μ2

√

ξ
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q1(x, y, t) = −
a1b1β1(μ2

1 − 4μ2)

2β2

⎛

⎜
⎜
⎝

Ω1sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2

1 − 4μ2

√
ξ
)

+ Ω2cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2

1 − 4μ2

√
ξ
)

Ω1cosh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2

1 − 4μ2

√
ξ
)

+ Ω2sinh
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2

1 − 4μ2

√
ξ
)

⎞

⎟
⎟
⎠

2

.

(19)  

P2(x, y, t) = ∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3(4μ2 − μ2
1)

2β2β4

√
⎛

⎜
⎜
⎝

Ω1sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

− Ω2cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

Ω1cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

+ Ω2sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4μ2 − μ2
1

√

ξ
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q2(x, y, t) = −
a1b1β1(4μ2 − μ2

1)

2β2

⎛

⎜
⎜
⎝

Ω1sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4μ2 − μ2

1

√
ξ
)

− Ω2cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4μ2 − μ2

1

√
ξ
)

Ω1cos
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4μ2 − μ2

1

√
ξ
)

+ Ω2sin
(

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4μ2 − μ2

1

√
ξ
)

⎞

⎟
⎟
⎠

2

.

(20)   
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The GREM method 

As regards to the GREM method [68,69], we presume that Eq. 5 
solution is described by 

P(ξ) = k0 +
∑ϖ

i=1
kiR

i(ξ), kϖ ∕= 0. (26)  

where constants ki, i = 0,1, 2,⋯,ϖ and μi, i = 1, 2 can parameters to be 
evaluated later. The function R (ξ) satisfies the generalized Riccati 
equation defined by 

R
′

(ξ) = δ0 + δ1 R (ξ)+ δ2 R
2(ξ), δ2 ∕= 0, (27)  

where δ0, δ1 and δ2 are constants. The resulting solutions of Eq. 27 are 
categorized as follows: 

Set1. For ϱ = δ2
1 − 4δ0δ2 > 0, δ1δ2 ∕= 0 (or δ0δ2 ∕= 0) and non-zero 

M and N are real constants: 

R 1(ξ) = −
1

2δ2

(

δ1 +
̅̅̅
ϱ

√ tanh
( ̅̅̅ϱ√

2
ξ
))

,

R 2(ξ) = −
1

2δ2

(

δ1 +
̅̅̅
ϱ

√ coth
( ̅̅̅ϱ√

2
ξ
))

,

R 3(ξ) = −
1

2δ2

(
δ1 +

̅̅̅
ϱ

√ (
tanh( ̅̅̅

ϱ
√

ξ) ± i sech( ̅̅̅
ϱ

√
ξ)
))

,

R 4(ξ) = −
1

2δ2

(
δ1 +

̅̅̅
ϱ

√ (
coth(

̅̅̅
ϱ

√
ξ) ± csch(

̅̅̅
ϱ

√
ξ)
))

,

R 5(ξ) = −
1

4δ2

(

2δ1 +
̅̅̅
ϱ

√
(

tanh
( ̅̅̅ϱ√

4
ξ
)

+ coth
( ̅̅̅ϱ√

4
ξ
)))

,

R 6(ξ) =
1

2δ2

(

− δ1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 + N2)

√
− M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

M sinh( ̅̅̅ϱ√ ξ) + N

)

,

R 7(ξ) =
1

2δ2

(

− δ1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 + N2)

√
+ M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

M sinh( ̅̅̅ϱ√ ξ) + N

)

,

R 8(ξ) =
2δ0 cosh

(
̅̅ϱ√

2 ξ
)

̅̅̅ϱ√ sinh
(
̅̅ϱ√

2 ξ
)

− δ1 cosh
(
̅̅ϱ√

2 ξ
),

R 9(ξ) =
− 2 δ0 sinh

(
̅̅ϱ√

2 ξ
)

δ1 sinh
(
̅̅ϱ√

2 ξ
)

−
̅̅̅ϱ√ cosh

(
̅̅ϱ√

2 ξ
),

R 10(ξ) =
2δ0 cosh( ̅̅̅ϱ√ ξ)

̅̅̅ϱ√ sinh( ̅̅̅ϱ√ ξ) − δ1 cosh( ̅̅̅ϱ√ ξ) ± i ̅̅̅ϱ√ ,

R 11(ξ) =
2δ0 sinh( ̅̅̅ϱ√ ξ)

̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ) − δ1 sinh( ̅̅̅ϱ√ ξ) ± ̅̅̅ϱ√ ,

R 12(ξ) =
4δ0 sinh

(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

2 ̅̅̅ϱ√ cosh2
(
̅̅ϱ√

4 ξ
)

− 2δ1 sinh
(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

−
̅̅̅ϱ√
.

Set2. For ϱ = δ2
1 − 4δ0δ2 < 0, δ1δ2 ∕= 0 (or δ0δ2 ∕= 0), M and N are 

non-zero real constants that satisfy M2 − N2 > 0: 

R 13(ξ) =
1

2δ2

(

− δ1 +
̅̅̅̅̅̅̅
− ϱ

√ tan
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

,

R 14(ξ) = −
1

2δ2

(

δ1 +
̅̅̅̅̅̅̅
− ϱ

√ cot
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

,

R 15(ξ) =
1

2δ2
( − δ1 +

̅̅̅̅̅̅̅
− ϱ

√
(tan(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± sec( ̅̅̅̅̅̅̅

− ϱ
√

ξ)) ),

R 16(ξ) = −
1

2δ2
(δ1 +

̅̅̅̅̅̅̅
− ϱ

√
(cot(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± csc ( ̅̅̅̅̅̅̅

− ϱ
√

ξ)) ),

R 17(ξ) =
1

4δ2

(

− 2δ1 +
̅̅̅̅̅̅̅
− ϱ

√
(

tan
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− cot
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)))

,

R 18(ξ) =
1

2δ2

(

− δ1 +
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(N2 − M2)

√
± M ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ)

M sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) + N

)

,

R 19(ξ) = −

2δ0 cos
(
̅̅̅̅̅
− ϱ√

2 ξ
)

̅̅̅̅̅̅̅
− ϱ√ sin

(
̅̅̅̅̅
− ϱ√

2 ξ
)

+ δ1 cos
(
̅̅̅̅̅
− ϱ√

2 ξ
),

R 20(ξ) =
2δ0 sin

(
̅̅̅̅̅
− ϱ√

2 ξ
)

̅̅̅̅̅̅̅
− ϱ√ cos

(
̅̅̅̅̅
− ϱ√

2 ξ
)

− δ1 sin
(
̅̅̅̅̅
− ϱ√

2 ξ
),

R 21(ξ) = −
2δ0 cos( ̅̅̅̅̅̅̅

− ϱ√ ξ)
̅̅̅̅̅̅̅
− ϱ√ sin(

̅̅̅̅̅̅̅̅̅
− ϱξ

√
) + δ1 cos( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± ̅̅̅̅̅̅̅
− ϱ√ ,

R 22(ξ) = −
2δ0 sin( ̅̅̅̅̅̅̅

− ϱ√ ξ)
̅̅̅̅̅̅̅
− ϱ√ cos( ̅̅̅̅̅̅̅

− ϱ√ ξ) + δ1 sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) ± ̅̅̅̅̅̅̅

− ϱ√ ,

R 23(ξ) =
4 δ0 sin

(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

2 ̅̅̅̅̅̅̅
− ϱ√ cos2

(
̅̅̅̅̅
− ϱ√

4 ξ
)

− 2δ1 sin
(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

−
̅̅̅̅̅̅̅
− ϱ√

.

Set3. For δ0 = 0 and δ1δ2 ∕= 0: 

R 24(ξ) = −
δ1 ξ0

δ2 (ξ0 + cosh(δ1 ξ) − sinh(δ1 ξ))
,

R 25(ξ) = −
δ1(cosh(δ1 ξ) − sinh(δ1 ξ) )

δ2 (ξ0 + cosh(δ1 ξ) − sinh(δ1 ξ))
.

R 26(ξ) = −
δ1(cosh(δ1 ξ) + sinh(δ1 ξ) )

δ2 (ξ0 + cosh(δ1 ξ) + sinh(δ1 ξ))
.

Set4. For δ2 ∕= 0 and δ1 = δ0 = 0: 

R 27(ξ) = −
1

δ2 ξ + ξ0
,

where ξ0 is an arbitrary constant. Since ϖ = 1, from Eq. 26 we have 

P(ξ) = k0 + k1R (ξ), k1 ∕= 0. (28) 

Inserting Eqs. 27 and 28 into Eq. 12 with the coefficients of R i
(ξ),

i = 0,1, 2,3, to zero, we obtain 
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R
0(ξ) : k0(− a2b2β1 − c2)+a1b1β1δ0δ1k1 −

b1β2β4k3
0

a1β3
= 0,

R
1(ξ) : k1(− a2b2β1 − c2)+a1b1β1δ2

1k1 +2a1b1β1δ0δ2k1 −
3b1β2β4k1k2

0

a1β3
= 0,

R
2(ξ) : 3a1b1β1δ1δ2k1 −

3b1β2β4k0k2
1

a1β3
= 0,

R
3
(ξ) : 2a1b1β1δ2

2k1 −
b1β2β4k3

1

a1β3
= 0.

(29) 

Considering Eq. 11 and the solution of the above equations, we have 
the following cases: 

Case 1. 
c1 = − β1(a1b2 + a2b1), c2 = −

1
2

β1
(
a1b1δ2

1 − 4a1b1δ0δ2 + 2a2b2
)
, k0

= − a1δ1

̅̅̅̅̅̅̅̅̅̅̅̅
β1β3

2β2β4

√

, k1 = − a1δ2

̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3

β2β4

√

.

(30) 

According to the above values with the use of Eq. 28 and the already 
defined solutions sets, we have the following results: 

For ϱ = δ2
1 − 4δ0δ2 > 0 and δ1δ2 ∕= 0 (or δ0δ2 ∕= 0): 

P4(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√

tanh
( ̅̅̅ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q4(x, y, t) = −
a1b1β1ϱ

2β2
tanh2

( ̅̅̅ϱ√

2
ξ
)

,

(31)  

P5(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√

coth
( ̅̅̅ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q5(x, y, t) = −
a1b1β1ϱ

2β2
coth2

( ̅̅̅ϱ√

2
ξ
)

,

(32)  

P6(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√
(

tanh( ̅̅̅ϱ√ ξ) ± isech( ̅̅̅ϱ√ ξ)
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q6(x, y, t) = −
a1b1β1ϱ

2β2

(
tanh(

̅̅̅
ϱ

√
ξ) ± i sech(

̅̅̅
ϱ

√
ξ)
)2
,

(33)  

P7(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√
(

coth( ̅̅̅ϱ√ ξ) ± csch( ̅̅̅ϱ√ ξ)
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q7(x, y, t) = −
a1b1β1ϱ

2β2

(
coth( ̅̅̅

ϱ
√

ξ) ± csch( ̅̅̅
ϱ

√
ξ)
)2
,

(34)  

P8(x, y, t) =
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1β1β3ϱ
2β2β4

√ (

tanh
( ̅̅̅ϱ√

4
ξ
)

+ coth
( ̅̅̅ϱ√

4
ξ
))

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q8(x, y, t) = −
a1b1β1ϱ

8β2

(

tanh
( ̅̅̅ϱ√

4
ξ
)

+ coth
( ̅̅̅ϱ√

4
ξ
))2

,

(35)   

P9(x,y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
− M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q9(x,y, t) = −
a1b1β1

2β2

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
− M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)2

,

(36)   

P10(x,y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
+M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q10(x,y, t) = −
a1b1β1

2β2

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
+M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)2

,

(37)  

P11(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

4δ0δ2cosh
( ̅̅̅ϱ√

2
ξ
)

δ1

(
̅̅̅
ϱ

√ sinh
( ̅̅̅ϱ√

2
ξ
)

− δ1 cosh
( ̅̅̅ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q11(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

4δ0δ2cosh
(
̅̅ϱ√

2 ξ
)

δ1

(
̅̅̅ϱ√ sinh

(
̅̅ϱ√

2 ξ
)

− δ1 cosh
(
̅̅ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(38)  

P12(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 −

4δ0δ2sinh
( ̅̅̅ϱ√

2
ξ
)

δ1

(

δ1 sinh
( ̅̅̅ϱ√

2
ξ
)

−
̅̅̅
ϱ

√
cosh

( ̅̅̅ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q12(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 −

4δ0δ2sinh
(
̅̅ϱ√

2 ξ
)

δ1

(

δ1 sinh
(
̅̅ϱ√

2 ξ
)

−
̅̅̅ϱ√ cosh

(
̅̅ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(39)   
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For ϱ= δ2
1 − 4δ0δ2 <0 and δ1δ2 ∕= 0 (or δ0δ2 ∕= 0): 

P16(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√

tan
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q16(x, y, t) =
a1b1β1ϱ

2β2
tan2

( ̅̅̅̅̅̅̅
− ϱ√

2
ξ
)

,

(43)  

P17(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√

cot
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q17(x, y, t) =
a1b1β1ϱ

2β2
cot2

( ̅̅̅̅̅̅̅
− ϱ√

2
ξ
)2

,

(44)  

P18(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√
(
tan( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± sec( ̅̅̅̅̅̅̅
− ϱ√ ξ)

)
e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q18(x, y, t) =
a1b1β1ϱ

2β2
(tan(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± sec( ̅̅̅̅̅̅̅

− ϱ
√

ξ))2
,

(45)  

P19(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√
(
cot( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± csc ( ̅̅̅̅̅̅̅
− ϱ√ ξ)

)
e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q19(x, y, t) =
a1b1β1ϱ

2β2
(cot(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± csc (

̅̅̅̅̅̅̅
− ϱ

√
ξ))2

,

(46)   

P20(x,y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√ (

tan
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− cot
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
))

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q20(x,y, t) =
a1b1β1ϱ

8β2

(

tan
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− cot
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
))2

,

(47)  

P13(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ ⎛

⎝1 +
4δ0δ2cosh( ̅̅̅

ϱ
√

ξ)

δ1

( ̅̅̅
ϱ

√ sinh( ̅̅̅
ϱ

√
ξ) − δ1 cosh( ̅̅̅

ϱ
√

ξ) ± i
̅̅̅
ϱ

√ )

⎞

⎠e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q13(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎝1 +
4δ0δ2cosh( ̅̅̅ϱ√ ξ)

δ1

(
̅̅̅ϱ√ sinh( ̅̅̅ϱ√ ξ) − δ1 cosh( ̅̅̅ϱ√ ξ) ± i ̅̅̅ϱ√

)

⎞

⎠

2

,

(40)  

P14(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ ⎛

⎝1 +
4δ0δ2sinh( ̅̅̅

ϱ
√

ξ)

δ1

( ̅̅̅
ϱ

√ cosh( ̅̅̅
ϱ

√
ξ) − δ1 sinh( ̅̅̅

ϱ
√

ξ) ±
̅̅̅
ϱ

√ )

⎞

⎠e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q14(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎝1 +
4δ0δ2sinh( ̅̅̅ϱ√ ξ)

δ1

(
̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ) − δ1 sinh( ̅̅̅ϱ√ ξ) ± ̅̅̅ϱ√

)

⎞

⎠

2

,

(41)  

P15(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

8δ0δ2sinh
( ̅̅̅ϱ√

4
ξ
)

cosh
( ̅̅̅ϱ√

4
ξ
)

δ1

(

2
̅̅̅
ϱ

√
cosh2

( ̅̅̅ϱ√

4
ξ
)

− 2δ1 sinh
( ̅̅̅ϱ√

4
ξ
)

cosh
( ̅̅̅ϱ√

4
ξ
)

−
̅̅̅
ϱ

√
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q15(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

8δ0δ2sinh
(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

δ1

(

2 ̅̅̅ϱ√ cosh2
(
̅̅ϱ√

4 ξ
)

− 2δ1 sinh
(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

−
̅̅̅ϱ√
)

⎞

⎟
⎟
⎠

2

.

(42)   

P21(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ (
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(N2 − M2)

√
± M ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ)

M sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) + N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q21(x, y, t) = −
a1b1β1

2β2

(
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(N2 − M2)

√
± P ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ)

M sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) + N

)2

,

(48)   
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For δ0 =0 and δ1δ2 ∕= 0: 

P27(x,y,t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ (

1 −
2ξ0

(ξ0 +cosh(δ1 ξ)±sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q27(x,y,t) = −
a1b1β1δ2

1

2β2

(

1 −
2ξ0

(ξ0 +cosh(δ1 ξ)±sinh(δ1 ξ))

)2

,

(54)   

P28(x,y,t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ (

1 −
2(cosh(δ1 ξ) − sinh(δ1 ξ))

(ξ0 +cosh(δ1 ξ) − sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q28(x,y,t) = −
a1b1β1δ2

1

2β2

(

1 −
2(cosh(δ1 ξ) − sinh(δ1 ξ))

(ξ0 +cosh(δ1 ξ) − sinh(δ1 ξ))

)2

,

(55)   

P29(x,y,t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ (

1 −
2(cosh(δ1 ξ)+sinh(δ1 ξ))

(ξ0 +cosh(δ1 ξ)+sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q29(x,y,t) = −
a1b1β1δ2

1

2β2

(

1 −
2(cosh(δ1 ξ)+sinh(δ1 ξ))

(ξ0 +cosh(δ1 ξ)+sinh(δ1 ξ))

)2

,

(56) 

For δ2 ∕= 0 and δ1 = δ0 = 0: 

P30(x, y, t) =
a1δ2

̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3

√

̅̅̅̅̅̅̅̅̅
β2β4

√
(δ2ξ + ξ0)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q30(x, y, t) = −
2a1b1β1δ2

2

β2(δ2ξ + ξ0)
2,

(57)  

where ξ = a1x + b1y + c1
ρ tρ, c2 = − 1

2β1
(
a1b1δ2

1 − 4a1b1δ0δ2 + 2a2b2
)
,

and ξ0 is arbitrary constant. 

P22(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 −

4δ0δ2cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ

√ sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

+ δ1 cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q22(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 −

4δ0δ2cos
(
̅̅̅̅̅
− ϱ√

2 ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ√ sin

(
̅̅̅̅̅
− ϱ√

2 ξ
)

+ δ1 cos
(
̅̅̅̅̅
− ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(49)  

P23(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

4δ0δ2, sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ

√
cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

− δ1 sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q23(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

4δ0δ2, sin
(
̅̅̅̅̅
− ϱ√

2 ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ√ cos

(
̅̅̅̅̅
− ϱ√

2 ξ
)

− δ1 sin
(
̅̅̅̅̅
− ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(50)  

P24(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ (

1 −
4δ0δ2cos( ̅̅̅̅̅̅̅

− ϱ
√

ξ)
δ1(

̅̅̅̅̅̅̅
− ϱ

√ sin(
̅̅̅̅̅̅̅̅̅
− ϱξ

√
) + δ1 cos( ̅̅̅̅̅̅̅

− ϱ
√

ξ) ±
̅̅̅̅̅̅̅
− ϱ

√
)

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q24(x, y, t) = −
a1b1β1δ2

1

2β2

(

1 −
4δ0δ2cos( ̅̅̅̅̅̅̅

− ϱ√ ξ)
δ1
( ̅̅̅̅̅̅̅

− ϱ√ sin(
̅̅̅̅̅̅̅̅̅
− ϱξ

√
) + δ1 cos( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± ̅̅̅̅̅̅̅
− ϱ√ )

)2

,

(51)  

P25(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ (

1 −
4δ0δ2sin(

̅̅̅̅̅̅̅
− ϱ

√
ξ)

δ1(
̅̅̅̅̅̅̅
− ϱ

√
cos(

̅̅̅̅̅̅̅
− ϱ

√
ξ) + δ1 sin(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ±

̅̅̅̅̅̅̅
− ϱ

√
)

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q25(x, y, t) = −
a1b1β1δ2

1

2β2

(

1 −
4δ0δ2sin( ̅̅̅̅̅̅̅

− ϱ√ ξ)
δ1
( ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ) + δ1 sin( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± ̅̅̅̅̅̅̅
− ϱ√ )

)2

,

(52)  

P26(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

8δ0δ2sin
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

cos
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

δ1

(

2 ̅̅̅̅̅̅̅
− ϱ

√ cos2
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− 2δ1 sin
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

cos
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

−
̅̅̅̅̅̅̅
− ϱ

√
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q26(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

8δ0δ2sin
(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

δ1

(

2 ̅̅̅̅̅̅̅
− ϱ√ cos2

(
̅̅̅̅̅
− ϱ√

4 ξ
)

− 2δ1 sin
(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

−
̅̅̅̅̅̅̅
− ϱ√

)

⎞

⎟
⎟
⎠

2

,

(53)   
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Case 2. 
c1 = − β1(a1b2 + a2b1), c2 = −

1
2

β1
(
a1b1δ2

1 − 4a1b1δ0δ2 + 2a2b2
)
, k0

= a1δ1

̅̅̅̅̅̅̅̅̅̅̅̅
β1β3

2β2β4

√

, k1 = a1δ2

̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3

β2β4

√

.

(58) 

According to the above values with the use of Eq. 28 and the already 
defined solutions sets, we have the following results: 

For ϱ = δ2
1 − 4δ0δ2 > 0 and δ1δ2 ∕= 0 (or δ0δ2 ∕= 0): 

P31(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√

tanh
( ̅̅̅ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q31(x, y, t) = −
a1b1β1ϱ

2β2
tanh2

( ̅̅̅ϱ√

2
ξ
)

,

(59)  

P32(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√

coth
( ̅̅̅ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q32(x, y, t) = −
a1b1β1ϱ

2β2
coth2

( ̅̅̅ϱ√

2
ξ
)

,

(60)  

P33(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√
(

tanh( ̅̅̅ϱ√ ξ) ± i sech( ̅̅̅ϱ√ ξ)
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q33(x, y, t) = −
a1b1β1ϱ

2β2

(
tanh( ̅̅̅

ϱ
√

ξ) ± i sech( ̅̅̅
ϱ

√
ξ)
)2
,

(61)  

P34(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3ϱ
2β2β4

√
(

coth( ̅̅̅ϱ√ ξ) ± csch( ̅̅̅ϱ√ ξ)
)

e
i

(
a2x+b2y+c2

ρ tρ

)

,

Q34(x, y, t) = −
a1b1β1ϱ

2β2

(
coth(

̅̅̅
ϱ

√
ξ) ± csch(

̅̅̅
ϱ

√
ξ)
)2
,

(62)   

P35(x,y,t) = −
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1β1β3ϱ
2β2β4

√ (

tanh
( ̅̅̅ϱ√

4
ξ
)

+coth
( ̅̅̅ϱ√

4
ξ
))

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q35(x,y,t) = −
a1b1β1ϱ

8β2

(

tanh
( ̅̅̅ϱ√

4
ξ
)

+coth
( ̅̅̅ϱ√

4
ξ
))2

,

(63)   

P36(x,y,t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
− M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q36(x,y,t) = −
a1b1β1

2β2

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
− M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)2

,

(64)   

P37(x,y,t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
+M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q37(x,y,t) = −
a1b1β1

2β2

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(M2 +N2)

√
+M ̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ)

Msinh( ̅̅̅ϱ√ ξ)+N

)2

,

(65) 

P38(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

4δ0δ2cosh
( ̅̅̅ϱ√

2
ξ
)

δ1

(
̅̅̅
ϱ

√ sinh
( ̅̅̅ϱ√

2
ξ
)

− δ1 cosh
( ̅̅̅ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q38(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

4δ0δ2cosh
(
̅̅ϱ√

2 ξ
)

δ1

(
̅̅̅ϱ√ sinh

(
̅̅ϱ√

2 ξ
)

− δ1 cosh
(
̅̅ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(66)  

P39(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 −

4δ0δ2sinh
( ̅̅̅ϱ√

2
ξ
)

δ1

(

δ1 sinh
( ̅̅̅ϱ√

2
ξ
)

−
̅̅̅
ϱ

√
cosh

( ̅̅̅ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q39(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 −

4δ0δ2sinh
(
̅̅ϱ√

2 ξ
)

δ1

(

δ1 sinh
(
̅̅ϱ√

2 ξ
)

−
̅̅̅ϱ√ cosh

(
̅̅ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(67)  

P40(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ ⎛

⎝1 +
4δ0δ2cosh(

̅̅̅
ϱ

√
ξ)

δ1

( ̅̅̅
ϱ

√
sinh(

̅̅̅
ϱ

√
ξ) − δ1 cosh(

̅̅̅
ϱ

√
ξ) ± i

̅̅̅
ϱ

√ )

⎞

⎠e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q40(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎝1 +
4δ0δ2cosh( ̅̅̅ϱ√ ξ)

δ1

(
̅̅̅ϱ√ sinh( ̅̅̅ϱ√ ξ) − δ1 cosh( ̅̅̅ϱ√ ξ) ± i ̅̅̅ϱ√

)

⎞

⎠

2

,

(68)   
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For ϱ= δ2
1 − 4δ0δ2 <0 and δ1δ2 ∕= 0 (or δ0δ2 ∕= 0): 

P43(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√

tan
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q43(x, y, t) =
a1b1β1ϱ

2β2
tan2

( ̅̅̅̅̅̅̅
− ϱ√

2
ξ
)

,

(71)  

P44(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√

cot
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q44(x, y, t) =
a1b1β1ϱ

2β2
cot2

( ̅̅̅̅̅̅̅
− ϱ√

2
ξ
)2

,

(72)  

P45(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√
(
tan( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± sec( ̅̅̅̅̅̅̅
− ϱ√ ξ)

)
e

i

(
a2x+b2y+c2

ρ tρ

)

,

Q45(x, y, t) =
a1b1β1ϱ

2β2
(tan(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± sec(

̅̅̅̅̅̅̅
− ϱ

√
ξ))2

,

(73)  

P46(x, y, t) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√
(
cot( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± csc ( ̅̅̅̅̅̅̅
− ϱ√ ξ)

)
e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q46(x, y, t) =
a1b1β1ϱ

2β2
(cot(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ± csc (

̅̅̅̅̅̅̅
− ϱ

√
ξ))2

,

(74)   

P47(x,y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
a2

1β1β3ϱ
2β2β4

√ (

tan
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− cot
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
))

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q47(x,y, t) =
a1b1β1ϱ

8β2

(

tan
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− cot
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
))2

,

(75)     

P41(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ ⎛

⎝1 +
4δ0δ2sinh( ̅̅̅

ϱ
√

ξ)

δ1

( ̅̅̅
ϱ

√ cosh( ̅̅̅
ϱ

√
ξ) − δ1 sinh( ̅̅̅

ϱ
√

ξ) ±
̅̅̅
ϱ

√ )

⎞

⎠e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q41(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎝1 +
4δ0δ2sinh( ̅̅̅ϱ√ ξ)

δ1

(
̅̅̅ϱ√ cosh( ̅̅̅ϱ√ ξ) − δ1 sinh( ̅̅̅ϱ√ ξ) ± ̅̅̅ϱ√

)

⎞

⎠

2

,

(69)  

P42(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

8δ0δ2sinh
( ̅̅̅ϱ√

4
ξ
)

cosh
( ̅̅̅ϱ√

4
ξ
)

δ1

(

2 ̅̅̅
ϱ

√ cosh2
( ̅̅̅ϱ√

4
ξ
)

− 2δ1 sinh
( ̅̅̅ϱ√

4
ξ
)

cosh
( ̅̅̅ϱ√

4
ξ
)

−
̅̅̅
ϱ

√
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q42(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

8δ0δ2sinh
(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

δ1

(

2 ̅̅̅ϱ√ cosh2
(
̅̅ϱ√

4 ξ
)

− 2δ1 sinh
(
̅̅ϱ√

4 ξ
)

cosh
(
̅̅ϱ√

4 ξ
)

−
̅̅̅ϱ√
)

⎞

⎟
⎟
⎠

2

.

(70)   

P48(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1β1β3

2β2β4

√ (
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(N2 − M2)

√
± M ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ)

M sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) + N

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q48(x, y, t) = −
a1b1β1

2β2

(
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ϱ(N2 − M2)

√
± P ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ)

M sin( ̅̅̅̅̅̅̅
− ϱ√ ξ) + N

)2

,

(76)  

P49(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 −

4δ0δ2cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ

√
sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

+ δ1 cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q49(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 −

4δ0δ2cos
(
̅̅̅̅̅
− ϱ√

2 ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ√ sin

(
̅̅̅̅̅
− ϱ√

2 ξ
)

+ δ1 cos
(
̅̅̅̅̅
− ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(77)   
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For δ0 =0 and δ1δ2 ∕= 0: 

P54(x,y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ (

1 −
2ξ0

(ξ0 + cosh(δ1 ξ)± sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q54(x,y, t) = −
a1b1β1δ2

1

2β2

(

1 −
2ξ0

(ξ0 + cosh(δ1 ξ)± sinh(δ1 ξ))

)2

,

(82)   

P55(x,y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ (

1 −
2(cosh(δ1 ξ) − sinh(δ1 ξ))

(ξ0 + cosh(δ1 ξ) − sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q55(x,y, t) = −
a1b1β1δ2

1

2β2

(

1 −
2(cosh(δ1 ξ) − sinh(δ1 ξ))

(ξ0 + cosh(δ1 ξ) − sinh(δ1 ξ))

)2

,

(83)   

P56(x,y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ (

1 −
2(cosh(δ1 ξ)+ sinh(δ1 ξ))

(ξ0 + cosh(δ1 ξ)+ sinh(δ1 ξ))

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q56(x,y, t) = −
a1b1β1δ2

1

2β2

(

1 −
2(cosh(δ1 ξ)+ sinh(δ1 ξ))

(ξ0 + cosh(δ1 ξ)+ sinh(δ1 ξ))

)2

,

(84) 

For δ2 ∕= 0 and δ1 = δ0 = 0: 

P57(x, y, t) = −
a1δ2

̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3

√

̅̅̅̅̅̅̅̅̅
β2β4

√
(δ2ξ + ξ0)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q57(x, y, t) = −
2a1b1β1δ2

2

β2(δ2ξ + ξ0)
2,

(85)  

where ξ = a1x+ b1y+ c1
ρ tρ, c2 = − 1

2 

β1
(
a1b1δ2

1 − 4a1b1δ0δ2 + 2a2b2
)
, and ξ0 

is arbitrary constant. 

The Kudryashov method 

With regard to the Kudryashov method [70–74], we assume that the 
Eq. 5 solution is defined as 

P(ξ) = k0 +
∑ϖ

i=1
kiR

i(ξ), kϖ ∕= 0. (86) 

The function R (ξ) satisfies an ODE express as 

R
′

(ξ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R
2(ξ)

(
1 − ΩR

2(ξ)
)√

. (87) 

The solution to the ODE referred to above is given as 

R (ξ) =
4B1(

4B2
1 − Ω

)
sinh(ξ) +

(
4B2

1 + Ω
)
cosh(ξ)

, Ω = 4B1B2, (88)  

where B1 and B2 are arbitrary constants. Again, since ϖ = 1, from Eq. 26 

P50(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

4δ0δ2, sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ

√ cos
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
)

− δ1 sin
( ̅̅̅̅̅̅̅

− ϱ√

2
ξ
))

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q50(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

4δ0δ2, sin
(
̅̅̅̅̅
− ϱ√

2 ξ
)

δ1

(
̅̅̅̅̅̅̅
− ϱ√ cos

(
̅̅̅̅̅
− ϱ√

2 ξ
)

− δ1 sin
(
̅̅̅̅̅
− ϱ√

2 ξ
))

⎞

⎟
⎟
⎠

2

,

(78)  

P51(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2
1δ2

1β1β3

2β2β4

√ (

1 −
4δ0δ2cos(

̅̅̅̅̅̅̅
− ϱ

√
ξ)

δ1(
̅̅̅̅̅̅̅
− ϱ

√
sin(

̅̅̅̅̅̅̅̅̅
− ϱξ

√
) + δ1 cos(

̅̅̅̅̅̅̅
− ϱ

√
ξ) ±

̅̅̅̅̅̅̅
− ϱ

√
)

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q51(x, y, t) = −
a1b1β1δ2

1

2β2

(

1 −
4δ0δ2cos( ̅̅̅̅̅̅̅

− ϱ√ ξ)
δ1
( ̅̅̅̅̅̅̅

− ϱ√ sin(
̅̅̅̅̅̅̅̅̅
− ϱξ

√
) + δ1 cos( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± ̅̅̅̅̅̅̅
− ϱ√ )

)2

,

(79)  

P52(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√ (

1 −
4δ0δ2sin( ̅̅̅̅̅̅̅

− ϱ
√

ξ)
δ1(

̅̅̅̅̅̅̅
− ϱ

√ cos( ̅̅̅̅̅̅̅
− ϱ

√
ξ) + δ1 sin( ̅̅̅̅̅̅̅

− ϱ
√

ξ) ±
̅̅̅̅̅̅̅
− ϱ

√
)

)

e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q52(x, y, t) = −
a1b1β1δ2

1

2β2

(

1 −
4δ0δ2sin( ̅̅̅̅̅̅̅

− ϱ√ ξ)
δ1
( ̅̅̅̅̅̅̅

− ϱ√ cos( ̅̅̅̅̅̅̅
− ϱ√ ξ) + δ1 sin( ̅̅̅̅̅̅̅

− ϱ√ ξ) ± ̅̅̅̅̅̅̅
− ϱ√ )

)2

,

(80)  

P53(x, y, t) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2

1δ2
1β1β3

2β2β4

√
⎛

⎜
⎜
⎝1 +

8δ0δ2sin
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

cos
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

δ1

(

2 ̅̅̅̅̅̅̅
− ϱ

√ cos2
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

− 2δ1 sin
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

cos
( ̅̅̅̅̅̅̅

− ϱ√

4
ξ
)

−
̅̅̅̅̅̅̅
− ϱ

√
)

⎞

⎟
⎟
⎠e

i

(
a2x+b2y+c2

ρ tρ
)

,

Q53(x, y, t) = −
a1b1β1δ2

1

2β2

⎛

⎜
⎜
⎝1 +

8δ0δ2sin
(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

δ1

(

2 ̅̅̅̅̅̅̅
− ϱ√ cos2

(
̅̅̅̅̅
− ϱ√

4 ξ
)

− 2δ1 sin
(
̅̅̅̅̅
− ϱ√

4 ξ
)

cos
(
̅̅̅̅̅
− ϱ√

4 ξ
)

−
̅̅̅̅̅̅̅
− ϱ√

)

⎞

⎟
⎟
⎠

2

,

(81)   
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we have 

P(ξ) = k0 + k1R (ξ), k1 ∕= 0. (89) 

Putting Eqs. 86 and 87 into Eq. 12 accordingly, collecting all the 
coefficient of R i

(ξ), i = 0, 1,2, 3, and setting them to zero, we have 

R
0(ξ) : −

b1β2β4k3
0

a1β3
− a2b2β1k0 − c2k0 = 0,

R
1
(ξ) : −

3b1β2β4k0k2
1

a1β3
= 0,

R
2(ξ) : −

3b1β2β4k1k2
0

a1β3
+ a1b1β1k1 − a2b2β1k1 − c2k1 = 0,

R
3(ξ) : − 2a1b1β1k1Ω −

b1β2β4k3
1

a1β3
= 0.

(90) 

The solutions of the equations obtained above along with Eq. 11 
yields: 

c1 = − β1(a2b1 + a1b2), c2 = β1(a1b1 − a2b2), k0 = 0, k1

= ± ia1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3Ω

β2β4

√

.

By incorporating these parameters into Eq. 89 and consider Eq. 88, 
we obtain the solutions 

P58(x,y,t) =±
4ia1B1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3Ω

√

̅̅̅̅̅̅̅̅̅
β2β4

√ ( (
4B2

1 − Ω)sinh(ξ)+(4B2
1 +Ω)cosh(ξ)

) e
i

(
a2x+b2y+c2

ρ tρ
)

,

Q58(x,y,t) = −
β4b1

a1β3

(

−
4ia1A

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2β1β3Ω

√

̅̅̅̅̅̅̅̅̅
β2β4

√ ( (
4A2 − Ω)sinh(ξ)+(4A2 +Ω)cosh(ξ)

)

)2

.

(91)  

Remark 3. Letting B1 = B2 = 1 in Eq. 91 yields the bright soliton so-
lutions of Eq. 5 as follows:   

P(x, t) = ± i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2a2

1β1β3

β2β4

√

sech
(

a1x + b1y −
β1(a2b1 + a1b2)

ρ tρ
)

e
i

(

a2x+b2y+β1 (a1b1 − a2 b2 )
ρ tρ

)

,

Q(x, t) =
2a1b1β1

β2
sech2

(

a1x + b1y −
β1(a2b1 + a1b2)

ρ tρ
)

.

(92)   

Fig. 1. The dark soliton solution Eq. 22, (a)-(c) 3D plots at ρ = 1, (d)-(f) 2D plots at t = 10, with β1 = β2 = − 1, β3 = 1, β4 = − 2, a1 = a2 = 0.1, b1 = b2 = 0.2,
μ1 =

̅̅̅
8

√
, μ2 = 1, y = 1, Ω1 = 1, and Ω2 = 0. 
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Remark 4. Letting B1 = 1 and B2 = − 1 in Eq. 91 yields the singular 
soliton solutions of Eq. 5 as:   Remark 5. It should be noted that all the solutions presented in this 

Fig. 2. The optical soliton solution Eq. 38 (a)-(c) 3D plots at ρ = 1, (d)-(f) 2D plots at t = 10,β1 = − 1, β2 = β3 = 1, β4 = − 2, a1 = a2 = 0.1, b1 = b2 = 0.5, y = 1,
δ1 =

̅̅̅
8

√
, δ2 = δ0 = − 1, M = 2, and N = 1. 

P(x, t) = ± i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
2a2

1β1β3

β2β4

√

csch
(

a1x + b1y −
β1(a2b1 + a1b2)

ρ tρ
)

e
i

(

a2x+b2y+β1 (a1 b1 − a2 b2 )
ρ tρ

)

,

Q(x, t) = −
2a1b1β1

β2
csch2

(

a1x + b1y −
β1(a2b1 + a1b2)

ρ tρ
)

.

(93)   

Fig. 3. The bright soliton solution Eq. 22, (a)-(c) 3D plots at ρ = 1, (d)-(f) 2D plots at t = 10, with β1 = β2 = − 1, β3 = 1, β4 = − 2, a1 = a2 = 0.1, b1 = b2 = 0.3, y =

1, B1 = 1 and B2 = 1. 
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work have been verified by the help of Mathematica package software. 

Concluding remarks 

We successfully study the integrable generalized (2 + 1)-dimen-
sional nonlinear conformable Schrödinger system with nonlinear optical 
applications. Three different schemes, specifically, (G′

/G)-expansion 
method, generalized Riccati equation mapping method and the 
Kudryashov method have been implemented to construct several optical 
soliton solutions to the proposed integrable system. The 3D and 2D (with 
distinct fractional order ρ) plots are depicted in Fig. 1–3 to examine the 
dynamical characteristics of the soliton solutions. The advantages of 
choosing the conformable derivative over the the most common used 
fractional derivatives, the Caputo and Riemann–Liouville fractional 
derivative in this present investigation are as follows: 

(i.) The conformable derivative provide us more flexibility when 
applying to the FPDEs, in view of the fact that the FPDEs of 
conformable type are more convenient to compute analytically or 
approximately when compared to the Caputo or Riemann–Liouville 
fractional derivative. 
(ii.) This definition is natural and it fulfills almost all of the prop-
erties that the classical derivative and integral possesses, particu-
larly, the product rule, power rule, quotient rule, integration by 
parts, chain rule, linearity, derivatives with constant functions is 
zero, mean value theorem, and Rolle’s theorem [65]. 

Our results show that the proposed methods are powerful, reliable, 
and efficient tools for constructing new wave solutions to this nonlinear 
system and potentially be extended to other kinds of nonlinear integer 
and non-integer order systems arising in applied physics. Finally, in 
developing new theories in plasma physics, nuclear physics, fluid dy-
namics, quantum mechanics, soliton dynamics, optical physics, elec-
tromagnetism, biomedical concerns, industrial studies, mathematical 
physics, and many other natural and physical sciences, these findings 
can be highly applicable. 
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the traveling wave solutions of the Tzitzéica type equations in nonlinear optics. 
Optik 2017;149:439–46. 

[45] Wazwaz AM. Abundant solitons solutions for several forms of the fifth-order KdV 
equation by using the tanh method. Appl. Math. Comput. 2006;182:283–300. 

[46] Senol M, Iyiola OS, Daei Kasmaei H, Akinyemi L. Efficient analytical techniques for 
solving time-fractional nonlinear coupled Jaulent-Miodek system with energy- 
dependent Schrödinger potential. Adv. Differ. Equ. 2019, 2019,:1–21. 

[47] Senol M. Analytical and approximate solutions of (2+1))dimensional time- 
fractional Burgers-Kadomtsev-Petviashvili equation. Commun. Theor. Phys. 2020; 
72:1–11. 

[48] Akinyemi L, Senol M, Huseen SN. Modified homotopy methods for generalized 
fractional perturbed Zakharov-Kuznetsov equation in dusty plasma. Adv. Differ. 
Equ. 2021;2021(1):1–27. https://doi.org/10.1186/s13662-020-03208-5. 

[49] Akinyemi L, Senol M, Iyiola OS. Exact solutions of the generalized 
multidimensional mathematical physics models via sub-equation method. Math. 
Comput. Simul. 2021;182:211–33. https://doi.org/10.1016/j. 
matcom.2020.10.017. 

[50] Biswas A, Yildirim Y, Yasar E, Triki H, Alshomrani AS, Ullah MZ, Zhou Q, 
Moshokoa SP, Belic M. Optical soliton perturbation for complex Ginzburg-Landau 
equation with modified simple equation method. Optik 2018;158:399–415. 

[51] Akinyemi L. q-Homotopy analysis method for solving the seventh-order time- 
fractional Lax’s Korteweg-de Vries and Sawada-Kotera equations. Comp. Appl. 
Math. 2019;38(4):1–22. 

[52] Akinyemi L, Iyiola OS, Akpan U. Iterative methods for solving fourth- and sixth 
order time-fractional Cahn-Hillard equation. Math. Meth. Appl. Sci. 2020;43(7): 
4050–74. https://doi.org/10.1002/mma.6173. 

[53] Rezazadeh H. New solitons solutions of the complex Ginzburg-Landau equation 
with Kerr law nonlinearity. Optik 2018;167:218–27. 

[54] Senol M. New analytical solutions of fractional symmetric regularized-long-wave 
equation. Revista Mexicana de Fisica 2020;66(3):297–307. 

[55] Lu D, Zhang Z. Exact Solutions for Fractional Nonlinear Evolution Equations by the 
F-expansion Method. Inter. J. Nonl. Sci. 2017;24(2):96–103. 

[56] Akinyemi L. A fractional analysis of Noyes-Field model for the nonlinear Belousov- 
Zhabotinsky reaction. Comp. Appl. Math. 2020;39:1–34. https://doi.org/10.1007/ 
s40314-020-01212-9. 

[57] Jafari H, Tajadodi H, Baleanu D. Application of a homogeneous balance method to 
exact solutions of nonlinear fractional evolution equations. J. Comput. Nonlinear 
Dyn. 2014;9(2):021019–21. 

[58] Akinyemi L, Huseen SN. A powerful approach to study the new modified coupled 
Korteweg–de Vries system. Math. Comput. Simul. 2020;177:556–67. https://doi. 
org/10.1016/j.matcom.2020.05.021. 

[59] Akinyemi L, Iyiola OS. A reliable technique to study nonlinear time-fractional 
coupled Korteweg-de Vries equations. Adv. Differ. Equ. 2020;2020:1–27. https:// 
doi.org/10.1186/s13662-020-02625-w. 

[60] Seadawy AR, Cheemaa N, Biswas A. Optical dromions and domain walls in (2+1)) 
dimensional coupled system. Optik 2021;227:1–15. 

[61] Az-Zo’bi EA, AlZoubi WA, Akinyemi L, et al. Abundant closed-form solitons for 
time-fractional integro-differential equation in fluid dynamics. Opt. Quant. 
Electron 2021;53:1–16. https://doi.org/10.1007/s11082-021-02782-6. 

[62] Radha R, Lakshmanan M. Singularity structure analysis and bilinear form of a (2+
1)) dimensional non-linear Schrödinger (NLS) equation. Inverse Probl. 1994;10: 
29–32. 

[63] Hosseini K, Sadri K, Mirzazadeh M, Salahshour S. An integrable (2+1))dimensional 
nonlinear Schrödinger system and its optical soliton solutions. Optik 2021;229: 
1–6. 

[64] Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional 
derivative. J. Comput. Appl. Math. 2014;264:65–70. 

[65] Abdeljawad T. On conformable fractional calculus. J. Comput. Appl. Math. 2015; 
279:57–66. 

[66] Bekir A, Guner O. Exact solutions of nonlinear fractional differential equations by 
G′

/G-expansion method. Chinese Physics B. 2013;22(11):1–6. 
[67] Kurt A, Tasbozan O, Baleanu D. New solutions for conformable fractional Nizhnik- 

Novikov-Veselov system via G′

/G expansion method and homotopy analysis 
methods. Optical and Quantum Elect. 2017;49(10):1–16. 

[68] El-Ganaini S, Al-Amr MO. New abundant wave solutions of the conformable space- 
time fractional (4+1))dimensional Fokas equation in water waves. Comput. Math. 
Appl. 2019;78(6):2094–106. https://doi.org/10.1016/j.camwa.2019.03.050. 

[69] Mirzazadeh M, Akinyemi L, Senol M, Hosseini K. A variety of solitons to the sixth- 
order dispersive <texmath type=”inline”>(3+1)</texmath>-dimensional 
nonlinear time-fractional Schrödinger equation with cubic-quintic-septic 
nonlinearities. Optik 2021. Article 166318. 

[70] Kudryashov NA. On one method for finding exact solutions of nonlinear differential 
equations. Commun. Nonlinear Sci. Numer. Simul. 2012;17(6):2248–53. 

[71] Kudryashov NA. Method for finding highly dispersive optical solitons of nonlinear 
differential equation. Optik 206 2020. Article 163550. 

[72] Kudryashov NA. Highly dispersive solitary wave solutions of perturbed nonlinear 
Schrödinger equations. Appl. Math. Comput. 2020;371:1–7. 

[73] Kudryashov NA. Highly dispersive optical solitons of the generalized nonlinear 
eighth-order Schrödinger equation. Optik 2020;206:1–7. 

[74] Kudryashov NA, Antonova EV. Solitary waves of equation for propagation pulse 
with power nonlinearities. Optik 2020;217:1–5. 

L. Akinyemi et al.                                                                                                                                                                                                                               

http://refhub.elsevier.com/S2211-3797(21)00326-0/h0180
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0180
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0185
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0185
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0185
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0190
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0190
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0190
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0190
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0195
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0195
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0195
https://doi.org/10.1002/mma.6484
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0205
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0205
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0210
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0210
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0215
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0215
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0215
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0220
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0220
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0220
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0225
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0225
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0230
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0230
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0230
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0235
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0235
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0235
https://doi.org/10.1186/s13662-020-03208-5
https://doi.org/10.1016/j.matcom.2020.10.017
https://doi.org/10.1016/j.matcom.2020.10.017
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0250
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0250
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0250
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0255
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0255
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0255
https://doi.org/10.1002/mma.6173
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0265
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0265
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0270
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0270
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0275
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0275
https://doi.org/10.1007/s40314-020-01212-9
https://doi.org/10.1007/s40314-020-01212-9
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0285
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0285
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0285
https://doi.org/10.1016/j.matcom.2020.05.021
https://doi.org/10.1016/j.matcom.2020.05.021
https://doi.org/10.1186/s13662-020-02625-w
https://doi.org/10.1186/s13662-020-02625-w
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0300
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0300
https://doi.org/10.1007/s11082-021-02782-6
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0310
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0310
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0310
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0315
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0315
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0315
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0320
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0320
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0325
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0325
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0330
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0330
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0335
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0335
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0335
https://doi.org/10.1016/j.camwa.2019.03.050
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0345
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0345
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0345
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0345
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0350
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0350
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0355
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0355
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0360
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0360
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0365
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0365
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0370
http://refhub.elsevier.com/S2211-3797(21)00326-0/h0370

	Abundant optical soliton solutions for an integrable (2+1)-dimensional nonlinear conformable Schrödinger system
	Introduction
	Preliminaries
	Mathematical formulation of the integrable (2+1)-dimensional NLCS system
	The (G′/G)-expansion method
	The GREM method
	The Kudryashov method

	Concluding remarks
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgment
	References


