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Abstract In this paper, single-phase homogeneous nanofluid model is proposed to investigate
the natural convection of magneto-hydrodynamic (MHD) flow of Newtonian CueH2O nanoli-
quid in a baffled U-shaped enclosure. The Brinkman model and Wasp model are considered to
measure the effective dynamic viscosity and effective thermal conductivity of the nanoliquid
correspondingly. Nanoliquid’s effective properties such as specific heat, density and thermal
expansion coefficient are modeled using mixture theory. The complicated PDS (partial differ-
ential system) is treated for numeric solutions via the Galerkin finite element method. The perti-
nent parameters Hartmann number (1 � Ha � 60), Rayleigh number (103 � Ra � 106) and
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Nomenclature

B applied magnetic field (u
k thermal conductivity (un
H height of the enclosure (
h length of the baffle (unit
Ha Hartmann number
Nu Nusselt number
Pr Prandtl number
Ra Rayleigh number
T fluid temperature (unit: K
U, V dimensionless velocity c
W weight of enclosure (uni
X position of the baffle (un

Greek letters
a thermal diffusivity (unit:
b thermal expansion coeffi
q dimensionless temperatu
r density (unit: kg/m3)
s electrical conductivity (u
m dynamic viscosity (unit:
f volume fraction (unit: %

Subscripts
avg average
c cold
f fluid
h hot
Local local
nf nanofluid
s solid particle
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nanoparticles volume fraction (0% � f � 4%) are taken for the parametric analysis, and it is
conducted via streamlines and isotherms. Excellent agreement between numerical results and
open literature. It is ascertained that heat transfer rate enhances with Rayleigh number Ra
and volume fraction f, however it is diminished for larger Hartmann number Ha.
ª 2020 Beihang University. Production and hosting by Elsevier B.V. on behalf of KeAi. This is an open
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1. Introduction

The study of free convection heat transfer involving
nanoliquids has achieved immense consideration among the
researchers in recent years because of its various implica-
tions in many areas, including heat exchangers, cooling of
electronic devices, industrial machines, chemical treatment
equipment and solar collectors. With a chief objective of
develop superior heat transport functioning liquids with a
superior thermal diffusivity, several numeric and semi-
analytic methods were employed to study the behavior of
nanoliquids in natural convection [1,2]. The significance of
magnetism in a square cavity with natural convection by
utilizing gallium liquid was analyzed by Sathiyamoorthy
and Chamkha [3]. They showed that the average number of
Nusselt decreases with the inclination angles, in a non-linear
way as the number of Hartmann increases. Mahmoudi et al.
[4] used copper-water nanofluid for cooling a heat source
fixed to the vertical wall of a square cavity. Their results
indicate that heat transfer can be improved by reducing the
length of the heater and increasing the nanoparticles volume
fraction for a defined heater geometry at a given Rayleigh
number.

Free convection heat transfer of Titania nanofluid in a
cylindrical annulus with heater and various base fluids was
analyzed in Ref. [5]. The influence of f, Ra and the base
fluid kinds on the thermal efficiency was discussed. The
heat transfer of TiO2 nanofluids intensifies with boosting f

at various Ra and the choose of the base fluid. Al-Najem
et al. [6] proved that the potency of an inclination angle
and magnetism had an apparent cause on the flow charac-
teristics and the heat transfer mode. Khan et al. [7] modeled
a hybrid nanofluid comprising nanometric materials through
an ethylene glycol, where the magnetic impact on the
convective flow is revealed with the impacts of Joule
heating and viscous dissipation. The reliability and stability
of the obtained results are classified with the stability
analysis. Magnetic number slows velocity and temperature
distribution in the first solution (FS), while they found the
opposite behavior in the second solution (SS). Among
studies that are relevant to this area, we cite also that of
Öztop et al. [8] where they conducted a numerical study on
natural convection in a chamber with two semi-circular
heating elements on the lower wall. They found a signifi-
cant influence of the distance between hot springs on the
thermal regime, with a negative effect of the Hartmann
number. Other studies have been carried out on magneto
hydrodynamics, especially on entropy generation [9,10] and
forced convection.

With the aim of control the flow of fluids and improve
thermal performance, several approaches and techniques
have been proposed such as: the use of porous media
[10,11], fins [12], the corrugated walls [13], and the mag-
netic field [14e17].

Irreversibility in convection heat transfer of Newtonian
Cu-water nanofluid in an enclosure with chamfers was
investigated for various parameters as Pr and Ra numbers in
Ref. [9]. It was shown that the growth of Ra number have a
weak importance for reducing thermal irreversibility. At a

http://creativecommons.org/licenses/by-nc-nd/4.0/
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Figure 1 Physical model and coordinate system.
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fixed tilt angle of the magnetic field, irreversibility increases
for small Hartman number and reaches a maximum value at
the critical moment (Hac) then it decreases.

Moreover, many studies reported on the heat transfer
performance of non-Newtonian nanofluid [18,19] where the
impact of various variable parameters are used.

We can model the heat transfer of the nanofluids either by
the single-phase method where the nanofluid is modeled as a
homogeneous mixture of nanoparticles and base liquid or by
a two-phase method, in which the nanoparticles and the base
liquid are treated as phases distinct with distinct patterns for
each phase; therefore it is assumed that the base fluid and
the nanoparticles have different velocity and temperature
fields. The single-phase model under predicts convective
heat transfer coefficient whereas the two-phase models
provide more accurate prediction of this coefficient with an
overestimation [20e22].

Sayehvand et al. [23] investigated numerically the ordi-
nary convection of Al2O3 nanoliquid in a square cavity with
partitions. Their results established that the Nusselt number
and Rayleigh number are proportional directly, however, the
Nusselt number negatively correlated with baffle length.
Medebber et al. [24] have also proved that the Nusselt
number and Rayleigh number are proportional directly
though their investigation of heat transport in cylindrical
annular enclosure filled with nanoliquid. Their results
concluded that solid concentration is positively correlated
with Nusselt number. Numerical study was presented by
Kandaswamy et al. [25] to investigate the buoyancy con-
vection in baffles. Their results drawn conclusion that length
of baffle is favourable for higher heat transfer rate.

Armaghani et al. [26] analyzed the baffle length causes in
natural convection of nanofluid with entropy generation in
baffled L-shaped cavity. Ma et al. [27] presented numerical
analysis to study ordinary convection in a U-shaped baffled
enclosure by involving nanoliquids. Zuo et al. [28] delib-
erated the influence of baffles on pressurization and thermal
stratification in cryogenic tanks under micro-gravity. They
found that with two annular baffles installed, the pressuri-
zation is mitigated by the existence of baffles. The problem
of heat transport in heated square cavity which is differen-
tially heated is studied by Saravanan et al. [29] by consid-
ering heat generating two baffles. Recently, Ma et al. [30]
used lattice Boltzmann scheme to investigate the nanofluids
ordinary convection in baffled U-shaped enclosure. Benze-
nine et al. [31] performed a comparative study numerically
among two models of baffles such as rectangular and trap-
ezoidal planes. Their result indicates that the trapezoidal
baffles guarantee a considerable augment of the velocity
compared to the rectangular baffles but with an increase in
friction. Entropy analysis of CuOeH2O nanoliquid is car-
ried out by Chamkha et al. [32] in a C-shaped cavity under
magnetic field and they obtained that entropy production
rate increased due to the presence of nanoparticles.

There is still no study in the literature on the natural
convection of nanofluids in U-shaped enclosures with two
baffles. The reason for this study is the service of non-square
magnetic field developers and technical cooling sensors for
electronic devices. Since the natural convection of nano-
fluids in thermal applications will broaden current knowl-
edge, a numerical study is being conducted on the Maxwell
nanofluid load with Cu in a U-shaped enclosure equipped
with a baffle using the FEM method. The effects of Ra, Ha,
and f on the flow system and heat transfer properties are
also examined.

2. Problem statement

Let us take two-dimensional U-shaped enclosure filled
with magneto nanoliquid as shown (Figure 1). The bottom
wall is maintained at high and constant temperature (Th) and
middle walls of square (5,6,7,8) are cold (Tc). The baffle is
made of highly conductive material; the temperature of the
baffle is imposed at the same temperature of the wall (Tc)
which it is attached.

The governing dimensionless equations for mass, mo-
mentum, and energy in a medium are given respectively by:
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vX
þvV

vY
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All the symbols are defined in the nomenclature section.
The effective nanoliquid properties are modeled using
mixture theory and phenomenological laws. Now, the den-
sity of nanoliquid is given by Brinkman [33]:



Table 1 The properties of Cu and H2O [9].

r/(kg/m3) Cp/
(J/(kg∙K))

K/
(W/(m∙K))

s/(S/m) b/(K�1)

H2O 997.1 4179 0.613 5.5 � 10�5 21 � 10�5

Cu 8933 385 401 59.6 � 10�5 1.67 � 10�5

Table 2 Average Nusselt number Nuavg comparison for different
grid resolution.

Case Name Mesh size Nuavg

1 Coarse 225 6.2250
2 Normal 529 6.9018
3 Fine 841 7.1072
4 Finer 1296 7.2281
5 Extra finer 5929 7.3898
6 Extremely fine 22,500 7.3998

Figure 2 Physical comparison of the local Nusselt number NuLocal
at different Rayleigh number Ra when Ha Z 0 with numerical data of
Ghasemi et al. [40].
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rnf Zrf ð1�fÞ þ rsf; ð5Þ

The specific heat capacity can be determined according to
Pak and Cho [34].�
rCp

�
nf
Z

�
rCp

�
f
ð1�fÞ þ �

rCp

�
s
f; ð6Þ

The coefficient of thermal expansion is given as Brinkman
[33]:

bnf Zbf ð1�fÞ þ bsf; ð7Þ

The effective dynamic viscosity based on the Brinkman
model is considered as Brinkman [33]:

mnf Z
mf

ð1�fÞ2:5; ð8Þ

Thermal conductivity is defined as [5]:
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Z

�
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�� 2f
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For the thermal conductivity [9,35]:
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The values of thermo-physical properties for different ma-
terials are displayed in Table 1, Brinkman [33].

Dimensionless Eq. (1)e(4) are obtained by applying
following non-dimensional parameters,

X Z
x

W
;YZ

y

Y
;UZ

uW

af
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vW

af
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pW 2

rnf a
2
f
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gbf H
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af vf
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PrZ
vf
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HaZB0W
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sf

rf nf

r
; ð14Þ

The local Nusselt number and the average value at the hot
wall are obtained as:
NuavgZ
1

W

ZW

0

NuLocaldX jYZ0; ð15Þ

where

NuLocalZ � knf
kf

vq

vY

				
Hot wall

: ð16Þ

3. Numerical solution

The nonlinear PDS (partial differential system) was
treated by employing the Galerkin finite element method
(see Refs. [36,37] for more details). This method consists of
converting nonlinear differential equations into an arrange-
ment of integral expressions. Non-uniform triangular grids
were employed in the discretization of the field’s solution.
Several references are available in the literature to solve this
system of equations using analytical or numerical methods
as [38,39]. Mesh testing technique adapted to pledge the
grid-independency of the obtained solution. We have
examined six divorce grid forms with 225, 529, 841, 1296,
5929 and 22,500 numbers of elements within the resolution



Figure 3 Influence of Rayleigh number Ra and Hartmann number Ha on streamlines and isotherms at nanoparticle volume fraction f Z 0.
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Figure 4 Influence of Rayleigh number Ra and Hartmann number Ha on streamlines and isotherms at nanoparticle volume fraction f Z 0.04.
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Figure 5 Variation of local Nusselt number NuLocal along the hot surface for different nanoparticle volume fractions f.

Galerkin finite element analysis of magneto-hydrodynamic natural convection 7

+ MODEL

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62

63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
field. The Nusselt number of CueH2O (f Z 4%) with
Ra Z 106, the fore-mentioned elements to extend an un-
derstanding of the grid finesse as publicized in Table 2.
There is no significant alter of average Nusselt number after
the elements of 5929. Therefore, all computations are made
for this size.

Figure 2 presents the variation of local Nusselt number
NuLocal with different Rayleigh number Ra for fixed Hart-
mann number Ha Z 0. The NuLocal is compared with those
obtained by Ghasemi et al. [40] and found to be are in good
agreement.

4. Results and discussion

This section focuses on investigating the effect of
nanoparticle volume fraction (f), Rayleigh number
(Ra Z 103 to 106) and Hartman number (Ha Z 0 to 60) on
the performance of magneto-hydrodynamic heat transfer in
a baffled U-shaped enclosure. Figures 3 and 4 display the
effect of the Rayleigh number on the fluid motion and
temperature distribution inside the enclosures filled with
pure fluid (f Z 0) and nanofluid (f Z 0.04) with (Ha Z 0,
30 and 60) on streamlines and isotherms.

Figures 3 and 4 show two clockwise cells in the
enclosure of U shape on the right and left sides of the
cavity due to the presence of the baffle. One can see that
the fluid near the bottom wall has become warm, and the
temperature gradient enhances the buoyancy force to rise
the fluid in the cavity. Two recirculation regions have been
created due the effect of the baffle. The Rayleigh number
Ra leads to rise the buoyancy forces near the active wall. It
can also be observed in Figures 3 and 4, for Ra Z 103, that
the natural conduction method is overriding. The isotherms
from the baffle are horizontal. Thus, the buoyancy forces



Figure 6 Variation of local Nusselt number NuLocal along the hot surface for different Rayleigh numbers Ra.

8 A. Zaim et al.

+ MODEL

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62

63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
created by temperature gradient leads to up were the fluid
in the cavity. It can be seen that for increasing Rayleigh
number Ra from 103 to 104 there is no significant change
on the isotherms. As for Ra Z 105, the results show the
appearance of a thermal plume near the U-shaped enclosure
and the baffle. In addition to two stronger clockwise cells,
it is because of convective heat transport [41e44]. For
Hartmann number Ha equal to 60 the thermal plume
become weakness.

Figures 5 and 6 show the effect of the Rayleigh number
Ra, Hartmann number Ha, and nanoparticles concentration
f on local Nusselt number (NuLocal) along the hot bottom
wall. As the volume fraction of nanofluid increases, flow
and heat transfer characteristics are enhanced due to an in-
crease in fluid flow by adding Cu concentration. As shown
in Figure 5, the variation of NuLocal is independent of the
values of both the Hartmann and the Rayleigh numbers. The
former always increases reaching a peak value then di-
minishes along the bottom wall. The position of the peak
value indicates the cause of the baffle on increasing the
Nusselt number and it can be located by projecting the
position of the baffle on the bottom wall. At low Rayleigh
numbers (103), the effect of Rayleigh number on heat
transfer rate is unapparent due to the dominated conduction
heat transfer.

However, at Ra Z 104 the four lines of the Hartmann
number differ from each other revealing that when
increasing the Hartmann number, the Nusselt number
neighboring to the baffle declined slightly. The both sides of
the bottom wall are located far away from the baffle, their
Nusselt number increases. Finally, at Ra Z 105, there is
significant variation of the Nusselt number as a function of
the Ha. In this case, when increasing the Ha from zero to 60,
there are two different variations of the corresponding
124



Figure 8 Variation of average Nusselt number for different nano-
particle volume fraction for Ha Z 0 and Ha Z 30.Figure 7 Variation of average Nusselt number along bottom wall for

f Z 0.01 and 0.04.
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Nusselt number. It first decreases on each node of the bot-
tom wall in the interval from zero to 30, and then it in-
creases in the interval from 30 to 60 despite that the local
Nusselt number increases on most nodes on the bottom wall.

Figure 7 demonstrates the deviation of average Nusselt
number for different Rayleigh number Ra of bottom wall as
a function of the Hartmann number Ha in two cases (f Z 0
and f Z 0.04).

As shown in Figure 7, the average Nusselt number has a
completely different behavior. It is simply a constant at
Ra Z 103 if the Hartmann number is decreased, however
beyond the value Ra Z 104, it decreases if the Hartmann
number is increased. These variations are because the
magnetism has almost no effect on heat transfer in the first
case (Ra Z 103) and it weaken the convection mode in the
second case (Ra > 104). In the former case, the variation of
heat transfer is due solely to the conduction. As depicted in
Figure 8, the Nusselt number has a monotonic increasing as
a function of f. This is because the insertion of nano-
particles enlarges thermal conductivity with the increase of
energy transport.
The deviation of the average Nusselt number as a func-
tion of the Ra and Ha for different values of f are depicted
in Figure 8. The curves show a strong increase of the
Nusselt number when the Ra is increased in the interval
Ra Z 104 to Ra > 105. In general, the average Nusselt
number is augmented with f. In addition, as Rayleigh
numbers increase the average Nusselt number is similarly
increasing. At low Rayleigh number (Ra), the effect of
nanoparticle is more pronounced due to conduction domi-
nating the heat transfer.

5. Conclusions

In this paper, we have studied the natural convection of
CueH2O nanoliquids under magnetism in a baffled U-shaped
enclosure. The results are displayed in the forms of isotherms,
streamlines and Nusselt number profiles. At low value of the
Rayleigh number the system is in conduction dominated
regime and this leads to a vertical isotherm stratification and
weak circulation in the cavity. When mounting the Rayleigh
number, convection becomes the principal mechanism for heat
transport. As a results a strong thermal gradient establishes
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approximately the vertical wall of the cavity and it increases
when mounting the Rayleigh number or diminishing the
Hartmann number. From analyzing the simulation data for the
average of the Nusselt number, we found that the nanoparticle
volume fraction has strong effect of heat transport on a nano-
liquid, which increases remarkably due to increase of the vol-
ume fraction. For RaZ 103 and RaZ 104, Hartmann effects
only weakly the heat transfer because the magnetic field sup-
presses convection flow. Due to this, the average Nusselt
number unalteredwithHartmannnumber. The averageNusselt
number augmented when decreasing the nanoparticle volume
fraction. This happens in the regime where Ra > 105 and
Ha > 20.
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