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Abstract
Several authors, utilizing both experimental tests and complicated numerical models, have investigated vehicle speed’s 
impact on a highway bridge’s dynamic amplification. Although these tests and models provide reliable quantitative 
data on frequency contents of the interaction between the two subsystems, engineers should pay further notice to the 
effects of a subsystem’s velocity and the type of suspension system of a vehicle moving over a structure. Hence, in this 
paper, the dynamic response of a bridge to a moving vehicle is considered. The car is assumed as a quarter car model 
with both linear and nonlinear stiffness and damping constants. Further, using the modal superposition method, a 
closed-form solution is obtained for the bridge’s vertical response. The results obtained via numerical calculation show 
a significant increase in the bridge midpoint and total deflection, velocity, and acceleration by increasing the vehicle 
velocity. Moreover, by neglecting the nonlinear stiffness and damping coefficients of the vehicle suspension system, 
the bridge’s dynamic response remains almost the same with respect to the numerical data. As a general conclusion, it 
can be claimed that the only significant parameters which can change the dynamic behavior of a bridge subjected to 
a moving vehicle are the speed of the car and its linear stiffness and damping constants inside its suspension system.
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1  Introduction

Investigating the behavior of bridges under the influence 
of moving loads has been one of the challenges facing 
engineering structures over the past few decades. On 
the one hand, the advancing speed and mass of trains 
and vehicles, and on the other hand, the request to build 
lighter structures, make it impossible to overlook the 
errors caused by the use of the moving load model in the 
design of bridge structures. The heed given to the topic 
mentioned above dates back to Willis’s efforts [1] and 
Stokes [2] in the middle of 19 century. For many years it has 
been commented that when a bridge is subjected to mov-
ing loads, the caused dynamic deflections and stresses can 

be remarkably higher than those seen for the static state 
[3]. For this reason, numerous works have been devoted 
to investigating the bridge displacement response using 
the moving mass [4–8], moving load [9–11], and moving 
spring-mass models [12, 13] for the vehicles.

The moving load can be a good alternative for a vehi-
cle in the displacement studies of the bridge. With this 
model, it is possible to obtain the bridge’s fundamental 
dynamic characteristics caused by moving cars with a suf-
ficient degree of accuracy. Still, it undergoes shortcom-
ing that the interaction within the bridge and the mov-
ing vehicle is neglected. Notwithstanding this drawback, 
the moving load rule is appropriate for the matter where 
the automobile’s mass is small compared to that of the 
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bridge, solely when the vehicle response is not desired. 
The moving mass model holds an advantage over the 
moving load model in that the effect of the inertia of the 
vehicle is brought into account. Despite that, this model 
does not reflect the suspension action of the car relative 
to the bridge. Consequently, to account for the bouncing 
or suspension movement of the vehicle, the mass-sprung 
model is granted the most reliable choice to consider in 
scrutinizing a bridge’s dynamic behavior.

A supported beam subjected to a moving sprung mass 
is adopted to highlight the moving vehicle’s impact over 
the bridge’s dynamic behavior, as shown in Fig. 1. The 
2-DOF quarter car model with a passive suspension sys-
tem is assumed as a moving load on the bridge, which is 
assumed as a Bernoulli–Euler beam resting on two sim-
ple supports. Through the modal superposition method, 
mutually by convolution integrals, closed-form solutions 
are collected for both the moving car and the bridge, close 
to the knowledge that repetitions are not taken to update 
the force applied among the two subsystems to study the 
typical interaction. For better investigating the impact of 
vehicle velocity on the bridge, three different constant 
vehicle speeds are considered in the equation of motion 
of moving vehicle and bridge. The solution for both vehi-
cle and bridge equations of motion is carried out using 
Rung–Kutta numerical method (ode45) via MATLAB soft-
ware. It is considered zero initial conditions of both ends 
of the bridge mounted on supports and the vehicle at its 
starting point. Since the 2-DOF quarter car model with a 
passive suspension system is considered with cubic non-
linearities in this study, the numerical solution can prove 
whether the nonlinear constants in the passive suspen-
sion system can have any potential effect on the dynamic 
behavior of the bridge. Moreover, the bridge’s dynamic 

increment is obtained via the maximum deflection of the 
bridge and its peak value of static displacement.

Although many works have been carried out to ana-
lyze the dynamic interaction, especially the frequency 
response [12–14], engineers and researchers should notice 
the effect of high vehicle speed on the bridge deflection. 
To substantiate this issue, José [15] investigated and con-
cluded that the maximum dynamic increment factor for a 
bridge subjected to a highspeed train appears at a critical 
speed. According to José’s research, the displacement and 
the torsional rotation of the bridge deck at the center of 
span 11 of Arroyo de las Piedras viaduct in Córdoba-Mál-
aga HS line were obtained using the Rayleigh method by 
considering critical train speed of 350 km/h. Additionally, 
few tests were carried out to study the dynamic impact 
factor (DIF) of a bridge subjected to a moving vehicle in 
recent years. For instance, to extract the DIF of a bridge 
which is located somewhere in the USA, a field test was 
conducted by Deng [16] at Lowa State University and 
bridge engineering center (BEC). The study aimed at the 
DIF of the bridge subjected to three different trucks and 
concluded that the DIF increased by applying higher 
speed to the trucks. However, the mentioned works are 
solely for transporters with a linear suspension system. 
Moreover, for many recent theoretical works, a vehicle’s 
suspension system has been considered to have a linear 
functioning spring or damper, for instance, those listed in 
Refs. [17, 18].

One exception to this research is to study the effect of 
vehicle speed on a bridge where the vehicle’s suspension 
system is to be assumed to have both linear and nonlinear 
stiffness and damping constants. This paper aims directly 
to use the Runge–Kutta method (ode45) since it is widely 
being used to obtain a highly accurate approximation 
to the equation of motion, while in the other numerical 

Fig.1   Vehicle-bridge model
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methods such as Rayleigh and Newmark-beta, the inac-
curacy and uncertainty will occur. For instance, in the 
Rayleigh method, inaccuracy will rise when the dynamic 
system is nonlinear, which will cause the damping forces 
to have an unrealistically large value compared to the 
restoring forces. Also, in the very recent work done by 
Nunia and her colleagues [19], the Newmark-beta method 
is used to solve the coupled dynamic equation of motion 
of the bride-vehicle. However, the Newmark-beta method 
is suitable for linear elastic systems, and its performance 
in nonlinear systems is still not clear. To this end, a 2-DOF 
quarter car model with a cubic nonlinear passive suspen-
sion system is considered, which is moving over a bridge. 
The bridge is assumed as the Bernoulli–Euler type, and a 
closed-form solution is obtained using together superpo-
sition method, convolution integrals and ode45 numerical 
method. The author suggests that further practical inves-
tigation be carried out to study the errors obtained from 
theoretical results and those of field tests.

2 � Assumptions and explanations 
of the linked vehicle‑bridge dynamic 
model

The 2-DOF quarter car model with a passive suspension 
system is considered with cubic nonlinearities moving 
with constant speed over the bridge, as shown in Fig. 1. 
The quarter vehicle model is the most generally adopted 
in the passive suspension systems [20]. In this model, the 
structural dynamic response depends on the vehicle’s 
movement, expressed as the bridge’s total displacement 
response, which is a two-variable function.

The bridge itself is assumed as a Bernoulli–Euler beam 
resting on two simple supports, as seen in Fig. 1. This 
assumption helps to simplify the linear hypothesis of 
elasticity, which gives a method of measuring the deflec-
tion and load-carrying features of the beam. Notice that 
the damping property or surface distortion of the beam is 
ignored. The properties of the bridge and vehicle are listed 
in Table 1 as below [14, 21]

3 � Equations of motion

It is vital to understand the system’s governing dynamic 
equations to study the dynamic interaction between a 
moving vehicle and the bridge. As previously mentioned, 
the vehicle suspension is presented as a 2-DOF model with 
cubic nonlinearities. Hence, there are two governing equa-
tions for both the car body and unsprung masses. After 
many manipulations and simplifications, the equation of 
motion to the vehicle is obtained as:

which includes all the linearities and nonlinearities for the 
damping and stiffnesses of the vehicle suspension model 
moving over the bridge. Further, the equation of motion 
of the bridge is presented below [22]:

where x and t are contact point coordinate and time, 
respectively, Δ(x − vt) denotes the Dirac delta function 
assessed at the contact point for the vehicle, and pc(t) is 
the contact force which is equal to:

where g is the gravitational acceleration of Earth’s surface.
The solution to Eq. (3) can be expressed in terms of the 

modal shapes,�n(x) , and modal coordinates, rbn(t) , as:
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ż2 − ż1
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Table 1   Properties of bridge and vehicle

Coefficient Definition Value Unit

Vehicle
m1 unsprung mass 364 kg

m2 sprung mass 1776 kg

ks1 spring linear stiffness 2.8 × 106 N∕m

ks2 spring nonlinear stiffness 3.0 × 105 N∕m3

kt1 tire linear stiffness 3.7 × 107 N∕m

kt2 tire nonlinear stiffness 4.0 × 106 N∕m3

cs1 spring linear damping 4.0 × 104 N∕m

cs2 spring nonlinear damping 5.0 × 104 N∕m3

ct1 tire linear damping 2.0 × 104 N∕m

ct2 tire nonlinear damping 1.0 × 104 N∕m3

z1 unsprung mass displacement m

z2 sprung mass displacement m 
v vehicle speed m∕s

Bridge
L length of the bridge 15 m
−

�m
total mass per unit length 28,125 kg∕m

E elastic modulus 3.5 × 1010 N∕m

J moment of inertia 0.5273 m4
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The mode shapes of the simply supported beam, which 
are well investigated by Bao [23], are commonly the sinu-
soidal type. Hence, Eq. (5) becomes:

where n represents the number of modes. Hence, by sub-
stituting Eq. (6) into Eq. (1), the new equation for the vehi-
cle sprung mass becomes:

where x = vt.

In the following, by substituting Eq.  (6) into Eq.  (3), 
multiplying both sides of the equation by, and integrat-
ing with respect to x, Eq. (3) becomes:

Utilizing the orthogonality conditions for the modal 
shapes, Eq. (8) becomes:

where fbn represents the frequency of vibration, as:

Through the calculation of integrals located on the 
right-hand side of Eq. (9), one becomes:
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Further, through dividing the numerator by denomina-
tor of the fraction in Eq. (11), one becomes:

Finally, three equations, which are Eq. (2), Eq, (7), and 
Eq. (12), are the overall motion equations which are gov-
erning the dynamic system in this study.

4 � Bridge dynamic responses

In this section, the dynamic responses of bridge and vehi-
cle with three different constant speeds are obtained 

and analyzed to compare the effects of nonlinearities in 
the quarter 2-DOF vehicle suspension system with linear 
models studied by others. Using the Rung-Kutta numeri-
cal method (ode45), and with the assumption of zero ini-
tial conditions for the dynamic system, solution to Eq. (2), 
Eq. (7), and Eq. (12) are obtained by reducing the orders of 
differential equations to first orders and forming a system 
of first-order nonlinear differential equations. Today, it is 
concluded that good accuracy is received for the beam if 
we consider only the 1st mode of vibration mentioned by 
Biggs [24]. Hence, the calculations are solved, considering 
the first mode of vibration.
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Figure 2 and Fig. 3 refer to, respectively, as the bridge 
midspan and total displacement response to three vehi-
cle’s constant speeds, 3 m/s, 10 m/s, and 30 m/s. Using 
different vehicle velocities with the lowest and highest 
amount has been adopted in previous research, e.g., Ben-
cat [25] and Refs [15, 16], to accurately study the various 
bridge dynamic behavior. As shown in Fig. 2. and Fig. 3, 
during the distance that the car is traveling over the 
bridge, the displacement of the bridge shows the larger 
scale of oscillation compared to those caused by lower 
vehicle speeds. For the slowest car speed (3 m/s), the scale 
of fluctuation in the bridge displacement has decreased 
significantly. Of interest is that the midspan and total 

deflection curves are almost symmetrical for those caused 
by vehicle speeds at 3 m/s and 10 m/s. In contrast, for the 
velocity at 30 m/s, the corresponding deflection curve is 
not symmetric.

It is essential to define a static curve originated by the 
corresponding vehicle during a test and compare its peak 
value with the bridge’s maximum dynamic deflection. The 
bridge’s static response must be obtained via several tests 
considering a vehicle at a low speed. However, suppose a 
static test is not performed before a dynamic test. In that 
case, the bridge displacement caused by the lowest vehi-
cle speed is assumed as the static deflection with sufficient 
accuracy [25]. For this significant phenomenon, Van Do 
[26] compared his results obtained via isogeometric and 
finite element methods to Warburton’s analytical results 
[27]. He noted that a simply supported Bernoulli–Euler 
bridge is capable to closely approach its static defor-
mation if only the velocity of the vehicle is low enough. 
Hence it is possible to utilize the static curve obtained by 
vehicle speed at 3 m/s to find the value of dynamic incre-
ment, which is represented below [28]:

(13)� =
ddyn − dstat

dstat
,

Fig. 2   Bridge midspan displacement response

Fig. 3   Bridge total displacement response

Table 2   Dynamic increment at central point of the bridge

Vehicle speed 
(m∕s)

dstat(m) ddyn(m) �

10 − 0.0180 − 0.0186 0.0333
30 − 0.0180 − 0.0205 0.1389

Fig. 4   Bridge midspan velocity response
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where ddyn is the maximum deflection measured during 
the vehicle traveling over the bridge and dstat is the peak 
value estimated from the static curve.

Table 2 shows the dynamic increment values at the 
bridge’s central point caused by vehicle speeds at 10 and 
30 m/s and peak values for both static and dynamic deflec-
tions caused by the same vehicle. The result shows that as 
the car’s speed triples, the dynamic increment increases 
by 317.117%. However, it is essential to study the changes 
in the bridge’s dynamic behavior under the influence of 
environmental conditions such as temperature. Also, the 
self-weight of a bridge is another parameter that cannot 
be considered a point mass in theoretical formulas used 

to find the bridge’s static deflection. Considering all these 
notes, the results in Table 2 are just an approximation. It 
requires practical tests to be carried out to find more accu-
rate values for both static and dynamic deflection for the 
bridge with previously mentioned properties.

Figures 4, 5, 6 and 7 show the total and central veloc-
ity and acceleration responses of the bridge. As can be 
seen, by applying higher speed to the car, the range of 
velocity and acceleration of the bridge are increased. As a 
similar result obtained by Yang [13], the midspan dynamic 
response of a bridge subjected to a moving 1-DOF quarter 
car model with linear suspension showed higher accelera-
tion variations when the vehicle’s velocity increases. Fur-
ther, in very recent work done by Ho and his colleague 
[29], the effect of traffic flow and the vehicle’s speed on 
a simply supported bridge was studied, assuming the 
vehicle as a 2-DOF linear model. Using the finite element 
method (FEM), Ho concluded that the root mean square 
(RMS) and the bridge’s acceleration peak values rise when 
the traffic flow speed increases. Hence, according to the 
numerical simulations obtained via MATLAB, it can be 
concluded that the nonlinear sprung-mass model in this 
study affects the dynamic bridge behavior as like as linear 
sprung-mass does. However, practical field tests have to be 
done for both bridge and vehicle characteristics to prove 
the study’s theoretical approaches.

For a bridge subjected to a moving vehicle with differ-
ent speed stages, it is significant to measure and compare 
the total and midspan dynamic responses of the bridge 
with each other. According to the obtained data, at speed 
of 3 m/s, the maximum total and midpoint displacement 
of the bridge have the same value. However, for speeds 
at 10 and 30 m/s the peak value of midspan deflection 

Fig. 5   Bridge total velocity response

Fig. 6   Bridge midspan Acceleration response

Fig. 7   Bridge total acceleration response
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is, respectively 1.639% and 4.591% higher than maximum 
total displacement. Whereas, the maximum midspan 
velocity for vehicle speeds at 3, 10 and 30 m/s is, respec-
tively 53.793% , 54.926% and −244.935% higher than peak 
value of total velocity response of the bridge. On the other 
hand, the tip value of midpoint acceleration of the bridge 
for car velocity at 3, 10 and 30 m/s is, respectively 1.799% , 
5.773% and 7.037% higher than the maximum value of the 
total acceleration response. It can conclude that the maxi-
mum displacement, velocity, and acceleration happen at 
the central point of the bridge and has a higher percent-
age of differences in values compare to total responses 
at higher vehicle constant speed. Furthermore, by omit-
ting nonlinear stiffness and damping constants from the 
equations, it was seen that for vehicle speeds at 3,10 and 
30 m/s neither there was any effect on the acceleration nor 
the deflection and velocity of the bridge and this was also 
true for the sprung and unsprung masses of the quarter 
car model.

5 � Conclusion

In this study, the dynamic response was obtained using 
the modal superposition method for the bridge subjected 
to a moving vehicle. The quarter car model with cubic non-
linearities in a passive suspension system was considered 
to monitor the bridge’s deflection, velocity, and accel-
eration. Later the dynamic increment of the bridge was 
measured concerning its approximate static displacement 
curve. It was seen that by tripling the vehicle speed from 
10 to 30 m/s, the dynamic increment increases. By apply-
ing higher speed to the vehicle, it was seen that the dis-
placement of the bridge in both total and midspan cases 
increases significantly. Plus, it was seen that by neglect-
ing the nonlinear coefficients of the vehicle suspension 
system, the dynamic response of the bridge remained 
almost the same for all three velocities which were applied 
to the car via the numerical calculations. According to the 
results, the changes in the bridge’s dynamic responses are 
mainly due to the vehicle velocity. The nonlinearity of its 
suspension system does not affect the bridge deflection 
in this study. However, it is suggested that field tests are 
needed to be obtained with more accurate data and vali-
date the theoretical results. Further, it was concluded that 
the maximum deflection, speed, and acceleration occur 
at the midpoint of the bridge and has a higher percent-
age of differences in values compare to total responses at 
higher car constant velocity. For vehicle speed at 30 m/s, 
the maximum amount of bridge midspan displacement, 
velocity, and acceleration was higher than the peak value 
of total dynamic responses.
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