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Abstract

We prove a regularity result for minimal configurations of variational problems involving
both bulk and surface energies in some bounded open region 2 € R”. We will deal with
the energy functional .% (v, E) = f_Q[F(Vv) + 1gG(Vv) + fe(x,v)]ldx + P(E, £2).
The bulk energy depends on a function v and its gradient V. It consists in two strongly
quasi-convex functions F and G, which have polinomial p-growth and are linked with their
p-recession functions by a proximity condition, and a function fg, whose absolute value
satisfies a g-growth condition from above. The surface penalization term is proportional to the
perimeter of asubset E in 2. The term fF is allowed to be negative, but an additional condition
on the growth from below is needed to prove the existence of a minimal configuration of the
problem associated with .#. The same condition turns out to be crucial in the proof of the
regularity result as well. If (#, A) is a minimal configuration, we prove that u is locally Holder
continuous and A is equivalent to an open set A.We finally get P(A, 2) = "~ ! (VANR).

Keywords Free boundary problem - Perimeter penalization - Regularity - Nonlinear
variational problem

Mathematics Subject Classification 49N60 - 49Q20

1 Introduction and statement

The problem of finding the minimal energy configuration of a mixture of two materials in a
bounded open set £2 C R", penalized by the perimeter of the contact interface between the
two materials, has been fully examined in mathematical literature (see for example [2,3,6,8,
10,15,17-20]).

Let p > 1 and define «7(§2) as the set of all subsets of §£2 with finite perimeter.
Consider F, G € C'(R") and define fE =g+ 1pgh,where E € o/(2)and g, h: 2 xR —
R are two Borel measurable and lower semicontinuous functions with respect to the real vari-
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able. We will deal with the following energy functional:
F (v, E) = / [F(Vv) + 1£G(Vv) + fe(x,v)]dx + P(E, £2),
2

where (v, E) € (uo + W&’p(.Q)) X o/ (§2), withug € whr (£2). The regularity of minimizers
(u, A) of the functional .# was recently investigated in [6,9,10] for the constrained problem
where the volume of the region A in £2 is prescribed but the forcing term fy4 is zero. In
the quadratic case p = 2 Ambrosio and Buttazzo [3] proved the regularity for minimizers
of .% in the case that f4 is not zero. We are going to extend this result to functionals with
polinomial growth.

We assume that there exist some positive constants /, L, «, 8 and p > 0 such that

— F and G have p-growth:
0<F@E) <L@?+EDE, (F1)
0<GE) < BLW +1ED?, G1)
for all & € R”.
— F and G are strongly quasi-convex:

/F<s+w>dxz/[F<s>+zm2+|s|2+|Vw|2>L?|V¢|21dx, (F2)
2 2

/G(s+w>dxz/[G<s>+azw2+|$|2+|w|2>"*52|w|2]dx, (G2)
22 2

forall £ € R" and ¢ € C1(£2).
— there exist two positive constants 7y, a and 0 < m < p such that for every ¢ > 9 and
& € R" with |£] = 1, it holds

F

Fp®) - TR < 2 (F3)
G

‘Gp(é)— t(f,g)‘slim, (G3)

where F), and G, are the p-recession functions of F" and G (see Definition 2.1).

We remark that the proximity conditions (F3) and (G3) are trivially satisfied if F' and G are
positively p-homogeneous.

The first of the following assumptions on g and 4 is essential to prove the existence of a
minimal configuration. The same condition turns out to be crucial in the proof of the regularity
result as well. We assume that there exist a function y € L!(£2) and two constants Co > 0
and k € R, with k < ﬁ, being A = A(£2) the first eigenvalue of the p-Laplacian on £2
with boundary datum u(, such that

— g and h satisfy the following assumptions:
g(x,8) = y(x) —kls|”, h(x,s) = y(x) —kls|?, (1.1

for almost all (x, s) € £2 x R.
— g and h satisfy the following growth conditions:

lg(x, ) = Co(L+1s|?), [h(x,5)] < Co(l+Is]?), (1.2)
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for all (x, s) € £2 x R, with the exponent
. {[p, +o0) ifn =2,
[p,p*) ifn>2
fixed.
We want to study the following problem:

min F (v, E). P
. E)e(uo+Wy " (@) x o/ (2)

The main result of the paper is the following theorem about the regularity of solutions of
problem (P).

Theorem 1.1 Let (u, A) be a solution of (P). Then

1. u is locally Holder continuous.
2. A is equivalent to an open set A, that is

L"(AAA) =0 and P(A,R2) = P(A, Q)= 2#""0ANR).

The idea of its proof is similar to that of Theorem 2.2 in [3], which in turns relies on the
ideas introduced in [7]. The regularity of u is proved in Theorem 4.1 and the regularity of A
follows from Proposition 5.1. The proof will be discussed in the final section.

The same arguments can be used to treat also the volume-constraint problem

min F(, E), Q
. E)e(uo+Wy " (@) x o/ (2)
£ (E)=d

for some 0 < d < .£"(£2). The following theorem holds true.

Theorem 1.2 There exists Lo > O such that if (u, A) is a minimizer of the functional
F(v, E) = / [F(Vv) + 1G(Vv) + fe(x,v)]dx + P(E, £2) + A|.Z"(E) — d|
2

for some A > Ay and among all configurations (v, E) such that v € ug + W(Jl’p(.Q) and
E € «/(82), then X" (A) = d and (u, A) is a minimizer of problem (Q) . Conversely, if
(u, A) is a minimizer of the problem (Q), then it is a minimizer of Fy, for all . > Ag.

The proof of the previous theorem is a straightforward adaptation of the proof of Theorem
1.4 in [6]. The term concerning the function fr can be treated as a constant, thanks to the
boundedness stated in Theorem 4.1. We finally remark that the term A|.2"(E) — d| in the
functional .%) can be inglobed in fE, since it is bounded. For this reason, Theorem 1.1 is
still valid also for minimal configurations of .%; and, consequently, for solutions of problem

Q.

2 Notation and preliminary results
Throughout the paper we denote by (-, -) and ||-|| respectively the Euclidean inner product

in R" and the associated norm. We write .£¢" for the Lebesgue measure. Furthermore, we
denote by B, (x) the ball centered in x € R" with radius r > 0 (if x = 0, we write simply
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B,), by w, the measure of By, and with Q,(x) the cube centered in x € R” with side r > 0.
We write the symbols — and — referring to weak and strong convergence, respectively.
We often denote by ¢ a general constant that could vary from line to line, even within the
same line of estimates. Relevant dependencies on parameters and special constants will be
suitably emphasized using brackets.

Throughout this section we denote with H a function belonging to C'(R") and satisfying
for some positive constants I'and L the same kind of assumptions imposed on F and G:

0<HE < Lu? +1E7)E,
- p=2
| e+ Vodx = [ 1HE + 163 + 1P + 19oP) T VPl ax,
2 2
forallé e R" and ¢ € CCl (£2). We collect some definitions and well-known results that will
be used later. We start giving the definition of p-recession function of H.

Definition 2.1 The p-recession function of H is defined by
H(§)

H), (&) := limsup I

t—+00

for all £ € R".

Remark 2.2 1t’s clear that H), is positively p-homogeneous, which means that

Hp(s&) = sPH(&),

forall £ € R" and s > 0. It’s also true that the growth condition of H implies the following
growth condition of H):

0 < Hp(€) < LIgI,

for any £ € R".

Next lemma establishes strong quasi-convexity of H), provided H verifies an appropriate
growth condition. Its proof is in [12] (Lemma 2.8).

Lemma 2.3 Let H as above. If there exist two positive constants I, dand0 < m < p such
that for every t > ty and £ € R" with |£| = 1, it holds

H@E)| _ d
| T

‘Hp(s)_
then
/QHp(s+w)dxzA[Hp(é)+i(|§|2+|V¢|2)”T’2|w|2]dx,

forallg € R" and ¢ € CL(2).
Let’s recall some other useful lemmas.
Lemma 2.4 Let H be as above. It holds that
IVHE®)| <27 L + 1§D
forall & € R"™.
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Lemma 2.5 Let H as above. There exists a positive constant ¢ = ¢(p, I,L, W) such that

i
HE) = 50 + EP? —¢,
forall & € R"™.

The proof of Lemma 2.4 can be found in [14] (Lemma 5.2), while Lemma 2.5 is proved in
[6] (Lemma 2.3). We define the auxiliary function

VE) = (12 + 5P e,

for all £ € R”". Next Lemma has been proved in [13] (Lemma 2.1) for p > 2 and in [1]
(Lemma 2.1) for 1 < p < 2.

Lemma 2.6 There exists a constant c = c(n, p) such that

2 _ VE =Vl

P2
T <cW +EP+ DT,

1
;uﬂ +1E12 + 101
forall &, n e R™.

Lemma 2.7 Let {up}heny € WUP(B1) and u € WY-P(By) such that up—u in W-P(By).
Assume that {Vup}pen is bounded in LP (By). If

lim Y|V (Vuy) — V(Vu)|2dy =0, Vy € CX(B)) st 0<y <1,

h—+o00 B
then up — u in W[L'L?(Bl).
The proof of the previous lemma follows from Lemma 2.6. If p > 2 the hypothesis of
boundedness of {Vup}nen is superfluous. If 1 < p < 2, by Holder inequality we gain the

stated result.
The following theorem has been proved in [12] (Theorem 2.2).

Theorem 2.8 Let H be as above and let v € WP (82) be a local minimizer of the functional

%”(w,.Q):/ H(Vw)dx,
Q

where w € v + WO1 "P(2). Then v is locally Lipschitz-continuous in §2 and there exists a
constant ¢ = c¢(n, p, l~, I:) > 0 such that

3 3
eSS SUPp , (o) (W + V[P 2 567[ (u* + Vo) 2 dy,
7 J BR(x0)
for all Bg(xp) C £2.

Corollary 2.9 Letf”i‘: and v € WL-P(2) be as in Theorem 2.8. Then there exists a constant
cow = cyn, p,l, L) > 0 such that
r\n

/ W2+ Vo) dy < cor )/ W2 +1voP)E dy,
By (x0) R/ JBrxo)

forall BR(xo) € 2and0 <r < R.
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3 Existence of minimizing couples

Theorem 3.1 The minimum problem (P) admits at least a solution.

Proof We initially remark that problem (P) can be written as follows:

min {&(E) + P(E, 2)}, (3.1)
Ecd/ (2)
where
&(E) = min / [F(Vv) +1G(Vv) + fE(x,v)]dx 3.2)
veug+ Wyt (2) 7 2

Since F, G are strongly quasi-convex and g, /& are lower semicontinuous in the real variable
s, the functional .# is lower semicontinuous with respect to the weak convergence of Vv, in
L? and the strong converge of v;, in L? (see [5] or [16]). Moreover, the coerciveness of

/ [F(Vv) +1gG(Vv)]dx
2

is granted by Lemma 2.5. Therefore the minimum problem (3.2) admits a solution. Let
{An}hen € <7 (£2) be a minimizing sequence for problem (3.1). It follows that the sequence
{P(Ap, £2)}nen is bounded and so, by compactness, there exists A € 2/ (§2) such that
la, — lain LIIUL,(.Q). Let up € uo + Wol’p(Q) a solution of problem (3.2) associated
with Ay, for all 4 € N. The sequence {uj,};cn is bounded in W“’(.Q); indeed, by (1.1) and
Poincaré inequality we obtain

min ﬁ(v,Q)zﬁf(uh,Ah)zl/ |Vuh|pdx+/ )/dx—k/ lup|P dx
2 2 2

veuo+W, 7 (2)
zl/ |Vuhlpdx—|—/ ydx — 2Pk
17, Q

></ Iuh—uo|”dx—2p_lk/ luol? dx
2 2

3(1—2“11@)/ |Vuh|”dx+/ ydx—zp”k/ |luo|? dx.
2 2 2

Hence, we can extract a subsequence (not relabelled) such that u,—u in whr(2). By
definition of minimum we infer

(g)(A)f/[F(VM)+1AG(V14)+fA(x7M)]dx~
2

Applying again loffe lower semicontinuity result (see for instance [16] or [4], Theorem 5.8)
to the integrand

O (x,s1,52,8) 1= F(&) +51G(§) + g(x, 52) + s1h(x, 52),

where x € £2, 51 € [0, 1], 52 € Rand & € R", we obtain

E(A) < / [F(Vu) + 14G(Vu) + falx,u)]ldx = / ®O(x, 14, u, Vu)dx
Q Q

h—400

< liminf/ D (x, lAh’ up, Vuh)dx = liminf &(Ap).
Q h— 400
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Therefore, by the lower semicontinuity of perimeter we finally gain
E(A)+ P(A, 2) < lhiminf[é”(Ah) + P(Ap, 2)],
— 400

which proves that A is a minimizer of problem (3.1) and so (#, A) is a minimizing couple of
problem (P). ]

4 Higher integrability and Holder continuity of minimizers

The following theorem shows that local minimizers of the functional .7 (-, E), with E €
o/ (§2) fixed, are Holder continuous and a higher integrability property for the gradient holds
true. The proof of this result is standard and can be carried on adopting the obvious adaptation
in the proof of Theorem 3.1 in [3].

Theorem 4.1 Let (u, A) be a solution of (P). Then the following facts hold:

— u is locally bounded in §2 by a constant depending only on n, p,q, o, B,1, L, u, Co,
lullpr 2y and is locally Hélder continuous in 2.

— Let 20 € 2, T = dist(£29, 082) and K = {x € 2 : dist(x, §2p) < %} Then there exist
two constants y > 0 and r > p depending only on n, p,q, B,1, L, i, Co, llull =g

such that
/ IVul" dx < y[R”(‘*%) (/ |Vu|? dx)p + R”},
Qg(y) Or()

forally € 29 and Qr(y) € K.

5 Regularity of the set

The following proposition is the main result of this section and also the main ingredient to
prove Theorem 1.1.

Proposition 5.1 Let (u, A) be a solution of (P). Then for every compact set K C §2 there
exists a constant & € (0, dist(K, 052)) such that if y € K and for some p < & it holds

/B ( )[Fp(VM) +14G,(Vi)ldx + P(A, By(y) < &p" ",
oy

then

lim nl’”[/ [Fp(Vu) +1,G,(Vu)ldx + P(A, B,,(y))] =0.
n—0 By ()

The proof of the previous proposition relies on Proposition 5.5, which is an iteration of the
decay estimate in Theorem 5.4. The following definition is crucial in the rescaling argument
used in the proof of Theorem 5.4 (see (5.11)).

Definition 5.2 (Asymptotically minimizing sequence) Let {(up, Ap)}lhen < wbhP(B)) x
7/ (B1) and {Ap}heny € RT. We say that the sequence {(uy,, Ap)}nen i Ap-asymptotically
minimizing if and only if for any compact set K < B; and any couple {(u), A})} <
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WP (By) x o7 (B)) formed by a bounded sequence {u) }nen in WP (By) with spt(u, —uj) C
K and a sequence of sets {A} },eny with A AA) C K, we have

[Fp(Vup) +14,Gp(Vup)ldy + 2 P(Ap, B)
B

5.1
< [Fp(VM;,)-I-1A;1Gp(VM},)]d)’+th(A}1,B)+77h,
By

where {n,}nen € R is an infinitesimal sequence.

In the proof of Theorem 5.4 we will show that the sequence of appropriately rescaled
minimal configurations of problem (P) is asymptotically minimizing. The following
theorem is concerned with the behaviour of asymptotically minimizing sequences.

Theorem 5.3 Let {Aptheny € RY and {(un, Ap)lnen € WHP(By) x o/(By). Assume that
(up, Ap) is Ap-asymptotically minimizing and that

() { S5, LFp (Vitn) + 14, G p(Vun) ) dy + 20, Py, B1)| s bounded,

heN

(i) wp—u in WhP(By).

(iii) 14, — 14 in L' (By) and A, — +o0.

(iv) G,(Vuy) is locally equi-integrable in Bj.

Then
@) up > uin Wllo’cp(Bl).
(b) ApP(Ap, By) = 0, forall p € (0, 1).
(¢) A =0 or A= By and u minimizes the functional fBl [Fp(Vv) +14G,(Vv)]dy among

allv eu+ Wy (By).
Proof Let’s prove (a). The hypothesis (iv) implies that
lim Y[1aG,(Vup) — 14,Gp(Vuyp)ldy =0, Vi € C°(By). (5.2)
h—+400 B

Let up, = (1 — Yup + Yyu, ¥y € CX(By), with 0 < ¥ < 1. Then
Vi, = u —up)Vy + (1 — ¥)Vuy, + v Vu. Testing (Ap, i), we have

. [Fp(Vup) + 14,6 p(Vup)ldy = /B [Fp(Vip) + 14,Gp(Vup)ldy +np,  (5.3)
1 1

where {n,}reny € R is the infinitesimal sequence in (5.1). By the convexity of F), and G,
and Lemma 2.4, it follows that

AI [F,(Vip) +14,Gp(Vup)]dy
< /B T =)V Y0 414,61 =)V £ ¥ Vw]dy
+ /Bl (VFy((u —up)Vy + (1 = )Vuy + yVu), (u — up)Vir)ydy
+ (TG =Y+ (1= Y)Va 4 V), (= ) V) dy
< [ 1= W) Ep (V) + 0 Fo (Vi) + 14,10 — )G (Vun) + ¥ G p (Va) ] dy

B

+c(p, L, B) /sz 1 — u) VY + (= )V + o Vul®) T | — un) V| dy.
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Using the previous one in (5.3), we obtain

[, (Fun) + 14,6, Ty
1
< [ w1,
B (5.4)
4 14,Gp(Vi)ldy + c(p. L. f) /B U2 + (= un) V'

+ (=) Vuy + ¥ VulP) T | = up) V| dy + .

The second term in the right hand side is infinitesimal; indeed, using the Holder inequality,
we have

/B(M2 1 = un) VY + (=) Vg + Yy Vul®) T [ — up) V| dy

p—1

< llu—unllr(s) (/B (M"JrI(u—uh)VlﬂlerI(l—lﬂ)VuhlerIquI")dy) "
1

which tends to 0 as & approaches +00. So we can inglobe the second term in the right hand

side of (5.4) in n;,. Add / Y14G,(Vuy) dy to both sides in (5.4) in order to obtain
B

/B VIFp(Vup) +14Gp(Vup)ldy E/B VIFp(Vu) +14,Gp(Vu)ldy
1 1

+/ WUAG, (Vun) — 14, G p(Vu)ldy + i,
B

where {75}neny € R is infinitesimal. Thanks to (5.2), we can pass to the upper limit and
obtain

limsup [ VU, (Vun) + 146, (Vunldy < [ W1F 50 + 146, (VL.
—+00 1 1

Finally, by lower semicontinuity, we gain

h—+o00

lim / YIF,(Vup) +14G,(Vup)ldy = / Y[F,(Vu) + 14G,(Vu)]dy. (5.5)
B By
By the strong quasi-convexity of F}, and G, and Lemma 2.6, we have

’ VIV (Vuy) — V(Vu)* dy
1
5c(n,p>/ 12 + Vil + [Vu®) 2 |Vuy — Val dy
B (5.6)
< c(n. p, 1)[ /B [ (Fy (Vi) — Fp(Vu)) — (VFy(Vu), ¥ (Vup, — V)] dy
1

+ . [W1a(Gp(Vup) = Gp(Vu)) = 1a(VG ,(Vu), ¥ (Vup — Vu))]dY]

Let h — 400 in (5.6). By the ii) and (5.5), we infer

lim Y|V (Vup) — V(Vu) > dy = 0.
h—+00 B
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Thanks to Lemma 2.7 and the arbitrariety of ¥, we conclude that u;, — u in WIL’f (By).
Let’s prove b). Since A, — 400 and the energies are bounded by an appropriate constant c,
it holds that

P(An, By) < —.
Ah

Let i — +o00 in the previous inequality. By semicontinuity we infer that P(A, B;) = 0.
Thanks to isoperimetric inequality it follows that A = ) or A = B. We’ll discuss the case
A = {, being the other one similar. For & large enough, by the isoperimetric inequality we
have

n

L7(An) = min{L" (Ar), L (B \ Ap)} < c(n)@)

Denoting 1,,(p) = 1a,nss,, forall h € Nand p € (0, 1), the coarea formula provides that

! =
Z"(An) =/ dp/ Ly(p)dA""" < c(n)(i) N
0 0B, Ah

which means that the sequence of functions [Ah fa B, Ly(p)do1 } converges to 0 in
heN
L'(0, 1). Thus, it converges to 0 for almost every p € (0, 1). Then, for every p € (0, 1)

fixed, we can find a sequence {o;}ren < (p, 1%) such that

A / 1h(op) d" " — 0, (5.7)

9By,

as h approaches +oc. Comparing {(uy, Ap)}tren and {(up, Ay \ Bp,)}hen , using (5.7) and
the equality

P(Ap\ By, B1) = P(Ap, B1\ By,) + / Ln(on) d" ",
JoB,,

there exists an infinitesimal sequence {n}ren € R such that

AP (An, Bp,) < Ay P(Ap, B1) < A P(Ap \ By, B1) + 1

=M P(Ap, By \Eph)-i-?»h/ 1w (pp) d" " +

By,

=Ah/ 1y (on) dA" 1+,
0

By,

provided /2 is solarge that A;, € B ,+1 . Thus, thanks to (5.7) the sequence {1, P (A, By} hen
2
is infinitesimal and we can conclude that

AnP(Ap, Bp) — 0,

as h approaches +o0, since p;, > p.
Let’s prove c). Comparing (A, up) with (Ap, i) = (Ap, up + ¢), where ¢ € CY(By)
and supp(¢)< B,, we have

/B [Fp(Vup) + 14,Gp(Vup)ldy 5/ [Fp(Vip) + 14,Gp(Vup)ldy + np,
0

By
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with {ns}heny € R infinitesimal and p € (0, 1) arbitrary. Thanks to a), we can use the
dominated convergence theorem in order to pass to the limit as /2 approaches +00, obtaining

/B [Fp(Vu) + 140G, (Vu)ldy < /B [Fp(Vu+ ) +14G,(V(u + @)l dy.
o 2

By the arbitrariety of p and ¢ we can conclude the proof. O

The following theorem is the main tool for proving Proposition 5.1.

Theorem 5.4 (Energy decay estimate) Let K C §2 be a compact set, § = dist(K, 3§2) > 0
ande € (0,1). Let¢c =c¢(p,l,L,a, B, n) and cp = cy(n, p,l, L, a, B) the constants of
Lemma 2.5 and Corollary 2.9 for

H(w) = [Fp,(Vw) + G,(Vw)]dx.
By

Moreover, let T € (0, 1) such that t¢ < 21¥ Then there exist two positive constants y
and 6 such thatfor any solution (u, A) of the problem (P) and for any ball B,(y) withy € K
and p € (0, ) the two estimates

/ [Fp(Viu) + 14G (Vi) dx + P(A, By) < yp" ",
B,

o' < 9[/ [Fp(Vu) +14G,(Vu)ldx + P(A, Bp)],
By
imply that
/B ( )[Fp(VM) + 114G, (Vu)ldx + P(A, Brp(y))
0wy

_erU+PL,

< ; |:/ [F,(Vu) +14G,(Vu)]dx + P(A, Bp)]

Proof Let’s suppose by contradiction that there exist two sequences {yj}nen and {0 }hen
which tend to 0, a sequence of minimizing couples {(wy, Dj)}nen of (P) and a sequence of
balls {B,, (x1)}nen, With x;, € K and pj, € (0, %), for all & € N, such that these estimates
hold:

/ [Fp(Vwp) + 1p,G p(Vwp)ldx + P(Dy, By, (xp)) = vupp "

By, (vn)
(5.8)

J Oh[/ [Fp(Vwp) + 1p,Gp(Vwp)]dx + P(Dp, By, (xh))],
By, (xn

(5.9)

/B ( )[Fp(th) + 1p,Gp(Vwp)ldx + P(Dp, Brp, (xp))

o5, (Xh

S rd+PL e

/ |:/B ( )[Fp(th) + 1p,Gp(Vwy)]dx + P(Dy, Bp;,(xh)):|-
on Xh

(5.10)

In what follows it will be important that the sequence {wp }5en is locally equibounded in £2.
It descends from Theorem 4.1 once we have proved that {wp};en is bounded in whr(),
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which holds true; indeed, by the minimality of (wy, Dy), (F1), (1.1) and Poincaré inequality
it follows that

min f(v,())zgz(wh,Dh)zl/ |th\pdx+/ ydx—k/ |wp |P dx
veug+Wwhr(2) 2 Q 2

Zl/ \thlpdx+/ ydx72p_1k/ |wp, 7u0|pdx72p_lk/ lug|P dx
J 2 J J J
3(1—21’—%\)/ |th|”dx+/ ydx—2p_1k/ lugl? dx,

2 2 2

since k < 5 L _ Rescale the functions wy,; define

p—1y-

Dy, — 1
e WhP(By), A= u, r=—, (5.11)
Ph Yh

wp (Xp + PpYy) — Wh

=1 1
4

on" v

up(y) :=

where wj, = fBl wp (xp, + pny) dy, for all h € N. By the usual change of variables x :=
Xn + pny, we have:

/ [Fp(Vwp) + 1p,Gp(Vwp)]dx + P(Dp, By, (xp))
By, (1)

= J//zﬂZ_l[/B [Fp(Vup) + 14,6 p(Vup)ldy + in P(Ap, Bl)i|~
1

Rescale the estimates (5.8), (5.9) and (5.10), obtaining

/ [Fp(Vup) +14,Gp(Vup)ldy + rp P(Ap, B1) =1,  (5.12)
B

on < Opyn,  (5.13)
cr (1 +,3)LT,,_8

; (5.14)

/B [Fp(Vup) +14,G,(Vup)ldy + Ap P(Ap, By) >
We want to apply Theorem 5.3 to the sequence {(uj, Ap)}nen-
Firstly, let’s prove that {(uy,, Aj)}nen is Ap-asymptotically minimizing. Let K’ € Bj be a
compact set and {(u},, A})}nen such that {u) }sen is a bounded sequence in wLP(B)) with
spt(uj, —up)CS K" and A} C By with A} AA, C K.
Rescale the functions u},:

I
wy, (x) = p,” )/h”u2,< o >+wheW1”’(Bph(Xh)), Dj, = xj + prAj,.

Compare the two sequences {(wy, Dp)}hen and {(w),, D})}ren: by the minimality of
{(wn, Dp)}nen and by (1.2) we have

[Fp(Vu;l) + 1A,’1Gp(VM;,)] dy + AhP(Agl, B)
B

1
= ﬁ[/ [Fp(Vw;l) + lele(Vw;l)]dx + P(D;,, Bph(xh))]
YhPp By, (xn)

1

n—1

T vnpy

|:/B ( )[F(th) + 1p,G(Vwp)]dx + P(Dyp, By, (xp))
op KXh
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b [ UnGwn) — oy uplds
Bph(xh)

+/ ( ){[Fp(Vw;,)—F(Vw},)]—l—1D;1[Gp(Vw;l)—G(Vw,’1)]}dx}
B/’h Xp

1

Z —= [/ [F(Vwp) + 1p,G(Vwp)ldx + P(Dy, By, (xp))
J/hloh Bph (xn)

o Rl i d
Bph (xn)
+/ {[Fp(Vw)) — F(Vw)] + 1y [Gp(Vwy) — G(Vw))]} dx
By, (xn)N{|Vwj, =10}
+/ {[Fp(Vwy) — F(Vw)] + 1 [Gp(Vwy) — G(Vwy)l} dxi|
By, (en)N{[Vwj, | <to)

In the sixth line of the previous inequality we need F, and G, in place of F and G, so by
(F3) and (G3) we infer

/ [F(Vwy) + 1p,G(Vwy)]dx > / [F(Vwy) + 1p,G(Vwy)]dx
By, (xn) By, xp)N{IVwy| =10}

[Fp(Vwy) + 1p, G p(Vwy)] dx —2a/ [Vwp P~ dx
Bph(xh)

> / [Fpy(Vwp) + 1p,G,(Vwy)dx — c(n, p, L, B, 1) p,
By, (i)

—2a/ [Vwp P dx.
B/)h(xh)

Thus by homogeneity, (F3) and (G3) we get

-],
By, Ccn)N{|Vwp =10}

. [Fp(Vu)) + 1A2Gp(Vu;)]dy + An P(A},, B)
1

> | [Fp(Vup) +1p,Gp,(Vup)ldx + Ay P(Ap, B)
B

Co Ph
- n—1 / (|wh|q+|w;l|q)dx_c(nﬁvaa,B7t0)7
vnoy By, Vi
2a /1 p—m —m
- [Vw, |7 4 |[Vw, [P dx.
Yh Py, By, (xp)

In order to prove that {(uy,, Ap)}nen is Ap-asymptotically minimizing, we need to show that

. C
lim [ ,(,)_1/ (|wh|q+|w;l|q)dx+c(n,p,L,,B,to)p—h
h=+00 | yppy, =" J B, (xn) )

2a
Yhoy

[ [|Vw;,|P*'”+|th|P*m]dx}=o.
Bph(xh)
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By (5.13) it’s clear that limy,_, 4 o0 22 = = 0. Since {wp }nen is locally equibounded in £2, also

limp— 400 T pr ) |wp |9 dx = 0. It remains to prove that
‘l

1
lim — / lwy,|9dx =0, (5.15)
h—=+00 vy py ™" J By, ()
lim — / [[Vw), [P™™ + |[Vw, [P dx = 0. (5.16)
h—=+00 v By, (xn)

Let’s prove (5.15). Since {wp }5en is locally equibounded by a constant M > 0, substituting
the expression of wy, from (5.11) it follows that

1 Ph i
[ = [ g, i+l dy
Yh Py, B, (xp) VYh J B,
Oh (p—bg 1
<C(q)[ o " / ), — upl? dy + 2 Iwh(xh+phy)|‘1dy]
Yh J B
(p=Dyg q

[ ( q ) Ph

fc(n, p,q)yhph J/ ||uhHW]p(Bl)+”uh”Wl,p(Bl) +c(nvq7M)yha

where we used the Sobolev embedding theorem. Since g > p, {u),}ren and {up}pen are
bounded in W!-?(B;) and limp— 400 P _ 0, we conclude that (5.15) holds true. We are left
Vh

to prove (5.16). By Holder inequality we get

1
n—1
YhPp

l_m l_m nm
cn,p,m P o
< Lnl)[(/ IVwLI”dX> + (/ Ithlde> o’
Vh ph B/)h (xn) Bph (xn)
- 1-n
c(n, p, m) ] o=
= ——="(mpy~ 1 [(/ IVuhl”dy> +( IVuhl”dy) }ph”
Yh Py, By

<C(n)< ) (” h||w1p(3)+”uh||wlp(31))

/ [V, 1P~ + [Vay P~ dx
Bph (xp)

Since limy,_, 4 oo P _ 0 and {u},}heN, {un}nen are bounded in WP (B}), we obtain (5.16).
Yh

Thanks to (5.12) there exist a function u € W!?(B;) and a set of finite perimeter A C B
such that

up—uinW'P(By) and 1a, — lain L'(By).

We are finally in position to apply Theorem 5.3 to {(uy,, An)}nen. It remains only to prove
that G, (Vuy) is locally equi-integrable, which we will prove later. As a consequence of
Theorem 5.3 we have that A = ) or A = Bj. We’ll discuss the case A = J, being the other
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one similar. Thanks to Corollary 2.9 and Lemma 2.5, by lower semicontinuity we infer

IVul”dys/ (M2+|Vu|2)gdysc,;fr"/ W2 + [VuP) ¥ dy
Br Br Bl

2¢ 0
- cl,%‘ Tﬂ(/ Fp(Vu)dy—l—wnE) (5.17)
By

2,
< cl'” r"(liminf/ Fp(Vuh)dy—i—wnE).
By

h—+o00

Using inequality (5.12), (5.14) and the (b) of Theorem 5.3, we gain

2¢, 2oy
C;‘” r”(liminf/ F,,(Vu;l)dy—i—wnE) - Cl"i‘ ‘L’"(l —limsupth(Ah,Bl)+wnE)
B

h—+00 h—s 400

2, ,
< —Cf‘ (1 + wpd) < CT”rH

1
— i F,(Vu)d
<(1+ﬂ)LhﬁlToo/Br p(Vu)dy

5/ Vul? dy.
B

Comparing the previous estimate with (5.17) we reach a contradiction. We are only left to
prove the equi-integrability of G ,(Vuy) in By. It’s enough to prove that for all r € (0, 1)
there exists r > p such that

sup [Vup|" dy < +oo. (5.18)
heN J B;

Indeed, fix ¢ > 0, a compact set K’ C Bj and A C K’. Then by the growth condition of Gy
and the Holder inequality, it follows that

SUP/ Gp(Vup)dy < ﬂL/ |Vuy|P dy < ,3L$"(A)1_£<Sup |Vuh|’dy>
neNJ A A heN J B;

In order to prove (5.18), we can apply Theorem 4.1: there exist two constants y > 0 and

r > p depending only on n, p,q, B,1, L, w, Co, |wpllz (k) such that for all & € N and

y € K, with dist(Q2,, (y), K)< % we have the following local higher summability:

unpdx <[ o0 Vunl?dx )’ + ol
Wl dx =y |py, wp|"dx on |-
0, 029, )

It can be also shown that the dependence of y and r on [|wp|| (k) is uniform with respect
to A, since {wp }nen is locally equibounded in £2.
Fix t € (0, 1). By a covering argument it follows that

- ¥
/ IVl dx < c(n,t)y[pz( ”)</ |Vwp | dx> +,0;f:|.
Bigy () By, (1)
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Rescale and write the estimate in terms of uy,:

Vupl” dy < c(m)y[(/ |wh|de)p + ("—")]
B; B Yh
<c,t,r, M’)y[l + <&> p}
Yh

where M’ > 0 is an upper bound for {||uy,|| WLr(2) }nen- Using (5.13) we prove our assertion.
O

The last proposition that we need to prove Proposition 5.1 follows from the previous result
and is based on an iteration argument.

Proposition 5.5 Let K, v, 0, 8 be given by Theorem 5.4 and let (u, A) be a solution of (P).
Let y € K and denote

)
W) = [ F,(V0) Gy (Tildr + PA B0, Ve (0.3).
Bp(y)

Moreover, let ¢ € (0,1) and o € (n — 1,n — €) such that there exists T € (0, 1) satis-
(1 L

Fing XL TPL e Set & = min{dist(y, 082), y, t°y6). If

W (p) < &p"~ ! for some p € (0, &), then

o e 1
< 1% and 1% < TTard

o
Wy < r*”yp””(ﬁ) . Vi e pl.
P
In particular,
lim n' "W (n) = 0.
n—0

Proof Let’s assume that W(p) < £p"~! for some p € (0, £). Since W is nondecreasing, it
suffices to show by induction on j € Ny that

. o
W(n)) < yp”“(%’) ,

where n; = 7/ p. Since we chose & < y, the inequality holds true if j = 0. Let’s assume
that it holds true for j > 0. By induction we state

‘1’(77/) nj o—n+1
n—1 =V\ <V
n; p

thatis W(n;) < yn;ffl. fow(n;) > n’}, thanks to the choice & < dist(y, d§2), we can apply
Theorem 5.4 and the inductive hypothesis in order to obtain

\NO ) o
Y1) < 7)) < f"yp"”(nf’) = yp”’l(m> :
p p

IfOW(n;) < n’;, then we can state

r/'f . o
Iy <ypn71<77/+1> '
0 P
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Indeed

n, o —n ,o—n+1_n—o o i—
nip TP i1 V9% ;
J — AL < (=0 _ 1,

yop" %, y0 144

since & < t%y0. Finally, using that ¥ is non-decreasing, we have

n nj+1 “
W(njs1) < V() < ;’ < )/,On_1<17> ,

which concludes the proof. O

Finally, we can prove Proposition 5.1 choosing § = min{dist(K, 052), y, t°y6}, where
y, T, 0, 0 are given by Proposition 5.5.

6 Proof of the main theorem

In this section we give the proof of Theorem 1.1, which makes use of the results we obtained
in the previous sections.

Proof (of Theorem 1.1) The assertion /. follows from Theorem 4.1. Let’s prove the statement
2.
Define

20 = {y € : lirnop]_”[/ [Fp(Vu) +14G,(Vu)ldx + P(A, Bp(y))j| = O}.
= By (y)

Thanks to Proposition 5.1 we infer that £2 is an open set. Let’s call 3* A the reduced boundary
of A. It holds that

9"A = {x € §2 : limsup

p—0t

P(A. B,(x)) _ 0]

pn—]

and by De Giorgi’s structure theorem (see for istance Theorem 15.9 of [21]) it holds that
P(A, ") = A5\ 10 clear that 29 € 2\ 9*A.

Let x € £2¢. Since £2¢ is an open set, choose p > 0 such that B,(x) € £2y. By the
isoperimetric inequality, we infer

min{.Z" (AN B,(x)), £"(B,(x) \ A)} < c(n)P(A, Bp(X))ﬁ =0,
which implies that 14 = 1 a.e.in B,(x) or 14 = 0 a.e. in B, (x). Define the open set
A={x e : 14 =1ae. inaneighbourhood ofx}.

Let’s prove that "~ ((£2 \ 20)A9*A) = 0. Since 3*A C £ \ £, it’s clear that
1% A \ (£2 \ £20)) = 0. It remains to prove that (2 \ £20) \ 9%A) = 0.
Define

S, = {y e : hmsuppl*"/ [Fy(Vu) + 124G ,(Vu)ldx > e},
p—0F By(»)

for ¢ > 0. It’s clear that

@\ 2\ AcJS.. ©6.1)

e>0

@ Springer



L. Lamberti

Using a density argument, thanks to Lemma 1.2 of [11] we can estimate
e"N(Se) < c(n)/ [Fy(Vu) + 14G ,(Vu)ldx, Ve > 0.
Se

We deduce that #"~1(S,) < +oo. It implies that " (S;) = 0 and so, from the previous
inequality, we finally infer that 2"1(S,) = 0, for all ¢ > 0. Thanks to (6.1) we prove our
claim.

Let’s prove that A and A are equivalent. One one hand, by the definition of A we have

S(A) = / ladx = " (AN A),
A

which implies that #" (A \ A) = 0; on the other hand, since #" 1 (2 \ £2¢) = #" 1 (3*A)
< 400, we deduce that .Z"(£2 \ £2¢9) = 0 and hence

z"(A\A)zz"((A\A)mQO):/ ladx =0.
20\A

Since .£" (AAA) = 0,weinferthat P(A, 2) = P(A, £2).Moreover, since 2N3A C 2\
and 2" (2 \ 20)Ad*A) = 0, we have

AR N0A) < N2\ R20) = A0 A) = P(A, 2) = P(A, ).

The converse inequality can be obtained from the following one that holds true for any Borel
set C € R" and can be obtained by De Giorgi’s structure theorem:

P(C,2) <" "(2Nnd0).
Choosing C = A, we conclude the proof. O
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