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Abstract. We study some problems of optimal distribution of masses, and we show that
they can be characterized by a suitable Monge-Kantorovich equation. In the case of scalar state
functions, we show the equivalence with a mass transport probem, emphasizing its geometrical
approach through geodesics. The case of elasticity, where the state function is vector valued, is also
considered. In both cases some examples are presented.

1. Introduction

The analysis of the behaviour of elastic structures has always been a central problem in
Mathematics and in Engineering. Since the beginning of the mathematical theory of elasticity it
was possible to consider from a rigorous point of view the problem of finding the structure that,
for a given system f of loads, gives the best resistance in terms of minimal compliance. In other
words, an elastic structure is optimal if the corresponding displacement u is such that the total
work [ f-wudxz is minimal. However, even if the setting of the problem does not require particular
mathematical tools, only in the last two decades there has been a deep understanding of shape
optimization problems from a mathematical point of view. This was mainly due to the dramatic
improvement in the field impressed by the powerful theories of homogenization and I'-convergence
which have been developed meanwhile.

What became clear soon was that in a large number of situations the optimal shape does
not exists, and the existence of an optimal solution must be intended only in a relaxed sense. The
form of the relaxed optimization problem was first studied (see [], []) in the so called scalar case
where the physical problem only involves state variables with value in R, like the problem of optimal
mixtures of two given conductors. In this case the relaxed solutions have been completely studied,
and identified as symmetric matrices with bounded and measurable coefficients, whose eigenvalues
satisfy some suitable bounds. A similar result was also obtained in the elasticity problem (see for
instance []) for optimal mixtures of two homogeneous and isotropic materials.

Moreover, in almost all cases which have been considered, the optimal relaxed solution is not
isotropic (i.e. the optimal matrix is not of the form a(z)I, being I the identity matrix), and this was
interpreted by saying that an optimal shape does not exist and minimizing sequences are composed
by laminates.
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We want to emphasize that the case of optimal elastic structures, or also simply the study
of optimal shapes of a given conductor, seem to have an additional difficulty with respect to the
problem of optimal mixtures. Indeed, the first correspond to the case of optimal mixtures when one
of the two materials (or conductors) has the elasticity constants (or the conductivity coefficient)
equal to zero. In this case, due to a lack of uniform ellipticity, it is known that among all possible
relaxed problems, obtained as limits of sequences of elliptic problems on classical domains, there
are some that are not of local type, and it is not clear if these nonlocal relaxed solutions could be
optimal. This interesting direction of research has been developed recently in [] and [], and has deep
connections with the theory of Dirichlet forms.

Here we adopt a different point of view and we consider, instead of the shape optimization
problem, the mass optimization problem which consists in finding the best distribution of a given
amount of elastic material, in order to achieve the minimal compliance. The unkown mass distri-
bution is then a nonnegative measure which may vary in the class of admissible choices, with total
mass prescribed, and support possibly constrained in a given design region. Dealing with general
measures pushed us to develop in [] a general framework of variational calculus on measures, bases
on a new notion of tangent bundle for a measure, which includes and unifies the classical cases of
low dimensional manifolds (membranes, string, junctions, ... ).

The phenomenon of appearance of low dimensional network structures was already remarked
(see []) in the cases of optimal mixtures of two materials, when the percentage of the strong one
tends to zero. Moreover, because of capacitary arguments, concentrated loads are forbidden in the
classical framework, but they become admissible as soon as we allow the conductivity coefficient to
be singular, or more generally a measure. Then in the framework of our mass optimization problems,
we are allowed to consider the general case when for a load we take a given measure.

A first result is that we obtain the existence of an optimal mass distribution for which the
elastic compliance is minimal. This optimal measure may present the interesting feature to be
composed by terms of different dimensions. Moreover, we characterize these optimal solutions by
means of a generalized version of the Monge-Kantorovich partial differential equation which describes
the mass transfer problem. A first announcement of the results we obtained appeared in a short
note [].

The plan of the paper is the following. In Section 2 we present the mass optimization problem
in a quite general framework and we show the existence of an optimal solution in the class of
measures. In Section 3 we deduce a necessary and sufficient condition for the optimality that we
call Monge-Kantorovich equation by analogy with the PDE which occurs in mass transportation
problems. Section 4 is fully devoted to the scalar case where an optimal measure can be constructed
by means of geodesic transport rays. Finally, in Section 5 we treat some examples from elasticity as
well as some scalar cases; in this last situation we show how the equivalence with mass transportation
problems allows us to obtain the explicit construction of optimal measures also in cases when
Dirichlet regions or obstacles are present.

2. The mass optimization problem

The optimization problem we are going to describe consists in finding the best distribution
of a given total mass in order to minimize the elastic compliance under the action of a given force
field. In order to take into account also forces which may concentrate on lower dimensional sets we
consider a force field f € M(R"™;R"), the class of all R"-valued measures on R” with finite total
variation and with compact support.

For a given displacement u : R” — R" we denote by j(Du) the stored elastic energy density
associated to v and we assume:

(2.1) 7 is convex;
(2.2) 7 is positively p-homogeneous, with p > 1;
(2.3) j(z) = j(z*¥™) where 2*¥™ is the symmetric part of z;



(2.4) there exist two positive constants a; and as such that
ay|2VMP < j(z) < ag| VTP Vz e R™*".

For instance, in the case of a homogeneous isotropic linearly elastic material, the function 7 is given

by
(2.5) j(Z) — ﬁ|zsym|2 + %‘t'f‘(zﬂyml)|2

where a and [ are the so called Lamé constants.
Thus, for a given mass distribution p the stored elastic energy of a smooth displacement
u € D(R™; R™) is given by

J(p,u) = //(Du) du

and the total energy is
E(M:u) = J(,u,u) - <f LL)

sym

Sometimes we write e(u) instead of (Du)*¥™, so that the stored energy functional can be also written

as

J(p,u) = /7((3(71)) du.

We consider mass distributions g which are nonnegative measures on R™ whose support is contained
in the so called design region which is a given closed subset K of R™. It should also be noticed
that the problem above is a variational model which describes the behaviour of light structures,
where the force due to their own weight can be neglected. Finally, in order to take into account
possibly prescribed Dirichlet boundary conditions, we denote by U the set of smooth admissible
displacements, which we assume to be a given convex cone of D(R";R"). Therefore, the infimum

(2.6) E(p) =inf {E(p,u) : welU}

can be considered as the energy associated to the mass distribution p. The compliance C(u) is then
defined as

It must be noticed that we may have C(u) = +oc for some measures y; this happens for instance
in the case Y = D(R™;R"™) when the force field f concentrates on sets of dimension smaller than
n — 1 and the mass distribution p is the Lebesgue measure. However, these “singular” measures
1 are ruled out from our discussion because we look for the minimization of the compliance C(u).
Indeed, we consider the optimization problem

(2.7) min {C(,u) :p € MT(R), /dp =m, sptu C K}

where the total amount of mass m is prescribed, as well as the design region K. Our goal is to
obtain an existence result for problem (2.7) and an equivalent formulation of it in terms of the so
called Monge-Kantorovich equation.

We shall often use the theory of variational calculus on measures, which we developed recently
in [] and in []; we refer to these papers for all needed properties and details.

It is convenient to introduce the polar cone of distributions

U ={T e D' R™"R") : (T,u) <0 Vu€lU};
then by standard duality arguments the compliance C(u) can be written in the form
(2.8) Clu) = inf{ /‘/Y(()’) du : o€ LZ/(R":R"’X'"‘)7 f+diviop) € Un}.
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It is well known (see for instance []) that as soon as C(u) is finite, the infimum in (2.8) is actually a

minimum.
Let us introduce now the quantity

(2.9) I(f,U,K)=sup {(f,'u,) cuw €U, j(Du) <1/p on K}

which can be related to a locking material approach (see []).

Proposition 2.1. For every nonnegative measure p with [ dp = m and spt p C K we have
. p'

(I(f.U.K))

(2.10) Clp) >

Proof. If C(p) = +oc the inequality is trivial. If C(u) is finite the infimum in (2.8) is a minimum
let us denote by ¢ a solution: then by Fenchel inequality we have for every u € U

¢ = [ rdn> [o:Dudp~ [ jDwan

Therefore, since f + div(opu) € U, we obtain

/(r : Dudp = —(div(op),u) > (f,u)

so that i
Clu) > (fyu) — /j(Du)(l,u Yu € U.

Since U is a cone and j is positively p-homogeneous, we also have

Clp) > t(f,u)y —t* /](Du) du Yu €U, Yt > 0.

Hence, taking the supremum over all u € Y with j(Du) < 1/p on K we deduce

Clp) > H(f.U. K) — f%

A further supremum over all £ > 0 finally gives the desired inequality (2.10). O

We want to show now that in (2.10) the equality is actually attained for some measure p; this
will provide, as a consequence, an existence result for the mass optimization problem (2.7).

Proposition 2.2. There exists a nonnegative measure p with [ dy =m and spt p C K such that

1(£.U.K))"
C(p) < (p’mlTl))

Proof. Since j is convex and positively p-homogeneous we can write

i(z) = [—)(p(Z))p
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where p is convex and positively 1-homogeneous. Moreover, we have
(2.11) I(f,U,K) =Sup{(f,'u,) cu €U, p(Du) <1 on K}
Again by duality arguments we can write

(2.12) ](f,u,K):inf{/pU(A) c A€ MRMR™™), spt A C K, f+div>\€u°}

where p° is the polar function associated to p:

P(z) = sup {z:€ ¢ p(&) <1,

and the integral is intended in the sense of convex functionals on the space of measures (see for
instance [], []). As before, as soon as I(f,U, K) is finite, the infimum in (2.11) is a minimum. If we

denote by A a solution and set
m

_ 0

by Radon-Nikodym theorem we obtain that A = ou for a suitable o € Lﬁ’(R”;R”X"). We have
sptp C K, [du=m, f+diviop) €U’, and p°(0) = I(f,U. K)/m p-a.e., so that by (2.8)

(I(f.u. K))

p’ml/(,'ﬂfl)

Cp) < /.7'*(0) dp = [% /(PO(U))p’ dy =

Summarizing, we have proved the following result.

Theorem 2.3. Assume that I(f,U, K) is finite. Then the following facts hold:
i) The mass optimization problem (2.7) admits a solution u and we have

(1(7.U. K)”
p'mt/(p=1)

Clp) =

ii) If u is a solution of the mass optimization problem (2.7) then one has

(2.13) I(f.U,K)=min { / p’(o)du = sptu C K, / dy =m,
o€ LR R™™), [+ div(op) € u”},
where the optimal o in (2.13) verifies

_ I(f.U.K)

m

p’(o)

p-almost everywhere.

m

mﬂ“ (M) is optimal for (2.7).

iii) Converserly, if X is a solution for (2.12), then u =

We will discover in the next section that the field o solution of (2.13) is in fact related to the
gradient of the optimal displacement u (for (2.6)) through a constitutive equation involving some
notion of tangent space to u.



3. The Monge-Kantorovich equation

In this section we discuss the existence of a relaxed solution for problem (2.9) and the related
necessary and sufficient conditions of optimality. This will produce what we call Monge-Kantorovich
equation. From now on, for simplicity, we assume that:

- K is a closure of a smooth connected bounded open subset Q of R";

- U= {7/, €DR™R") : u=0on E} where ¥ is a closed subset of Q.
The quantity I(f,U, K) will be then denoted by I(f,%, ). We remark that under the assumptions
above the class Y° turns out to be

U’ = {T eED'R™R") : sptT C E}.

It is convenient to introduce now the class Lipl’p(Q,E) as the closure, in C(Q;R™), of the set
{ue DR™R") : p(Du)<1onQ, u=0on X}. It has to be noticed that when p(z) > |z| then
every function in Lip, ,(€2) is locally Lipschitz contimious on Q; on the other hand, if p(z) = [2%™]
this is no more true, due to the lack of Korn inequality for p = 400 (see for instance []).

We define the relaxed formulation of problem (2.9) as
(3.1) sup {(f u)y : u€ Lipl’p(Q,E)}
and the finite dimensional linear space of all rigid displacements vanishing on X

’Rg:{u(m):A:c—l—b :beR™, AcRY . u=0on Z}.

skew:*

Proposition 3.1. Let Q and T be defined as above. Then the supremum in problem (2.9) is finite
if and only if

(3.2) (f,u)=10 Yu € Ry.
In this case, problem (3.1) admits a solution and

sup (2.9) = max (3.1).

Proof. The first assertion is a well known fact (see for instance []). To conclude the proof we just
need to prove the existence of a solution of problem (3.1) under condition (3.2). Let (up) be a
maximizing sequence for problem (2.9); denoting by Ps the projection on the linear space Ry the
Korn’s type inequality

lu = Prullwrocay < Cllewlizne + [ Julda]
JX

holds for every 1 < ¢ < +o0. Thanks to assumption (3.2) we may assume that Ps(up) = 0 for every
h. Therefore we deduce, taking ¢ > n, that (u) is relatively compact in C(€2) and so all its cluster
points belong to Lip; ,(£2,%), vanish on ¥, and solve (3.1). O

In order to well define the optimality conditions for problem (2.7), we need to introduce the
function space of displacements of finite energy related to a general measure p. Following the scheme
already used in [] and in [, given a measure p and an open subset U of R™ we define

XY (URY) = {¢ € LL(U:R") © div(gp) € MR™)}

Tu(z)=p— essU {p(z) : p € XﬁI(U; R")}
P, (x) = orthogonal projector on T}, ()

M, (z)= {PM(.’E) EP,(z) : E€ Rnxn}

sym

XﬁI(U;R“X”) = {(r € LZ’(U;R"X“) : o(z) € M, (z) for p-a.e. 1‘}

sym, sym,



It is immediate to see that for p-a.e. 2 € U the set T, (z) is a linear subspace of R” that we call
the tangent space of u at x.

Remark 3.2. Here are some simple examples of measures p where the tangent space T, (z) reduces
to the classical one (see [] for details and further examples).
a) Let U be a bounded open subset of R"” with a Lipschitz boundary, and let ¢ = H”L.U. Then
we get

T,(z) =R" for a.e. z € U.

b) Let S be a smooth compact manifold in R™, of dimension k < n, with smooth boundary 95,
and let = H*_S. Then

T.(x) =Ts(x) for H*-a.e. = € S.

c) The example b) above can be generalized to the case of junctions between multi-dimensional
structures, where S is a finite union of smooth compact manifolds S; (z =1,...,N). Assume

that S; has dimension k; and that the corresponding measures u; = HF S, are mutually
singular. Then, setting = >, p;. we have

T.(z) =Ts,(x) Jhima.e.

For every function v € D(U; R™) we define the tangential strain e, (v) as
ep(u)(z) = Pu(z) (Du)™™ Py(x).
We notice that for py-a.e. € U we have e, (u)(z) € M, (z).
Proposition 3.3. The linear operator
uw € D(U;R") = e,(u) € LE(U; R™™™)
is closable as an operator from C(U;R™) into LE(U;R™™).

Proof. Let (un) be a sequence in D(U;R"™) such that w, — 0 uniformly on U, with e, (un) — v in
LE(U;R"*™). We have to prove that v = 0. Since v is the strong limit of e, (uy) we have

(3.3) v(z) € M, (%) for p-a.e. z € U.

On the other hand, for every o € XEI(U; RIXM)

sym

/ viodu= lim /eu(uh) codu = lim (up,div(op)) = 0.
Ju

h—4oco | h—+o

Then by a localization argument (see proof of Proposition 2.1 of []) we deduce that
v(z) € (MM(’I‘))_ for p-a.e. x € U
which, together with (3.3), implies that v = 0 p-almost everywhere. O
In the following we still denote by e, the closed operator from C(U;R™) into Lﬁ(U;R"X'”)
which extends the tangential strain, in the sense of proposition above.

Now we can define the Banach space of all finite energy displacements D
of the operator e, endowed with the norm

1.p

o H(U) as the domain

HuHDg;ﬁ(U‘) = ||u||c(ﬁ) + ”eu(u)HLﬁ(U)-
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1.p
0,
uniformly, then by the closedness of the operator e, and the reflexivity of L (U;R™") we have

that u € 'Délpl(U) and e, (up) = e, (u) weakly in LL(U; R™™).

Remark 3.4. We notice that if (up) is a bounded sequence in D, (U) which converges to u

Since ’D(l)’z(U) is also the completion of D(U;R"™) with respect to the norm above, the inte-
gration by parts formula

(3.4) /eﬂ(u) cody = —{u,div(op))

holds for every u € 'DéZ(U) and every o € Xﬁ’(U; R, ). Notice that for all such pairs (u,0) we
have

(3.5) ey(u)(x) € M, (z), o(x) € My(x) for p-a.e. z € U.

As a variant of the argument used in [] we obtain the relaxed form of the stored energy functional
(g, )

(3.6) J(p, u) = inf { lhim inf J(p,up) : wp — w uniformly, wy, € D(U; R"")}
L —+ o0

_ { Sy du(zoen(w)) du if u € DYE(U)

+o00 otherwise

where

julo.z) =it {j(z+€) : ¢ € (Mu) }.

Remark 3.5. Let us specify the spaces D&‘Z(U) and the operators e, in some particular situations.
a) If 41 is the Lebesgue measure over some regular open subset U of R™, then T,,(z) = R"” and
Ju(z, z) = j(2) for a.e. z € U. Moreover, thanks to Korn inequality, Dé:ﬁ(U) = Wol’p(U; R"),

and e, (u) coincides with the usual strain tensor (Dw)*¥™.

b) If p is the 2-dimensional Hausdorff measure on a smooth surface S of R?, then e, (u) represents
the usual tangential strain and j,(z.z) gives, in the case (2.5), the well known membrane
stored energy density (see []).

c) In the case of a measure y given by the 1-dimensional Hausdorff measure on a smooth curve
I with tangent versor 7 then e,(u) represents the tangential deformation Dur-7 and j,(z, 2)
is, in the case (2.5), simply proportional to |Dut - 7|? (see []).

Remark 3.6. We can actually define the initial energy starting from displacements which belong
to {u € CY(U:R") : u=0on 0U} instead of D(U;R"™). Indeed, by the same approximation
procedure of Lemma below, we can show that every such function belongs to ’Dé:ﬁ(U) and satisfies
p-a.e. the equality e, (u) = Py(z) (Du)*¥™ P,(z). Therefore we obtain the same expression (3.6)
for the relaxed functional

(3.7)  J(p.u) =inf { lgminf J(,up) ¢ up — u uniformly, u, € CH(U;R™), up =0 on E)U}.
L ——+ o0
Let us now go back to the optimization problem (3.1).
Lemma 3.7. For every measure y1 € M7 (Q) we have the inclusion

Lip, ,(£2,%) C {ue ’Dé:ﬁ(R" \D) ¢ julz.eu(u) <1/p p-ae. on R”\ B},



Proof. Let u € Lip, ,(2,%) and let (up) be an approximating sequence in D(R™;R") such that
up, — w uniformly on , p(Dup) <1on Q, up=0onX.
Take vy, = apup where ap € C°(R™;[0,1]) satisfies:
() = 0if dist(e, D) < 1/h. on 71 on R\ S, [usl[ Don| < €

This is possible because (1) converges uniformly to » which vanishes on £. Then v, € D(R"\X; R")
and, since «aj, converges uniformly to 1 on every compact subset of R” \ ¥, we have v, — u in
C(Q:R"™). In addition, from the equality

e(vy) = ape(up) + (up, ® Day)™¥™

we deduce that (eﬂ(vh)) is uniformly bounded in LZ(R™\ ¥; R"*"). The closedness of the operator

e, implies (see Remark 3.4) that u € 'D1 TR™\ E) and that the weak limit of (e,(vy)) coincides
with e, (u).

To prove that j,(z,eu(uw) < 1/p prae. on R™ \ ¥ we apply the relaxation formula (3.6) to the
sequence (up) and we use a localization argument to obtain that

1
/U i (o)) dp < Tim i /U o)) du < p(0)

holds actually for every open subset U of R™\ X. This gives the inequality

Ju(r.eu(uw) <1/p p-ae. on R*\ E. 0

Proposition 3.8. Let p be a solution of the mass optimization problem (2.7). Then u does not
charge the Dirichlet region %, i.e. u(X) = 0. Moreover, if w and o are solutions of problems (3.1)
and (2.13) respectively, then

(3.8) ?0‘(58) € 0ju(z.ep(u)) p-a.e. on R”
(3.9) 7,1(7 e, (u) ) =1/p and j,(z,mo/l)= 1/p p-a.e. on R”
where I = I(f,2.Q) and 0j,(x.-) denotes the subdifferential of the convex function j,(z,-). Con-

sequently, o is a solution of the dual problem (2.8) and the rescaled function (I/m)Y/®=Vy is a
solution of the relaxed problem

(3.10) min {J(p,v) — (f.v) : v € ’Dl PR\ D)}
where the functional J is defined in (3.6).

Proof. By Lemma 3.7 the function u« belongs to ’Dl p(R" \ ). On the other hand, f+div(op) =0
on R™\ ¥ and therefore o € Xﬁ (R"\ Z;RE). The integration by parts formula (3.4) together
with Fenchel inequality then gives

‘ I , . mo
(3.11) I={(fu)= /R"\X] eu(u) tody < — [j,,, (:I:,e,,(u)) + 7, (7‘ —)} dp.

m Jrn \E

Noticing that j;,(z,-) = j*(-) on M,(z) (see the definitions of j, and M) and that o(z) € M,(z)
(see (3.5)), by Theorem 2.3 we obtain

mo . mao 1 ( m
")

I - ;:'T _p



On the other hand, by Lemma 3.7 we have j, (m,eﬂ(u)) < 1/p on R™\ %, so that, dividing by I in
(3.11), we have

1 1
1< L@ D) = L (= ()
m m
which implies u(X) = 0. Therefore (3.11) gives

m |

m=— ep(u) rodp < / {m (.’IZ,P,M (u)) +3, (7‘ g)} du <m
which implies (3.8) and (3.9). O

Summarizing, we have proved that if p solves the mass optimization problem (2.7) and wu
and o are solutions of problems (3.1) and (2.13) respectively, then the triple (u,mo /I, In/m) solves
what we call Monge-Kantorovich equation

1) f4diviep)=0 onR"\ X
it) o € dj, (m,eu(u)) p-a.e. on R"

(3.12) iii) u € Lip; ,(Q,%)
w) gy (m,e“(u)) =1/p p-a.e. on R”
v) () =0.

We shall now prove the vice versa. Notice that by conditions i) and iv) the field o(z) (as well as
e,(z)) belongs to the subspace M, (x) for u-a.e. .

Lemma 3.9. Let h : R? — [0, +0] be a convex positively p-homogeneous function and let v,w € R?
be such that h(v) = 1/p and w € h(v). Then h*(w) = 1/p" and v - w = 1.

Proof. We have
h'(w)=wv-w— h(v) =sup{tv-w — *h(v) : t > 0}.

Hence the supremum above is achieved for ¢ = 1, which implies that v - w = ph(v) = 1. Thus

h(w)=(1—p)h(v)=1/p'. O

Theorem 3.10. If the triple (u,o, ) solves the Monge-Kantorovich equation (3.12), then u is a
solution of problem (3.1) and the measure mu/I is a solution of the mass optimization problem
(2.7). Moreover, (I/m)'/?=Yy is a solution of the relaxed displacement problem (3.10) and Io/m
is a solution of the stress problem (2.8), both related to the measure myu/I.

Proof. We prove first that w is a solution of (3.1) and that u(R™) = I. Let (us) be a sequence in
D(R™;R"™) converging to u uniformly on Q, with e(up) uniformly bounded on €, and vanishing on
¥. With an argument similar to the one used in the proof of Lemma 3.7 we may assume that every
up actually vanishes in a neighbourhood of ¥ (depending on h). Then we have

(fiu)y = lim {(f.up) =— hETochiv(am’uh)

h—+oc

= lim o:e(up)dp = lim /ff ey (up) dp

h—+oc . h——+oo .

/n : eyu(u) dp

where we have used the fact that e, (un) converges to e, (u) weakly in L? (see Remark 3.4). There-

fore, since o € 93, (l‘ eM(u)), we obtain

(3.13) (f,u) = / {/u (:1;,e#('(L)) +j;(:1,',(7)} dp.
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By Lemma 3.9 and condition iv) in (3.12), we have j; (z,0) = 1/p’ so that (3.13) yields

(F.u) = p(R).

We can repeat the computation above by using in (3.13) the Fenchel inequality instead of the
equality, and we obtain

(f.0) < p(RY) Vo € Lipy ,(2.5).
This proves that u solves problem (3.1) and therefore (f,u) = I(f,%,Q) = u(R™).

Let us show now that v is optimal for problem (2.7). Indeed, setting t = (I/m)"/®=1 we have

= . m v
Clv) < {f,tu) — J(v,tu) = (f, tu) — /]D(m,cy(tu)) dv =1tI — tp? = POy

and so the optimality of v follows from Theorem 2.3. To conclude the proof it is now enough to
apply the last statement of Proposition 3.8. O

4. The scalar case

In this section we particularize the results obtained in Sections 2 and 3 to the scalar case.
We recall that in this framework the mass optimization problem turns out to be a model for the
problem of finding the best distribution p of a given conductor in a given design region 2 in order
to maximize the energy

E(p) = inf { / J(Du)dp — (f,u) : w€DR"), u=0on E}

among all admissible 1, constrained to have a prescribed total mass, that is [ dyp = m, and a support
into the design region, that is spt u C Q. Here the term f represents a given heat sources density,
which we assume to be a given signed measure on Q with finite total variation. The term scalar
comes from the fact that the state variable u (the temperature in the thermic model above) takes
its values in R. This allows to simplify the Monge-Kantorovich equation (3.12) and to interpret it
as the optimality condition for a problem of mass transport. Consequently, we will find in some
cases explicit solutions to the mass and shape optimization problems through the study of optimal
transport rays.

We assume here that the design region {2 is a connected bounded open subset of R™ with a
Lipschitz boundary and that ¥ is a closed subset of €. Moreover, for simplicity we assume that
ilz) = i|z|p with p > 1, which gives, with the notation of Section 2, p(z) = |z|. In this case, instead
of Lip; ,(£2,¥) we simply write Lip; (€2, %). Applying Theorem 2.3, iii) in the case m = I(f,Q,%), we
obtain that p is optimal for problem (2.7) if and only if there exists a unit vector field o € L7° (Q,R")
such that A = opu solves (2.12). As the optimal measure ;1 depends of the total mass m through a
mutiplicative factor, we will go further assuming this normalization condition on m. In this case,
any solution w of (2.9) will satisfy ¢ = D u (see ii) in (3.12)) and the system of optimality conditions
(3.12) becomes as stated in [[:

i) —div(Dy(u)pu)=f on R"\ X
i) wu € Lip; (22, %)
141) |D,L('(/,)| =1 p-ae. on R”

w) p(X)=0.

(4.1)

Our aim is to derive an explicit expression for solutions y of the mass optimization problem in
term of optimal transport measures v associated to the Monge-Kantorovich mass transport problem.
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We begin by showing (this is specific to the scalar case) that the class Lip; (€2, ¥) can be completely
characterized through the geodesic semi-distance defined on 2 x Q by

(4.2) da s (z,y) = sup {|p(z) — (y)| : ¢ € Lip(R"), |[Dp|<1on Q, ¢ =0on %}

Proposition 4.1. The following facts hold for the semi-distance dg 5.
i) dax(z.y) = |z — y| whenever z.y € Q\ X and |z — y| is small enough;
i) dox(z,y) <C
Q;
iii) if ¥ is empty, then dg 5 coincides with the usual geodesic distance

@ —y| for all 2,y € Q, where C is a suitable constant which depends only on

1
do(z.y) = min{ / [y ()l dt : v € Lip([0.1];Q), 7(0) ==, (1) = y};
Jo
iv) if ¥ is nonempty, then

dos(r,y) = inf {59(71«2/) A (o (z. 1) + da(y, &) ¢ &1,6 € E}-

Proof. The only nontrivial part is the proof of iv). The inequality < in iv) follows immediately
from iii) and from the triangle inequality for do 5. In order to prove the opposite inequality denote
by ¢(z,y) the right-hand side in iv) and, given z,y € Q, consider the function

p(2) = 5 (e(.2) — (. D) = ey 2) + da(y. 5).

It is easy to see that it satisfies ¢ = 0 on X, |Dp| <1 on Q, and |p(x) — o(y)| = ¢(z,y). Therefore,
by the definition (4.2) we obtain dg x(z,y) > ¢(x,y) which concludes the proof. O

Notice that the minimum in iii) is always achieved, but in general, due to the presence of
the obstacle €, it can be nonunique, (see Example 5.7 and Figure 6). We denote by G(x1.z5) the
set of all curves ([0, 1]) where v minimizes the geodesic distance dq(z1,z2) in iii), and we call the
elements of G(x1,x2) geodesic rays. If ¥ is nonempty, we have to modify the definition of geodesics
in order to fit with the semi distance do 5. In view of iv), we denote by Dx(z1,z2) the following
set of two components curves:

Ds(z1,15) = U {S1USy : S €G(21,6), 52 € G(n3.62)},
(&1,¢2)€x?

and define

G(z1,72) if do s(z1,m2) < dq(w1,22),
(4.3) Gg(ml,.’l‘,g) = D2($1,$2) if dQ’E (131,;732) > 00 ($1,;Eg),
G(.’I?l,fﬁg) U Dg(ml,m2) if (],Q~E(.7,‘1,,712) = (SQ(T[Il,,’IIg).

Then by the assertion iv) of Proposition 4.1, we obtain H'(S) = dq.s(x1,22) and H'(SNZ) =0
for every S € Gx(z1,22).

Proposition 4.2. The following facts hold.
i) We have u € Lip;(2,X) if and only if u =0 on ¥ and
(4.4) |u(z) —u(y)| < das(z.y) Vi,y € Q.

11



In particular, by Proposition 4.1 ii), every function in Lip, (€2,3) is Lipschitz continuous.
ii) For a function u € Lip,(Q, %) and two points z,y € Q, we have |u(z) — u(y)| = dax(z.y) if
and only if
|Dsu| =1 H'-a.e. on S, for every S € Gs(z,y).

iii) The multifunction (z,y) = Gx(z.y) defined on Q x Q and ranging into the family of compact
subsets of  embedded with the Hausdorff metric topology is upper semicontinuous (hence Borel
regular).

Proof. Let u € Lip,(2,%) and let (up,) be an approximating sequence in D(R™) converging to u
uniformly on © and such that u; = 0 on ¥ and |Dup| < 1 on . Then by the definition (4.2) of
dg > we obtain for all z,y € Q

() = un ()] < devs (.9)

and (4.4) follows as h — —+o0.

Conversely, let u verify (4.4) with v = 0 on X. By Proposition 4.1 ii), u is Lipschitz continuous on
Q. and by Proposition 4.1 i), |Du| < 1 Lebesgue a.e. on Q. By a procedure similar to the one used
in Lemma 3.7 we may construct a sequence (up) in D(R™) which approximates u uniformly, such
that up, =0 on ¥ and |Duy| < 1 on Q.

To prove the second assertion, take v € Lip, (Q, %) and 2,y € Q such that |u(z) —u(y)| = da.s(z,y).
Let S € Gg(z,y) and assume first that S is a geodesic curve v joining = to y, so that do x(z,y) =
Sa(x,y) = H1(S). In this case, we have

o) = u()] = [uy)) = u(30)] = | [ Dulr(0) -0t
< / |Dsul dH' <H'(S) =dos(z.y) .
S

Thus previous ineqality becomes an equality and so |Dsu| = 1 must hold H'-a.e.on S. In the other
case, S = 81 U Sy where S1,S are geodesic curves joining = to z’, y to 4" where 2’, 3’ are suitable
points in X. In the same way as above the conclusion follows from the following inequalities

u(z) — u(y)| < Ju(z) — u(z")] + July) — w(y)] < / |Dsuld}' <H'(S) = daz(z.y).

JS1US>
In order to prove assertion iii), in view of (4.3) and by the continuity of dg — dg », it is enough
to prove separately the upper semicontinuity for the multifunctions G and Dy. Let us consider a
sequence {(zp,yn)} converging to (z,y) in Q x Q. Let S, be a geodesic curve between z;, and y;,
and assume that {53} (or a subsequence {S}, }) Hausdorff converges to some S. By Proposition 4.1
i), the length of S}, is majorizes uniformly by some constant L. Then there exists a parametrization
Yt [0.1] = R"™ of Sp, with ,(0) = =, and v4(1) = yp, such that |y;| < L. Therefore, {7} is
bounded in W1°°(0,1) and any uniform limit point v will satisfy v([0,1]) = S, v(0) = =, v(1) =y
and

1 1
H(S) = / || (t) dt < li}rriinf / [v7,1(#) dt < limsup dq (xh, yn) = da(z,y).
J0 e Jo

h—oc

Thus S belongs to G(z,y) and the upper semicontinuity property of G is proved. The case of Dx
can be treated in a similar way by considering S, = 515 U S2, where S5, (respectively Sy ) is
a geodesic curve jolning zp to &5 (respectively yp to &o1) with (§1.0.62.0) € Y2, Then, as &
is compact, we may assume, possibly passing to subsequences, that (&1 r.&2,n) converges to some
(é1,&2) and that (St 5, S2.5) converges to a pair of curves (S;,S52) joining = to & and y to &. Then
we apply the previous step to conclude that each S; is a geodesic curve, so that S; U S5 belongs to
Dx(z.y). O

Let us now consider the mass transport problem associated to the cost function dg 5. Given
two measures A, Ay € MT(Q) such that A1(2) = A2(2) we define the distance

(4.5) D(A1,A2) = IIliIl{ /dg_;; (z,y) y(dz,dy) : v € T(\, )\2)}
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where T'(A1. A2) is the class of measures of M1 (2 x Q) whose marginals are A\; and A, i.e.

AM(B)=v(BxQ) and M(B)=~(Q x B) for every Borel set B C Q.

Remark 4.3. By the continuity of dg 5; on the compact set Q x Q, we find easily that the minimum
in (4.5) is achieved. Moreover, thanks to the first assertion of Theorem 4.5 below, it turns out that
® defines a homogeneous semidistance on probability measures on €2: indeed

D(A1, ) = sup{/(pd)\l - /gpd)\z : ¢ € Lip, (2, 2)}

is a 1-homogeneous subadditive function of A\; — Ay vanishing if and on_ly if the_support of Ay — As
is contained in B. We may extend @ by setting ®(A1, A2) = +oc if A1(Q) # A2(9).

Remark 4.4. In the case ¥ = (§ and Q@ = R" the function ® in (4.5) is the Kantorovich distance
between A; and As. A celebrated result is that in this case the distance ®(\;, A2) can be expressed
by

(4.6) inf{ /\x—T(m)|d)\1(1:) CTH(\) :Az}

whenever this last is finite, where the infimum is taken over all transport mappings T : R® — R"
and T# is the push-forward operator. For the conditions on A; and A; which imply the existence
of an optimal transport map T in (4.6) we refer to the recent books [], [|. For variants of this result
in case of different cost functionals appearing in (4.6) we refer to [].

The next result makes the link between the semidistance ® and the quantity I(f, 3, Q) defined
in (2.9) which is directly related to the Monge-Kantorovich problem of Section 3 .

Theorem 4.5. The following facts hold. _ _
i) If two measures A1, Ay € MT(Q) are such that A;(Q) = X\2(2), then setting f = A\ — Ay we
have

DA, x2) = @(fF. f7) = I(f.2.9Q).

ii) Let f € M(Q) and let ¢ = [ df. We denote by v any probability measure on ¥ in case it is
not empty. We have

I(f,E,Q)zinf{@()\l,)\z) f A =f onﬁ\E}

Q(f, ) Y =0 (+ocifc#0)
=L B(fT,f +ev) X #Pandc>0
S(ft —cv, f7) ifX#0 and e <0.

have
(4.7) DA, Az) = B(A], ) whenever A} — Ay = A; — Ay on Q\ T,

Indeed, as dg » vanishes on ¥ x ¥ and on the diagonal, without changing the cost functional, we
may add (or substract) to every competitor v in (4.5) the measure § given by

(0, 0) = /_ ol 2) vilda) + — / (. y) 11 © va(da, dy)
Ja\s Jexm

m
where v; := A, — A\; and m = fz} v; (4 = 1,2), without changing the cost functional.
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Then the first equality of i) is deduced from (4.7) by taking A] = fT, A, = f~. In fact, if
is nonempty, we may start with a non balanced signed measure f (¢ = [ df), and replace in (4.7)
Al by f7—crif ¢ < 0 (respectively A, by f~ + cv if ¢ > 0) where v is a probabilty measure on .
In this case, we obtain
_[e(ft f +ev) ife>0
®(A1,h) = { B(ft—ev, f7) ife<0,

whenever Ay — Ay = f on Q\ Z. Hence the second equality of i) and ii) are consequences of the
following claim: for every signed measure f on €2

(4.8) I(£.2,9) =inf {®(A1. X)) © A2 — A = fonQ\X}.
We introduce the following function G' defined on C(Q x Q):

G(p):= inf_{—(f.ip) : p=00n2, p(y) —p(x)+plz,y) < dos(z.y) on @ xQ}.
pee(t)

It turns out that G is convex and, by the characterization of Lip, (2, X) given in Proposition 4.2, we
have G(0) = —I(f,X2,Q) (here p plays the role of a_peli,urbaiionBarameter). Let us compute the
Moreau-Fenchel conjugate of G in the duality (M(Q x Q).C(Q x Q)). Given v € M(Q x Q) whose

marginals are denoted by A1, As, we have

G*(7)=Sup{/pd7—G(p) : pGC(QXQ)}

= sup{ /_ _pdy + /_go(]f cp=00n3, p(y) —ez)+p(z,y) <dogs(zy) on 92}
JOAXQ JQ

IxQ e=0 on ¥
+o0 otherwise

:{[_ _dostedr sw { [ (o@—snare [edr} itz

_ / dox(z,y)dy if’yz(]and)\z—)\lzfong\z
) Jaxq
+oc

otherwise.

Thus claim (4.8) amounts to show that G(0) = —inf G* = G**(0). The inequality G**(0) < G(0)
being always true, we have to prove that G(0) < G**(0). We may assume that G(0) > —oo (i.e.
I(f.2,Q) < +oc). As G is convex and finite at 0, the claim (4.8) will be a consequence of the lower
semicontinuity of G at 0. Let {ps}ren be a sequence in C(Q x Q) such that p;, converge uniformly
to 0. Then there exists a sequence {3} in C(Q) such that

' o1 , ,
(4.9) G(pn) > — /_SOh df —+. en=00nX, on(y) — en(z) + pr(z.y) < dox(z.y) on Q>
Q [

Then by the assertion ii) of Proposition 4.1, there holds for every (z,y) € Q2 and for a suitable
constant C:

(4.10) lon(z) = en(y)l < Cle =yl + |lpnllo-

As ||pnllsc tends to 0, (4.10) implies that the sequence {@3} is equicontinuous on Q. Then, setting
ch = @n(mg) for a fixed zy € ﬁ, we deduce the boundedness of the set {¢p(x) — cp} for every z € Q.
By Ascoli-Arzela’s theorem, the set {¢5, — ¢, : h € N} is precompact in C(£2).

In the case 3 # (), we may take zy € X; then ¢, = 0 and by (4.9) any cluster point ¢ of {¢), : h € N}
satisfies ¢ = 0 on I and p(y) — ¢(z) < don(z,y) on Q%. Thus, for a suitable subsequence hy, we
obtain

Q kA%

limhinf G(pp) = li}gn G(pn,) > limkinf /_—QDh,k af > — / edf > G(0).
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The case ¥ = (), can be concluded in the same way noticing that, by the assumption —G(0) =
I(f.3.,9Q) < 4oc, the measure f has average zero and then [(¢ — cp)df = [ @, for every h. O

We are now able to reconstruct optimal mass distributions p from the optimal transport
measures v for (4.5). This means that the optimal p is fibrated by the subset of geodesics along
which the transport takes place.

Theorem 4.6. Let f € M(Q) and let y be a solution of (4.5) being (A, X2) any pair such that
Ao — A = f on Q\ X. Then for every Borel selection (z,y) — Su, of the multifunction Gs, the
measure i defined by

(4.11) (uwo):/s_z@(/s‘ pdi") dr(dady). ¢ € C@)

is optimal for problem (2.7) with m = I(f.Q,X). Moreover, denoting by s, the unit tangent
vector to Sy, (oriented from z to y), the fleld o := D,u given in (4.1) can be represented as the
Radon-Nikodym derivative with respect to p of the vector measure

(4.12) {op, ¥) := /

JOxQ

(/ \If-Tswd'Hl) dy(dedy), € C(LR™).
S

xy

Proof. As all curves S € Gy(z.y) lie in ©Q and satisfy H'(S N ) = 0, it is clear that the measure
u defined by (4.11) is supported in Q and that x(X) = 0. According to our observations preceeding
(4.1), we may assume that I = I(f,£, %) = m. Then, since the density o given by (4.12) satisfies
|o| = 1 p-a.e., we have by (4.11) and Proposition (4.2)

/_ o dyu = /_ p= | H(Sy) y(dady) = / dox(z,y) y(dady) = I(£,9.5) = m.
JQ JQ JOAXO .

QxQ

Therefore A := op solves (2.12) provided o satisfies the condition —divop = f on R™ \ . Let us
apply (4.12) to ¥ = Dy where @ is a test function in D(R"™). We obtain

(=divop, ) = /

JOxQ

(/S Do o) y(driy)

= /ﬁxﬁ (w(:u) - s0(:ﬁ)> v(dzdy)
= (A2 — A1 o).

Thus the measure —divop = Ay — Ay agrees with f on R™ \ ©. The optimality of u follows by
applying to A := o the assertion iii) of Theorem 3.3. O

Remark 4.7. A meaningful consequence of this result is that there exists optimal measures p
supported by the geodesic hull of K := spt f UX, that is by the set U{Gx(z.y) : (z,y) € K x K}.
An interesting question is the validity of the converse implication: does the optimality of p imply
its representation under the form (4.11), being v an optimal transport measurel’ This question has
been solved in [] in the case of a Lipschitz source term f verifying the condition spt f* Nspt f~ = 0,
Q=R" and ¥ = @ (then K is the convex hull of spt f), by using a quite involved approximation
procedure and by solving an ODE along geodesic rays.



5. Some examples

In this section we present some examples of optimal structures both in the scalar case as well
as in the case of elasticity. The optimality of the described structures will be tested through the
Monge-Kantorovich conditions (3.12).

Example 5.1. We start with the following problem in elasticity: distribute in R? a given amount
of mass in order to minimize the elastic compliance related to the force field f = 6471 + 79 + dc73
described in figure below.

Figure 1 — the force f.

A first natural guess for the optimal measure y, when we deal with the usual stored energies
of the linear isotropic elasticity, consists in choosing any of the two one-dimensional structures of
figure below, where the total mass is prescribed, and the one-dimensional density of g on bars is

constant.

Figure 2 two structures that are not optimal.
By the results of Section 3 we know that a mass distribution p is optimal if and only if a

multiple of it satisfies the Monge-Kantorovich equation (3.12) which reads in this case:

i) —div(op) =f on R?
it) o € dj, (:1;,6,,,(71,)) p-a.e. on R2

(5.1) iii) w € Lip, ,(R?)
w) I (:1:,6,,(’1L)) =1/p p-a.e. on R?
Let us consider the case of a linear isotropic stored energy
) a
(5.2) i(2) = (™) + Bl
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where a and (3 are the Lamé constants in dimension two. A straightforward calculation shows that
for a given total mass m the compliances of the two structures zr; and ; of Figure 2 coincide; we
shall now prove that none of them s optimal, that is

inf {C(p) : pe M (R?), / dp=m} < C(m,) = C(f,).

By rescaling the mass we may take for instance the case p = fi; = H'L S and we argue
by contradiction that is we assume the existence of some u € Liplﬁp(Rz) such that (u,u) satisfies
(5.1). Equations 1), ii), iv) determine the tangent component of w on S = OAU OB U OC up to a

constant that we fix in order to have u(0) = 0. We have j, (e, (u)) =1/2 H'-a.e. on S, and setting
¢ =2j,(m; ®7;) (which by isotropy does not depend on the index i), we deduce

1
(5.3) 7 (n®n) = 5 for every unit vector 7.
c

Moreover, we obtain for the tangential component v(s) = u(s7;) - 7; on S

1 :
gin(ri@ma) = |v'’5
which gives

(5.4) v(s) = sc” /2.

Since u is defined on the whole R? and satisfies (5.1) iii) by applying Lemma 3.7 with the two
dimensional Lebesgue measure,we must have

(5.5) j(e(w)) < 1/2 a.c. on R2.

Let us now consider the matrix

e+ ® ey on triangle AOC
e- ®@e_ on triangle COB

oo(x) =

{ e1 ey on triangle AOB

where ey = AB/|AB|, ex = AC/|AC|, e- = BC/|BC|. We have for every t € R

1/2 > j(e(u)) > tog re(u) — 25" (00) = tog : e(u) — %

where we have used (5.3) in the last equality. By integration, denoting by A the triangle ABC, by
n(z) a versor normal to S and to A, and by [-] the jump across S, we obtain

A t2|A
(5.6) u21?/ Uozc(u)daj—L
2 A 2¢
' 2|A
= t/[aon} cudH! + t/ (oon) - wdH! — L
S oA 2¢

By construction ggn = 0 on JA, and the jump [ogn] is purely tangential:

V3

[on] = 77'7; on S;.
Thus, (5.4) and (5.5) yield

s tV3 S22

1> —— x| dH! =
NN Al VNN 2 S
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and so, taking the supremum with respect to ¢,

1S
18 |A2

1>

Since 12|A| = v/3|S|? the last inequality is an equality. which implies that all previous inequalities
are actually equalities. In particular we obtain for a suitable £ € R

/(()(”)) + 7 (too) = tog : e(u)

which gives
t ta
e(u) =05 (tog) = =00 — —=1
(u) 3" (too) 23 0 18(a+ B)
From this last relation we deduce that the three matrices e; ® €1, ex ® €4, e— ® e_ must be rank
one connected and have to satisfy the equalities

(e1 ® €1)7’1 = (er ®er)m
(e1®e1)2 =(e_Qe_)m
(e+ ®ep)ms = (e- ®e_)73

which is impossible.
Remark 5.2. By repeating the argument above for a stored energy density j(z) which is p-

homogeneous, isotropic and convex, we can show that if the structures of Figure 2 are optimal,
then there exist three matrices A; € 9j*(e1®e1), Ay € 05%(e4 Qey), A_ € dj*(e— ®e_) such that

AlTl :A+T1
{ Ang = A7T2
A+T3 =A_’7'3.

Remark 5.3. If we consider the so called two-dimensional Michell energy density

. T sun
5.7 oz = Sl
where ||| - ||| denotes the operator norm on symmetric matrices, the corresponding stress potential
is given by

. 1
Jolo) = §(|t1| + [t2])*

where t; and ¢, denote the eigenvalues of the symmetric matrix ¢. Then we have for every unit
vector &

Jo(I) + 73 (€@ =1

that is T € 955 (£ ® &) for every & € R2. Therefore the structures of Figure 2 solve the Monge-
Kantorovich equation (5.1) with u(z) = z, hence they are optimal.

Remark 5.4. The structures of Figure 2 turn out to be optimal among all one-dimensional struc-
tures; indeed for a one-dimensional structure u the two energies 7 and 7o of (5.2) and (5.7) coincide
and so, by Remark 5.3 the optimum is reached on the ones of Figure 2. As a consequence, we can
assert that for the case (5.2) of linear elasticity, no one-dimensional structure gives the optimum.
A numerical computation by F. Golay and Seppecher (see []) shows for the case (5.2) the following
optimal mass distribution.
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Figure 3 — the two-dimensional optimal mass distribution.

We consider now some examples for optimal conductivity problems where the state function
u is scalar, and so the Monge-Kantorovich conditions (3.12) reduce to (4.1). In each of the following
three examples we shall specify the optimal transport measure vy and the optimal mass distribution
4 given by (4.11).

Example 5.5. Let us consider a continuous plane curve S in polar coordinates, » = h(6), with
length L, and let f be the heat sources density made by a one-dimensional constant density on the
curve S and a point concentration at the origin, that is

f=H'LS - Léo.
Then, the unique admissible transport  is given by

y=H'L_S® Lio
so that the optimal pair (p4,uq) is given by

po= VIO +WOPH LR, =
T C

for a suitable constant ¢ > 0, where R is the set 0 < r < h(f). In case h is a BV function
presenting a jump [h™, hT] at some 6y, then the additional concentration c(h™ —» V h™)H' occurs
on the corresponding ray, which shows that optimal measures may have terms of lower dimension.
In figure below we display the optimal density po for a particular plane curve.

Figure 4 — the optimal mass distribution.

19



Example 5.6. We consider now the case of a rectangle R = [0, L] x[0,1] in R%, we take the Dirichlet
region ¥ =[L/3,2L/3] x {1} and the source term f given by the one-dimensional densities 2 on the
left side and —1 on the right side, that is

f=2H"L ({0} x [0,1]) = H'L ({L} x [0,1]).
Note that in this example the average of f is not zero, so that some measure on X must be considered

in the mass transport problem as a compensation term. The problem specified in Theorem 4.5 is
solved if we take, with the same notation used there:

v =2H"L ({0} x [0,20]) ® H'L ({L} x [0, 2z))
+2H L ({0} x [20.1]) ® kada + kpdp ® HL ({L} x [220.,1])

where A = (L/3,1), B=(2L/3,1), ka = 2(1 — ), kg = 1 — 2x. Here the point zy depends on L

according to the formula
(9 -9+ 28L2)+
g =|——m—mm) .
12

The optimal measure p is then deduced from ~ through (4.11). Figure below represents the optimal
measure 4 in the case L = 1.

Figure 5  the optimal mass distribution for L = 1.

Example 5.7. We consider now a case when the design region is not convex; the geodesic rays will
then no longer be unique and rectilinear. We take for Q the complement of the unit disk in R? and we
take for the source term a one-dimensional constant density on the segment S = {(—2. t) ¢ < 1}
and a point concentration at the point A = (1,0), that is

f = HILS - 25A-
The optimal transport measure 7y is in this case simply
Y= 7‘[1 LS® 2(5A

but, due to the nonconvexity of Q, and hence to the presence of an obstacle for geodesic rays, the
optimal mass distribution g is of the form

po=c(x)H LQ+ B(z)H' Lo
for suitable densities «(z) and B(z). Figure below gives a representation of the optimal measure p.
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Figure 6 — the optimal mass distribution with an obstacle.
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