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Abstract: The Stellarator is a magnetic configuration considered a realistic candidate for a future
thermonuclear fusion commercial reactor. The most widely accepted scaling law of the energy con-
finement time for the Stellarator is the ISS04, which employs a renormalisation factor, fr, specific to
each device and each level of optimisation for individual machines. The fr coefficient is believed to
account for higher order effects not ascribable to variations in the 0D quantities, the only ones in-
cluded in the database used to derive ISS04, the International Stellarator Confinement database.
This hypothesis is put to the test with symbolic regression, which allows relaxing the assumption
that the scaling laws must be in power monomial form. Specific and more general scaling laws for
the different magnetic configurations have been identified and perform better than ISS04, even with-
out relying on any renormalisation factor. The proposed new scalings typically present a coefficient
of determination R? around 0.9, which indicates that they basically exploit all the information in-
cluded in the database. More importantly, the different optimisation levels are correctly reproduced
and can be traced back to variations in the 0D quantities. These results indicate that fr is not indis-
pensable to interpret the data because the different levels of optimisation leave clear signatures in
the 0D quantities. Moreover, the main mechanism dominating transport, in reasonably optimised
configurations, is expected to be turbulence, confirmed by a comparative analysis of the Tokamak
in L mode, which shows very similar values of the energy confinement time. Not resorting to any
renormalisation factor, the new scaling laws can also be extrapolated to the parameter regions of
the most important reactor designs available.

Keywords: multimachine databases; scaling laws; symbolic regression; genetic programming;
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1. Stellarator Configurations: Optimisation and the Scaling of the Confinement Time

The Stellarator is a toroidal magnetic confinement device for the achievement of ther-
monuclear fusion, with potentially sufficient efficiency to become a realistic candidate for
the final commercial reactor [1]. The main, common specificity of the various Stellarator
configurations is that they use external magnets to generate nearly all the confining fields.
The fact that Stellarators do not require any plasma current to form and sustain the con-
figuration presents some very substantial advantages [2]. First, they are not affected by
those plasma terminating instabilities called disruptions, which frequently occur in Toka-
maks and are a potential showstopper on the route to the reactor. Secondly, relying on
externally generated fields, the Stellarator is inherently a steady state device, contrary to
the Tokamak, which would probably need challenging and expensive external current
drive to operate continuously and not in pulse mode [3]. Thirdly, Stellarator plasmas are
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much more externally controlled by design, and therefore, being less self-organised, their
extrapolation into the future generation of machines should be less uncertain.

On the other hand, in the first generations of Stellarator devices, the energy confine-
ment was severely affected by neoclassical losses, related to the asymmetries inherent in
the 3D topology of the fields [4]. The strategy of designing the coils without too much
regard for the plasma behaviour proved to be inadequate. Modern Stellarator machines
are now conceived with a completely different approach, in which a plasma equilibrium
with good neoclassical confinement properties is analysed first, and then, the external
coils are configured to approximate the required magnetic fields as much as possible. The
most recent devices, such as W7-X, have been built not only taking into account neoclas-
sical transport but are also optimized relative to ideal MHD stability. They are basically
stable to all ideal MHD perturbations, as described in [5,6].

These new configurations have certainly benefitted greatly from the substantial pro-
gress in theoretical understanding of neoclassical transport [7]. On the other hand, the
most consequential aspects of energy transport remain too difficult to properly under-
stand with only numerical simulations. Therefore, in the last years, the community has
collected an international database explicitly built to investigate the confinement proper-
ties of the Stellarator configuration. This International Stellarator Confinement DB con-
tains 0D quantities from all the major devices in the world. (0D quantities are global val-
ues, characterising the whole plasma). It has therefore been the basis for the identification
of the most widely accepted scaling law for the Stellarator confinement time 7z, the so
called ISS04. This scaling is in power law monomial form and, in order to fit the experi-
mental data acceptably, it employs a dimensionless renormalisation factor, called fren, for
each device and for each sufficiently different optimisation level. In the traditional inter-
pretation, fr. is considered to reflect the different aspects of the optimisation, which cannot
be accounted for by 0D quantities.

The assumptions adopted to derive and interpret the ISS04 scaling have been criti-
cally tested with a new approach to data fitting, called Symbolic Regression (SR) via Ge-
netic Programming (GP) and briefly overviewed in Section 2. The main characteristics of
the available database (DB) are summarised in Section 3. The deployment of the proposed
methodology to analyse the DB, without any recourse to renormalisation factors, shows
that power laws are too rigid and that the main Stellarator magnetic configurations can
be better interpreted with different models (Section 4) [8]. The flexibility of the non-power
law scalings, identified with SR via GP, are shown to properly reproduce also the signa-
ture left on the 0D quantities by the optimisation (Section 5). After optimisation for neo-
classical transport, it seems therefore that the transport in Stellarator is dominated by tur-
bulence, being very similar to the Tokamak in L mode (Section 6). Extrapolation to the
demonstrative reactor is also reported in Section 6. The possible consequences of the afore-
mentioned evidence are discussed in the last section of the paper.

2. Brief Overview of Symbolic Regression via Genetic Programming for the Extraction
of Scaling Laws from Empirical Databases

Symbolic Regression (SR) via Genetic Programming (GP) [9-13] is the analysis tech-
nique, which has been developed to identify, minimizing various metrics, the most ap-
propriate mathematical expressions to describe a physical system directly from the data,
with a minimum of a priori hypotheses. Traditional linear and non-linear regression tech-
niques simply try to find the best parameters of predefined equations, by fitting the avail-
able data. Consequently, a mathematical model of the phenomenon to be investigated
must be already available, before starting the analysis of the experimental evidence. Con-
sequently, the objective of the fitting routines is simply to identify the parameters of math-
ematical models, whose basic structure has been already decided on the basis of prior
information. On the contrary, SR via GP searches for the best functional form of the equa-
tions directly from the data. This is achieved by manipulating various building blocks
such as algebraic operators, analytical functions, constants, and state variables. New
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models are derived by combining previous equations with the typical operators of genetic
programming, namely, mutation, crossover, etc. [14]. Finally, the best equations, which
are expected to better correspond to the physics underlying the observed data, are re-
tained.

Various metrics can be adopted to determine the quality of the obtained equations.
To maximize the reliability of the results, in our applications two traditional model selec-
tion criteria, the Akaike Information Criterion (AIC) and the Bayesian Information Crite-
rion (BIC), have been implemented. Both indicators try to find the best trade-off between
goodness of fit and complexity of the models. They can be interpreted as cost functions,
in the sense that the better the models the lower their value [15]. If the quality of the DBs
is not sufficient to converge on a single best model, the approach of the Pareto Frontier
(PF) is adopted [16]. The PF is the set of non-dominated optimal solutions, which means
the set of best models, one for each level of complexity. Typically, the Pareto Frontier pre-
sents a shape similar to the letter L in the plane of fitness function value versus complexity.
The models around the inflexion point are the most important candidates to consider be-
cause they constitute the best compromise between goodness of fit and complexity. Once
the best functional form for the scaling has been identified with symbolic regression, the
final values of the parameters and their confidence intervals are derived with non-linear
regression modelling (NLM) [17,18]. In the case of the shearless devices, due to the quite
heterogeneous character of the entries, a form of constrained minimisation has been im-
plemented, and the confidence intervals have therefore been obtained with the method of
the bootstrap.

3. The International Stellarator Confinement Database and the ISS04 Scaling Law

To allow for this study to be as general as possible, the largest publicly available da-
tabase of the energy confinement in Stellarators has been analysed [19]. The International
Stellarator Confinement DB comprises entries from the eight most relevant machines op-
erated in the world at the time of its constitution: ATF, CHS, Heliotron E, Heliotron J,
LHD, TJ-1I, W7-A, and W7-AS. For the sake of comparison with the literature and with
specific experiments [20,21], the same variables and selection criteria reported in [22] for
the derivation of the ISS04 scaling have been adopted (ISHCDB 26). An overview of the
analysed database is provided in Table 1.

Table 1. The main quantities in the International Stellarator Confinement database and their range
of values. The meaning of the symbols is the usual: a is the minor radius, R the major radius, P the
input power, ne the average electron density, B the on-axis magnetic field, and t,,; the rotational
transform at two thirds of the minor radius.

Quantity [min(°), max (°)] [u, o]
a[m] ([0.088,0.634]) ([0.23,0.12])
R [m] ([0.938,3.821]) ([1.94,0.68])
P [MW] ([0.04, 6.52]) ([1.09,1.35])
ne [10%°m=3] ([0.22,34.31]) ([5.42,7.40] )
BIT] ([0.44,2.56]) ([1.37,0.63])
t2/3 ([0.092,1.607]) ([0.73,0.44] )

As a cautionary note, some limitations of the DB have to be mentioned. With regard
to the physics, the discharges included present quite different plasma wall interactions:
the database indeed contains devices with different plasma facing components, diverted
plasmas and limited plasmas, and a variety of wall conditioning techniques. The heating
schemes, neutral beam, and electron cyclotron resonance are also different. The underly-
ing hypothesis is therefore that these dissimilarities do not influence dramatically the
main confinement properties of the plasmas. The statistical limitations of the database will
be discussed later in the paper.
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Notwithstanding the aforementioned deficiencies, the International Stellarator con-
finement DB was used to derive the most widely accepted scaling law for the energy con-
finement time in Stellarators: the so-called 1SS04 [22]. The ISS04 scaling law is reported as
Equation (1) for the reader’s convenience and was obtained with log regression, assuming
therefore a priori that its most appropriate mathematical form is a power law monomial.

T[$504 = 0,134 q22BRO64p-061 054 p0BL 04 1)
3

In Equation (1), a indicates the minor radius, R the major radius, B the magnetic field
on axis, 1. the average plasma density, and t23 the rotational transform at two thirds of
the minor radius. It is worth mentioning that, since in the literature the uncertainties af-
fecting frn are not reported, it is impossible to calculate the confidence intervals of Equa-
tion (1).

To fit the data of the various machines, the ISS04 scaling law requires introducing a
renormalization factor, called f,.,, specific to each device or even to different ranges of
the operational parameters in the same machine [22]. This renormalization coefficient is
commonly believed to account for different levels of optimization, determined by the fine
tuning of quantities not leaving a signature in the 0D entries included in the DB.

The use of a renormalisation factor to determine the ISS04 poses several issues. First,
the statistical coherence and soundness of the approach are doubtful. Secondly, such a
fudge factor tends to obscure more than clarify the underlying physics. Another signifi-
cant limitation resides in the lack of confidence intervals, which cannot be quantified, be-
cause the uncertainties in f.,, are not available. This is a particularly relevant drawback
for extrapolation, one of the fundamental reasons scaling laws are derived in the first
place. Indeed, in general, one of the main objectives of empirical scaling laws consists of
providing guidance to the planning of new experiments and the design of new devices.

Another delicate issue affecting the DB relates to the rotational transform. Indeed, it
proves quite problematic to extract the dependence of 7t on the rotational transform from
the DB. This is mainly the unfortunate consequence of two factors: the design of certain
devices and the experimental programme of others. The heliotron/torsatron family of de-
vices, due to engineering constraints, presents a very strong collinearity between the ro-
tational transform ¢, 5 and the aspect ratio. In their turn, W7-A and W7-AS machines do
not scan a significant range of t,,;. Consequently, it is difficult to isolate the effect of the
rotational transform on 7c. To alleviate this deficiency, an approach, similar to the one
devised in [22] to obtain ISS04, has also been implemented to derive the scalings reported
in this work. T]-II dependence of 7t on the rotational transform is used as first guess for
symbolic regression. This approach works quite well for the devices with shear, whose
scaling shows a power law dependence on t;,; with an exponent not much different from
the one of TJ-1I. On the other hand, for the shearless configurations much weaker depend-
encies on t,,; would be better supported by the International Stellarator Confinement Da-
tabase, a subject discussed more extensively in the next section.

4. Scaling Laws for Different Magnetic Configurations

As reported in [8], a simple analysis indicates that the database is not really homog-
enous. In this respect, it should be remembered that the International Stellarator Confine-
ment Database includes two main types of magnetic configurations with respect to the
rotational transform profile, with and without shear. The first class includes the devices
ATEF, CHS, HELE, HEL]J, and LHD, whereas the shearless devices are W7-A, W7-AS, and
TJ-1I. Visual inspection of the database reveals that the dependencies of the energy con-
finement time on the regressors can be different for these two types of configurations.
Consequently, it seems natural to particularise the scaling laws for these two different
groups of machines. The characteristics of the two corresponding data subsets are re-
ported in Table 2.



Appl. Sci. 2022, 12, 2862

5 of 21

Tg

_ 2.35 _
TSHEARLESSO02 — § 27739 . 102 . q215133 . RO.62083 . p-0.6275%5 .

TgR Shear _— (792

SHEARLESS0.3 _ 5.54

2.39 -
g% -1072 . g2171593 . RO-64061 . p~0.62_0%6 .

Table 2. The two data subsets analysed in the present work.

Dataset Devices Entries
ATF 229
CHS 196
SHEAR HELE 120
HEL]J 54
LHD 162
Total 761
W7-A 13
SHEARLESS W7-AS 629
TJ-11 316
Total 958

For the magnetic configuration with shear, the scaling law obtained, by applying SR
via GP to the corresponding entries of the International Stellarator Confinement Database,
is

a 0.20
B (%)-0.19823
2.58 1.01 -0.58 0.48 0.70 0.51 0.0173-022
g%) .1072 . a2.532‘48R0.970.94P—0.60_0.62n2-450.4330.670.63 t2-500.49 1+e 0,015 @)

3

Equation (2) is not a simple power law, and its performances are slightly better than
the ISS04 for this subset of the database, as reported in Table 3.

The entries of the shearless devices are more inhomogeneous, and indeed for these
devices, the fen of ISS04 ranges from 0.25 to 1. Moreover, the dependence from t;,; is
quite difficult to determine, and indeed, as mentioned in [22], it was derived from a dif-
ferent set of data not included in the International Stellarator Confinement DB. It has
therefore been decided to provide more freedom to the nonlinear fit of the model, selected
by SR via GP, by implementing a non-linear least-square fit with constrained coefficients
[23]. To perform the fit, a regularization term has been added to the loss function so that
it becomes:

LD = ) (i = f()” - weights + 2 Sw?

This technique of constrained regularisation complicates the derivation of solid con-
fidence intervals, which have to be obtained with the bootstrap, using the basic percentile
technique [24]. In the rest of the paper, the intervals reported have been calculated at 95%
confidence level. It is probably worth mentioning that, to the authors” knowledge, this
combination of constrained fit and bootstrap is a methodological solution applied for the
first time to the investigation of scaling laws for Stellarators.

The scaling laws obtained for the shearless magnetic configuration, deploying SR via
GP and a constrained non-linear least-square fit, are the following:

1

.64 955 074083 | p12si39 | 030
. -B 121 - t; .

2 _2R\ (3
3 <1+1.44i;gg-e RAv) )

. B120176 .

0.63 -0.56 n0'71%'7667 128 . (020 1
e 2

_2R\ (4
3 (1+1.243;gg-e RAv) @)

where R, = 1.8377 is the avarage Major radius of the dataset.
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The statistical performances of these non-power law scalings are also reported in Ta-
ble 3; they are both very competitive with ISS04. On the other hand, the trend is for the fit
to improve its quality with lower exponents of t,,3. The actual scaling of the energy con-
finement time with t,,; will probably have to be reassessed with specific experiments for
the shearless configurations because the traditional exponent is not really supported by
the International Stellarator Confinement database at least for the shearless configuration.

Table 3. Comparison of IS504 and the non-power law scalings for the machines with and without
shear.

Device Eq MSE [s2] RMSE[s] AIC BIC R?
1SS504 Equa-
2.64-1075 5.14-1073 —8.0062 - 103 —7.9691 - 103 0.9767
SHEAR tion (1)
Equation (2) 2.16-10~5 4.70- 1073 —8.1539 - 10° —8.1075- 103 0.9809
1SS04 Equa-
Ssﬁoon (‘}‘)‘a 6.43-1075 2.53-10~3 —1.1424-10* —1.1385 - 10* 0.8974
SHEARLESS

Equation (3) 6.78-107° 2.60 - 1073 —1.1372 - 10* —1.1328 - 10* 0.8920
Equation (4) 6.27-107 2.50 - 1073 —1.1445 - 10* —1.1402 - 10* 0.9000

It is probably worth stating again that, contrary to ISS504, Equations (2)-(4) have been
obtained without any renormalisation factor. The scalings are not in power law form be-
cause they contain exponential terms, which are essential to obtain good fits. The perfor-
mances of the models identified with SR via GP are very competitive compared with the
results of IS504. Indeed, some have slightly better statistical indicators, which is an inter-
esting result, since in the DB fr. ranges between 0.25 and 1, an interval quite substantial.
The proposed scalings can improve in the IS504 thanks to their flexibility.

It should also be noted that the R-squared (R?) is very high, about 0.9 for all scaling
laws obtained with SR via GP. Considering that R? represents the proportion of the de-
pendent variable variance that is explained by the regressors, the obtained scalings basi-
cally account for all the information contained in the database. Around 10% of random
errors in the estimates of the energy confinement times is indeed probably an overestimate
of the accuracy of the entries in the DB. It is therefore not reasonable to expect R? values
higher than the ones already achieved.

The traditional log—log plots of the experimental energy confinement time versus the
predictions of the various scaling laws are reported in Figure 1. They show a graphical
comparison of the configurations with shear and without shear. Some trends of the IS504
and the three scalings obtained with SR via GP are reported in Figure 2 over the parame-
ters interval covered by the machines in the database. The scaling of the machines with
shear seems to have a different dependence on the main engineering quantities than the
shearless one. A significant difference in the exponents of the power law part of the scal-
ings is particularly evident for magnetic field, plasma density, and major radius. On the
other hand, great caution is indispensable in interpreting these visual representations of
the equations. Indeed, for clarity’s sake, in these plots, only one parameter is scanned at
the time, keeping all the others fixed at the value corresponding to their average in the
database.
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Figure 1. The log-log plots for the comparison of the models and the data; the experimental values
of Tk are on the y axis and the estimates of the models on the x axis. (Left column) the models

obtained with SR via GP. (Right columns) the corresponding estimates of ISS04.
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Figure 2. The trends of the equations obtained with SR via GP compared to the ISS04. For the 1SS04,
two scalings are shown: one with a renormalization factor equal to 1 and one (indicated by <frn>)
with the renormalization factor averaged over the entries in the DB.

The exponential terms, which have to be included in the scaling laws to obtain per-
formance competitive with IS004 without using any renormalization factor, require some
comments. They are indispensable to achieve a good fit of the database because its com-
position is quite heterogeneous, including machines of different magnetic configurations
and various levels of optimisation. Power law monomials are not flexible enough to ac-
commodate these differences satisfactorily. Indeed, it is the poor homogeneity of the da-
tabase, which constitutes the main reason why fr.. had to be introduced to derive the IS504.
The new methodology of SR via GP allows relaxing the power law constraint, alleviating
the rigidity of the scalings without relying on any renormalisation coefficient. The effects
of the non-power law terms are shown graphically in Figures Al and A2. It is also worth
mentioning, as supported again by the plots reported in Figures A1l and A2, that not con-
straining the scalings to be power law monomials allows fitting quite well also the data of
the individual devices. Normally the scaling laws for thermonuclear devices are designed
to better fit the trends between devices but not the individual machines’ data (and this
applies also to the Tokamak scalings [12,13]).

5. Scaling Laws and Optimisation

Even if the flexibility of the proposed non-power law scalings can explain why fren is
not indispensable to fit the different devices, a fundamental point remains to be clarified.
In the DB there are devices, particularly LHD and W7-AS, which present different levels
of optimisation. This is confirmed by the fact that four different values of f... were neces-
sary to fit the data of LHD with ISS04. In particular, LHD at R = 3.60 m is much better
neoclassically optimized than LHD at R =3.90. In the case of W7-AS, three different values
of fren had to be used to properly reproduce the entries of the database. Since the need for
renormalisation was interpreted as a way to take into account higher order effects not
reflected in the 0D quantities, the effectiveness of unified scaling laws, obtained without
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fren, and valid for very different optimisation levels, needs explaining. The next two sub-
sections are therefore devoted to investigating the relationship between the scalings ob-
tained with SR via GP and f.. The analysis is based on calculating first the ratio between
the scaling laws obtained with SR via GP and the ISS04. These ratios reproduce almost
perfectly the trends of 7c with fren. The parts of the non-power law scaling reflecting the
trends of frx are then discussed in detail.

5.1. Non-Power Law Scalings and fren for Different Optimisation Levels of LHD

For the LHD device, the ratio between the scaling laws obtained with SR via GP and
the IS504 is indicated with Riupisses and reads as follows:
(§)-019\"
0.017

©)

3

In the top of Figure 3, the trend of the energy confinement time is plotted versus the
ratio Runpsssoe. From these plots, it is easy to see how the scaling of Equation (2), obtained
with SR via GP, can reproduce the effects of the various optimization levels on the 0D
quantities equally well, if not better, than the renormalization factor fr.. The ratio Rerpissos
depends basically on major and minor radius, with a small residual effect on the magnetic
field. The part of the ratio depending on the minor and major radii, Rerpussos(a,R), is plotted
vs. the major radius in Figure 4, while the other main trends are illustrated graphically in
Figures A3-A6. For an easier visual comparison with fr, the values of this ratio have been
averaged for each level of optimisation.

In the light of the evidence reported in Figures 3 and 4 and Appendix Figures A3-
AG, it is possible to explain how the models, derived with SR via GP, can reproduce quite
well the LHD entries at different optimization levels, on the basis of only 0D quantities
and without any renormalisation factor. Thanks to its high exploratory capability, sym-
bolic regression can capture the signature left in the 0D quantities by the different optimi-
sation levels. Indeed, the part of the scalings including the geometrical quantities,
Runpussos(a,R), fits quite well frer and basically takes into account the effects of the changes
in the configurations implemented to optimise confinement. Moreover, the good quality
of the fits, testified by the high values of the indicator R?, suggest that practically all the
effects of the optimisation efforts in LHD can be ascribed to the modifications in the 0D
quantities.
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Figure 3. (Top) comparison of the trend of the energy confinement time with Riupuissos and fren for
LHD. (Bottom) comparison of the trend of the energy confinement time with Rw-asissosz.and fren for
W7-AS (for ty; =0.3).
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5.2. Non-Power Law Scalings and fren for Different Optimisation Levels of W7-AS

The same analysis reported in the previous subsection has also been performed for
the other device, W7-AS, whose entries in the database present a significantly different
level of optimisation. In the bottom plots of Figure 3, the trend of the energy confinement
time is plotted versus the ratio Rw-asissos. For a t,,3 exponent of 0.3, the functional de-
pendence of Rw-asissosis

1
2R
3 (1 +1.44- e'R_Av) ©

The dependency does not change dramatically for the case of t,,; being elevated to
0.2. The ratio Rw-asissos is compared with fren in Figure 3. The part depending on the minor
and major radii, Rwr-asisso«(a,R), is shown versus R in the plots of Figure 5 (while the other
major dependencies are reported in Figure A3-A6). Again, for an easier visual compari-
son, the values of this ratio have been averaged for each level of optimisation.

In the case of the shearless device W7-AS, the ratio Rwr-asussu depends strongly on
plasma density and magnetic field, whereas in the case of LHD, the most important factors
are geometrical, the minor and major radii. This evidence needs to be further investigated,
but some points can be already emphasised. First, the completely different trends of
Reupissos and Rwr-asyissos stress again the need for particularising the scaling laws for the
different magnetic configurations, with and without shear. Second, the dubious and con-
fusing nature of frn becomes even more evident. This arbitrary factor tends to obscure
more than clarify the underlying trends and the phenomenology. On the other hand, a
significant effort should be devoted to understanding the causes of the different forms of
Equations (5) and (6), for example, by studying whether they are due to dissimilar ap-
proaches to optimisation or to intrinsic specificities of the magnetic configuration physics.
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Figure 5. Analysis of W7-AS data for various optimisation levels vs. the major radius. (Top left) The
part of the model Equation (3), which depends on major and minor radius f{a,R). (Top right) the
actual confinement time in W7-AS vs. the major radius. (Bottom) trend of fren in ISS04 vs. the major
radius.

6. Comparison with the Tokamak in the L Mode of Confinement and Extrapolation to
Stellarator Reactors

Extrapolation is always a delicate matter. In principle, data driven equations, such as
those derived in the present work, have very limited validity out of sample, where they
can indeed become misleading. On the other hand, the trends of the derived scaling laws
near the already explored operational space can provide useful insight. This is the objec-
tive of Section 6.1, in which the comparison with the Tokamak in L mode seems to indicate
that, in optimised configurations, the dominant transport mechanism in Stellarators is
probably turbulence. Larger extrapolation should be mainly aimed at checking the basis
consistency of the scaling laws, meaning that they do not take absurd turns, when partic-
ularised for a parameter region of interest far from that already explored. This is the ob-
jective of Section 6.2, devoted to investigating the predictions of the various scalings to
the region covered by the Stellarator main proto-reactor designs.

6.1. Comparison with the Tokamak in L Mode of Confinement

To compare the scaling laws obtained for the Stellarator with the Tokamak’s, the In-
ternational Tokamak Physics Activity (ITPA) International L-Mode Confinement
(DB3v13f) Data Base has been considered [25]. The study therefore focusses on the scaling
of 7t in the L mode. Overall, the DB contains 1140 entries, identified using the same
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selection criteria adopted in [26]. As customary, to compare the two configurations, the
scaling laws of the Tokamak have been reformulated by writing the current in terms of
the safety factor qys in the cylindrical approximation, corrected by the elongation [22]. For
this confinement regime, the best credited scaling law in the literature is Equation (7), the
so called ITER97 [27]. The methodology of symbolic regression via genetic programming
has been applied also to the ITPA database of L-mode discharges [28]. The one obtained
with SR is not a power law and is reported as Equation (8).
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The non-power law scaling outperforms the power law according to all the statistical
indicators, as reported in Table 4. Moreover, the database is large enough to perform an
extrapolation exercise; the scaling laws (7) and (8) have been fitted to the small devices,
and then, their accuracy in modelling JET data has been tested [27]. The capability of the
non-power law scaling to extrapolate to JET is qualitatively better than the equation in the
literature: indeed, the residuals of (8) are an order of magnitude smaller than the ones of
) [27].

Table 4. Comparison of the statistical indicators used to qualify the quality of the models: MSE is
the mean square error, RMSE the root the mean square error, and k the number of parameters of the
models.

RMSE

Equation k MSE [s?] [s] AIC BIC

TOK literature
e . 12 3.60 - 1073 6.00 - 1072 —6.40-10"* —-6.36-107*
Equation (7)

TOK SR via GP
T 11 229-10% 539-102 —6.63-10"* —658-107*
Equation (8)

As stated previously, since the models for the Stellarator confinement obtained with
SR via GP do not include any renormalization factor, they can be compared with the scal-
ings of the Tokamak in L mode. For the ISS04 it is assumed that fr.. = 1, which is a reason-
able choice, since this is the value of renormalization factor typical of the largest devices
and the best optimisation levels. A comparison of the predictions of the various models
for a device of ITER engineering parameters is reported in Table 5. It is interesting to note
that the estimates for the Stellarator configuration span practically the same interval than
the two for the Tokamak. The extrapolation to ITER is probably still acceptable, since the
gap in terms of operational parameters is not excessive. On the other hand, it should also
be remembered that the assumption, underlying all these extrapolation exercises, is that
the physics of the plasmas in devices of ITER dimensions will not be different from the
ones of the present-day generation, an aspect that can be addressed only experimentally.

Table 5. Extrapolations to ITER. The extrapolation of ISS04 have been obtained for fren = 1.

Model Ty N [s]
ISS04 Equation (1) 2.65
SHEAR Equation (2) 2.34333
SHEARLESS03 Equation (3) 276102
HEARLESS02
5 >0 208532

Equation (4)
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L mode literature Equation (7) 212333
L mode SR via GP. Equation (8) 2.78333

6.2. Extrapolation to the Demonstrative Reactor Region of the Parameter Space

This section is meant to compare the various scalings, for the configuration with and
without shear, and to investigate their extrapolation to the next generation of devices and
to the reactor. The legitimacy of this extrapolation exercise derives from the fact that no
renormalization factor has been introduced to extract from the data the scaling laws with
SR via GP. The use of ISS04 to estimate the confinement time of the reactor studies is not
immediate, since it provides no guidance about the renormalization factor to be adopted
in the calculations. In the following, for comparison’s sake, it is assumed that fren = 1.

The main devices investigated are reported in Table 6 together with their main engi-
neering parameters [29-31]. The Helias configuration was the basis of HSR4 and HSR5
designs, and the quasi-axial symmetric NCSX is the reference for ARIES-CS. HSR/14 and
HSR5/22 [30,31], being scaled versions of W7X, are expected to be run in shearless config-
urations. For completeness’ sake, it should be mentioned that in NCSX and ARIES-CS, the
bootstrap current is expected to play a more important role than in the other configura-
tions because it is meant to be responsible for an important fraction of the rotational trans-
form.

The estimates of the confinement time for the devices of Table 6 are summarised in
Table 7. Inspection of the table suggests a couple of considerations. First, the predictions
of ISS04 are basically confirmed by the results obtained with SR via GP. In any case, given
the quality of the database available and the large extrapolations in most engineering pa-
rameters, the level of agreement of the new scalings with the 15004 is quite remarkable.
On the other hand, the set of data for the shearless configuration includes devices with
very different characteristics, as already emphasised in [22], in which they were attributed
very different renormalization factors. Extreme caution is therefore appropriate to inter-
pret the results for this configuration. In particular, the shearless devices extrapolate quite
differently depending on the assumed dependence on the rotational transform, an aspect
which will require careful experimental assessments in the future. It should also be stated
one more time that the level of extrapolation from present day devices to the demonstra-
tive reactor designs is very large, and there is no guarantee even that the physics of the
energy transport will remain the same. The main objective of the exercise in this subsec-
tion is therefore not so much to provide accurate estimates of the energy confinement time
but to verify that the various scalings do not present absurd unphysical trends out of sam-
ples, a check which is always recommended.

Table 6. Parameters of the reactor studies considered.

ARIES-CS HSR4/18 HSR5/22
a[m] 1.7 2 1.8
R[m] 7.75 18 22
P [MW] 462 486 594
n[10°m3] 40 26 21
B[T] 5.7 5.0 475
tz 0.7 0.917 0.947

3

Table 7. Estimates for the machines of Table 6.

Model TARIES=CS[ ] HSR/18 | LHSRS/22
1S504 Equation (1) 1.08 2.06 1.41
SHEAR Equation (2) 0.8357%3 2.2832) 1.67%3%




Appl. Sci. 2022, 12, 2862

15 of 21

SHEARLESS03 Equation

& q 174378 2.7633¢ 1.78523
SHEARLESS02 Equation

@ 1 1.39383 2.135% 1.38373

7. The Need to Move beyond fr..: Concluding Remarks

In this paper, it has been investigated whether good quality scaling laws, for the en-
ergy confinement time in Stellarators, can be obtained without having recourse to any
renormalization factor. To this end, the main tool deployed has been symbolic regression
via genetic programming. It has been shown how relaxing the constraint that the scaling
laws have to be in power law form allows particularising the models for the main config-
urations, with and without shear. The quality of the models is very competitive with
ISS04, even if the proposed scalings do not resort to any renormalisation factors. The ob-
tained models can also reproduce quite well the different levels of optimisation of the
Stellarator configuration. Indeed, at least for the cases included in the International Stel-
larator Confinement database, optimising the configuration for neoclassical transport im-
plies changes in the 0D quantities, which have been properly picked up by SR via GP. An
interesting result is that the quantities in the scalings reproducing fr: are very different for
the two magnetic configurations. In the case of the devices with shear, the different opti-
misation levels can be accounted for by a dependence on the geometric factors, mainly
minor and major radii. In the shearless devices, the optimisation process seems to leave a
signature mainly in magnetic field and plasma density. In this context, it is worth stating
again that, in any case, the results obtained with SR via GP are completely agnostic about
higher order effects, not leaving clear traces in the 0D quantities. The proposed method-
ology is fully data driven and therefore can account only for the information contained in
the data. Consequently, whether the aforementioned dissimilarities are the result of dif-
ferent optimisation procedures or are inherent to the physics of the two magnetic config-
urations remains to be established. On the other hand, the obtained results and the com-
parison with the L mode Tokamak support the opinion that turbulence transport is the
dominant effect in determining the Stellarator energy confinement time, once the devices
are reasonably optimised for neoclassical transport [32].

In terms of future developments, it should be considered that the quite high R? levels,
achieved by the fits, indicate that the variance unaccounted for by the scalings is compat-
ible with the random uncertainties to be associated with the entries of 7. Consequently,
SR via GP has converged on models, which exploit all the information available in the
database (if anything some have probably a tendency to overfit). It seems therefore only
reasonable to state that further progress in the understanding would require an upgrade
of the database, which is not completely satisfactory given the complexities of the config-
uration. Moreover, to investigate higher order effects, additional entries, such as turbu-
lence measurements, also will have to be included; current profiles and radiation patterns
have also proved to be essential to understand the behaviour of Tokamaks [33,34]. An-
other quite high priority would be to particularise the models for the devices with metallic
plasma facing components, given the effects of these materials on the operation and per-
formance of JET with the new ITER Like Wall [35,36]. The dependence of the energy con-
finement time on the rotational transform should also be clarified experimentally, to un-
derstand its actual form and whether it is the same for both main magnetic configurations.
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Appendix A. Effects of the Exponential Terms on the Scaling Laws

This appendix reports the log—log plots of the non-power law scalings predictions
versus the experimental energy confinement time. Different symbols are used to differen-
tiate the predictions of the models with and without the non-power law term. The non-
power law terms typically improve the quality of the fit to the entries in the database.
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Appendix B. Scaling laws obtained with SR via GP and fren

This appendix is meant to illustrate graphically the main signatures left by the opti-
misation process on the 0D quantities, in both magnetic configurations, with and without

shear.
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Figure A3. Analysis of LHD data for various optimisation levels vs. the minor radius. (Left) The
part of the model Equation (2), which depends on major and minor radius f(a,R). (Centre) The actual
confinement time in LHD vs. the minor radius. (Right) Trend of frn in ISS04 vs. the minor radius.
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