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Abstract. The derivation of the ‘classical’ low-energy the- sideration is based on Lorentz invariance, gauge invariance,
orem (LET) foryp — pr0 is re-examined and compared to crossing symmetry, the partially conserved axial-vector cur-
chiral perturbation theory. Both results are correct and areent (PCAC) hypothesis and its extension to include the
not contradictory; they differ because different expansionselectromagnetic interaction [7]. This hypothesis formulates
of the same quantity are involved. Possible modifications ofthe underlying chiral symmetry and its breaking. Note that,
the extended partially conserved axial-vector current relabesides spontaneous, also explicit symmetry breaking is in-
tion, one of the starting points in the derivation of the LET, cluded. Recently, the LET has been carefully rederived [6]
are discussed. An alternate, more transparent form of thetarting from the principles mentioned above. The conse-

LET is presented. quences of isospin symmetry breaking [8] and the explic-
itly broken chiral symmetry for the LET [9] have also been
PACS: 25.20.Lj; 11.40.Ha; 13.60.Le addressed. The LET was shown not to be modified. Let us

recall some details relevant for this work, which mainly con-
cern the implementation of extended PCAC,

The low-energy theorem (LET) for photoproduction of neu-
tral pions from protons is the subject of an on-going discus

sion. The reason for this is that the recent calculations inygre A, is the photon field/Js, is the axial-vector current
the framework of chiral perturbation theory (CHPT) [1, 2] ¢ is the pion (interpolating) field), is the pion massf,

and heavy baryon chiral perturbation theory (HBCHPT) [3] i the pion decay constant, ang is the pion charge. Taking
are claimed to contradict the older result, i.e. the ‘classmal’the appropriate matrix element of Eq. (1), one finds

LET [4]. This lead to the statement that this LE§ actually
not a theorem [1, 2, 3, 5]. In this paper, we point out that
the LET is a theorem in the sense that it is based on a few 7, 52 R

general principles, and once these are given the final resulf > "> (N(P') liz [N (p), v(k))
is model-independent. It is also shown that the commonly ™

(0" + ex AM)Jg 0 =i fr M2pF0 . (1)

used extrapolation [4, 6] of the off-shell to the physical pion- = i¢" (N(') |J5 [N (p), ¥(K))
nucleon coupling can be avoided by means of the exact, i.e. —en (N(P) |Ji,oAu|N(p) +(K) @)
™ 5u ’ .

non-extrapolated Goldberger-Treiman relation. Furthermore,
the validity of the particular form of chiral symmetry break-
ing used in deriving the LET is investigated. However, as j,

will be discussed below, the apparent discrepancy between ction amplitude expressed by means of the pion source,
the CHPP calculation to order® and the LET is due to ™ The second term on the right-hand side of Eq. (2) does

: o . not contribute to neutral pion production. The first term on
the fact that expansions in different parameters, pion masg, o right-hand side of Eq. (2) requires a careful treatment

VErsus energy, are _made. Theretfore, both results are corregh cause of possible nucleon pole contributions. Therefore,
within their respective fr_ameworks and bOth. can be Ca”edthe amplitude is first divided into two general classes: class
a LET. To avoid confusion, hqwever, we ,WI|| refer to the A diagrams, which contain the dressed nucleon propaga-
CHPT low-energy theorem as ‘CHPT-LET". . tor and half off-shelly NN and 7NN vertices, and gen-
_ A model-independent result following from general prin- ¢ 764 non-pole contributions (class B diagrams). As the
ciples should be regarded as a theorem. The LET under cony, e mentioned principles provide enough constraints on
* Present addresdnstitute for Theoretical Physics, University of Han- tmhgzil((:)?rllt’:(le%%;(}gftthoe%z[g:cr)rl]’lmsirg(]:?ukfg nr:ac:a((jr:(lj(:?ﬁfsogcl)cgs
nover, Appelstr. 2, D-30167 Hannover, German :
olep'ron? ?53\‘7: ?ﬁ,sive’wm?mﬁ ‘Claisicoaf - Germany not imply, however, that the internal structure of the hadrons
2 No distinction between CHPT and HBCHPT will be made in this paper. iS ignored.

The left-hand side of this equation contains the pion pro-
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Since Eq. (2) is a priori defined only for virtual pions [6], QCD. One then arrives at a systematic expansion scheme in
the production of off-shell pions witly = O (the pion three terms of small momenta and meson masses, denotett.by
momentum in the cm frame) ang — O (the pion energy Up to orderg®, the CHPT result [1, 2, 3] is
in the cm frame), has been considered. This does not mean . 2 M2
that the pion mass is taken to be zero. As a technical toolfg,, = — g o — s BHrp+ 4,00+ OGd) . (6)
an artificial mass difference between the in- and outgoing 8r M 2 8f%
nucleons is introduced [4] (this procedure is not unique andt should be remarked that the CHPT-LET, Eg. (6), is valid
other methods, yielding the same final result, have been useat threshold, and that no distinction is made between the
[10]). In this way, two small parameters appears qo/M pion energy and the pion mass. In other words, the CHPT
andé = (M' — M)/M (M being the nucleon mass). These amplitude is expanded in the pion mass regardless of its
mathematical tools are necessary to determine unknown anorigin. It is obvious that Egs. (3) and (6) disagree.at
plitudes. In particular, the mass splittthgnables one to sep- ; numerically, Eq. (3) gives -2.% 10-3M ., while Eq.
arate out possible pole terms, i.e. contributions of ordgy. 1/ (6) gives +0.9 in the same units. The current experimental
After this separation, it is assumed that an expansion of thealue [10, 14, 15] is -2.0t 0.2, and new experiments are
amplitude inw and¢ is valid, with 6 taking on its physical underway at SAL and Mainz.

value in the end, i.ed = 0. The expansion iw is supposed On the theoretical side, we conclude that for models sat-
to hold forgo < M, (the validity of this assumption and the isfying extended PCAC, the CHPT-LEAhdthe LET simul-
limit o — M, will be discussed below). taneously serve as important theoretical checks. Neverthe-

Applying the above principles then leads to the final re-less, the apparent conflict between the CHPT-LET and the
sult, the LET foryp — pr® LET justifies some clarifications concerning the derivation

5 of the latter. First, we stress that all loop contributions are
Ege=— 94 {w Y3 +,§p)} +OWP) (3)  implicitly taken into account in the derivation of the LET.
8 fr COSH.. 2 The general vertices and propagators, as well as the general

where Ey. is the s-wave multipole. It is evidently an ex- non-pole_ contributions, in principle contain loops, and no
pansion in the kinematical variable, and only contains Contribution is dropped or neglected. ,

observables like the pion decay constant, the proton charge, Secondly, the coefficients of theexpansion dmotneed

¢, the proton anomalous magnetic mome)y, the nucleon ~ © b€ analytic inu in order to arrive at the LET. In CHPT
axial-vector coupling constang,., and the Cabibbo angle, Some coefficients are divergent in the chiral limit and this
§.. The rather uncommon prefactor in Eq. (3) stems fromiS nothing else than the Li-Pagels mechanism [16]. Already

the fact that the result of the derivation in Ref. [6] actually before the CHPT calculations, this potential problem was
contains the off-shell pion-nucleon coupling g = 0, i.e. ~ addressed in detail, and it was shown that the LET does

9(0), not change due to this [9]. It was also anticipated that the
coefficients of theu expansion could be different than the
coefficients of theu expansion due to the Li-Pagels mech-
anism. Differentiating between pion mass and energy, and
only expanding in the latter, avoids this mechanism and the
P Do - ; LET is not affected, i.e. the LET is valid even if the coef-
place g(0) by g(gp)- Finally putting inw = 4 yields the  fients are nonanalytic ip. We emphasize once more that
more familiar form of the LET in terms of the physical an expansion has been made in the variablesids. After

Fli(on-rr]lucleon ccl)n_stantg [4|’| 6]. ghiS prr]ocgdu_re _appe?rﬁ implementation of PCAC, the fictitious mass differenée,
Ike the extrapolation usually made In the derivation of the .5, he hut to zero and one is left with an expansion in the

. ally ™ " S ) ex| .
Goldberger—Tre:mag éelzliotlgn, |.eg_|;gO)' - 9(]\/*1”): Thﬁ ex energy,w. Usually, however, the on-shell limity = p, is
act,non-extrapolated Goldberger-Treiman relation, hoOwever, i, en " and the result takes on tieem of an expansion in

Eor=—g ©) [w - wzz 3+ mp)] +OWY . (@)

Of course, given the order ab, it is consistent to re-

reads the pion-nucleon mass ratio. As already recognized by Kroll
~ cosd J=9(0) 5) and Ruderman [17] and later by Vainsthein and Zakharov
ga = M [18], there is no a priori reason that this expression should

coincide with they expansion of the amplitude. The coef-
gcients may also depend gm and this dependence is not
constrained by the principles used in the derivation of the
LET. We stress that the validity of the expansion forw <

w1 is not disproved in the CHPT calculation. In fact, it was
argued [19] that the expansion converges for Q@ < p.
Moreover, it was shown [19] that expansion of the CHPT
: . amplitude [2] in terms ofv produces the LET. In summary,
power of the LET, i.e. a theoretical check on models, theneither CHPT nor QCD forbids an energy expansion with

above limit is not required [11]. e . . ' X
In CHPT, one makes the plausible assumption [12] thatf|n|te pion mass, and, as in Compton scattering (also dis-
' cussed below), the coefficients of this expansion may be

the low-energy regime of QCD is described by an eﬁec'nonanalytic in the pion mass
tive Lagrangian [13] incorporating the global symmetries of The arguments raised above can be illustrated in the lin-

% After emission of the pion, the nucleon has mags. In this way, no ~ €ar sigma model [11]_ or the CHPT amplitude [19]. _|n par-
problems with gauge invariance occur. ticular, one can test if the assumed power expansion in

It follows from the PCAC hypothesis, one of the basic in-
gredients in the derivation, and can therefore consistently b
used to eliminate the off-shell pion-nucleon couplif{@) in

Eq. (4), which immediately leads to the final result, Eq. (3).
In order to compare with experiment, the limit— M, /M

= p is normally taken in Eq. (3), and the LET is usually
presented at the point = . However, to exploit the main
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is valid for w < pu. It was found for both the linear sigma where ¢ is an unknown constant. Looking at the neutral
model amplitude [11] and the CHPT amplitude [19] that the pion-nucleon sector, we find

expansion converges far < pu, and the coefficients ab™
(for n > 3) are~ 1/u~2, in agreement with the anticipa-
tion of Li and Pagels [16]. It should be emphasized that towhere ),, is the light-quark mass. The contribution to the
obtain the LET only an expansion im is needed. In other gy, multipole at the tree level isv goM, ~ goM2. As
words, no additional expansion jn is necessary. In order anticipated, this term, Eq. (7), also gives a contribution to
to illustrate the behavior of the eXpanSion atv = 1y the the divergence of the axial-vector current,

w coefficients were expanded jn[11], and it was demon- _ _

strated that an infiniteonvergenseries had to be summed to A" Jg ,, ~ eaM,F"" [2pY50,,p + 1y50,,m) - 9
obtain the CHPT result. The off-shell behavior of the CHPT . .0 o019 constant, the extended PCAC relation, Eq.
amplitude could, of course, be different than the off-shell .be'(l), is therefore modified in CHPT, obviously Ieadi’ng to
havior of the linear sigma model amplitude. In an eff_ect_l\_/e contributions~ w2 in the low-energy expansion, Eq. (3).
Lagrangian approach, such as CHPT, off-shell ambiguitieSye emphasize that there is farmal conflict with, or mod-

may arise due to the presence of terms WhiCh. vani;h ONication of, the LET since it was derived using the principle
shell, see, e.g. [20]. We re-emphasize that starting with theyt inimal coupling. However, as demonstrated here, the

above principles, the LET is valid in the regian< pand |, energy expansion may be modified in models with non-
it has no off-shell ambiguity, i.e. models that satisfy PCAC minimal tgeyrms? y

should agree on the O‘I'She” value of thg. multipole up It is also interesting to consider how the interaction term
to and including ordex*. shown in Eq. (8) modifies the electromagnetic vector current.
The current experimental result happens to agree withn the px® sector we obtain
the numerical value of the LET, and, consequently, not with . 0. — N
the CHPT-LET. This disagreement between experiment and3/u ~ Mu [(0"P)¥50,upT° + PY50,, (0" P)T
the orderg® CHPT result is believed to be due to the slow + p—%glwp(avﬂo)] . (10)
convergence of the expansion in and it is concluded that ) )
this reaction is not the ideal place to test the standard moddPne sees that the last term on the right-hand side of Eq. (10)
[5]. Although convergence issues are beyond the predictivdnvolves a derivative of the pion field, and, in particular, the
power of LET's in general, one can look at them given SPatial components of this current evidently contain the time
a reasonable model. Indeed, theexpansion of the linear derivative of the pion field. As pointed out in Ref. [10], this
Sigma model amp"tude [11] converges SIOWIy @s— u, is what is nee-ded |-n effective theories to obtain a non-zero
and therefore the agreement of the LET with the data isPhotoproduction sigma term” [24]. Indeed, the tree-level
somewhat surprising. Another problem in CHPT is that thecontribution of Eq. (8) to the photoproduction amplitude is
isospin violation corrections are not fully understood, but©f the same form as the sigma term contribution found in
expected to be large. In contrast, the LET for this reactionRef. [25]. _ . -
is only trivially modified [8] by isospin violation corrections It is important to recall that in theories with minimal
which are numerically small. In the linear sigma model, the€lectromagnetic coupling the extension of PCAC(-like) re-
main source of difference between the exact model resultations is known [7]. For example, in QCD, the divergence
and the LET value arises from the intermediatet state.  Of the axial-vector current is expressed in terms of quark
In nature, this threshold is 6 MeV above the? threshold.  fields. The resulting expression is an acceptable pion inter-
Including isospin symmetry breaking (by hand) in the lin- Polating field [26],¢=° ~ g357*° [27]. This choice of the
ear sigma model, it was found that the LET value is morePion interpolating field immediately yields PCAC; since this

accurate, but still 35% higher than the exact model resul€annot be proved, PCAC remains a hypothesis [26]. Elec-
[11]. tromagnetic coupling to the elementary quarks leads to the

xtended PCAC relation. In other words, given the PCAC
1ypothesis starting from QCD, corresponding to the above
choice of the interpolating pion field, its extension holds.
Note, however, that the choice of the pion interpolating field

S~ eaM M [2])_’)/50qu770 + ﬁywuunﬂ'o] , (8

In the discussions above, we have re-established the LE
based on extended PCAC. We note here that the exte
sion of the PCAC relation was derived assuming minimal

electromagnetic coupling [7]. In effective theories, however,. . . : )

non-minimal terms can be present, for example the well-" terms of quarks f|eld§ IS not unique. Othe.r ch0|c¢s may

known anomalous magnetic moment terms. Although the Iat-rnOOIIfy the PCA.C. _relatlon and it would be interesting to
tudy the possibilities and consequences of such modifica-

ter terms do not, the pertinent question is whether such term ) ; . .
could possibly change the extended PCAC relation. Conselons: In CHPT, for instance, PCAC is most likely modified

; o at some order.
qguently, the low-energy expansion would be modified, for .
instance, by a contribution of the forgg)/2. To our knowl- Probably the best known example of a LET is Comp-

edge this point has not been addressed in the literature, ar[ﬁn scattering [28, 29]. From the theoretical point of view,

as an explicit example we consider CHPT. Although sUChbeef(r)Eielsthr(]aocg:fr?gcstscla?qn aﬁlogt tg'ﬁml‘eEn-lt—'cgnnggem(;tggrahgggé_
a contribution is not present in the ordegt calculation of lon with exper '

. - - ful treatment of infrared divergences is needed [30]. In one
[2], it does appear at order*. Explicitly, one has, in the . L ; . ; .

: o of the two classical derivations, a discussion on infrared di-
notation of [21], the non-minimal term [22, 23] vergences is included. Low [28] explicitly states that the
_ proof applies to all orders in the electromagnetic coupling,
S =iaTr [B’}/5O'HV(F+’Wp+ pF"‘“’)B} , @) provided the virtual photons are given a fictitious mass
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He cannot guarantee its validity in the limkt— 0. Surpris-
ingly, the situation for neutral pion photoproduction is under
better control. First, infrared divergences concerning virtual 1.
photons are not present because the LET is only valid to first
order in the electromagnetic coupling. Secondly, there is nog'
need to give the virtual pions a fictitious mass because they
are already massive. A few clarifying remarks are in order. 4.
The fictitious mass difference for the nucleons was intro- 5.
duced to deal with the nucleon pole in the matrix element of 6.
the axial-vector current. This is not connected with infrared -
problems; moreover, in the end we can take the equal masg'

limit. Finally, for pion photoproduction as well as Comp- ;4

ton scattering, the energy expansion holds from zero up to

the pion threshold. Beyond this threshold one cannot makez1.
12.

definite statements.
In summary, the ‘classical’ LET derivedssumingthe
extended PCAC relation has been verified. In particular, the

LET does not break down due to neglect of loops, as they arg,
implicitly taken into account, nor due to assumptions abouty 4.
the expansion in the pion energy. It has been proposed tos.
present the LET in the form of an energy expansion, reflect-16.

ing its real content. Moreover, it was demonstrated that thet/- Kroll, N.1
y18. Vainsthein, A.l., Zakharov, V.l.: Sov. J. Nucl. Phy®, 333 (1971);

extrapolation of the pion-nucleon coupling can be avoided b
using the exact Goldberger-Treiman relation. Furthermoreq

we pointed out that non-minimal contact couplings, often ap-.

pearing in effective theories, may affect the extended PCAC

relation. This was explicitly shown in CHPT, and the con- 21.
sequences for its low-energy expansion were exhibited. 1r#2:

addition, it was established that non-minimal terms can give23

rise to a non-zero “photoproduction sigma term”. We also,,
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