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Abstract:  We describe the application of full-wave and semi-analytical
numerical tools for the modeling of optical wire antennas, with the aim of
providing novel guidelines for analysis and design. The concept of antenna
impedance at optical frequencies is reviewed by means of finite-element
simulations, whereas a surface-impedance integral equation is derived
in order to perform an accurate and efficient calculation of the current
distribution, and thereby to determine the equivalent-circuit parameters.
These are introduced into simple circuits models, directly borrowed from
radio frequency, which are applied in order to model the phenomena of
enhanced field confinement at the feed gap and light scattering by optical
antennas illuminated by plane waves.
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1. Introduction

The continuous technological advancement in electronic and optical materials at the nanoscale
is quickly leading to the design of devices which were not even conceivable a few years ago.
Among the areas that are gaining most from these advancements, we may certainly quote plas-
monics [1, 2], and optical antennas [3, 4]. In fact, recent years have witnessed an impressive
amount of experimental [5-9] and theoretical work [10-12] on optical devices conceived to
efficiently couple free-space propagating light with localized excitation of either light emitters
or receivers, for a wide variety of potential applications, including on-chip communication,
ultra-dense data storage, efficient solar cells, near-field optical microscopy and spectroscopy.

Clearly, antennas have been in common use at radio frequencies (RF) for more than a cen-
tury. Well-assessed design rules have been developed in time, and are now available, at RF, for
different antennafamilies. Thisistruein particular for the ol dest type of antenna: the linear wire
aerial [13-15]. Our goa hereisto find an efficient way to determine a good approximation of
the current distribution in a center-fed wire antennaat optical frequencies. Thiswill enable usto
evaluateits near and far field, and thereafter to extrapolate theoretically the antenna equivalent-
circuit parameters which, up to now, have been evaluated only through full-wave numerical
simulations, which are inevitably marked by heavy computational burdens [11, 12, 16-18].
Moreover, we will demonstrate that simple circuit models directly borrowed from RF permit to
quantitatively predict both the field enhancement at the feed gap and the power scattered by the
optical antennawhen it isilluminated by a plane wave.

At first sight, these tasks may look simple, given that, as well known, Maxwell’s equations
are scale invariant (provided the scale contraction factor is the same for all lengths, including
wavelength, and the electromagnetic properties of the materials do not depend on frequency).
In fact, there are at least two reasons why the tasks are not simple at al. One is related to the
available fabrication technol ogy, the second is related to the optical properties of available bulk
materials.

As far as nanotechnologies are concerned, making very thin metal rodsis still an open issue
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Fig. 1. Schematic view of a cylindrical dipole antenna (not in scale) fed at its center. (a)
3D view with reference frame; notice that the origin isin the middle of the gap region. L:
length of the dipole; g: gap thickness; a: radius of therod. (b) View of the 2D computational
domain used for the full-wave smulations: the red line (G) indicates the delta-gap surface,
the blue line (P) denotes the region with the probe for the azimuthal component of the
magnetic field, Sis the semi-spherical boundary (radius 300 nm).

[7,8]. As a consequence, as opposed to what is common and normal at RF, in the optical
domain we will aways be considering thick wires, and going to lose the simplifying initia
assumptions known as the thin wire approximation [13-15]. Asfar as materials are concerned,
what makes a big difference between RF and optics is that at RF we can usually assume to
deal with perfect electric conductors; this assumption does not hold for optical antennas. As a
matter of fact, the process of building design rulesfor optical antennas hasto start from scratch,
by following essentially the same way that was chosen in 1897 for radio frequency: first, the
current distribution on an imperfectly conducting and thick (i.e., radius of the cylindrical rod
not very small compared to rod length and to the wavelength) cylindrical antenna must be
evaluated by exploiting an integral equation approach, and then simple equivalent circuits are
used in order to study the antenna behavior.

2. Integral equation model

In this Section we briefly recall the formulation of the integral equation (the so-called Pock-
lington’s equation [14, 15]) that will be used in order to determine the approximated current
distribution in optical wire antennas, in analogy with what has been done in Refs. [19, 20].
Every antenna, no matter whether receiving or transmitting, can be thought of as driven by a
“primary” external field Ein(x, Y, z), due either to the generator connected to the antenna termi-
nals (in the transmitting mode), or to the impinging wave (in the receiving mode). Thisincident
field En(x7 y,Z) induces a current | in the wire, and the current in turn generates a radiated
electric field E(x,y,2). It is possible to solve the electromagnetic problem by specifying the
boundary conditions for the total field Eqgt (X, Y, 2) = E(X,Y,2) + Ein(X, Y, 2) on the antenna sur-
face. For wire antennas parallel to the z axis (see Fig. 1(a)), neglecting the role played by the
two flat circular surfaces at the ends of the cylinder, these boundary conditions read [21]:

Eralzp =) = (225, 4 < 5. )
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It follows that:
Ez(z,p == a.) = | (Z)Zsf Ez_’in(z,p = 8.) . (2)

The surface impedance per unit length Zg for acylindrical rod can be defined as [22]

_ 7(ra)
°~ 2nacli(ya)’ S
where
.. |oUoo
y=(1- )/ 22, @
and o isthe conductivity of metal. Assuming purely a surface current at p = a, we have:
o o . 1
T=%(2)3(p-a) =2(@8(p~a)5 . ®)

hence the z-component of the magnetic vector potential reads [14]:

Aoy = B [ 12K, pat.

T 4m.

L2
1 2r —ikoR
Kz-2,p) =5 [ ZP gy, ©

and

R=/(x—X)2+(y—y)2+(z-2)2 = \/(z-2)2 +p2 + a2 —2pacos(¢'),  (7)

where (x,y, z) isthe observation point, and (X,y',Z) are the coordinates of the line-source | (2)
located on the wire surface at p = a [14]. Once we know A, we can compute the electric field
generated by the current | (2):

(02 +K3)A, = ioueE,. )

Introducing Eg. (2) into Eq. (8) we then get:

L/2
L [ 1K Zp =207 = i0ue (02 En(zp =), O
i.e. Pocklington's equation for optical wire antennas [19, 20]. Eq. (9) has been solved through
the Moment Method (MoM) to find 1(z); the excitation has been modeled by using a 1-V
delta-gap source [14, 15], thus E,jin(z p = &) was fixed to a constant value 1/g over the whole
feed gap region, and was zero elsawhere. The input impedance has been evaluated as the ratio
between the imposed voltage and the current in the middle of thewirelg = (z= 0).

3. Antennaimpedance modeling

An accurate characterization of the antenna input impedance is a key issue also at optical
frequencies, in particular (but not only) for the design of nanocircuits consisting of receiv-
ing and emitting nanoantennas connected by plasmonic waveguides. Indeed, it has recently
been demonstrated that coupling between different plasmonic elements can be studied by using
impedance matching techniques which are well established at RF [23, 24].

We took as reference example a cylindrical dipole antenna made of silver (described by a
Drude model with &.. = 5, plasma frequency fp, = 2.175 PHz and collision frequency y = 4.35
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Fig. 2. @ Antenna impedance Zj, seen at the gap terminals. b) Thévenin equivalent cir-
cuit in the receiving mode. R 5q: radiation resistance; R, qss: 10SS resistance; Xant: antenna
reactance; Cgap: gap capacitance; Voc: open-circuit voltage.

THZz) and immersed in air, with length L = 110 nm, radius of the metal rods a = 5 nm and
gap thickness g = 3 nm [11, 12]. Finite-element simulations [25] were performed in order to
calculate the input impedance of the antenna. We exploited the intrinsic axial symmetry of the
problem to reduce the computational domain to two dimensions (see Fig 1(b)). The structure
was excited through a delta-gap source [14, 15], by imposing a value of the z-component of
the electric field E; on the boundary G (see the red line) so that the voltage across the gap
is unity. The azimuthal component of the magnetic field H, on the antenna surface has been
recorded (the probe region is depicted by the blue line P) and it allowed to get the total current
flowing into the cylinder, calculated as circulation of the magnetic field. The input impedance
was defined as the ratio between the imposed voltage and the current in the middle of the gap
lo. Fig. 2(a) shows the circuit model that we have used to represent the optical antennain the
transmitting mode [14]. It is worth saying that the gap region was outside of the computa-
tional domain (see Fig. 1(b)), therefore the full-wave simulations supplied the intrinsic dipole
impedance Zgp; the input impedance Z;, seen at the terminals was then obtained through the
parallel combination between Zgi,, and the reactance due to the gap capacitance [11, 12]. Note
that we will use throughout the paper the notation which is more popular among electrical
engineers (Zin,dip = Rin,dip + jxin,dip)-

In Fig. 3 we report the calculated antenna impedance between 200 and 700 THz (i.e. about
430 and 1500 nm, from the visible to the near-infrared). The results coming from finite-element
simulations and the solution of Pocklington’s equation exhibit excellent agreement over the
entire bandwidth, in fact both in the case of the real (Fig. 3(a)) and the imaginary part of Z,
(Fig. 3(c)) the curve which represents the FEM solution of Maxwell’s eguations (solid red
line) and the one with data from the semi-analytical model (dashed black line) are overlapped.
Good agreement emerges also after comparison with the results reported in [11, 12], which
have been obtained by using a commercial software tailored for RF modeling [26]. In contrast
with our case, the authors performed the excitation by using predefined input ports, thus the
calculation supplied the input impedance Zjn, whereas Zg;i,, was obtained by de-embedding the
gap reactance.

Further FEM simulations were performed in order to verify the accuracy of the antenna
impedance modeling. In particular, we calculated the radiated power Foq flowing out of the
external surface S, and then we determined the radiation resistance as Rag = 2Prag/ |Io\2;
moreover, we evaluated the ohmic losses Ross into the metal and then the loss resistance
Rios = 2F10$/||0|2. Both R5q and R oss are depicted in Fig. 3(b), and the radiation efficiency
N = Rrad/(Rrad + Rioss) has been evaluated: 7 is about 28% at the first open-circuit resonance
and decreases rapidly to zero with increasing frequency, again in good qualitative agreement
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Fig. 3. @) Ryjp caculated from FEM simulations (dashed-dotted blue line); Rin evaluated
from the parallel combination of Zgj, and the gap reactance (solid red ling), and from
Pocklington’s equation (dashed black line). b) R.5g (dashed-dotted red line), R, o (dashed
black line), and Ryaq + Rioss (S0lid blue line, overlapped with the Ry; p curve) obtained from
FEM simulations. ¢) Xgip calculated from FEM simulations (dashed-dotted blue lin€); Xin
evaluated from the parallel combination of Zy;, and the gap reactance (solid red line), and
from Pocklington’s equation (dashed black line).

with [11]. Asafinal validation of our treatment it isimportant to emphasize that the resistance
calculated as ratio between the voltage imposed by the delta-gap source and the total current
flowing into the feed gap is equal to the sum of the radiation and loss resistances Ry5q and R, oss
(see Fig. 3(b), the two curves are overlapped).

4. Field enhancement and light scattering modeling

The possihility of achieving strong field enhancement on a nanometer scale in the antenna feed
gap is certainly one of the main reasons that triggered research in the area of optical antennas
in the last years [3-9]. Here we will demonstrate that the integral equation model described in
Section 2 can be used in order to predict quantitatively field enhancement by optical antennas,
without resorting to full-wave simulations; moreover, we will show that the analysis of asimple
circuit model can provide a better physical insight into the optical antenna operation.

Let us consider the circuit model for the antennain the receiving mode depicted in Fig. 2(b).
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Voc is the open-circuit voltage due to the incident field, and the voltage Vgap at the terminals
of the gap capacitance is just what we need in order to calculate the electric field into the
gap, in fact |E(0,0,0)| = |Vgap| /9. We investigated three different routes to the evaluation of
the field enhancement at the feed gap. The most straightforward way to reach the goal is to
perform finite-element simulations with a plane wave (with amplitude Eg = 1 V/m) impinging
on the antenna, by recording the value of the electric field in the middle of the feed gap (Fig.
4(a), solid red line). It is worth noting that in the receiving mode the computational domain
was modified with respect to Fig. 1(b) by adding the gap region. As an alternative method, the
current distribution | (z) calculated through finite-element simulations in the transmitting mode
has been used, by exploiting the reciprocity theorem, to evaluate the antenna effective length
through the well-known formula[15]:

Left = 1 /L/Z 1(Z)dZ, (10)

loJ-L/2

and the open-circuit voltage has been determined asVyc = EgLes s (Fig. 4(a), dashed-dotted blue
line). The voltage Vyap has been cal culated by writing the simple equation of the voltage divider
Vgap = Voc - Ze/(Zc + Zgip) (Fig. 4(a), dotted green line), where Z is the impedance associated
with the presence of the gap and Zgip = Raip + jXant- Last, but not least, | () obtained as solution
of Pocklington’s equation permits to calculate the field enhancement in a very efficient and
accurate way. In this case Eq. (10) and the following one give directly Vgap (Fig. 4(a), dashed
black line), since the effect of the gap reactance is already included in the calculation, asit is
clear from the previously reported simulations of the input impedance (see Fig. 3). It isworth
noting the excellent agreement between the values of Vyap obtained from the three different
methods, therefore we can conclude that the semi-analytical model based on Pocklington’s
equation and the simple circuit model can be useful tools for analysis and design of devices
conceived for field localization beyond the diffraction limit.

We have aso investigated the application of the circuit model in Fig. 2(b) for the evalua-
tion of the power scattered by the antenna when it is illuminated by a plane wave. It is worth
saying that, in this case, we resorted to full-wave simulations also for the calculation of the
circuit model parameters, since knowledge of the radiation resistance R.gg Was hecessary (see
Section 3). Finite-element simulations were performed in order to get a reference solution of
the el ectromagnetic problem, by calculating the scattered power flowing out of a closed surface
surrounding the antenna (Fig. 4(b), solid red ling). The results obtained from the calculation
of the power dissipated by Rag within the Thévenin equivalent circuit show that the circuit
model perfectly captures amplitude and position of the peak corresponding to the open-circuit
resonance, but a non-physical peak appears near the maximum value of Ry, at 381 THz (Fig.
4(b), dashed-dotted black line). We repeated the same calculation by using the Norton equiv-
alent circuit, and also in that case the real peak is accurately reproduced, whereas a spurious
peak near the first null of Xgip (around 264 THZ) is present (Fig. 4(b), dashed blue line). No-
tice that the Thévenin and Norton circuits are equivalent only at their terminals. Limitations
of these circuit models for the analysis of receiving antennas have been clearly illustrated in
the literature [27]. In particular, in our case the Norton and Thévenin circuits supply the real
scattered power summed up with the power scattered by the short- (peak at 264 THz) and open-
circuited antenna (peak at 381 THz) respectively [27]. We can conclude that circuit modeling
can be used to study also scattering by optical wire antennas, but results from the Thévenin and
Norton equivalent circuits must be carefully interpreted by taking into account the presence of
spurious peaks.

From the designer’s point of view, the simulations we have reported highlight that there is
a strong relationship between input impedance, field enhancement and light scattering by the
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Fig. 4. 8 Open-circuit voltage |Voc| (divided by the gap thickness g) calculated from FEM
simulations (dashed-dotted blue line); field enhancement evaluated from the circuit model
in Fig. 2(b) (dotted green line), from Pocklington’s equation (dashed black line), and from
FEM simulations with plane-wave excitation (solid red line). b) Scattered power cal culated
from FEM simulations with plane-wave excitation (solid red line), from the circuit model
in Fig 2(b) (dashed-dotted black line), and from the Norton equivalent circuit (dashed blue
line).

antenna. In particular, it is worth noting that both field enhancement and scattered power reach
the maximum value when the real part of Z;,, (Rin) is maximum (around 355 THz). According
to the circuit model, that frequency correspondsto thefirst open-circuit resonance, i.e. when the
antennaand gap reactance have equal magnitude and opposite sign. This meansthat the concept
of antenna loading at optical frequencies [12] could be applied aso to tune the frequency of
maximum field enhancement, or viceversa this huge sensitivity to the optical properties of the
gap region could be used for sensing applications.

In this work we have focused the attention on a specific optical wire antenna taken as refer-
ence example, but we have applied all the reported techniques to many antennas characterized
by different geometrical parameters. In particular, we focused our attention on the set of de-
vices analyzed in [11], and al the results exhibit the same behavior we have described above.
We also varied the gap thickness and the radius of the cylindrical rod, and solution of Pockling-
ton’s equation provided good results even when we narrowed the feed gap region or we reduced
the wire aspect ratio (length over diameter) to values around 5.

5. Conclusion

We have described the application of numerical tools, combined with simple circuit models,
for analysis and design of optical wire antennas. The definition of input impedance at optical
frequencies has been thoroughly reviewed by means of finite-element simulations, and an in-
tegral equation model based on Pocklington’s equation has been used in order to predict in an
efficient and accurate way both input resistance and reactance. The phenomena of enhanced
field confinement at the feed gap and light scattering by optical antennas have been studied,
and an excellent agreement between different modeling techniques has been demonstrated. We
believe that the reported treatment is only one of the first steps toward the application, in the
field of optics, of techniques which are more popular in the context of circuit theory and radio
frequency, with the aim of giving simple guidelines for the devel opment of optical nanocircuits.
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