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Abstract: A numerical framework based on the finite-difference time-
domain method is proposed for the rigorous study of electro-optically
tunabl e terahertz devices based on liquid crystals. The formulation accounts
for both the liquid-crystal full-tensor anisotropy and the dispersion of its
complex refractive indices, which is described via modified Lorentzian
terms. Experimentally characterized liquid-crystalline materials in the
terahertz spectrum are fitted and modeled in benchmark examples, directly
compared with reference analytical or semi-analytical solutions. In addi-
tion, the efficiency of broadband time-domain modeling of the proposed
technique is aso demonstrated by accurately reproducing time-domain
spectroscopy measurements.
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1. Introduction

A rapidly growing research interest has been focused lately on the scientific field of terahertz
(THZz) technology, which deals with the electromagnetic (EM) properties of materials and de-
vicesin the so-called THz gap, i.e., the spectral window that links the more extensively inves-
tigated microwave and infrared (IR) frequencies. A broad range of novel applications is en-
visaged, based on material properties that are particular to this spectral region. These infiltrate
numerous scientific fields, spanning from chemical detection of explosives or other hazardous
materials, safe bio-imaging and detection of diseases, to inherently secure short-range commu-
nications and non-destructive testing in industry [1].

For these advances to reach technological maturity, the necessary instrumentation for the
generation, manipulation, and detection of THz wavesisindispensable. Apart from sources and
detectors [2], the extensive functionalities required for the development of high-end systems
typically demand for a number of components, such as modulators, switches and filters, whose
properties are dynamically tuned by means of an external control signal. In this context, liquid
crystalline (LC) materials offer atraditional ultra-low power consumption solution, which has
been thus far widely explored and demonstrated in the field of tunable optics, photonics, and
plasmonics [3-5]. Their large dielectric anisotropy and their response to applied electric or
magnetic fields provide a direct means to dynamically control the refractive and polarization
properties of LC-infiltrated elements. These favorable properties are also present in the THz
spectrum, stimulating research on both advanced LC materials and technology [6]. Indeed, a
whole range of THz tunable components, based on the use of both traditional and novel highly-
birefringent and low-loss L C materials [ 7—11], has been already demonstrated, such as tunable
waveplates and polarizers[12,13], filters[14,15], gratings [16], lenses[17], beam-steerers[18],
and metamaterials[19, 20].

Asitisnot always possible to identify analytical solutions, the design and investigation of ad-
vanced THz components demands for numerical tools, capable of capturing the EM properties
of materials and structures particular to this spectral region. The finite-difference time-domain
(FDTD) method is an established and efficient numerical tool for the broadband characteriza-
tion of EM devices ranging from the microwave to the visible (V1S) frequencies[21] and it has
also been successfully implemented for the analysis of advanced THz structures, e.g., metama-
terials [22]. When LCs come into play, the FDTD method can be extended in order to include
material anisotropy [23] and it can be properly adjusted for the simulation of non-dispersive
LC materials [24, 25]. Nevertheless, contrary to the VIS/IR spectrum, where typically a few-
pum LC-infiltrated cells and cavities are employed [26, 27], the rigorous investigation LC-THz
components needs to take into account both the material absorption losses, which often show
strong dichroism, and the dispersion of the LC refractive indices in the broad THz spectrum.

Recently, some of us have introduced an auxiliary differential equation (ADE) FDTD dis-
persive/anisotropic formulation, which models the LC index dispersion via Lorentzian terms.
It was shown that the formulation is capable of describing the LC dispersive propertiesin the
VIS/IR [28]. In thiswork, we extend the FDTD scheme by modeling the LC dielectric proper-
tiesviamodified Lorentz (m-Lor) terms, a generalized function of dispersion that encompasses
as subcases the well-known Debye, Drude, and Lorentz models. The m-Lor model provides
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Fig. 1. (a) Theloca LC orientation is described by the nematic molecular director, which
is defined via the spatially dependent tilt (6) and twist (¢) angles. (b) Unit cell employed
in the proposed FDTD formulation.

extensive degrees of freedom in terms of representing phenomenologically the complex index
dispersion of experimentally characterized LC materials, as it was recently demonstrated in
the case of isotropic metals and semiconductors [29, 30]. In this work, the complex disper-
sion of both reference [7, 8] and novel experimentally characterized [9, 31] LC-THz materi-
asis fitted to the m-Lor model, successfully describing their dielectric properties. The pro-
posed formulation is tested and validated in two benchmark examples, transmission through
a LC-dlab placed between crossed-polarizers and a L C-tunable Fabry-Pérot filter, which have
analytical and semi-analytical solutions, respectively. In addition, time-domain spectroscopy
(TDS) [1, 32, 33] experimental measurements of THz pulse propagation through LC cells are
reproduced numerically, demonstrating the effectiveness of the proposed formulation in the
broadband investigation of LC-THz structures.

2. Time-domain modeling of THz liquid-crystals via modified L orentzian terms

The local molecular orientation of nematic LC materials with an arbitrary spatial alignment
profile is described via the nematic director, a unit vector defined via the tilt 6 and twist ¢
angles, as shown in Fig. 1(a). The local orientation directly impacts on the L C anisotropic EM
properties, which are described via the relative permittivity tensor € [24, 28]

g0+ AecoOCOS’p Aecos’Osingcosp Aesind cosé cose
?‘,:( Aecos’Osingcosy g +Aecos’Osin’g  Aesinfcosdsing ), €))
Aesinfcos@cos¢  Aesin@cosOsing g0+ Aesin? 0

where g, and &, are the complex ordinary and extraordinary LC relative dielectric constants,
respectively, and Ae = g; — &, isthe LC relative dielectric anisotropy.

In the following, focusing on the case where the optical axis of the LC liesin thex—y plane
(6 = 0), the frequency-dependent non-negative elements of the relative permittivity tensor are
given by

() = £(0) + [ge(®) — &o(w)] cOS™ 9,
Eyy(0) = £o(®) + [€e(®) — £o(w)]SIN? §, @
&xy(0) = ey (@) = [ge(®) — &(w)]Sing cosY,

According to the congtitutive relation D(w) = g9 €(w)E(w), & being the vacuum permittivity,
the components of the dielectric displacement D are given by

Dx = £0[£0(®) SIN® ¢ + £¢(®) COS” §] Ex + £o[€e( @) — £0(®)] SN COSY Ey, ©)
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Dy = &olee(®) — &o(®)] SiN COS$ Ex + £oeo(®) COS> ¢ + £6( @) SN ¢] Ey, (4)
D; = g&o(w) Es. 5)

Equations (3) and (4) are reformulated by introducing eight auxiliary variables, in order to
separate the x and y components of the electric field,

Wit = £0€0(®) SiN? 9Ey, Wio = goge(®) coS ¢ Ey, (6)
W1 =3E0ee(®)SIN(26) By, Wo=—30¢0(@)sin(29)Ey, )
Rxlz%soee(w)si n(2¢)Ey, szzf%eoso(w)si n(2¢)Ey, 8
Ry1 = £0g0(®) coS> § By, Ry = eoge( @) sin? ¢ Ey. 9)

where Dy =Wy +Wio +W,1 + W2 and Dy = Ry + R + Ry1 + Ryp. In the present case, where
the optical axis lies in the x —y plane, the D, component can be handled as in the case of
isotropic media. The position of the EM fields components in the FDTD grid are shown in the
unit cell of Fig. 1(b).

In [28] the Lorentz model was chosen for the frequency description of the dielectric tensor
elements, which is sufficient for the accurate description of LC index dispersion in the VIS/IR,
typically described by the Cauchy model [34]. Nevertheless, in the THz spectrum the LC dis-
persion depends strongly on the material chemical composition and molecular resonances and,
in general, it cannot be described by simple analytical models. Moreover, LC-THz materials
show strong dichroism and, contrary to VIS/IR LC-based applications, the absorption losses
along both the ordinary and the extraordinary axes must be taken rigorously into account. To
this end, the description of &5/6(®) is here modeled via m-Lor terms. It has been shown that
the m-Lor analytical function can provide higher quality broadband fitting to experimentally
measured permittivity values for many isotropic materials such as silicon [29] and noble met-
als[35,36], while it can be proved that it satisfies the Kramers-Kronig relations. Following the
proposed formulation, the LC permittivities are expressed as

a—l,o/ej ®+23g0/e
b2,o/e(jw)2 + bl.o/ej o+ bO,o/e,

eo/e(w) =&xp/e T (10)

where the parameters g and by can be calculated through afitting algorithm of available data.

It can be observed in (6)-(9) that the auxiliary variables W. and R. obey the differential
equation of am-Lor medium, involving the dispersive function of either &y(w) or ge(®), which
is multiplied with non-dispersive sine/cosine coefficients. The differential equation of W4, for
instance, is discretized using central finite differences of second-order accuracy

2 O
<b2,oA6tt2 + t)l,olitgit + bO,OIJt2> Wg =

. 2 O
&S n? (0} (3oc,ob2,oA6[t2 +(a1,0+ b1,08w0) % +(a00+ bO,ogoo,o)l-hz) EQ7

(11)

leading to the following update equation for the variable R

1 . . . _ _
Wi = i(co43m2gl) EN 4 cos SN P ER + Cos NP O ER L — Cop WD — Coa W 1), (12)
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Fig. 2. Experimentally measured and m-Lor fitted values of (a) refractive index and (b)
extinction coefficient of the three reference LC materials used in this study, i.e., 5CB [7],
BL037 [8], and the low-loss mixture of fluorinated biphenyls 1855 [9, 38]. Markers denote
experimental values, continuous and dashed lines denote fitted extraordinary and ordinary
index values, respectively. The inset in (b) shows the molecular structure of the three con-
stituent molecules of 1855 (n = 2,3,5).

where the coefficients ¢y, i = 1,...,6 are given by

b0.0 bl.o bz.o bO (o] 2b2 (o] bO (o] bl (o] b2 (o]

— " —_— _ - T C e R el "
Co="7 Toatar =% " A T4 Toa A

- 00+ € oboo @10+ D10Ee0  Exolo
Cos = £0 ( 4 T oaa TTar ) .
Cos = & 80,0+ £-,000,0 _ 2¢€.0b2 o (13)

5 0 2 At2 )

. 00+ Exobpo Ao+ D1oEen  €sob2o

Co6 = €0 ( 4 oAt T ag )

Similar equations can be obtained for the other auxiliary variables. Using the update equa-
tions of W., a difference equation for D! can be obtained. The difference equation for DQ“
derives similarly from the update equations of the R. variables. Finally, the update expressions
of EX*! and EJ'** are calculated by solving the 2 x 2 system of linear equations that involve Dy
and Dy, as described in extent in [28]. It is stressed that the extension of the classical Lorentz
model (a; = 0) in the proposed implementation comes at no cost in terms of auxiliary variables
and, therefore, memory requirements.

3. Numerical results and discussion

In this section, the accuracy of the proposed methodology is validated by investigating L C-
THz structures based on three benchmark LC materials, the well known single molecule
cyanobiphenyl 5CB [7], the highly birefringent nematic mixture BL037 [8, 37] and the ma-
terial 1855, an in-house synthetized low-loss mixture of fluorinated biphenyls [9, 38], whose
molecular structureis shown in the inset of Fig. 2(b). The dielectric properties of these LCsare
described by their complex index of refraction fiy/e = Ng/e — jKo/e, Where ng e is the refractive
index and ke the absorption coefficient. Nematic LC-THz materials are both dispersive and
dichroic, which means that the accurate modeling of their properties depends on the fitting of
the four functions nye(A) and ky/e(2 ). Here, using the data provided in [7-9], the experimen-
tal values are fitted in the 0.5 — 2 THz window to a m-Lor term via the nonlinear optimization
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Nelder-Mead technique implemented in the fminsearch function of Matlab® [39], making
use of the known expressions R{e} = n? — k? and 3{e} = 2nk. Thefitted parameter values for
the ordinary and extraordinary permittivities of the three LC materials are summarized in Table
1 and a comparison between the experimental data and the fitted functions is shown in Fig. 2.
A singlem-Lor term is sufficient to capture the dispersive behavior of both the refractive index
and the absorption coefficient, despite the fact that their functions show different trends. It is
pointed out that the fitted parameters of Table 1 are not necessarily associated with the physical
properties of the LC materials, but they provide an analytical description of their permittivity
dispersion, in the context of the time-domain studies of LC-THz structures.

Figure 3 shows a direct comparison between measured data [9] on the characterization of the
mixture 1855 and a FDTD simulation of the experimental setup, using the fitted m-Lor model
parameters of Table 1 and the formulation presented in Section 2. The LC was characterized
using astandard TDS technique [1]. A 0.5-mm L C layer was sandwiched between two 1.5-mm
quartz plates L C cells, modeled with an index ng = 1.95. Copper wires as separators and €l ec-
trodes were used, and a homogeneous L C alignment was obtained by applying a high voltage
of about 30 kV/m. In this work, the reference signal was transmitted through two directly-
adjacent quartz plates, and it was used asthe FDTD excitation. The application of afast Fourier
transform (FTT) on the reference and the transmitted signal yields their complex transmission
coefficients T (), whose amplitude and phase contains the information on the LC complex
indices, as described in detail in [31]. The model here proposed accurately reproduces both the
retardation, directly linked to the refractive indices n, e and the attenuation of the THz pulse,
which stems from the material absorption given by Kk, .. The FDTD parameters used were a
spatial step Az= 0.5 pm, and time-step At = 0.8Az/c, where c is the speed of light in vacuum.

As anext case example, we study EM wave propagation through a L C layer placed between
crossed polarizers as in the inset of Fig. 4. The analytical expression for the transmittance
through the layer is given by

T(F) = 0.255n2(20) ‘e—nneu)—jke(fﬂkod _ g ilno(f) kol f)lkod ‘2, (14)
whereko = 27 f /c and d the thickness of the slab. In the lossless case (ke = 0), the expression
(14) reduces to the known formula [40]

T(f) = Sn?(2¢) sin? [”‘“i”(f)} : (15)

where An(f) = ne(f) — no(f) isthe LC birefringence at frequency f. The LC slab thicknessis
d = 1.5 mm and the LC twist angle ¢ = 45°. The transmittance is calculated for the three refer-
ence LC materialsand FDTD results are compared with the analytical solutions corresponding

Table 1. Fitted m-Lor parameters for the ordinary (o) and extraordinary (e) permittivities
of the three LC materials under study in the 0.5 — 2 THz spectral window.
LC £oo ao a1 [ps] bo b1 [ps] by [ps’]
5CB (0) 2 12622 02148 2.0746 0.5015 0.0041
5CB (e) 24 33539 11795 6.1051 2616 0.0156
BLO37(0) 1.85 12181 23726 146175 3.6541 0.03
BLO37(e) 2272 1.7127 0.21 17621 0.2343 0
1855 (0) 22 27662 0.3871 83725 1.5355 0
1855 (e) 25 95127 26.8743 0 77.921  0.3053
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Fig. 3. Measured THz pulse waveforms for the experimental characterization of the LC
mixture 1855 [9] and FDTD simulations using the m-Lor fitted values of Table 1.
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Fig. 4. Transmittance of a LC slab between cross polarizers calculated by the proposed
method for the three reference LC materials. Results are compared with the analytic solu-
tion of both the experimentally measured L C index dataand their fit to the m-Lor dispersive
model. The slab thicknessisd = 1.5 mm and the L C twist angle ¢ = 45°.

to both the experimental data and the fitted m-Lor functions. Figure 4 shows excellent agree-
ment between the FDTD results and the analytical solution of the fitted function, with absolute
errors below 0.001. These originate from the inherent FDTD numerical dispersion and can be
further reduced by choosing asmaller spatial step Az. Thus, the overall deviation with respect to
the reference results, which were calculated using the experimental values, are attributed to the
fitting quality of experimental datato the m-Lor function, and not the FDTD implementation.
Finally, the properties of the L C-tunable Fabry-Pérot filter shown in the Fig. 5(a) are inves-
tigated via the proposed method and compared to the semi-analytical solution provided by the
4 x 4 Berreman matrix method [41]. The reflective mirrors of the filter are composed of al-
ternating layers of glass and air, whose thickness is matched for a central bandgap frequency
of 1 THz, namely da = 75 pm and dy = 38.5 um, for refractive index values equal to ng = 1
and ng = 1.95. The resonant cavity is a 150-pum layer of the LC material 1855, with a uniform
alignment in the x — y plane described by the twist angle ¢ between the director and the x-axis.
The simulation parameters used were Az = 0.5 um, At = 0.8Az/c, and the computational do-
main was backed by a 12-cell convolution perfectly matched layer for the efficient absorption
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Fig. 5. Transmittance of a LC-THz Fabry-Pérot filter calculated via the Berreman 4 x 4
method and the proposed formulation. The reflective mirror is composed of alternating
slabs of glass (dg = 38.5 pm, ng = 1.95) and air (da = 75 um, na = 1). The resonant cavity
of thickness d_ ¢ = 150 pm isinfiltrated with the LC mixture 1855, whose director liesin
the x—y plane at afixed angle ¢ with the x-axis.

of outgoing waves [42]. The FDTD domain was excited by a modulated Gaussian pulse with
spectral content in the region from 150 um to 600 pm.

The filter shows two resonant defect modes within the bandgap at approximately 0.8 and 1.1
THz, whose spectral position depends on the LC twist angle, as in the inset of Fig. 5. When
¢ = 45° theresonance splitsin two defect modes, stemming from the filter’sresponse to the two
orthogonal polarizations of the impinging THz wave, which undergoes polarization rotation
while passing through the LC slab. The reference solution is calculated for the experimental
index values and it is juxtaposed with the numerical simulation of the fitted LC material. The
FDTD model is shown to predict the semi-analytical results with very good accuracy. Again, it
has been verified that the small degree of disagreement, found less than 1%, is due to thefitting
error of the LC indices. Thiserror can be minimized by using more advanced fitting techniques
and/or reducing the noise of the fitted experimental samples. Furthermore, in case the ultra-
broadband modeling of LC materialsis targeted, where multiple resonances are expected [43],
the fitting can be optimized by using additional m-Lor terms, albeit at the cost of increased
algorithm complexity and memory requirements to store the additional auxiliary variables.

4. Conclusions

In conclusion, a numerical technique has been presented for the rigorous time-domain analy-
sis of LC-based THz structures, which takes into account the dispersive properties of both the
refractive indices and the absorption coefficients of LC materias in the THz spectrum. The
fitting parameters for three reference LC materials are provided and numerical studies validate
the accuracy of the proposed model in reference LC-tunable THz components. Furthermore,
experimental measurements of the time-domain spectroscopy characterization of THz-LC are
accurately reproduced, thus demonstrating the efficiency of the presented method as a numeri-
cal tool for the broadband investigation of LC-THz devices.
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