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We describe the behavior of a deformable porous material by means of a poro-
hyperelastic model that has been previously proposed in Chapelle and Moireau (2014)
under general assumptions for mass and momentum balance and isothermal conditions
for a two-component mixture of fluid and solid phases. In particular, we address here
a linearized version of the model, based on the assumption of small displacements. We
consider the mathematical analysis and the numerical approximation of the problem.
More precisely, we carry out firstly the well-posedness analysis of the model. Then,
we propose a numerical discretization scheme based on finite differences in time and
finite elements for the spatial approximation; stability and numerical error estimates
are proved.

Particular attention is dedicated to the study of the saddle-point structure of the
problem, that turns out to be interesting because velocities of the fluid phase and of the
solid phase are combined into a single quasi-incompressibility constraint. Our analysis
provides guidelines to select the componentwise polynomial degree of approximation of
fluid velocity, solid displacement and pressure, to obtain a stable and robust discretiza-
tion based on Taylor-Hood type finite element spaces. Interestingly, we show how this
choice depends on the porosity of the mixture, i.e. the volume fraction of the fluid phase.

© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Poromechanics addresses the behavior of saturated porous media and in particular the interaction of mechanical
deformations and flow through porous materials. Since its origin in the context of civil engineering [1-4], it has been used
for countless applications (see the review [5] and the references therein). More recently, these models have captured the
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attention of researchers interested in the behavior of highly deformable soft biological tissues [6-8]; a prominent example
of application in this area is the perfusion of the heart [9-11].

Poromechanics formulations were originally developed for civil applications, which held them inadequate for biome-
chanics and especially for soft tissues undergoing large deformations [12-15]. This called for more general formulations,
arising from the fundamental principles of continuum mechanics and thermodynamics. Thanks to their improved
generality, such formulations are more flexible and applicable to a broader range of scenarios [16-18]. These models
inherit desirable physical features, such as energy conservation [19], that are reflected into their mathematical properties.
However, the analysis of well-posedness, stability and approximation of such new generation of poromechanics models
is still largely open. The main objective of this work is to contribute to their analysis and approximation.

We follow in particular the works by Chapelle and co-workers [16,19,20], where a general thermodynamically
consistent poromechanics formulation is introduced. In the original formulation [16], the authors develop their model for
the general case of large deformations, which is characterized as a mixture of fluid and solid phases that simultaneously
coexist at every point in the computational domain. Such model is extremely challenging from the mathematical
analysis standpoint, because of the nonlinearity of the constitutive equations and the geometric nonlinearity due to large
deformations. For these reasons, we focus on the linearization of the previous model, proposed by the same authors
in [19,20] and derived under the assumption of small deformations. In this setting, the porosity (fluid volume fraction) is
a fixed parameter of the model.

When the fluid phase is strictly incompressible and the solid phase is nearly-incompressible, the model exhibits an
interesting saddle-point structure where a linear combination of the velocities of the fluid and solid phases determine
the fulfillment of the quasi-incompressibility constraint. The weights of the linear combination of velocities depend on
the porosity of the material. The main contribution of this work consists of showing how the approximation of the fluid
and solid phases interact with the stability of the scheme. The works [19,20] looked at the problem as it was formed by
coupled equations of parabolic type, which somehow put the role of the incompressibility constraint in the background.
Here, we change this perspective towards a hybrid system of parabolic and hyperbolic partial differential problems. This
new approach allows us to put into evidence the saddle-point nature of the problem and the role of the weighted inf-
sup condition between fluid velocity, solid displacement and pressure to determine the stability of the approximation
scheme. More precisely, after discretizing the problem by means of finite differences in time and finite elements in space,
we address the numerical stability of a numerical scheme based on the family of Taylor-Hood finite elements [21] for the
approximation of fluid velocity, solid displacement and pressure; both fluid velocity and solid displacement are required
to have a degree of approximation higher than that of the pressure. Our analysis confirms that the inf-sup stability of the
scheme depends on the porosity and provides guidelines to choose the polynomial order used for the approximation of
the velocity and displacement in different scenarios obtained by varying this parameter. We notice that such analysis may
be particularly relevant also for the fully nonlinear version of the model, where the porosity is a variable of the system.

Throughout this work, these topics are organized as follows. After presenting the model in Section 2, we address in
Section 3 the semi-discrete problem, which pits into evidence the generalized saddle point structure of the problem.
The well-posedness, proved using the theory of Differential Algebraic Equations [22], and the energy estimates of the
semi-discrete problem are useful in Section 4, which addresses the well-posedness of the continuous problem by means
of the Faedo-Galerkin method. In Section 5 we modify the fully discrete formulation used in [20] to be solved with an
implicit scheme and present its a-priori error analysis validated by numerical tests, independently in space and time. The
inf-sup stability of the numerical scheme is fully addressed in Section 6, where we first extend the classic divergence
discrete inf-sup condition to the case in which the velocity is multiplied by a weight function, and then use this result
for the stability analysis involving both fluid and solid phases. Finally, in Section 7 we present two other numerical tests:
the first one is the swelling test (already addressed in [20]) and the second one is specifically designed to test the inf-sup
stability of the discretization addressed in 6.

2. The mathematical model

Throughout the manuscript we consider a domain 2 C R¢ (d = 2, 3) together with the classical Sobolev spaces
[%(£2) and H'(£2) with corresponding norms | - [|;2¢g). || - 1) We also denote (-, -) the L*-inner product, and given an
arbitrary Hilbert space H we denote the duality pairing with its dual space H" as (-, )y y. For a positive function v, we
consider the weighted Sobolev spaces L(£2, ¥ dx) with norm ||f ||12# =.fly = f of 2y dx. Also, we use the convention
of denoting scalars, vectors, tensors and matrices as a, @, A and A, respectively. We finally define the Bochner spaces

. 1/q
IP(0,T;X), 1 < p < oo, and L®(0, T; X) for any Banach space X with norms (jOT [1x($)II5 ds) and supyo 1y IIX(5)llx

respectively. Weak time derivatives are considered in W*P(0, T; X) = {x eIP(0,T; X): 9/x e IP(0,T; X)Vne N,n < k},
1<p=<oo
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The strong formulation of the poroelastic model is given by the following system of equations, with the primary
variables being the fluid velocity vf, pressure p, displacement y, and solid velocity v;:

prddcvr — 2pup div(pe(vr)) + dVp + ¢x; (v — v) = prof +0vr,  in 2,
1—¢)? , .

ﬂafwrdw(qbvf +(1—¢)vs) = p; 6, in £2,
Ks (1)

ps(1 = )0 vs — div(Chooke (V) + (1= $IVP — ¢k, (v — v5) = p(1 = ¢)f,  in L2,

Vs = 0Ys, in 2.
The first equation is the conservation of momentum for the fluid phase, which turns out to be a generalized Stokes
law which incorporates the Brinkman effect; the second equation represents mass conservation; the third one is the
conservation of momentum of the solid phase and the last one relates solid displacement and velocity. Also, s(u) =
sym(Vu) and the relevant parameters are given by: ¢ = ¢(x), porosity; ps, ps, fluid/solid density; uy, fluid viscosity; «f,
permeability tensor; f € L?(§2), external load; 6 € [2(£2), fluid source/sink; «,, bulk modulus and Cyeoxet = 27—+ A tr()Tl,

with A, u Lamé parameters.

The boundary conditions for this problem can be very general; for simplicity, we restrict ourselves to Dirichlet boundary
conditions:

vp=vp and y;,=y, onas,

for given vp, yp in H/?(352). We have left aside the natural no-slip condition v = v on the boundary. A simple weak
imposition of this condition was analyzed for a monolithic solver in [20], so there is no loss of generality in our choice.
We also consider the problem with homogeneous Dirichlet conditions to avoid using additional lifting terms.

Remark. The main differences between this model and the Biot model [2], the most popular linear poromechanics model,
rely on the presence of the permeability in the fluid and solid momentum equations and the symmetric way in which
fluid and solid velocities behave; the latter means that fluid quantities are multiplied by the fluid fraction ¢ whereas solid
quantities are multiplied by the solid fraction 1 — ¢. These features will be evident during the analysis, as they yield a
positive definite formulation of the semi-discrete, continuous in time problem in the framework of Differential Algebraic
Equations.

2.1. Variational formulation

We consider the classical Sobolev subspaces H(l)(.Q) = {w e H'(£) : w = 0on 32} and L%(.Q) = {q € [*(R2) :
(g, 1) = 0}. The weak formulation of problem (1) reads: Find (y,, vs, v, p) in H(l,(Q) x L*(£2) x H(])(.Q) X Lé(Q):
(propdevr. F) + 2u5(de(vr). (vf)) — (p. div(v})) + (k) vy, vf) — (Ovf, vf)
—(p. div(¢v})) — (d%K; "vs, vF) = (orgf . v7),

(1 - ¢)2 9 . . _ -1
. P + (g, div(¢vr)) + (q. div((1 — ¢)vs)) = (o7 6. q),

(ps(1 — @)0, s, ws) + (Crooke £(Ys), £(ws)) + (¢2K;1057 w;)
—(p, div((1 — p)ws)) — (#*; vy, ws) = (ps(1 — BI, ws),
(8tys’v ) (Us, )—0

for every test function (ws, v}, v}, q) in Hy(£2) x L*(2) x H)(£2) x [2(£2), with initial conditions v;(0) = &.p(0) =
&,¥5(0) =&, v(0) = &,. By defining ois(vr) = 2ure(vf), osxe1(¥s) = Crooxe £(¥5) and the following Riesz operators:

A T HY(2) — (H)(2)) (Ap(-1), (2)) = (Povis(-1), &(-2))
A HY(2) — (HY(2)) (Ar(1), (-2)) = (Povis(1), &(-2))
K L3(2) — L) (K(1) (2)) = (8%k7 (1), (2))
By : Hy(2) — [3(2) (Bg(+1), (-2)) = —((-2), div(g(-1)))
Bi_y : Hy(2) — L§(R2) (Bi—¢(+1), (-2)) = —((-2), div((1 — ¢)(-2)))
problem (2) can be written in block form as:
pp 0 0 0 devy Ar+K—6 By 0 —K |y Fr
0 % 0 0 ap | By 0 0 Big||P|_|BK (3)
0 0 0 ps(1—¢)| | 2¥s —K : 1 s A K ¥s F |°
0 0o 1 0 0r Vs 0 0 0 —1]Lvs 0
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with the notation being understood. For the sake of analysis, we use 9.y, instead of v; in the Stokes equation, mass and
momentum conservation to obtain the following equivalent formulation:

(pf¢a[vf7 v}k) + (¢0'V137 E(v;)) - (evfa UF) + (¢2Kf]vf7 v}k)
—(p, div($})) — (@*k7 0y, 9) = (oy9f  v1),

(] - ¢)2 . . _ -1
———ap, q | + (q. div(¢vy)) + (g, div((1 — $)3wys)) = (o5 6, q),

Ks (4)
(ps(1 — @) s, ws) + (oske1, £(Wws)) + (¢ K atyss ws)
—(p, div((1 — ¢)wy)) — ¢ K vfs ws) = (ps(1 — @), wy),
(0s(1 = #)3cys, v5) — (ps(1 — ¢>)vs, 5) =0,
for all test functions (v}‘, q, ws, v) in H(l)(Q) X LZ(Q) x H} o(£2) x L?(£2); when written in block form, it reads
po 0 K 0 devr
o S5 B, 0 dp
0 0 K os(1—¢) | | 0s
0 0 p(l-¢) 0O 3;vs
A B A F
—b¢ Pl_ |t
+ —K Bl_, A 0 y.| T |F |- (5)
0 0 0 —ps(1—¢)] LY 0

Although at first glance formulation (5) breaks the structure of the problem, it presents the useful property that the
combination of the two matrix blocks yields a generalized saddle point structure. This property would not hold with (3),
and it is fundamental in proving the existence of solutions using Theorem 1. Also, we remark that our formulation differs
from that proposed in [20] in the functional setting. More precisely, we look for the solid velocity in a weaker space,
namely L%(£2) instead of Hg(Q). Our choice is determined by the different approach to the analysis of the problem and
in particular by the fact that an energy estimate for vs in Ha(.Q) would be hardly derived. Besides this technical difficulty,
there is no reason to conclude that vs and y, shall not belong to the same functional space. As a result, in the numerical
discretization of the problem we approximate both using the same finite element space that is conforming to H&(.Q).

Remark. Note that all blocks, except for As, depend on the porosity ¢. Also, our formulation differs from that proposed
in [20] in the choice of test functions. Indeed, they are interchanged between the displacement and solid velocity
equations, and moreover we look for the solid velocity in the space L*(§2) instead of Hg,(.Q). These choices present higher
difficulties during the analysis, but in return they shed light on the well-posedness of an alternative formulation in which
vs would no longer a variable.

3. Analysis of the semi-discrete problem

In this section, we analyze a semi-discrete, continuous in time, version of (2). We follow an approach similar to the
one used in [23]. For this, consider a family of triangulations {7;}x~0 of simplices K of characteristic size h and P(K) the
polynomials of degree k > 1 in K to define Xh {q € C(£2): qlxe P(K) VK € Tp}. With them, we define the following
discrete spaces:

Vin=Ho(2)N XY, Von = HY(2) N IXETY,
Qn=LA2)NXE,  Qup=L*(2)N[X",

which are conforming and satisfy the discrete inf-sup condition described later in Section 6. Then, the semi-discrete
problem reads: Find (vf i, pn, ¥s.p» Us,n) in Vi g X Qpp X Vs p X Qu  such that

(3 vp s 0} 1) + (Bovis(vr.n), £(vF 1)) — (Ovpn, 0} ) + (%K) v p, v )
—(Pn, diV((i’v}k,h)) - (¢2Kf7]8[y31h, v}k,h) = (Iof(j)f7 v;,h)’
1— 2
<%3mh, %) + (qn, div($vr.1)) + (qn, div((1 — $)0cys 1)) = (070, an),

(0s(1 = )3 vs 1, Ws,n) + (0ske1 Vs p)s £(Wsh)) + ((pzkf_latys,hv Ws p)
—(pn, div((1 — ¢)ws ) — (¢2K;1vf,h» ws p) = (s(1 — @)W, ws ),
(1= @)oYsp v5p) — (1= Pvsp, v5,) =0
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for any test functions (v}“h, qn, Ws p, v;"h) in V¢ x Qpn x Vs n X Qy 1, and for given initial conditions vy 5(0) = Hf,h‘g'f, pr(0) =
ITy 1, ¥5.1n(0) = IT; p&, v5 n(0) = IT, p€,; here, 1) denotes the L? projection to the corresponding discrete space. From
now on it makes no contribution to specify the h subindex, and we will thus omit it on the remaining of this section.

For the analysis of problem (6) we make use of the following result from the theory of Differential Algebraic
Equations [22].

Theorem 1. LetL:[0,T] — R and E, H in RN*N be given arrays. Then, the differential algebraic equation given by
dx
EE(t) +HX(t)=1L(t), t>0
has at least one solution X : [0, T] — RN for any initial condition X(0) = X, if sE + H is invertible for some s # 0.

Finally, we will make use of Korn’s inequality [24]:
le(®)ll20) = aulvlyroy Vo € HY(R), (7)
for some positive constant « and the following assumptions.
(H1) The porosity ¢ is such that ¢, 1/¢, (1 — ¢) and (1 — ¢)~! belong to W¥'(£2) with s > d/r and there exist two

positive constants ¢ and ¢ such that 0 < ¢ < ¢ < ¢ < 1 almost everywhere in £2.
(H2) The stress tensors osxe1 and o35 give rise to continuous elliptic bilinear forms:
Woxer > 0 ¢ (oer(Ws), (W) > Coen llewy) |2y Yw, € H($2),
3Cois > 0 & (Povis(¥), &(v))) — (00, 0f) = ¢ Cusslle(¥]) 172 Vvf € H(2).
(H3) The permeability tensor is symmetric and positive:

3G > 0= (px; 'vf, vf) = Ck||v}*||i2(m Yo} € Hy(£2).

From these hypotheses, we obtain the relevant ellipticity estimates, which we collect in the following lemma to be used
later in both the well-posedness analysis and the energy estimate. We point out that the hypothesis (H2) poses a hard
restriction on the parameter 6. We set such a strong requirement for the sake of simplicity as it will be used in what
follows to straightforwardly prove the existence and the stability of solutions. However, it can be relaxed by means of
a more refined approach to the analysis that exploits an exponential scaling of the velocity, namely vf , = exp{—At} vy.
Choosing A sufficiently large would make such requirement unnecessary, but the analysis of the problem would turn out
to be more involved.

Lemma 1. Under hypotheses (H1), (H2) and (H3) there exist two positive constants oy, s such that:

(oaxer(ws), e(ws) = asllwsllyy o Yw, € H)(£2),
($ovss(v)), (v7)) + ([pn; ' — ON0F, vf) = arl|0f I Yo} € Hy(£2).

Proof. The result is a direct application of Korn's inequality with hypotheses (H1), (H2) and (H3), with a5 = Cgge1 0 and
af = mll‘l{? Coisar, G}, O

3.1. Existence and uniqueness

Problem (5) can be cast into the framework of Theorem 1 by defining the following operators:

po 0 —K 0 Ar+K—6 By 0 0
(a-¢?  _ _
E=| O ics Big 0 and H:= By TO 0 0
0 0 K os(1—¢) —K Bl_, A 0
0 0 p(1-9) 0 0 0 0 —p(1-9)

Then, identifying each operator with its induced matrix in boldface as Af, As, K, By, Bi_y. We also define M) the
weighted mass matrix related to the inner product ({z, z*) and the mass matrices A,, A, associated to vs; and p, which give:

Ar + M)+ K — M) K 0 B
T
E+H-= K A+K Mgy B, | _ [A B ] ,
0 —M 19 A, 0 B —C
By Bi_y 0 —A,
Ay +M(pf¢) + K — Mg K 0
A= K A +K  Mgagy|, B=[By Bi, 0], C=A,
0 —M4,1-9)) A,

We first show the ellipticity of A and the inf-sup condition of B (Section 6) to then use Theorem 11 from Appendix A.
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Lemma 2. The matrix A is positive definite.

Proof. We proceed directly from the bilinear forms testing against the solution, using the inequality 2(¢2K;1u, v) <
(q)zxf’]u, u)+ (¢2Kf’]v, v) and hypotheses (H1), (H2). We define A(-, -) the bilinear form associated to matrix A:
A Y. v5), (0. Y. 0)) = (0 dvr, v5) + (s, (7)) + ([62; " — O11vy, vp) — (6 s, vy)
+(ps(l _¢)v57ys)+(°'skel7 5(}'5)) (¢ K ys’ys) (¢2K;]vays)
—(ps(1 — @)y, vs) + (ps(1 — P)vs, vs)
= (prdvr, v5) + (Dovis, £(v5)) + (°k; vy, v5) — (By, vf)
+(osker, £(Ws)) + (97K Y5 ¥5) + (0s(1 = P)vs, v5) — 2Bk} 'y, vf)
V(vr, ¥, v5) € Ho($2) x Ho(£2) x L*(£2);
then we obtain
A((vaysv vs)’ (Ufayy vs))
> (o vy, o) + (Bovis, €(v7)) — (037, v7) + (T, e0) + CullvallZs
> arllvr 21, + Gl o) + CollvslZa g,
Y(vr, s, vs) € HY(2) x Hy(2) x L¥(2). D

Lemma 3. The matrices B, C are such that ker B' N ker C = {0}.
Proof. From Theorem 9 we have that B is surjective and thus B' is injective, which yields the result. O

Remark 3.1. Note that although C is a mass matrix, usually the constant «; is very large, which makes the matrix
E + H positive semi-definite in practice and may produce numerical instabilities. This motivates the use of B for the proof
instead, which gives the same result regardless of the problem parameters.

We can now state the existence result.
Lemma 4. There exists at least one solution to problem (6).

Proof. It follows from Lemmas 2 and 3 which enable Theorem 11 from Appendix A. O

To prove uniqueness, we consider the problem with null initial data X, and forcing terms L(t); because of the linearity
we only need to prove that this problem has unique (null) solution. We will make use of the identity d;(f%) = 2f8.f, the
notation c(x,y) = (q)zxf’ %, ¥), Young’s inequality 2ab < a® + b? and the following result regarding norm equivalence,

recalling the definition of the weighted norm ||v[|? = [ v* {dx:

Lemma 5. The following inequalities hold for t in [0, T] almost everywhere:

,/pffnvf(t)nﬂ(g) = ”vf(t)”pfdb = \/ﬁ”vf(t)”ﬂ(g),
pi(1 = BNosOllz < 10Ol 19 < /0T — DOl 20,
k(1= @) ()l 20y < ||P(f)||(]7¢)2/,<s <Jr'(1- Q)ZHP(t)”LZ(Qy

Proof. We use the following: ||\/I||L2(Q fg 1 (pf¢)) ? 1||1//||pf(Zj All inequalities are proved
analogously. O

Theorem 2. There exists a unique solution (v, p, ¥, vs) in [*(0, T; Vin) x L%(0, T; Qp i) x L%(0, T; Vg ) x L°(0, T; Q, 1) of
problem (6).

Proof. We test system (4) with the solution as (vs(t), p(t), 3:¥,(t), vs(t)) and sum the first three equations to obtain the
following:

1 (1—¢)
§3r ((,Of¢vf(f), vp(t)) + (Ksp(f),P(t)) + (os(1 — @)vs(t), vs(f)))

H(povis(vp (1)), e(wp(t))) + c(vp(t), vy (t)) — (O(E)vg(t), vy (t)) — 2c(BeY(t), ve (1))
Hoske1(¥s5(1)), £(:5(t))) + c(8:y5(t), 8y (t)) = 0.

(8)
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As in the existence proof, we use Young’s inequality with c(x,y) and hypothesis (H2) to obtain

(1-9¢)

s

1
0= 20 ((pfqﬁvf(f), vy () + < p(t),p(t)> + (ps(1 — @ug(t), vs(t)))

+ (ovis (07 (1)), £(vr(t))) — (0(O)vr (1), vr(£)) + (osker (¥5(£)), £(0:Y (L))
(1-9¢)

S

1

z 50 ((pfqﬁvf(f), () + < p(t),p(t)> + (ps(1 = @ug(t), v5(t)) + (0sker (Ws(1)), s(ys(t)))>

+ (ovis(vr (1)), e(p(t))) — (O(E)vyr(8), ve(£)).
Integrating in time in (0, s) and using Lemma 5, we obtain the following inequality for a general positive constant C:

(1-9)

Ks

0 = (prvr(s), vr(s)) + ( p(s), p(S)) + (ps(1 = @Jus(s), vs(s))

N
Hosear((5)). () + o / 1($)]21, s
0
> € (I (Oay + IP(ONE(gy + 10Oz ) + Wl + I OIZ g i) = O
which holds for every t > 0. We thus conclude that

07 llpoog0. 702¢2)) = 19 20,1112y = PNl m:i2¢2)) = NVsllisoo,1:02(2)) = WWsllioo(o, 1112y = O-

In particular, we get that all functions (vy, p, y;, vs) are zero in the L(0, T; [?(£2)) topology. O

3.2. Stability analysis of the semi-discrete problem

In this section we prove that the solution of the semi-discrete problem (6) is upper bounded with respect to the data,
which is equivalent to the well-posed in the sense of Hadamard [25]. This result will be used in Section 4 for the proof of
existence of solutions of the continuous problem. For this, we proceed as in Section 3.1 but using non null data instead:

1 1—¢)?
0 <(pf¢>vf(t), () + (( - ?) p(t),p(t)> + (ps(1 = Pvg(t), v5(t)) + (osxe1 Ws(t)), E(ys(t)))>

+ (avis(vp(t)), e(vr (1)) — (B(C)vr (1), vy (1)) (9)

1
< (pr@f (1), ve(t)) + P (0(t), p(t)) + (ps(1 — @I (1), vs(t)).
f

Throughout this section we denote with ¢ = c(pr, ps, @, ks, a5, o) a data dependent constant used for lower bounds and
with C = C(pr, ps, ¢, ks, A, iu, jis) another one for upper bounds. We will make use of Young's generalized inequality for
every € > 0: (a,b)x < §||a||)2( + illb”i. Consider € > 0, then from (9) we first expand the right hand side (r.h.s):

1
ths < — (IFO1 4 + 106N g + IO ag) + € (IO + IPO g + 10O 0—)

C
= = (O g, + 106 ,) + Ce (19Ol ) + 1P gy + IOl - (10)

Integrating in time in (0O, t), the left hand side (L.h.s) of (9) with hypothesis (H2) and Lemma 5 becomes

s=t

/ Lhs > (Ilvf(S)llf,fd, PGy + 10512 1) + (Foxer s(5)), e(ys(S)))>
0

ks

t
+ap / 9 ()12 5
0

s=0

t
> C<||vf(t)||,2_2(m+ IP(O)1F2 ) + H0s(Ol1 2 ) + IWS(ElIg ) + /O ||vf(s)||f,1(mds>

= (IO, g + PO gy + 19O 2 + 13O )
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Using the right hand side upper bound (10) and the left hand side lower bound (11) on estimate (9) we obtain:
t
c (”vf(t)”iz(m PO ) + 10O gy + 1Y)l o) + / or ()1 ) ds)
0

C t
< & [ (O g+ 10O ) s

+C (IO ) + PO gy + 10502 ) + 19OIZ1 )

(12)

t
2 2 2
+Ce fo (1 (O g + PO )+ 100 ) .
Taking the supremum of ¢t in (0, T) and using the upper bound fOT ¢(s)ds < T |¢|,, we obtain the following estimate:

2 2 2
(€ = T&) (19 1Zeqo rzimy + 1P o ey + 195 i rgzcan)
C
2
¢ (15l + 10 W rmieay) = = (U0 raziay + 1000 r2i0)
+C (IOl g + 1PONZ gy + 19O ) + 9SOV ))

where we choose € = thus obtaining the following estimate.

PTaR
llvg 112 + [lvp |12 Sl VA 1oy + DI + [lvs 12
lpeo0,1:02(2)) 20,10 (2)) sllieo(o,T;H(2)) 12(0,T;12(£2)) slli2e0,7:12(2))
~ 2 2
= CT (I oo r2iay + 160120 200y (13)

+ € (17022 ) + POy + 10502 ) + 19021 )

where C = 2 max{C, C2}c~'. Now we extend the previous estimate to include time derivatives, which will be useful later
when we apply the Faedo-Galerkin method to show the existence of solutions at the continuous level. First from the fluid
equation in (6) we obtain the following bound for every test function vf in Hé(.Q):

(,0f¢3tvf(f), UF) <C (”.f(t)”(ﬂé((}))/ + ||p(t)||L2(Q) + ||8tys(t)||1_2(9) + ”vf(t)”H](Q)) ||v;||1,9-

Thus, since for all S in (Hé((z))’ we have ||S||(H(1](Q))’ = SUP,enl(2)u0 W using Lemma 5, dy; = vs, taking the

supremum on ||vjf||H1(m = 1 and then squares on both sides we get

10Oy g0y = € (PR g + IO ) + 10Ol ) + 1O ) (14)
Similarly, from the solid momentum we get for every test function w; in H(])(Q) that

(ps(1 — @)0,vs(t), wy)
= (I9Olliey + 107 Oly + 1O g+ 1Oy + IOy ) 105l

and taking the supremum on lwsllgi o) =1 we obtain
151 = $Deus(ON g1 g < CUPSOMs ) + IO g+ 0O g+ DO )+ POy ) (15)

From the mass conservation equation, we obtain for every test function g in H'($2) that

1-— 2
(ﬂamm, q) < C (16O 2y + 1Ol 200 + 157 Oll200) 11,

Ks

thus taking supremum on ||q| 1) we obtain

(1 = 872 PO 1y = € (IO )+ 10N )+ (Dl ) (16)
As vs = 9;y, we analogously get for v} in L?(£2) that

11 = )y (O ) = (1 = $)us(O)ls ) = CllOs(OIZ, - (17)
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Finally, using estimates (13), (14), (15), (16) and (17), weighted by positive constants o1, o2, @3 and a4 respectively
combined with (13) and ||f(t)||(,,(1)(m)/ < [If(t)ll 2y We get the following estimate:

o1 ||pf¢afvf”LZ(OA,T;(H}J(Q))’) + O[Z”los(l - ¢)afv5”L2 0,T; (H (£2)))

+ a3ll(1 = ¢k b lliz(o.1yqh11(22)y) + @all(1 — ¢)8tys||,_2(0 TL2(2))
+ (1= o1 + @2 + 31017 o 12, + (1 — @i Oy |2
+ (1= o1 + @] ONPI o712 + (1= Lot + 2 + a3 + @alONvslg 720 (18)
ral 2
= C(IF 10 rziay *+ 10120 12009

+ € (1Ol + 1RO gy + 19O g + 19O g)

12(0,T;H'(2)) + (1 - O‘ZC)”ys”]_oc(o’T;HI(Q))

where C = max{ffT, C}. Choosing (ai)le suchthat 1 —[oy +az +a3+a4]C > 1/2, 1 —[a;+az+a3]C > 1/2, 1 —a1C >
1/2,1—ayC > 1/2 and 1 — [y + 2]C > 1/2,i.e o; = 1/8C for all i, we can give a complete energy estimate, which we
state in the following theorem (we restore the subindex h for readability).

Theorem 3. There exists unique solution to problem (6) which satisfies the following a priori estimate:
||pf¢)atvf,h||L2(0,T;(H(1](g))/) + llos(1 — ¢)atvs.h”LZ(O‘VT;(HE)(Q))/)
2 —1 2
+ 11— @) g 3ePullizo sy + (1 — ¢)8tyS,h”Lz(O'T;(H(])(Q))r)

2 2 2 2
+ ||vf,h||Loo(0.T;,_2(m) + ”vf,h”Lz 0.T:H1(2)) + ||ys,h||L:>O(o_,T;H1(g)) + ”ph||L2(0,T;L2(.(2)) + ||vs,h||L2(0.T:,_2(9)) (19)

= C (W12 a2y * 1000 rzcey)
+ € (1740012 g + PO gy + 19510l Es g + 19O ) -
4. Analysis of the continuous problem

In this section we prove that there exists a unique solution of problem (2). For this we use a Faedo-Galerkin argument,
which consists in proving that a discrete solution converges to a limit that solves the continuous problem. Typical Faedo-
Galerkin schemes use the finite dimensional spaces generated by the eigenvectors of the problem [26], but other discrete
constructions, such as Galerkin schemes are acceptable [27], the latter being the approach we use. Here we recall that a
sequence f;[72 ; in L?(I, X), with I C R and X Banach space, converges weakly to f in L>(I, X), written f, — f, if and only
if

T T
/(@,fn)xﬁ/ (©.1% YO e 121, X).
0 0

A sequence f;|>° | in 1(I, X") converges weakly to f’ in L*(I, X’) (or weakly*), written fi A f’, if and only if

/(f,;,x)—>/ (f',x) Vxel*U,X),
0 0

and further note that weak convergence implies weak convergence in the dual space thanks to the Riesz isometry. We
will make use of the Banach-Alaoglu-Bourbaki Theorem, which states that the closed ball is weakly compact [28]. The
Faedo-Galerkin technique, used in the following Lemma, which consists in (i) obtaining an estimate which gives the
inclusion of the solution in a closed ball, (ii) using such inclusion to apply the Banach-Alaoglu-Bourbaki [28, Theorem
3.16] theorem to extract a weakly (or weakly*) convergent subsequence and (iii) proving that the limit function is a
solution of the problem.

Lemma 6. There exists a solution (vf, p, ¥s, vs) in Hy($2) x L2(§2) x H)(2) x L*(82) to problem (2) that satisfies the energy
estimate (19).

Proof. Consider a solution (vs p, pp, ¥s.p, Vs,p) in Vi p X Qpp x Vs x Qyp of problem (6), then in virtue of estimate (19)
we use the Banach-Alaoglu-Bourbaki theorem to obtain a subsequence (vf i, Pi, ¥s > Vs.i )0, in which we replace h'
with h for simplicity, such that:

v — vp € L0, T; H)($2)),  dvpn — devp € L*(0, T; (HY(R2))),
Yon —¥s € L0, T; Hy(2)),  8ysp — 9y € 120, T: (LA(2))), (20)
vsp — 5 € [X(0, T; L(82)),  dvsp — d;vs € L2(0, T; (HY(£2))),

pr — p € I*(0, T; [*(2)).
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We obtain convergence of all linear forms (see Appendix B) and thus the limit functions are a solution of the following
problem:

(@007, U} 1) + (ovis, (W) + (92K — Ollvp, v7 ) — (62 '3, v74) = (6, 07 ),

1— 2 t
(ﬂp, %) + / (div(pvr(s)). gn) ds + (div((1 — @)(¥s — Ty, ¥5(0)). an) ds = (o '6. qn)
0

Ks

(1)
(1= $)3evs, ws p) + (oser, £(Ws ) + (%K 10y, W) — (P25 v, wsp) = (1= U, wyp),
(1= @)y, v5) — (1 = s, v,,) = 0,

for all test functions (v}‘.h, Qh, Ws s v;",h) in Vyp x Qpn x Vs x Q, 1. Finally, as we are using conforming approximations,
and thus for every test function (v}*, q, ws, v}) in H(l)(.Q) X L%(.Q) X H(])(.Q) x L?(£2) there exists a sequence of functions
(VF > Gn, Wo,p, U5 p) I0 Ve X Qpn X Vs X Qyp, such that (vf , gn, s n, v5) = (V5 s Gn, Ws,n, V5 ) strongly in h. We thus
obtain that (21) also holds for all test functions (v}, g, ws, v}) in Hy(£2) x [2(£2) x Hy(£2) x L*(£2), which proves the
existence. Finally, the energy estimate (19) uses only the regularity of the continuous functions, which concludes the

proof. O

Remark. The conservation of mass is satisfied in integral form

1— 2 1— 2 t
A= iy = L= gy p0) 4 57160 — /0 div(uy(s)) ds + div (1 — $)ys(0) — Ty ,¥.(0)

Ks Ks

as an equality in L*(£2); however, the corresponding differential form
3p + divigvy + (1 — p)vs) = p; 6,

is only satisfied in (H'(£2)). Indeed, the term div v; belongs to (H'(£2)), and no extra regularity can be obtained a priori
for the solid velocity. In such cases, p is also referred to as a mild solution. It is also possible to write the problem
for a pressure in L?(0, T; (H'(£2))), and as d;p was shown to be in L*(0, T; (H'(£2))') as well, we would have higher
regularity in time by lowering the spatial regularity. In other words, p belongs to C(0, T; (H'(£2))) N L%(0, T; L?(£2)) due
to the continuous embedding H'(0, T; X) C C([0, T]; X), where X is an arbitrary Banach space and C(I, X) is the space of
continuous functions from I C R to X.

We now verify that the solutions constructed in Lemma 6 are consistent with the initial conditions of the discrete
problem (6).

Lemma 7. The initial condition of the previously constructed solution is the weak limit of the initial condition of the discrete
solution.

Proof. From now on we consider a function ¢ in C2°([0, T]) such that ¢(T) = 0 and ¢(0) = 1. With this, for a general
function u in L*(0, T; X) with d;u in L?(0, T; X’) and a function v in X we get

T T
/ (Bt o) x dt = (u(0), v) — / dp(u, v) . (22)
0 0
We now write all equations in (21) and (6) as follows:
T T T T
/(¢Btvf7wv}‘.h)dt=/ Fe(vr, ys, vs, vF ) dt, /(¢3tvf,h,sov}‘_h)dt=/ Fr(vf 0, ¥ ns Us.hs V5 ) dE,
0 0 0 0
T (1 _ ¢)2 _ T T (-l _ ¢)2 _ T
p,eqn ) dt = | @Fy(p, vr, ¥, qn)dt, P, @qn | = | ©Fp(pn, v5, Y5, qn) dt,
0 Ks 0 0 Ks 0
T T T T
/ (1 = §)oyvs, gwep)de = / Fi(up. Yo v, wep) dt, / (1= $)0ven, Q) dt = f Fu(tp 1 s Vs e,
0 0 0 0
T T T T
/ (1= 90y, pusp)de = / Fu(op. 95, 05, 00, ) d, / (1= $)0yp @vi)dt = f Fu(r i Yo Vo, Uy,
0 0 0 0

for all (v}‘,h, qn, Ws p, v;h) in Vi p x Qpp X Vs p x Q. From them, using (22) we can take the limit of the discrete solution
for every discrete test function:
T T
(vr(0), vy ) = /0 dep(vp, vf ) dt +/0 @Fr(vr, ¥, vs, V5 ) dt
T

T
= lim | (o v} )+ / OFf (0.5 ¥y v v7)dt = im(TTy, 07 (0), vf ).
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This ensures consistency for every v} ; in Vf 5, and by density we obtain the consistency of the initial condition. Proceeding
analogously for d;y, and 9, v; gives the desired result. Note that the pressure does not require such procedure, as the initial
condition appears explicitly in the integral equation. O

Corollary 1. The previously constructed solution is unique.

Proof. Consider two solutions with the same forcing terms and the same initial conditions. The problem that arises by
considering their difference due to linearity has null datum, and using the energy estimate (19) we see that the solution
isnull. O

We have thus proved the following theorem, which is the main result of this section.

Theorem 4. There exists a unique solution (vf, p, ¥s, vs) in L2(0, T; H)(£2)) x L*(0, T; [2(£2)) x L*(0, T; H(£2)) x L*(0, T;
L?(£2)) of problem (6) which satisfies the energy estimate (19) and is consistent with the initial data.

5. Error analysis of a fully discrete formulation

In this section, we consider as in Section 3 a family of triangulations {7;}s-o of symplexes K of characteristic size
h and the discrete spaces Vi, Vs pn, Qpn, with the added regularity of Q,, = V;n. We also define the full spaces
X =H)(2) x [2(£2) x H)(£2) x H}(£22) and Xy = V; j, X Qpp X Vs X Q1 with norm

I(vr. p, ¥s, v5)llx = ”vf”iﬂ(m + IIPIIfz(m + ”ys”?{l(g) + ||vs||12_,1(_q)7
and set the projections Pf , : L*(£2) — XF, P, : H'(£2) — Xf together with their approximation properties [27]:

o (APy1): [v—Pfvlle < Ch'lvp], o, 1 <€ <k for each vy in H'(2).
o (APyo): [lv— Pf vllo.e < Ch“*'v]yy o, 1 < € <k for each v in H*V'(£2).
e (AP)): |lq — P(’)"hq”o,g < Ch*™qlyy1.0, 1 < £ <k for each g in H*'(Q2).
We split the time interval [0, T] uniformly into to = 0, t; = At, ..., ty = NAt = T with timestep At and for simplicity

we will use from now on the notation @" := @(t,). We use a backward Euler finite difference approximation for the time
derivatives:

ocu(ty) ~ “Ar =: Dcu",
which gives the following fully discrete formulation proposed in [20] with a different order of test spaces: Given

(o oy Ly i) in X, find (o], pj y2 . oF,) in X, such that

(DatVf s Vf p)opo + G (VF 1, ¥ 1) — (Pn, div(@0f )

+ c(vpn — v';h, ”}k,n) = (f, v}k,h)Pf¢ Vv}‘ﬁh € Vi,
(DacPhs Gn) g2 + (Gn, div(gvy , + (1 — @i ;) = (6, qh)# Yan € Qpp, 23)
(DAtvg,h’ ws,h)p;(l—d}) + as(y?,ha Wsp) — (Pz, div((1 — ¢)ws )

— c(vf = Vip wsn) = (F. Wen)ps(1-9) Vwsy € Vo,
as(DAty];,h’ v;h) - as(v'ﬁ,h, U:h) =0 Vv;h € Qup»

where

ar(vr . V5 ) = (vis(vr,n), (V) ) — (Ovpn, V] 1),
as(ysih7 ws,h) = (ask61@5,h)5 e(ws,”l))v
c(a, b) = (¢’; 'a, b),
(a,b); = (¢a, b).

A fully implicit (Backward Euler) time discretization is an adequate choice for the parabolic part of the problem, namely
the momentum equation of the fluid phase and the mass balance equation. However, it might not be appropriate for the
momentum equation of the solid phase, as it violates the intrinsic energy conservation property of elastodynamics. In this
respect, other approaches may be adopted for the solid phase, such as the classical Newmark scheme or a mid-point rule
as in [19].

Remark. The equation D¢y, = vs has been weakly enforced using the bilinear form a,. This was also done in [20]
and presents advantages during the error analysis with the cost of requiring a higher order of approximation and higher
regularity assumptions in the solid velocity. The error analysis can also be carried out for the L? product with the strategy
we use in what follows, but the convergence rates obtained that way are suboptimal.
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We start by showing that problem (23) is well-posed.

Lemma 8. There exists a unique solution (vf ., py, ¥g . V5 ;) in Xy, of problem (23).
Proof. Consider the test function x;; = (v}iﬁh, Pp» Vs Y5 ) and denote the right hand side generically as F(VF . qn, ws p, 5 ),
which gives
-1 2 2 2 2
At (||v}7,h||,,f¢ + ||PZ||(1,¢)2/KS + ||U?,h||,,s(17¢) + ||.V§,h||a5) + af(v?,h, v?,h) < F(”}l,ha Dhs v?,h,y?,h)-

First note that if F = 0, then the only solution is x; = 0. We can then conclude from the discrete Fredholm Alternative
Theorem that the solution is unique. The same inequality gives that (”}1,11’ PpsYsps vsp) belongs to Vi x Qpp X Vsp X

(L*(£2) N {7 lse= 0} N [X;""1%). Finally the last equation gives

as(v';h, W ) _as(DAtygihv Ws h)
as(v?,h, v?,,,) = sup —V—F—— = Sup ————— = \/as(DAtyg,h, DA[.V?,h),
weneVen 1Wsnllyie) ws p€Vsp lwspllyie)
which gives v}, in Q, 5. O

We will use the discrete Gronwall Lemma, which we recall for reference [27].

Lemma 9 (Discrete Gronwall Lemma). Consider go > 0 and a sequence (p,)°° , such that p, > 0. If (f,)°°, is such that

n=0 n=0
n—1 n—1
fo<g and fi<go+) pi+Y ks
s=0 s=0

then
n—1 n—1
s (go + Zps) exp (2 m) |
s=0 s=0
We also make use of the following tools for the analysis of the approximation properties in time.
Lemma 10. For any symmetric bilinear form b:
1 1
b(", Darg") = EDArb(GDH» ")+ EAt b(Dc@", Darg"). (24)
Lemma 11. The following inequality holds for a backwards difference approximation in a Hilbert space H:

IDacp — de@lleoo1:m) < Atlde@llioo ) Yo € W(0, T; H).

Proof. The Fundamental Theorem of Calculus gives D;¢" = - n : dr@(s)ds, and so using the monotonicity of the

ac Ji,
integral || f;-dr|ly < [, |l - |ln dr we obtain:

1 tn
IDac” — g™ = [ / (Bels) — e sl
At ta1

tn 1 2 1 th th
< — | 8ep(s) — Be" ||, ds | = — / / Oeo(r)dr
/t;‘ll At || ' ' ||H At th—1 S ‘
2
1 tn tn 9 - ) 2
< 7/ / 18]l drds (”"(p'h("ll""-”)Atz)
At ta1 Js

At
< Af2||3rt<ﬂ||§oo(o,r;m~

2
ds
H

IA

Taking the supremum on n and square root gives the conclusion. O

Corollary 2. Consider two Hilbert spaces Z C H and an interpolation operator I, : H — Hj, into a conforming discretization
Hp, such that

e — Inelly < Ch* |z,
then it holds that

IDaclhg — e lleqo.r:) < Max{Cllglliooo. .2, 18ec@lliooo.r:m}(HE 4+ At) Yo € W(0, T; H).
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Proof. It follows directly from Lemma 11 and the decomposition d;¢ — Da¢lhp = 0:¢9p — Dt + Darp — Darlpp. O
We then write problem (1) as finding x = (vf, p, ¥, vs) in X such that
E(Bex, X*) + H(x, X*) = F(x) VX" := (v}, q, ws, v}) € X, (25)
where in analogy with the notation used in Section 3.1 we define the bilinear forms
E(Bex, X*) = (3,5, U;)pf¢ + (0D, D1-g2 i, T (B Vs, W) pi(1-9) + a5(0:Ys, vy),

H(x, X*) = ap(vr, Vf) + a5(¥s, ws) — as(vs, v5)ps1-9) + €(vf — 05, Vf — w5)
= (p, div(¢vf + (1 — ¢)ws)) + (g, div(gvy + (1 — d)vs)),

and set its discrete counterpart as: Given x;’] in X, find xj = (v}{h, Ph» Yo s Vs ) in Xp such that

E(DacXy, Xp) + H(xy, X3) = F(xy) VX = (Vf 1, G, Wsp, V5 ) € X (26)
We proceed by showing the invertibility of #, for which we add the following hypothesis, recalling that the bilinear form
C(', ) — (¢)2Kf_l.7 )
(H4) The permeability tensor «; is large enough:

3Csk = as(ws, ws) — c(ws, ws) > Csk“wS”i’l(Q) Yws € H(l](g)

Theorem 5. Under assumptions (H1), (H2), (H3) and (H4) it holds that the problem of finding x;, in X, such that
Hxp, X)) = F(x;) VX € Xp

is well-posed for every F in X;. Moreover, if X is the function such that
H(X, x*) = F(x*) Vx* eX,

then, defining Z = H*"?(£2) x H*T1(£2) x H*"2(£2) x H**2(2), the following holds for a positive problem dependent constant
C:

~ k ‘l ~
IX —xnllx < CHFHIR]Z.

Proof. Let Vy = Vi x Vi x Qyn and Qn = Qpp with bilinear forms
A((vr ks Y o Vs.n)s (Vf s s by V5 1)) = as(0f s 0F 1) + as(Vs s Wsh)
+ as(vs h, V5 ) + C(Vf h — Vs.h, VF ) — Wsh)
Bi((V] s s 051, Q) = (Gn, div(@v, + (1 — dws ),
Bo((Vf s s hy V5 1), Gn) = (qn, div(@vf , + (1 — ¢)vsp)).
Note that, using Young's inequality we obtain the following:

c(vp,n — Vs,n, Vp — Ws p) = C(Vf h, V5 ) — (V5 1, Ws ) — C(Vs,n, Vp.p) + C(Vs,n, Wy p)

1
> c(vr ., vpp) — 3 (cCvp.ns vp.0) + (W, W) + C(vph, V) + C(Vsh, Vs.p) + (Vs p, V) + C(Ws, Wi p))
> —C(Vs,h, Vs,p) — C(Ws,p, Ws ),

which combined with hypothesis (H4) shows that A is elliptic, and forms B; and B, satisfy the hypothesis of The-
orem 12 in virtue of Theorem 8. The conclusion comes then from Theorem 12 and the approximation properties
(APy 1), (AP ), (APL). O

We are now ready to address the error estimate for the fully discrete model (23). To this purpose we use the
decomposition of the numerical error into the approximation error, denoted with yx, and the remaining truncation error,
denoted with ¢, as follows:

e =vp(tn) —vf ), = vp(ta) = Irnvp(ta) + I nvp(ta) — vF ), = %7 + @

e, =plt) —pyp = Pta) = Ipap(tn) + Ip np(tn) — Ph = Xp + @

€ =yt —¥iy = Yltu) =yt + [nys(ta) =¥5p = x& +@n

e =v(ty) — Vi, = vs(ta) = Irnvs(tn) + I avs(te) — v, = x) +@pp
& (tn)

Sa€" = Darlné(ts) — — =, for& € (v, p.ys, vs),

Please cite this article as: N. Barnafi, P. Zunino, L. Dedé et al., Mathematical analysis and numerical approximation of a general linearized poro-hyperelastic
model, Computers and Mathematics with Applications (2020), https://doi.org/10.1016/j.camwa.2020.07.025.




14 N. Barnafi, P. Zunino, L. Dedé et al. / Computers and Mathematics with Applications xxx (XXxx) xxXx
where all quantities are analogously defined as in the fluid case, with interpolators I p, Iy i, Is 1, I,,n defined as follows.
Set the Ritz projection /T : X — X, as:
HUTHx, X)) = H(x, X)) VXE € Xp,
which is well defined in virtue of Theorem 5, then the interpolation operators are defined as
(g nvs(tn), Ip np(tn), IsnYs(ta), I nos(ty)) == H;f‘(vf(fn), P(ta), ¥s(tn), vs(tn)).
With these definitions we have the following corollary of Theorem 5, for which we recall that X = Hé(.Q) X L(Z,(.Q) X
H)(2) x H)(£2) and Z = H*"2(2) x H*1(2) x H*"(2) x H*F(2).
Corollary 3. Ifx € W>%(0, T; X) N L>(0, T; Z), then the following estimate holds for a problem dependent constant C:

IDacTTTEX™ — X[l goo(o,7:x) < € max{[|dgexllioeo, 59 X lloo0, 1520} (KT + At)

Proof. This is a direct application of Corollary 2 to the Ritz projector [T, O

Then our strategy to perform the error analysis can be split into the following steps: (i) Derive equations for
the numerical error by subtracting the fully discrete model from the continuous model, (ii) split the error into the
approximation and truncation errors, (iii) use the orthogonality properties of the projector I/ in order to eliminate
the approximation error from the equations and (iv) recover an upper bound for the total error by triangle inequality and
approximation properties. We proceed according to the described roadmap.

(i) Consider in (25) the test function x* = x; and then take the difference with (26) to obtain the error equation. With
e, = (e)'Z, eg, el, e’) we obtain:

E(0ex — DaeXyy, X;) + H(ex, X;) = 0 Vxj € Xy (27)

(ii) In accordance wiFh our definitions we consider x; = (xf”, Xp» Xs's Xy) and @xp = ((pﬁh, sﬂ,’l,h» @5 s Py.p)- Note that the
time error can be written as

3x — DXy = Opx — DAtHhHX + DArHZ{X — DaeXpp = Dar@xn — SacX,
and so we can rewrite the error Eq. (27) as

ED acPuns Xy) + H( Xy Xp) + H(@wn, Xy) = E(BacX", X3) VX € X (28)
(iii) By definition we have that #(xy, x;) = 0, which gives an expression more suitable for the analysis:

E(Dar@xhs Xy) + H(pyn, X)) = E(B8acX", Xp). (29)
From here we can obtain an error estimate for the truncation error, which we give in the following lemma.
Lemma 12. Assume that vy, y,, vs in W2>°(0, T; H*"(2)) and p in W»(0, T; H*+*1(£2)) as well hypotheses (H1), (H2),
(H3) and (H4). Then, there exists a constant C > 0, possibly dependent on the problem parameters, such that:

o hllgoorz2yy + 10p,nll eoqiz2y) + 100, lleoo 22y + 1195kl ey
+ At gr.nll 2@y + Cellorn — Punllzgze)y) < CTe" max{||dexllioo(0,r:x)s IIXllo0.1:2)} (KT + At).

Proof. The test function x; = ¢y in (29) yields
(Dacf 1 @ w)oro + (Dae®p s €p 142 /s T (Dae@y ps o n)osti-9) + s(Dacpg s P5)
+ af((p}l.ha ¢’fn,h) + as(wéf,,, ‘P:}.h) + C((ﬂ;,h - ‘Pg,h’ Qﬂfn,h - ‘Pg,h) - as(‘ﬂg,hv %n,h) (30)
< (8aeVf s 9F ope + (8aeD™s @5 n)1—g2 /s T (8acV5 s @y w)ps1-9) + (Baks ps D5 ) ps(1-9)-
We define
n__ n 2 n 2 n 2 n 2
& = ||¢f,h”p,r¢ + ”§0th||(1*¢)"//(3 + ||¢v,h||(1—¢)ps + ||§9s,h||asv
lol3, = ar(v, ), [Iwllg, = as(v, v),

and proceed by using the positivity of ¢ as c(x, x) > aC||x||(2),Q, (24) and Corollary 3 to obtain that

DAtE}? + ||¢F,h||§f + ac”‘ﬂﬁh - §0g,h||f2(9)
n 2 n 2 n 2 n 2
FALUDacgf pllypg + 1D actp nllcy 12 T 1D 2@y nllp1-g) + 1D ackgplig,)
< Cmax{ || dexllioe0.1:x)> 1Xll1o(0,7:2) ) (BT + At)(ll(ﬂ}!.h||f)f¢ + 1@y nll-gy /s + 10y wll-p)0s + @5 pllas)

2 2
< C maX{||3nX||LOO(02,T;X), %Il oo(0,7;2)} (4T 4+ ALP + %g,’:

(31)
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where C denotes a general constant depending on the data. Now, we bound all the norms with discrete time derivatives
on (31) by 0 from below and sumonn=1,...,m to get

m CT max{ |9 x|| I1x] ¥ -
1t X[[1°°(0,T;X)s L>(0,T;Z)
& + Aty (g ally, + ccllef = ¢l algy) < 5 (W 1 AcP + Ay e,

n=1 n=1

and thus Lemma 9 (the discrete Gronwall Lemma), gives, for At < 0.5:

C max{||dxll1o(0,7:x)s I1Xll1o(0,7:2)*T
2

1 m . n 2 n n 2 k+1 2 T
SER ALY (efally, + ccllgfn = Plnllfg) < (K + At)el.

n=1

Rearranging terms and using norm equivalences as in Lemma 5 gives the desired result:

@ nll o2y + 1 @p.nllesozay) + N@vhll o2y + 1105 hll oy
+ Atlgrnll 2y + llern — @unlleegze)) < cre’ max{ || x|l 1o0(0,7:x)s ||X||L°°(0,T;Z)}(hk-*_1 + At).

(iv) We conclude this section with the full error estimate.

Theorem 6. Assume that x € W>°(0, T; X)NL>(0, T; Z) as well as hypotheses (H1), (H2), (H3) and (H4). Then, there exists
a constant C(T) > 0, possibly dependent on the problem parameters, such that:
llerll o022y + leplleo2iayy + l1€vll o2y + l€slleomi(e))
+ At(llerll 210y + ccller — eull2g2iey) < C(T) max{||dxX|lioo,1:x)s [IXll00(0,:2) (BT + A).

Proof. By definition from Corollary 3 we get the error estimate of the projector /7], and thus setting again a generic
parameter dependent constant C we can write

| xxllz = ||Xf||1_2(g) + ||Xp”L2(Q) + ”XSHLZ(_Q) + ||Xv||,_2(_q)
< 1t + Doz + Dl + I llizgg, < € A4Vl (32)

almost everywhere in t. The triangle inequality together with (32) give the conclusion as follows:

llerllgoo2(2y) T Nleplleop2iay + € lleoqzg)) + 1€sllecomiey + Atlller Iy + ller — eulli2g2iay)
=< ller.nllgeoze@y + 1@p.nlleoziay + 19v.nlleo22y) + 1850l o1y
+AtUlernll2gey + ler.n — @onlleaze))
+C(||Xf||yl(g) + ||Xp||L2(Q) + ||Xs||H1(Q) + ”XU”]_Z(Q))
< C(T) max{[|dxlloo(0.7:x), ¥llio0.1:2)}(WH + At) + CH* |1 X|o(0.7:2)
< C(TYmax{[|dexlli<(o.1:x), IXlli(0.7:2}(H! + At). O (33)

5.1. Numerical tests

We now set up numerical tests for estimating the rates of convergence. For this, we consider the time domain I = (0, 1),
the spatial domain £2 = (0, 1)? and the following idealized parameters:

pr=1. k'=1 u=10, p=1, u=10, A =10, k=1 ¢=0.1.

For simplicity, we assume that the forcing terms on the fluid and solid equations are different, respectively f; and f, so
that fixing a displacement, fluid velocity and pressure we recover a source ¢ and the load terms f, f;. We thus set the
Dirichlet boundary conditions according to the following manufactured analytical solution:

y4(t, x,y) = t2(0.5x° cos(4rry), —x> sin(4my)), vs(t,x,y) = 2t(0.5x° cos(4ry), —x sin(4rwy)),
v(t, x,y) = t(sin*(4mry), sin®(4rry)), p(t,x,y) = t* (1 — sin(4nx)sin(4ry))

Using such solution, which satisfies all the regularity requirements of the convergence theorem, we perform numerical
tests in support of the theory using a polynomial order of k = 1. As a result, v, y; and v, belong to [X,f]z, whereas the
pressure belongs to X}}. These tests are designed to test the convergence with respect to At and h, independently. First,
choosing a very small At, we progressively decrease the mesh characteristic size such that the space approximation error
dominates over the one on time as shown in Table 1. Then, for a fixed small value of h, namely using a very refined mesh,
we test the convergence in time as shown in Table 2.
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Table 1

Errors and convergence rates for problem (23) with T = 1 and At = 107%; dofs stands for degrees of freedom.
dofs h ||e3|\{°o(H1) rateg IIeUH/x(m) rate, HefH{oo(Hl) rates llepll o2 rate,
1063 2.357e—01 6.742e—03 - 1.363e—01 - 6.614e—02 - 2.536e—03 -
2266 1.571e—01 3.089e—03 1.92 6.210e—02 1.94 3.296e—02 1.72 1.128e—03 2
4570 1.088e—01 1.500e—03 1.96 3.005e—02 1.97 1.662e—02 1.86 4.707e—04 2.38
10527 7.071e—02 6.428e—04 1.97 1.286e—02 1.97 7.231e—03 1.93 1.819e—04 2.21
23287 4.714e—02 2.965e—04 1.91 5.939e—03 1.91 3.262e—03 1.96 8.291e—05 1.94

Table 2

Errors convergence rates for problem (23) for a fixed structured mesh with 70 elements per side yielding 124 327 dofs.
At Hes\lpo(ﬂl) rates Hevl\m(ﬂl) rate, Hefl\m(ﬂl) ratey llepl goo g2y rate,
1.000e—03 3.614e—05 - 6.510e—03 - 2.363e—04 - 4.751e—05 -
5.000e—04 1.862e—05 0.957 3.376e—03 0.947 1.214e—04 0.961 2.427e—05 0.969
2.500e—04 9.468e—06 0.976 1.729e—03 0.965 6.171e—05 0.976 1.227e—05 0.984
1.250e—04 4.793e—06 0.982 8.822e—04 0.971 3.148e—05 0.971 6.172e—06 0.991

6. The inf-sup condition

Lemma 3 shows that the existence, uniqueness and stability of the discrete solution depend on the fulfillment of
condition ker B" N ker C = {0}, where matrix C is related to the term

Ry,
(Mamh, (Ih>
Ks

and matrix B is related to
b((vF, ws), q) = —(q, div(¢vf) + div((1 — ¢)ws)).

As already mentioned in Remark 3.1, the coefficient «; is often very large. For this reason, the stability of the numerical
scheme hinges, in practice, around the term b((v}‘, ws), q). This implies that an inf-sup condition involving the discrete
spaces Vr n, Vsn, Qpn must be satisfied. The scope of this section is to analyze the inf-sup stability of the bilinear form b.
Such form corresponds to a weak divergence operator with weights that depend on the function ¢, that is the porosity of
the material. The main question that we address here is what conditions must be satisfied by the discrete spaces Vf p, Vs p,
given Q, j, in different regimes of porosity, namely when ¢ is approaching the limit cases ¢ =~ 1 and ¢ ~ 0 respectively.
The practical relevance of this question is confirmed by Fig. 1, where we see that locking appears nearly in absence of
the solid or fluid phase (¢ &~ 1 and ¢ = 0 respectively).

We divide the work in two parts, first operating at the continuous level we generalize the classical div-stability to
weighted Sobolev spaces (with an H! weight function) and then use this intermediate result to conclude with the inf-sup
stability of the form b reported above. Second, we move at the discrete level where we prove the inf-sup condition for
the specific case of the generalized Taylor-Hood-type elements.

6.1. The weighted inf-sup condition

In this section, we study the weighted inf-sup condition for b(vf, q) = (g, div(wvy)), which is a generalized form of
the classical inf-sup condition for the divergence operator. Also, from now on we will consider a general function w such
that w > @ > 0 and both w, 1/w belong to W*'(£2) with s > d/r. The result at the continuous level requires first a
preliminary lemma regarding weighted Sobolev spaces.

Lemma 13. If w and 1/w belong to WS'(§2) with s > d/r, then the application v — wv is a bijection in H'(2) and the
following bounds hold:

1
—————vllgie) = lovligg) < Gjllollwsr@)llvllg (34)
Gosjllo wsry 2 o) Y H(2)

for a positive constant Gy ;.

Proof. A direct application of the Sobolev product Theorem [29, Theorem 1.4.4.2] gives that both wv and w~'v belong to
H'(£2) and satisfy the inequalities

—1
vl < Gosslolwsr@Ivlgiay  Mollgig < Cous o™ lwsr@)llovlly o),

for a positive constant Gy, which states the result. O
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(a) Fluid Py, solid Pa, B, = C (b) Fluid P, solid Py, 85 ~ 0. (c) Fluid Py, solid Py, 8, = C
(d) Fluid Py, solid P2, B = 0. ) Fluid P2, solid Py, B, = (f) Fluid P2, solid P2, B}, =
(g) Fluid Py, solid Pa, Bj =~ 0. (h) Fluid P», solid Py, B, = (i) Fluid Pa, solid Pa, B =

Fig. 1. Comparison of the pressure in a swelling test at T = 1.5. First row on a solid dominant regime (¢ = 10~%), second row on a mixed regime
(¢ = 0.5) and third row on a fluid dominant regime (¢ = 1 — 10~%). All tests are performed with P; elements for the pressure. See Section 7.1 for
a detailed description of the test case.

Remark. The hypothesis w, 1/w in W*"(£2) implies that w is strictly positive.
The weighted inf-sup condition at the continuous level is then a direct consequence of the isomorphism wv — v in
H'($2).
Lemma 14. There exists a positive constant B which satisfies the following:
qdiv(wv)
L LUCLIN Bliallo.e Vg € L§($2). (35)

vey&(g) ||'J||1,rz
v#0
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Proof. Using Lemma 13, we proceed as follows:

— [, qdiv(wv) - — [, qdiv(v) . 1 s — [, qdiv(v)
venler, MVl v, 107 0ll1ie) — Gosllo™ lwsr@) waniier, I0llnca)
v#0 v#0 v#A0

which proves the statement. O

Now we address the discrete version of the inf-sup condition, recalling that it is not a consequence of the continuous
one even though we are using conforming finite dimensional spaces. Let us define the following spaces:

Vi =Hy(2)N X9, Qo =L13(2)nXk

Our aim is to extend the proof in [30] and [31], see also [32] for an overview, for the 2D and 3D cases respectively
developed for w = 1 by means of the macroelements technique, where a modified inf-sup condition at the element level
will be used together with Verfiirth’s trick [33] and an inverse estimate to conclude the global statement. We highlight
that although we do not address the approximation of w by means of finite elements, all the forecoming analysis holds
as long as its approximation is still in W57 (§2) and strictly positive.

We start with a brief review of the relevant results from the macroelements technique [34]. A macroelement M is
defined as a union of continuous elements on the mesh, and for each one of its elements there is an affine map which maps
it into an element of a reference macroelement. All macroelements which can be mapped into one particular reference
macroelement form an equivalence class. Let My be a macroelement partition of the mesh 73, which is assumed to be
shape regular [27, Chapter 3.1]. For M in M;, we denote

Vo=V NHy(M), Q'={lm:geQl, ' = {q eQM: qudiv(wv) =0 Vve vgﬂw} :
We now focus on proving the following result.

Theorem 7. Let My be a macroelement partition of the (shape regular) mesh Ty, such that
(Hm) for each M in My, the space Qk"./’L is one dimensional given by constant functions.
Then, there exists a positive constant 8 = f(w) such that:

qn div(wwy)
sup Jo an divton) > Blignllo.e Van € Q. (36)
vpeViiq ”vh”l,.Q

v #0

Remark. We have simplified the original theorem by removing some hypotheses regarding the macroelements partition.
These hold under the standard assumption of shape regularity of the mesh, so we removed them for the sake of clarity
(see [34] for details).

In order to prove this theorem, we need the following lemmas. This first one allows us to extend an inf-sup condition
from the macroelement level to the global level.

Lemma 15. Let 2 = 2{U 2, and fori=1,2 set Vi(2;) = {v, € Vi : v, = 0in 2 \ £2;}. Suppose also that the following
conditions hold:
[, div(wv;)qs dx )
sup  ————— > Billanllizg), Van € Q, i€ {1,2}.

vV 1(2) ||vi||H1(9,~)
v;#0

Then, the following global condition also holds:

[, div(wvy)gn dx
2
sup “—————— > Blignllo.2, Yqn € Q,
eV 1(2) llvnll1.e
vy #0

where B = 1/+/2min(By, B2). If £21 N 2, = @, then B = min(B1, B2).

Proof. The proof relies only on the bilinearity of the form (div(wwy), gi), thus it suffices to proceed verbatim as in
[30, Proposition 3.1]. O

We then show that at the macroelement level, the inf-sup condition is satisfied for the space of constants.
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Lemma 16. Let & be a class of equivalent macroelements and assume that for every M the space Qk"ﬁ satisfies (Hy) of
Theorem 7. Then there exists a positive constant B which depends only on the reference macroelement and the mesh regularity
such that the following inequality holds:

qn div(wvy)
sup Jy 0 divicomn) > Bullanllom  Van € Q' NIF(M).
el o lvorll1,m

vy #0

Proof. See [34, Lemma 3.1]. O

We finally show that if functions which are constant at the macroelement are removed from the pressure space, the
inf-sup condition holds. Defining ITy : [*(£2) — {q € [*(2) : q|u is constant VM € My} the orthogonal projector with
respect to the scalar product of L?(£2) we get the following result.

Lemma 17. Under hypothesis (Hy;) of Theorem 7, there exists a positive constant c such that
) b(gn, vn)
inf sup ———— > c|(I — Io)gnll;2(g)- (37)
A€ vy eV q ||vh||H1(Q)

Proof. This is a direct consequence of Lemma 16. See [34, Lemma 3.2]. O

Now we proceed with Verfiirth’s trick [33]. We generalize it in the following lemma, which requires the definition of
the L? projector ITy : Qx — Qo p, the last space given by the space of macroelement-wise constants:

Qon = {q € L3(2) : qlu is constant YM € My}.

Lemma 18. Assume that there exists a linear operator ITj, : H(])(Q) — V. such that for every v in Hé(()) there is a positive
constant ¢ which satisfies

1/2
2(1-r) 2
o= Mol < ¢ 3 (B I0l2,) 0 e 0,13 (38)
KeTy
Then, there exist two positive constants cy, c; such that for every qy in Qy the following holds:
(diviov) an) _

mevigr Ol o™ Hiwsr
vp #0

lollws.r(2)

2
lo=Hiwsre)

: gnll2e) — ¢ (I — Mo)qnll12(2)- (39)
2

Proof. We use || ITyv|| < ||v|| + ||lv — ITyv|| with (38) to bound the inf-sup condition from below:
(div(wvr), ) _ (div(oThv), gn) _ (div(wlyv), gn)

vpeViiq ”Uh”Hl(Q) - veh () ”Hhv”Hl(Q) veH (@) (1+ C)”””ﬂl(g)
vh#0 Tv#0 T v£0

Then, we define v such that div(wv) = gy, lvllg o) < C||ar1||Ws.r(g)||qh||Lz(m and proceed with integration by parts,
hypothesis (38) and Cauchy-Schwarz inequality:

sup (div(wIT,v), qn) - lgnllo, 2 (div(ew[ITzv — v]), qr)
vy (1+H0lvle — (1 +O)llo Hwsrey  Cllo~Hiwsr2)lgrllo.2

My#0
lgnllo.2 __(w[MTyv —v], Vqy)
T+l Mwsre)y  Clo wsr@)lanlloe’
lgnllo.e cllwllwsr)lvle ke Ml Vanllox
T (14 0)llo M wsre) Cllo~wsr2)llgnllo,e
lgnllo.o cllwllwsrie) 2 ke Ml Vanllox
T (1400 o Cllo~ " llwsr(e)

We now use the inverse inequality [27, Proposition 6.3.2]:
hilVwpllox < Cllwnllox  Ywn € Pe(K),
which, considering w, = qn — I1pq, and setting h = maxy hy gives the desired result. O

Then, we are ready to prove Theorem 7.
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Proof of macroelement condition (Theorem 7). We first note that hypothesis (38) holds by considering the interpolation
operator in V4, so we set 1y = Ily,,,. Then, consider the weak inf-sup from Lemmas 17 and 18. Adding (37) and (39)
we obtain

b(vp, . C
©n0) - gulos, with p = 2
’ Cllo-

(40)

eV Ionll1e Uwsre) + Gllollwsr o)

vy #0
We now extend [30, Theorem 4.1], by proving that the space Qk’VL is one dimensional, as required by condition (Hy;)
of Theorem 7.

Theorem 8. Let {7,}x be a regular family of triangulations of §2 (as in [27, Section 3.1]), and assume that each one of them
contains at least three triangles if 2 C R? or that every element has at least one inner vertex if 2 C R>. Then, for k > 1 the
finite element space V.1 x Qy satisfies condition (Hy;) of Theorem 7.

Proof. We treat the two-dimensional and three-dimensional cases independently.

£ C R?: In this case the proof is performed as in [30] with minor modifications. We first modify the weight for
the Legendre polynomials, which needs to incorporate w, thus following the notation in the mentioned work we
rewrite [30, Equation (4.2)] as

0
[ $0dan = [wrsgisafooday .01

The proof then follows verbatim as the original one, in which we require the strict positivity of w in [30, Equation
(4.7)] to conclude.
£2 ¢ R3: In this case we see again that the proof requires only the strict positivity of w in [31, Equation (2.6)]. O

Remark. The 3D proof is simpler but not sharp. In fact, the condition of the inner vertex can be weakened, but a minimal
mesh has not been characterized yet as far as we know. The 2D case is instead more technical but it allows for the
characterization of a minimal mesh for inf-sup stability.

6.2. The inf-sup condition for the poromechanics problem
In this section we show that the discretization based on Taylor-Hood type finite elements is robust and stable. For
this, we write approximation spaces as
VE, = HY(2)N X%, VE, = Hi(@)n Xk,
Q, =L(2)NIX1% QY = L3(£2) NXy.

Theorem 9. Consider ¢ such that (H1) holds, then the bilinear form b : (V)’f{ b X foh X Q’;fh) X Qﬁ — R given by

b((vy 1, Wsh, Vs.p), §") = (q", div(gvpp) + div((1 — ¢)ws )
satisfies the discrete inf-sup condition for a constant 8 = B(¢) given by
b((vr hs ¥s5.0)» Gn)

sup > Blanlo.e  Van € Qg (41)
(v 1n:Ys,n)EV i X Vi ||(”f,h7y5,h)||kakas

whenever the fluid velocity space or the displacement space are approximated with a degree higher than that of the pressure,
i.e max{ks, ks} > k, > 1, for every k, > 1. If both spaces present a higher degree of approximation, i.e min{ks, ks} > kp, then
the inf-sup condition is uniformly independent of ¢.

Proof. We consider three cases: div-stability in fluid/pressure, in displacement/pressure and in both fluid and displace-
ment.

o Case kf > ky = ks.
In this case we consider y,, = v, = 0 and conclude from Theorem 7 with w = ¢ and 8 = B(¢) as in (40). Note
that 8 — 0 as ¢ — 0, and remains otherwise constant.

o Case ks > ky = ky.
In this case we consider vf ; = v5, = 0 and conclude from Theorem 7 with w = 1—¢ and 8 = (1 — ¢) as in (40).
Note that 8 — 0 as ¢ — 1, and remains otherwise constant.

e Case min{ks, ks} > kp.

In this case we consider a function z;, in Vfifhﬂvs’fsh and impose vf ;, = w, = Z;, to arrive at the well-known divergence
form which is inf-sup stable, thus giving 8 > C, with C independent of ¢. O
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6.3. Computation of the inf-sup constant

In this section we study the dependence of the inf-sup constant with respect to the porosity ¢. The computation
of the inf-sup constant of the divergence operator is a difficult task that has been widely studied by the Spectral
Theory community. The point of departure is its connection with an eigenvalue problem, initially studied by E. and F.
Cosserat [35,36], known as the Cosserat eigenvalue problem. It has been studied for many simple geometries (see [37]
and references therein), but an efficient algorithm for computing the inf-sup was only recently developed [38]. We extend
this approach to our problem by recasting the computation of the inf-sup constant as a generalized eigenvalue problem
and performing numerical experiments. This eigenvalue problem depends on the isomorphism used to map H(l)(.Q) into
(H(I)(Q))/, and as we show, using the isomorphisms induced by the problem better reflects instabilities seen in numerical
tests (for example, Fig. 1). We will make use of the following lemma.

Lemma 19. Let H be a Hilbert space. Then, the spaces (H x HY and H' x H’ are isometric (we consider only norms of ¢>
type). More explicitly, if t in (H x H) and ¢, ¥ in H' are such that T = ©(¢, ¥), then

L
NG

Proof. Given ¢,y in H', we consider the linear application ¢ : H' x H — (H x H) given by [t(p, ¥)l(x,y) =
o(x)+ v (y) Vx,y € H. It suffices to show that 7 is an isomorphism. First note that

(@, YU < 1(@s V)b (X, Y| Hxh

thus [|7(@, ¥ )llmxHy < (@, ¥)llw«n . For the inverse inequality we proceed as follows:

(@, Wl xrr < Wty < W@, Y|l sy

lz(@, ¥)l(HxHy = Sup

[[t(e, ¥)Ix, ¥)I - {||<,0||H' if x attains the norm of ¢,
xyeh X V)l xH
Xx,y#0

~ |lI¥llg if y attains the norm of .

2

The last part gives || t(¢p, I/I)”(HXH)/ > %H((p, 1//)||f,,xH,, which concludes the proof. O

We now proceed to construct the eigenvalue problem, for which we consider the spaces H = H})(.Q) and Q = L(z,(.Q),
and two bilinear forms n; : H x H — R, i € {1, 2} with induced operators N; such that H; := (H, n;(-, -)) is a Hilbert space
and the norms induced by n; are equivalent to the norm in H}](.Q). These operators give the following characterization of
the dual norm.

Lemma 20. In the previous context, for any function ¢ in W*"(£2) the following equality holds:

leVallty gy = —(@.diveN'oVake, i€ {1,2}.

Proof. We use the Riesz Representation Theorem [28, Theorem 4.11] with the explicit operators N;, thus obtaining:
loValigy oy = INT @ Vally.y = ni(NT'9Va, N7 9Vq)
= (VAN 9V Qy1, =—(q.diveN 9 Vo, O

Now we are in position to find the eigenvalue problem associated to the inf-sup constant.

Theorem 10. The problem of finding the inf-sup constant of the bilinear form (36) is equivalent to finding the smallest A in
R, v,y in Hy(£2) and p in L3($2) such that

_N]v+¢vp = Os
div(¢pv + (1 — ¢)y) = Ap, (42)
—Nv+(1—-¢)Vp=0.

Proof. We first define the operator T : Q — (H x H) given by

T[Q](vv.}’) = (¢Vq! v)H/xH + ((] - ¢)Vq’y>H/><Hv

which thanks to Lemma 19 is defined with the norm

ITIq1I* = 16 V ¢, (1 = )V Dl = 16 V allgy + 11— ¢) V qllpy-
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We then rewrite the inf-sup condition as follows by using Lemma 20:

£ — inf sup ((div(¢v+(1—¢>y), q)>2: inf sup < ~Tlql(v.y) )2: - ITIall
= vy \ 0.9l e =0 oyt NN W)l llalle ) o8 lallg
_ 1oVl HI0 -9 Valy . —(a, divgNT 9 Va+ (1 ¢IN (1 —¢) V)
g llqlg aq llalg

Defining the operator S(q) := div(¢>N1’1¢ Vqg+(1-— qb)Nz’](l — ¢)V q) and A := B2 we prove our claim. O

We present some numerical tests to investigate the dependence of the inf-sup constant on the parameter ¢ in Fig. 2.
The experiments were performed with the SciPy library [39], which contains a wrapper for the implicitly restarted Arnoldi
method in ARPACK [40]. To avoid rescaling the pressure, on the unit square £2 = (0, 1)? the experiments were performed
with v = 0Oonx; = Oandy = 0 on X, = 0. The dependence on ¢ was then tested for Ny = N, = A~! for an
extension of the results regarding the divergence operator, and then to better understand the results on Fig. 1 with
N; = (2div ,ufe(~))‘l and N, = (divCpooree(+))™ ', the diffusive operators associated to the fluid and solid momenta,
respectively, with two different sets of parameters. The numerical tests confirm that when the operators N; and N, are
the same and equal to the Laplace operator, the stability behavior of the problem with respect to the fluid phase and the
solid phase is symmetric. Instead, if the operators Ny and N, are chosen as in the poromechanics problem, then we observe
that the stability properties are dominated by the fluid phase. This behavior becomes even more evident when realistic
parameters are used, in which case we observe that the stability properties of the chosen spaces Vf’f;j] X Vs’fh X Qﬁh X Q;h are
equivalent in practice to those of kaf X Vs’f,‘:] X QL‘ n X Q‘f »- Still, this scenario shows that considering both the fluid velocity
and the solid displacement belonging to a finite element space of higher order than the one for the pressure provides a
stable approximation. This can be seen in subfigure (f), where the minimum of the P, — P, curve (green, sz_h X Vsz,h) is
more than an order of magnitude bigger than that of the fluid-stable regime (P, — P; blue curve, Vf% n X Vsl,h); Moreover,
we notice that the minimum of the P, — P, curve roughly equals the maximum of the solid-stable regime (P; — P, orange
curve, V' x V2)).

7. Numerical tests

In this section, we present some numerical tests related to problem (2). The first one is a classical benchmark known as
the swelling test. The second one shows a spatially dependent porosity which explores the inf-sup stability with respect
to the dominant phase (solid or fluid), and the last one is a preliminary result regarding the modeling of blood perfusion
in the human left ventricle with an idealized geometry.

7.1. Swelling test

This test studies the behavior of a 2D slab in absence of volume forces. The slab is subject to an external pressure
OfM = —PexeN, Pexe(t) = 103(1 — exp(4t?)) on the left and null stress on the right. Above and below it uses a no-slip
boundary condition vy = v, which we impose weakly with a constant y = 2 10° (more details in [19]). The boundary
conditions for the solid are: sliding on the bottom and left sides, the external pressure also acts on the solid phase through
05l = —pexeNt ON the left and the rest of the boundary is of null traction type (see Fig. 3). The results are obtained with
the following parameters: py = ps = 1000, j4y = 0.035, As = 711, s = 4066, ks = 2 - 108,92 = 2 - 10°, K;] = 1071, all
in SI units with |§2| = 10~* discretized with 12 elements per side. The finite element spaces used are V7, Q',, V2, Q)
for the fluid velocity, pressure, displacement and solid velocity respectively.

7.2. Inf-sup stability test

This test shows how the poromechanics problem can exhibit different stability behaviors in the same domain. We use
a setting similar to the swelling test, the differences being (i) in the fluid, in which we impose a quadratic flow with a peak
value of 0.01 on the left instead of a Neumann condition; (ii) in the parameters: A = u = 0.035, KJT1 = 10%J; and (iii) in
the porosity function, given by ¢ ~ Ijy<o5) (not exactly as it must be strictly contained in [0, 1]). In Fig. 4 we show the
pressure field, which is unstable only when the corresponding phase is not discretized appropriately. In Fig. 4(a) fluid and
displacement are discretized with P; elements (same as pressure), thus both regions show unstable behavior. In Fig. 4(b),
only the fluid is unstable and thus we see instabilities where the fluid is dominant (below). Fig. 4(c) is the opposite of
4(b), and as expected when both physics are approximated with P, elements we see stable pressure (Fig. 4(d)).
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(c) N1 = (Q,U,f diVE('))il,Nz = (diVCHDOkeE(~))71.
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Fig. 2. Inf-sup constant 8 with respect to the porosity. Images (a), (b), (c) and (d) have all parameters set to 1, instead (e) and (f) use a realistic
parameters. The code P, — P, on the plots stands for a fluid-solid-pressure discretization with elements P, — P, — P;.

8. Conclusions

In this work we presented a complete mathematical and numerical analysis of the linearized poromechanics problem
first addressed in [20]. For the well-posedness analysis we have combined the theory of Differential Algebraic Equations
with the Faedo-Galerkin technique. We remark that the analysis presented here features a relaxation of the constant

porosity condition used in [20].
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Fig. 3. (a) Boundary conditions for the swelling test, (b) results at time t = 1.
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Fig. 4. Pressure of inf-sup test for all combinations of fluid/displacement finite element spaces.

We have discretized the problem with the backward Euler scheme in time and Taylor-Hood-type finite elements in
space which require fluid velocity, displacement and pressure to be approximated by Py — Pyyq — Py, thus leaving
solid velocity unconstrained. The pressure and the velocities of the fluid and solid phases are coupled by a quasi-
incompressibility constraint that has been thoroughly analyzed, shedding light on properties of the model that were not
completely understood yet. In particular, we show that equal order approximation of the previous variables is not stable.
Only the k + 1/k-th order approximation of velocities and pressure is always stable in practice. Interestingly, our analysis
shows that, depending on the porosity, the approximation of the fluid or solid velocities can be selectively degraded to
the polynomial order used for the pressure. These findings are confirmed by the numerical tests which complement the
ones previously performed in [20] with this model.

Appendix A. Saddle point problems

In this appendix we present some well-known results regarding saddle point problems which we use throughout the
analysis. The first one is a discrete invertibility result, for reference see [41].

Theorem 11. Let A, B, C be matrices such that A is positive definite, C is positive semidefinite and ker C N ker B' = {0}.
Then, the matrix M defined as

A B
w=3 L]

is invertible.

The next one is a generalization of the Ladyzhenskaya-Babuska-Brezzi condition, which we adapt from [42].
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Theorem 12. Consider bilinear continuous forms A:V xV — R,B1:V xQ — Rand B, : V x Q — R for Hilbert spaces
V, Q. Under the following hypotheses:

A(v, v*
supM >alv'ly Yo eV, supAv,vt)>0 Vo*eV,
veV ” ” veV
Bi(v, q) Ba(v, q)
- > Billglle. Yge€Q. sup > B2llqlle forallg € Q,
vev  lvllv vev  lvllv

the following problem has a unique solution: Find (u, p) in V x Q such that
A(u, v)+ By(v,p) = Fv) Yv eV,
By(u,q)=6(q) VqeQ.

Assuming that (uy, py) is the solution to a conforming Galerkin scheme in spaces V;, x Qy, then the following convergence
estimate holds for constants Cq, C5, C3, C4 depending on the ellipticity constant of A, the inf-sup constants of Bq, B, and the
continuity constants of all bilinear forms:

(A1)

lu —uplly = Gy inf [lu—wvpllv + G inf [Ip — gnllo,
vpEVR qn€Qn
lp —pnlle < G5 inf [lu—vpllv + C4 inf |Ip — gnlle-
vheVR qn€Qn
Appendix B. Limit of bilinear forms

In this appendix we present the limits of all bilinear forms used for the Faedo-Galerkin technique. Consider the test
functions ¢ in C2°(0, T) (compactly supported functions in (0, T)), vf p 10 Vi, gy in Qp g, wgp in Vs and vS p 10 Qy p. With
them, we use the weak convergence results from Theorem 3 and extract convergent subsequences as in (20) to proceed
as follows:

(i) Limit of the fluid equation terms:

T T
/ (¢ vr n, p(t)vf ) dt — / (@devr(t), p(t)vf ) dt  as dyvy p converges in [*(0, T; (H)(£2))),
0 0
T T
/ (0vsat 0y D0V ) E - / (Gusatuiey. @0 ) e as vy, converges in 2(0, T: HY(£2)),
0
T
/ (%[ " — Mg a(t), @(t)v} ) dt —>/ (%[ " — 61 (t), @(t)vf ,)dt  as vy, converges in (0, T; L*(£2)),
0
/(qﬁ K Yo (1), @(6)0f 1) —>/ (¢? K; "og(t), p(t)v} ) dt  as v, converges in L*(0, T; L*(2)),

2 2
(ii) Limit of the mass conservation terms, understood in integral form %p(t) = %H%.hp(O) + pffle -

fot div(¢vs(s)) ds 4 div((1 — @)[y,(t) — My, ,.¥s(0)]):
T a2 T N2
/ (%ph o(t )Qh) dt —>/ (Mp o(t)q ) dt as py, converges in L*(0, T; L*(£2)),
0 s

T t
/ / (div(@vr n(s)), @(t)gn) ds dt —>f /(dlv @vr(s)), o(t)qn)dsdt as vy, converges in 130, T; HO(Q))
o Jo

T
f (div((1 — G, (D), g(O)gn) de — / (diV((1 — pl(6)), @(t)gn)dt s y,, converges in [2(0, T; HY(£2)),
0 0
where for the second term there is an extra intermediate step. We define the functional
t
Py = | (@610, an(0) s,
0
which is bounded by using hypothesis (H1) and Cauchy-Schwartz:

T
Fanto(07.1) < Co / 197 Al 196 (O 20y ds
0

= Cdz||vf.h||L2(o,T;H1(Q))“‘Jh(t)”Lz(o,T;Lz(ﬂ))-

The result is an application of weak convergence to the functional Fg,).
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(iii) Limit of the solid equation terms:

T T
/ (1= )3vsa(t). 9w dt — / (1= $)3us(), @(Ows)de  as dvs.x converges in L2(0, T (H(2))),
0 0

T T
/ (CtookeeWs (1)), @(t )5 ) dt — / (Croowee@s(). p(Owsp)de  asy, , converges in [2(0, T: HY(2),
0 0
T T
/ (@%; Vs n(t), o(t)ws ) — / (%7 'vs(t), p(t)wsp) de as vy, converges in L*(0, T; L*(£2)),
0 0
T T
/(¢2K;1vf,h(t),<p(t)ws,,1)—>/ (% or (1), p(t)ws p) dt as vy, converges in L*(0, T; H)(£2)).
0 0

(iv) Limit of the solid velocity terms:

T T
f (1= $)3yen(6). @(O)usn) dt — / (1= )0ys(), @(tWosm)de  as ey, converges in L2(0, T L(2)),
0 0

T T
/ (1= )05 a(t), 9(O)vr) dt — / (1= @)lt). o(Oyus)dt  as vy converges in (0, T; L(22)).
0 0

Finally, all time integrals in (0, T) can be removed due to the fact that ¢ belongs to C2°(0, T) and that C°(0, T) ® X is
dense in L*(0, T; X) [27].
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