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Abstract This work adopts Yang’s local fractional derivative to define the fractional Klein-

Gordon equation in a fractal space or microgravity space. The variational principle of local frac-

tional Klein-Gordon equation is successfully established via fractional semi-inverse transform

method and the classical He’s variational iteration method (HVIM) is used to obtain its approxi-

mate analytical solution.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Fractional calculus has a history of over 300 years. Fractional

calculus is an excellent mathematical tool to elaborate mathe-
matical modeling. At present, fractional calculus has found
applications in the fields of physics and materials science, such

as nanotechnology, artificial intelligence, and diffusion
processes and so on. There are many different definitions of
fractional calculus. By far the most common are Riemann-

Liouville definition, Caputo definition, He’s fractional
definition, etc [1–3]. The approximate analytical solution of a
fractional differential equation can be gained by the
Homotopy perturbation method (HPM), Homotopy analysis

method (HPM), Taylor series method (TSM) and so on [4–9].
The classical Klein-Gordon equation is given as follows

[10,11]
D2x x; tð Þ
Dt2

�D2x x; tð Þ
Dx2

� kx x; tð Þ � bx2 x; tð Þ � cx3 x; tð Þ ¼ 0;

ð1:1Þ
with the initial condition

x x; 0ð Þ ¼ x0; ð1:2Þ
where k; b; c are the known to be constants. The traditional
Klein-Gordon equation is very important in physics. It is well

known that many problems in quantum mechanics and classi-
cal mechanics, soliton and material physics can be modeled by
the linear and nonlinear Klein-Gordon equations. For exam-

ple, the classical nonlinear Klein-Gordon equation can be used
to elaborate the dislocations in crystals, Josephson junction,
and a rigid swing attached to a drawn wire. When a rigid pen-

dulum attached to a stretched wire vibrates in a fractal or
microgravity space [12–14]. These traditional derivatives will
not elaborate on the new physical model. For example, in

Fig. 1, A spring oscillates in a fractal space that can not be
described by conventional derivative. The Yang’s local frac-
tional derivative [15–20] will have to be adopted to establish
the new mathematical oscillatory model as follows
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Fig. 1 A spring oscillates in a fractal space.
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YqD2qI

LocDt2q
þ kI ¼ 0; ð1:3Þ

where the YqDqI= LocDtq is called Yang’s local fractional

derivative.

Therefore, when a rigid swing attached to a drawn wire
vibrates in microgravity space, the Eq. (1.1) does not perfectly
describe this physical phenomenon. Yang’s local fractional

derivative can be adopted to elaborate on the modeling. The
local fractional Klein-Gordon equation is established as
follows

Y1D21x x; tð Þ
LocDt21

�D2x x; tð Þ
Dx2

� F xð Þ ¼ 0; ð1:4Þ

with the initial condition

x x; 0ð Þ ¼ x0; ð1:5Þ
where Y1D1x= LocDt1 is the Yang’s local fractional derivative

and F xð Þ is a function.
In this work, we will adopt the semi-inverse method [21–27]

to obtain the variational principle for the local fractional

Klein-Gordon equation, and He’s variational iteration method
(HVIM) [28–37] is used to gain its approximate analytical solu-
tion in a fractal or microgravity space [38].

2. Yang’s local fractional derivative

Definition 1. The definition of Yang’s local fractional deriva-
tive is given as follows [15–20]

LocYeD eð Þ
n } n0ð Þ¼} eð Þ n0ð Þ¼ de} nð Þ

dne

����
n¼n0

¼ lim
n!n0

De } nð Þ�} n0ð Þð Þ
n�n0ð Þe ;

ð2:1Þ
where De } nð Þ � } n0ð Þð Þ ffi C 1þ eð ÞD } nð Þ � } n0ð Þð Þ.

Definition 2. Some special functions of Yang’s local fractional
derivative is defined as follows
LocYbEb sb
� � ¼ X1

k¼0

skb

C 1þ kbð Þ ; ð2:2Þ

LocYbsinb sb
� � ¼ X1

g¼0

�1ð Þg s 2gþ1ð Þb

C 1þ 2gþ 1ð Þb½ � ; ð2:3Þ

LocYbCosb sb
� � ¼ X1

g¼0

�1ð Þg s2gb

C 1þ 2gbð Þ ; ð2:4Þ

LocYbSinhb sb
� � ¼ LocYbEb sbð Þ þ LocYbEb �sbð Þ

2
;

LocYbCoshb sb
� � ¼ LocYbEb sbð Þ � LocYbEb �sbð Þ

2
; ð2:5Þ

where s 2 R, 0 < b < 1.

Definition 3. The Yang’s local fractional calculus of some non-

differentiable functions is as follows

Y1D1

LocDs1
sn1

C 1þ n1ð Þ
� �

¼ s n�1ð Þ1

C 1þ n� 1ð Þ1ð Þ ; ð2:6Þ

Y1D1

LocDs1
LocY1E1 s1ð Þ� � ¼ LocY1E1 s1ð Þ; ð2:7Þ

Y1D1

LocDs1
LocY1Sin1 s1ð Þ� � ¼ LocY1Cos1 s1ð Þ; ð2:8Þ

Y1D1

LocDs1
LocY1Cos1 c1ð Þ� � ¼ LocY1Sin1 s1ð Þ; ð2:9Þ

LocY1J1c
sn1

C 1þ n1ð Þ
� �

¼ s nþ1ð Þ1

C 1þ nþ 1ð Þ1ð Þ : ð2:10Þ
3. The He’s variational iteration method (HVIM)

The He’s Variational iteration method (HVIM) is an excellent
mathematical tool to solve the linear or nonlinear fractional

differential equation. In this work, the HVIN is used to solve
the local fractional differential equation.

Consider the following differential equation:

‘-þ N- ¼ X xð Þ; ð3:1Þ
where ‘ and N are linear and nonlinear operators, respectively.

According to the He’s variational theory, we can easily gain
a correct equation for Eq. (3.1), which reads such that

-nþ1 xð Þ ¼ -n xð Þ þ
Z x

0

v ‘Rn nð Þ þ NR̂n nð Þ � X nð Þ
n o

dn: ð3:2Þ

In Eq. (3.2), the v can be gained by the variational theory.

The right of Eq.(3.2) is the correction term. The -̂n is the
restricted variation. The -̂n satisfies the following formula

d-̂n ¼ 0: ð3:3Þ
Therefore, the approximate analytical solution of Eq. (3.1)

is gained as follows

- ¼ lim
n!1

-n: ð3:4Þ
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4. Variational principle for local fractional Klein-Gordon

equation

The variational principle of local fractional Klein-Gordon can

be organized by a semi-inverse transform method.
Consider the local fractional Klein-Gordon equation as

follows

Y1D21x x; tð Þ
LocDt21

�D2x x; tð Þ
Dx2

� F xð Þ ¼ 0: ð4:1Þ

Let F xð Þ ¼ ax x; tð Þ þ bx2 x; tð Þ þ cx3 x; tð Þ, and the Eq.
(4.1) can be rewritten into the following form

Y1D21x x; tð Þ
LocDt21

�D2x x; tð Þ
Dx2

� ax x; tð Þ � bx2 x; tð Þ � cx3 x; tð Þ ¼ 0:

ð4:2Þ
The variational principle of Eq. (4.2) can be given accord-

ing to the semi-inverse transform method as follows

J xð Þ¼
Z t1

t0

Z
�1

2

Y1D1x

LocDt1

� �2

þ1

2

Dx
Dx

� �2

�a

2
x2�b

3
x3� c

4
x4

( )
dt1

( )
dx:

ð4:3Þ
The Euler-Lagrange equation of Eq. (4.3) can be written in

the following form

Y1D1

LocDt1

Y1D1x

LocDt1

� �
� D

Dx

Dx
Dx

� �
� ax� bx2 � cx3 ¼ 0: ð4:4Þ

According to chain ruler, Eq. (4.4) is similar to Eq. (4.1).

5. Variational iteration method for local fractional Klein-Gordon

equation

Consider the local fractional Klein-Gordon equation as
follows

Y1D21x

LocDt21
�D2x

Dx2
þ 3x

4
� 3x3

2
¼ 0; ð5:1Þ

with the initial conditions

x x; 0ð Þ ¼ �sech xð Þ; xt x; 0ð Þ ¼ 1

2
sech xð Þtanh xð Þ: ð5:2Þ

We adopt HVIM to obtain the approximate analytical solu-

tion for Eq. (5.1). Now, we establish a new correction equation
as follows

xnþ1 x; tð Þ ¼ xn x; tð Þ þ
Z t

0

v
Y1D21x x; nð Þ

LocDt21
�D2 ex x; nð Þ

Dx2

�
þ 3

4
ex x; nð Þ � 3

2
ex3 x; nð Þ

�
dn: ð5:3Þ

By the variational method, we have

v00 nð Þ ¼ 0; 1 - v0jn¼t ¼ 0; vn¼x ¼ 0: ð5:4Þ
So, we have

v nð Þ ¼ n� t: ð5:5Þ
We obtain the variational iteration formula as follows

xnþ1 x; tð Þ ¼ xn x; tð Þ þ
Z t

0

n� tð Þ D21x x; nð Þ
Dt21

�D2 ex x; nð Þ
Dx2

�
þ 3

4
ex x; nð Þ � 3

2
ex3 x; nð Þ

�
dn; ð5:6Þ
x0 x; tð Þ ¼ �sech xð Þ þ t1

2C 1þ 1ð Þ sech xð Þtanh xð Þ: ð5:7Þ

According to Eq. (5.6) and Eq. (5.7), we obtain the follow-
ing results by MAPLE.17 software

x1 x; tð Þ ¼ �sech xð Þ þ t1

2C 1þ 1ð Þ sech xð Þtanh xð Þ

� t21

8C 1þ 21ð Þ sech xð Þ � 2sech3 xð Þ� �
þ t31

48C 1þ 31ð Þ sech xð Þtanh xð Þ 1� 6sech2 xð Þ� �þ � � � ;

x2 x; tð Þ ¼ �sech xð Þ þ t1

2C 1þ 1ð Þ sech xð Þtanh xð Þ

� t21

8C 1þ 21ð Þ sech xð Þ � 2sech3 xð Þ� �
þ t31

48C 1þ 31ð Þ sech xð Þtanh xð Þ 1� 6sech2 xð Þ� �
� t41sech xð Þ
384C 1þ 41ð Þ 1� 20sech2 xð Þ þ 24sech4 xð Þ� �

þ t51

3840C 1þ 51ð Þ sech xð Þtanh xð Þ 1� 60sech2 xð Þ�
þ 120sech4 xð ÞÞ þ � � � ;

x3 x; tð Þ ¼ �sec h xð Þ þ t1

2C 1þ1ð Þ sec h xð Þtanh xð Þ

� t21

8C 1þ21ð Þ sec h xð Þ � 2sec h3 xð Þ� �
þ t31

48C 1þ31ð Þ sec h xð Þtanh xð Þ 1� 6sec h2 xð Þ� �
� t41sec h xð Þ

384C 1þ41ð Þ 1� 20sec h2 xð Þ þ 24sec h4 xð Þ� �
þ t51

3840C 1þ51ð Þ sec h xð Þtanh xð Þ 1� 60sec h2 xð Þ�
þ120sec h4 xð ÞÞ
� t61

46080C 1þ61ð Þ sec h xð Þ 1� 182sec h2 xð Þ�
þ840sec h4 xð Þ � 720sec h6 xð ÞÞ
� t61sec h xð Þtanh xð Þ

46080C 1þ61ð Þ 1� 546sec h2 xð Þ þ 4200sec h4 xð Þ�
�5040sec h6 xð ÞÞ þ � � �

ð5:8Þ
When 1 ¼ 1 the Eq. (5.1) is the classical Klein-Gordon

equation, and it has the exact solution as follows

x x; tð Þ ¼ �sech xþ 0:5tð Þ: ð5:9Þ
Fig. 2 shows the error between the exact solution and the

approximate analytical solution when 1 ¼ 1. In this work, we
have only calculated three times, if we want to improve the
accuracy of our analytical solution, we only need to calculate

more times. Figs. 3–6 shows that the variation of approximate
analytical solution for different 1. These fully demonstrate that
our method is accurate and efficient.



Fig. 2 The error between the exact solution and the approximate

solution.

Fig. 3 1 ¼ 0:3.

Fig. 4 1 ¼ 0:6.

Fig. 5 1 ¼ 0:8.

Fig. 6 1 ¼ 1.
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6. Conclusion

In this work, a new modeling of a rigid swing attached to a

drawn wire vibrates in microgravity space is successfully orga-
nized on the basis of Yang’s local fractional derivative. The
variational principle of the local fractional modeling via frac-

tional semi-inverse transform method, and He’s variational
iteration method (HVIM) is adopted to find its approximate
analytical solution. The variational principle can be adopted
to construct conservation laws and suggest solution structures
of the solitary waves. We will discuss this property in a forth-
coming paper.
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