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Abstract

In this paper we specify the experimental parameters required to operate a Free Electron Laser with a laser wiggler in the Angstrom

region. Both the quantum and the classical regimes are discussed. The quantum regime of SASE can be reached with more realistic

parameters than the classical one. The fundamental feature of the quantum SASE is the extremely narrow single-line radiation spectrum,

whose line width can be four orders of magnitude smaller than the bandwidth of the classical spiky SASE spectrum.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

It has been shown that the quantum effects in a Free
Electron Laser (FEL) are ruled by the quantum FEL
parameter r̄ ¼ rðmcg=_kÞ [1], where r is the classical FEL
parameter [2]. The classical analysis is valid only for r̄b1,
whereas for r̄o1 the quantum effects dominate [3,4].

In particular, in the quantum Self Amplified Sponta-
neous Emission (SASE) mode operation, the quantum
purification of the radiation spectrum has been predicted
[3,4], i.e. the broad and chaotic spectrum of the classical
SASE [5–8] shrinks to a very narrow spectrum when r̄51.
More specifically, in this work we show that the spectrum is
a single line whose width is Do/o ¼ lr/Lb instead of 2r as
in classical SASE. The ratio between the two line-widths is
the total number of spikes in the classical regime, Lb/(2pLc)
where Lb is the bunch length and Lc is the cooperation
length [9]. This means that the quantum line width is the
e front matter r 2007 Elsevier B.V. All rights reserved.
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same as the width of the single spike of the classical regime.
In the X-ray region this implies a difference of four orders
of magnitude. Hence, the quantum regime, contrary to the
classical one, exhibits a full temporal coherence.
It has been suggested that a quantum SASE FEL could

be built using a laser wiggler [10,11] in a Compton
backscattered configuration, instead of the static wiggler
used in the planned classical SASE experiments [12–14]. In
a laser wiggler configuration, a low-energy electron beam
back scatters the photons of a counter-propagating high
power laser, with a frequency up-shifted by a factor 4g2.
The use of a laser wiggler has been discussed in the past
[15,16] in a classical theory.
In the following, we propose a way to calculate the

experimental parameters for an X-ray FEL with a laser
wiggler both in the classical and in the quantum regime.
The analysis shows that the quantum regime appears, in
general, more feasible than the classical regime for the
state-of-art of the electron beam and laser technologies. We
outline again that only in the quantum SASE regime the
FEL is a temporally coherent X-ray source, whereas in the
classical SASE regime the FEL radiation spectrum is
composed by many random spikes with little temporal
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coherence. Furthermore, the quantum FEL with a laser
wiggler would be two or three orders of magnitude smaller
in size (possibly table-top) and cost. The results of the
present parametric study are rather encouraging with
respect to a future realization of a quantum SASE X-ray
FEL source.
2. Magnetic versus laser wiggler

The quantum FEL (QFEL) parameter is given by [1]

r̄ ¼ r
mcg
_k
¼ gr

lr
lc

, (1)

where lr and lc ¼ h/mcE0.024 Å are, respectively, the
radiation and the Compton wavelengths, g is the resonance
energy in units mc2 given by

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lwð1þ a2

0Þ

2lr
;

s
(2)

lw is the period of the magnetic wiggler and a0 is the
wiggler parameter. Using Eqs. (1) and (2), the QFEL
condition r̄p1 becomes

rp
ffiffiffi
2
p

lcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lrlwð1þ a2

0Þ

q , (3)

so that, to reach the high-gain regime, a number Nw of
wiggler periods of the order of 1/r is required, i.e., a
wiggler length Lw given by

Lw ¼ Nwlw �
lw
r
X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lrl

3
wð1þ a2

0Þ

q
ffiffiffiffiffi
lc
p . (4)

If a laser wiggler with wavelength lL is used, the
substitution

lw!
lL
2

(5)

must be done everywhere in Eqs. (2)–(4). For instance, the
resonance condition (2) becomes

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lLð1þ a2

0Þ

4lr

s
. (6)

To lase at lr ¼ 1 Å, Eqs. (2)–(4) for a magnetic wiggler with
lwE1 cm yield E ¼ 3.5GeV, rp3.4� 10�6 and LwX3 km,
whereas for a laser wiggler with lLEmm, they yield
E ¼ 25MeV, rp5� 10�4 and LwX2mm (for simplicity
we have assumed a051). The previous considerations
clearly show that a QFEL with a magnetic wiggler is
unpractical, whereas with a laser wiggler it can be a table-
top apparatus for a sufficiently high quality beam, as it will
be discussed in the following.
3. Scaling laws for a laser wiggler

In the following we will discuss the scaling laws and
possible experimental parameters for an FEL with a laser
wiggler both in the classical and quantum regimes.
Using (1) and (6) the quantum FEL parameter r̄ is

related to the classical FEL parameter r by

r ¼ r̄
lc
glr
¼ r̄

2lcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lrlLð1þ a2

0Þ

q . (7)

In Eq. (7) r is given by

r ¼
1

2g
I

IA

� �1=3
kelLa0

4ps

� �2=3

, (8)

where IAE17 kA is the Alfven current. Assuming as
current density the peak current I divided by the effective
surface 2ps2 for a transversally Gaussian or ps2 for a flat
top shape of the current, the parameter ke is 1 or O2,
respectively. Here s is the rms electron beam radius. Eq. (8)
is a generalization of the usual expression (see for instance
Ref. [17]) to a laser wiggler.
From Eqs. (7) and (8) with some algebra we obtain

IðAÞ ¼ 3� 102
r̄3s2

k2
el

3
rl

2
La2

0

; (9)

where the units are lr (Å), lL (mm) and s (mm). For a given
s, the electron current is proportional to r̄3, so that, going
from the quantum to the classical regime, if r̄ increases for
instance by a factor 10, the current increases by a factor
103. This is one of the reasons why the use of a laser wiggler
may be much more convenient in the quantum regime
(r̄o1) than in the classical one (r̄b1).
The relation between a0 and the laser power P is, in

agreement with [16],

PðTWÞ ¼
Ra0

2:4kLlL

� �2

, (10)

where R is the minimum radius of the laser, P is in TW and
kL is, as above, 1 or O2 for a Gaussian (with beam section
2pR2) or for a flat top (with beam section pR2) transverse
profile of the laser, respectively. From Eqs. (9) and (10), we
obtain the important relation between the electron current
and the laser power:

IðAÞ � 50r̄3
R2s2

k2
ek

2
Ll

4
Ll

3
r

1

PðTWÞ
, (11)

with lr(Å), lL(mm), R(mm) and s(mm). Using Ref. [10], the
gain length and the cooperation length for the field can be
written in the form

Lg ¼
lL
8pr

ffiffiffiffiffiffiffiffiffiffiffi
1þ r̄
r̄

s
; Lc ¼

lr
4pr

ffiffiffiffiffiffiffiffiffiffiffi
1þ r̄
r̄

s
, (12)

where the factor
ffiffiffiffiffiffiffiffiffiffiffi
1þ r̄
p

in the numerator has been added
by hand to obtain the classical expression when r̄b1 and
the quantum expression when r̄51. Note that Lg has a
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factor 8p instead of 4p in the denominator, since a laser
wiggler is assumed (see Eq. (5)).

We impose that the interaction length, Lint, the laser
Rayleigh range, ZL, and the gain length for the field, Lg,
should satisfy the following relations:

Lint ¼ ctL � 2ZL ¼ a1Lg; a1X1, (13)

where a1 is the number of Lg in the interaction region 2ZL,
tL is the laser pulse duration and

ZL ¼
4pR2

lL
(14)

is the laser Rayleigh range. Hence, the total energy of the
laser pulse is given by

U ¼ PtL ¼ a1P
Lg

c
. (15)

From Eqs. (13) and (14), we obtain the following self-
consistent value for the rms laser radius at the focus:

R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1LglL
8p

r
. (16)

Note that the gain length for the power is half of the gain
length for the field, given by Eq. (12). For instance, for
a1 ¼ 5 the interaction length is ten times the gain length for
the power.

Concerning the requirement on the beam emittance, a
very important geometrical matching condition is the
following:

b� �
gs2

�n
XZL, (17)

where en is the normalized beam emittance. Eq. (17)
imposes that the electron beam should be contained in the
laser beam, provided spR, and the electron beam should
not diverge appreciably in a laser Rayleigh range ZL. From
Eqs. (14) and (17), it follows:

�np�ðhomÞn �
glL
4p

s
R

� �2
. (18)

This is the correct condition on the emittance to be satisfied
in a laser wiggler, which becomes quite restrictive when
s5R.

As discussed in Ref. [11], the emittance criterium for the
FEL radiation, enoglr/4p, does not apply in a laser
wiggler, since it would imply b*4Zr where Zr ¼ 4ps2/lr is
the Rayleigh range of the FEL radiation (where, for
simplicity, we have assumed an equal radius for the
radiation and the electron beams), so that the emitted
radiation would get outside of the electron beam, making
impossible the amplification process. To avoid this,
we should reverse the criterion, i.e. b*oZr, so that
en4glr/(4p).

Furthermore, defining

a2 ¼
R

s
X1, (19)
from Eq. (18) it follows

�ðhomÞ �
glL
4pa2

2

. (20)

Up to now, all we have written is valid either in the classical
or in the quantum regime. In both the cases, the condition
on the energy spread is

Dg
g
oG, (21)

where G is the FEL line width. In Ref. [3] we have
estimated that the line width in the quantum regime is

G � r
ffiffiffī
r

p
if r̄o1, (22)

whereas in the classical regime it is the well known
expression [2]

G � r if r̄b1. (23)

Emittance is one of the causes of the energy spread
increasing. In fact, since the resonant wavelength depends
on the divergence angle y according to

lr ¼
lLð1þ a2

0 þ g2y2Þ
4g2

; with 0pyp
�r
s

(24)

we have

Dl
lr
�

2Dg
g
�

�2n
s2ð1þ a2

0Þ
p2G. (25)

Hence, we obtain the following ‘inhomogeneous’ condition
for emittance:

�np�ðin homÞ
n � s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gð1þ a2

0Þ

q
. (26)

Eq. (26), using Eq. (12), can be combined with the
geometrical condition en4glr/(4p) to give [11,18]:

glr
4p

o�np
glr
2p

ffiffiffiffiffiffi
Zr

Lg

s
. (27)

We remark that the inequality (18) must be strictly
satisfied, otherwise the FEL action is destroyed. The
inequality (26) arises from an inhomogeneous broadening
of the resonance, which reduce the gain, since only the
electrons whose y is small enough will participate to the
emission process [19]. There are many different effects
which may contribute to the broadening of the resonance,
such as the fluctuations of the wiggler parameter a0 and of
the laser wavelength lL or the variation of a0 due to the
laser section expansion away from the waist (this can be
seen as a kind of wiggler tapering or anti-tapering, as
discussed in Ref. [15]). All these effects will be investigated
in a future paper with a full 3D analysis. In particular, the
fluctuations of the wiggler parameter a0 are negligible if

Da0

a0
p

1þ a2
0

a2
0

G; (28)

where Eqs. (6) and (21) have been used.
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1Ref. [21] contains some incorrect and misleading results, which can

generate confusion in the scientific community: (a) As it is well known, the

spectrum of the SASE radiation is affected by random spikes when the

electron beam contains many cooperation lengths [5]. Up to now, this

spiking behavior has been confirmed by all the numerical simulations

[12–14] and experiments [6–8]. For the case discussed in Ref. [21] we
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The peak power of the FEL radiation is given by [2]

Pr ¼ PbeamðrjAj2Þ ¼ ðI=eÞ_or̄jAj2, (29)

where A is the dimensionless field amplitude in the
‘universal scaling’ and Pbeam ¼ (I/e)mc2g is the beam
power. At saturation in the classical regime |A|2E1 [2]
whereas in the quantum regime jAj2 � 1=r̄ [20], so that, in
a unique form, we can write

jAj2 � 1þ
1

r̄
(30)

and Eq. (29) with (30) yield

Pr � ðI=eÞ_o 1þ r̄ð Þ. (31)

As a consequence the number of emitted photons is

Nph ¼
Q

e
ð1þ r̄Þ, (32)

where Q is the beam charge. Eq. (32) shows that the
average number of the emitted photons per electron at
saturation is 1+r̄. Note that the power in the quantum
regime is larger than the value predicted by the classical
theory. The meaning of Eqs. (31) and (32) is that in the
classical regime each electron emits in average r̄ photons,
whereas in the quantum regime it emits exactly a single
photon. As a consequence, an FEL operating in the
quantum regime will produce less photons than in the
classical regime, but with a monochromatic spectrum, as it
will be discussed in the next section.

4. Radiation line width

The maximum induced energy spread in an FEL is

sðgÞ
g
� r, (33)

which can be written, using the definition (1) of r̄, in terms
of momentum spread

sðpzÞ

_k
¼

mcsðgÞ
_k

� r̄, (34)

where pz ¼ mc(g�gr) and gr is the resonant electron energy
in mc2 units. The QFEL parameter r̄ can be interpreted as
the ratio between the classical momentum spread and the
photon recoil _k, so that quantum effects become
important when r̄p1, since in this case the discreteness
of momentum exchange is relevant. This allows to explain
in a simple way the origin of the broad and spiky classical
spectrum and the reduction to a single line in the quantum
regime. The radiation emission is due to the transition
between adjacent recoil momentum states (pðnÞz ¼ n_k),
which are equally spaced by the photon momentum _k.
The emitted frequencies in the transitions n-n�1 are also
equally spaced, since they are proportional to the
difference between the corresponding kinetics energies. In
the classical regime (r̄b1) many momentum states become
occupied (see Eq. (34)), and the multiple transitions
between the different momentum states lead to a multi-
frequency spectrum with equally spaced lines and an
envelope width equal to Do/oE2s(g)/gE2r. The several
transitions n-n�1 occur randomly under the gain curve
and this leads to the multiple-line chaotic spectrum
observed in the classical SASE. Note also that, since the
radiation is emitted in a time Lb/c (where Lb ¼ ctb ¼ cQ/I
is the beam length), each line has a Fourier transformed
line width Do/oElr/Lb. Hence, the number of spikes in
the classical regime is [5]

NS ¼
2rLb

lr
¼

Lb

2pLc
, (35)

where Lc ¼ lr/4pr is the classical cooperation length.
Conversely, in the quantum regime r̄o1, s(pz) cannot be
larger than the photon recoil :k and a single transition
occurs, whose line width is

Do
o

� �
QFEL

�
lr
Lb

. (36)

Hence, the ratio between the quantum line width and the
classical line width 2r is given by Eq. (35). For instance, for a
beam with Q ¼ 1 nC and tb ¼ 1ps in the Angstrom region
the QFEL line width (see Eq. (36)) is of the order of 10�7,
whereas the line width of the envelope of the classical SASE
spectrum is of the order of 10�3. Hence QFEL naturally
produces transform-limited radiation, which would be useful
for ultra-high resolution studies of processes.

5. Parameters for the classical and the quantum regimes

In order to discuss some specific example for the classical
and the quantum regimes, we take as independent the
following six parameters: r̄, lr(Å), lL(mm), a0 (the wiggler
parameter), a1 (the number of amplitude gain lengths in the
interaction region 2ZL) and a2 (the ratio between the laser
and the radiation rms beam radius at the focal point).
Furthermore, we assume a given beam charge Q ¼ 1nC. All
the other parameters are deduced self-consistently as follows.
From Eq. (6) and (7) we deduce g and r, and from Eq. (12)
we deduce Lg and Lc. Then, from Eqs. (16) and (19) we
deduce R and s. Introducing these values in Eqs. (9), (10) and
(15) we calculate the current I, the laser power P and the laser
duration tL. From Eqs. (20) and (26), using Eqs. (22) or (23)
for G, we deduce the homogeneous and inhomogeneous
emittance limit values. Finally, from Eq. (32) we calculate the
total number of emitted photons. We remark that the values
of R and s cannot be arbitrarily chosen, but must be deduced
consistently by the independent parameters of the system (see
also the scaling laws given in Appendix A). A different but
less accurate approach to the classical case with similar
parameters has been recently published [21].1
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Table 1

QFEL parameter r̄ 0.2 5

(2ZL) /Lg a1 5 5

R/s a2 1.5 1.5

Laser wave length lL (mm) 1 1

Radiation length lr (Å) 1.5 1.5

Wiggler parameter a0 0.3 0.8

FEL parameter r 7.5� 10�5 1.5� 10�3

Gain length Lg (mn) 1.2 0.03

Cooperation length Lc (nm) 356 3.5

Laser Rayleigh range ZL (mm) 3 0.07

Laser radius R (mm) 15.4 2.4

Laser power PL (TW) 1.85 0.32

Laser duration tL (ps) 19.7 0.47

Interaction length Lint (mm) 6 0.14

E-beam energy g 42.6 52.3

E-beam radius s (mm) 10.3 1.6

Bunch length Lb (mm) 720 13.6

Peak current I (kA) 0.42 22

Emittance hom limit en
(hom) (mmmrad) 1.5 1.85

Emittance inhom limit en
(in) (mmmrad) 0.09 0.11

Gain band width G 3.4� 10�5 1.5� 10�3

FEL line width Do/o 2.1� 10�7 3.1� 10�3

Number of spikes Ns 1 278

FEL power Pr (MW) 3.45 912

Photons’ number Nph 6.2� 109 3.1� 1010

Peak brilliance Ba 1028 1.6� 1026

aphotons/(smm2)mrad2 0.1% BW).

(footnote continued)

should expect about 500 spikes. However, no evidence of these spikes is

reported in the paper and no plausible reason is given for their

disappearance. (b) The expression of r and Lg are incorrect, since they

are just the same of those for a static wiggler without the necessary

substitution lw ¼ lL/2 . Hence, Lg is missing a factor 2, whereas r is

smaller by a factor 22/3�1.6. As a consequence, r̄ should be decreased by a

factor 1.6 and their ‘‘classical’’ regime (obtained for r̄ ¼ 2) describes

actually a quantum case with r̄�1, so that the classical model cannot be

used. (c) Referring to Ref. [3], the authors incorrectly state: ‘‘a recent

numerical calculation has shown that quantum effects appears appreciable

if r̄X0:4’’. A part of the misprint (r̄p0:4), in Ref. [3] we have

demonstrated analytically that the classical limit occurs for r̄b1 (showing

that, for r̄-N, a finite difference term in the equation for the Wigner

function becomes a continuous derivative, originating a classical Vlasov

equation). The value 0.4 appears in a subsequent paper [4], where we

demonstrated analytically that the quantum spectrum, made up by

discrete lines, becomes continuous like as the classical spectrum when

r̄X0:4, since in this limit the line width becomes larger than the lines

separation. However, the spectrum is still far to be classical. Hence, the

classical theory, strictly speaking, can be used only when r̄b1. (d) The

parameters used for simulations in Ref. [21] are: a0 ¼ 0.8, R ¼ 50 mm,

s ¼ 10 mm, lL ¼ 0.8 mm, lr ¼ 3.64 Å, tint ¼ 5 ps, g ¼ 30, r ¼ 4.3� 10�4,

r̄ ¼ 2, I ¼ 1.5 kA and 0.3mmmrad oeno0.88mmmrad. The laser power

and the energy are not given. Moreover, only the inhomogeneous

emittance limitation of Eqs. (26) and (27) is considered, whereas the more

fundamental homogenous emittance limitation of Eq. (18) is ignored.

Using their parameters in Eqs. (9), (10) and (15), we obtain I ¼ 6 kA,

P ¼ 200TW, U ¼ 103 J. These values appear rather difficult to be

obtained. (e) Discussing the inhomogeneous emittance criterium, the

authors neglect a0
2 in the denominator in their Eq. (26) (which is the

analogue of our Eq. (26)), and this would be correct only if a0
2
51, whereas

it is not for a0E0.8.

R. Bonifacio et al. / Nuclear Instruments and Methods in Physics Research A 577 (2007) 745–750 749
In Table 1 we give two numerical examples for a
quantum case (r̄ ¼ 0:2) and a classical case (r̄ ¼ 5),
considering a laser wiggler and an electron beam both
with transverse and longitudinal flat-top profiles
(kL ¼ ke ¼ O2), a1 ¼ 5, a2 ¼ 1.5 and lL ¼ 1 mm. In the
quantum case we have chosen a wiggler parameter
a0 ¼ 0.3, whereas in the classical case we assumed
a0 ¼ 0.8, as in ref. [21]. Notice that the self-consistent
value of the peak current in the classical case results
irrealistic (about 20 kA) and the correspondent beam
radius (1.6 mm) is very small. Conversely, in the quantum
regime the peak current and the beam radius have feasible
values. On the base of these considerations, we may state
that it should be easier to operate an FEL with a laser
wiggler in the quantum regime rather than in the classical
one. This explains also why, up to now, FELs with a laser
wiggler have not been realized experimentally in the
classical regime. Finally, we observe that for high current
and low energy beams the space charge effect (neglected in
the present analysis) could become relevant [22]. This
effect, together with all the other non ideal conditions, will
be investigated in a full 3D quantum FEL model, including
also the microscopic space charge term [23].
6. Conclusions

On the basis of the analysis and of the examples of
experimental parameters considered above, we conclude
that the quantum regime of an FEL with a laser wiggler
can be a convenient X-ray source, since the emitted
radiation has the important property of high temporal
coherence with no spiking, whereas in the classical regime
many random spikes are expected. This is the fundamental
difference between the quantum and the classical regimes.
Furthermore, the full line width of the spectrum in the
classical regime can be three or four order of magnitude
larger than the single spectral line width obtained in the
quantum regime. As a consequence, in the quantum regime
the brilliance can be largely enhanced with respect to the
classical one [13,14]. In conclusion, the quantum regime
not only appears easier to be reached experimentally than
the classical regime, but its properties definitely allows to
claim that QFEL is a full temporal, compact, coherent
X-ray source, whose dimension and cost could be three
orders of magnitude less than the large and expensive
present projects of classical SASE-FELs [13,14], which will
produce temporally incoherent X-ray light. Although
beams with emittance below the required inhomogeneous
limit, Eq. (26), are presently far from being produced, the
big advantages of QFEL motivate a large effort for its
realization. In any case, even if the inhomogeneous
limitation is not met, the FEL action would occur anyway
but at a power reduction, since only the electrons within
the gain line width participate to the lasing process.
However, this reduction is compensated by the high degree
of coherence of the emitted radiation. On the contrary,
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if the homogeneous limit, Eq. (18), is not met, the FEL
action is suppressed.
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Appendix A. Scaling laws

Here we give the formulae, obtained using the chain of
equations discussed in Section 5, for the numerical value of
the main experimental parameters, expressed as a function
of the independent parameters r̄, lr(Å), lL(mm), a0 (the
wiggler parameter), a1 (the number of amplitude gain
lengths in the interaction region 2ZL), a2 (the ratio between
the laser and the radiation rms beam radius at the focal
point) and ke(kL) ¼ 1 or ¼ O2 for a gaussian or a flat top
electron (laser) beam transverse profile:

g � 50

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lL
lr

1þ a2
0

� �s
, (A.1)

r � 4:8� 10�4
r̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lrlLð1þ a2
0Þ

q , (A.2)

LgðmmÞ � 8:3� 10�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lrl

3
Lð1þ a2

0Þ
1þ r̄
r̄3

s
, (A.3)
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�ðinhomÞn ðmmmradÞ � 0:06
lL
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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0Þ

q
. (A.9)
We observe that, in the classical regime, for large values of
the QFEL parameter r̄, the electron beam section (see Eq.
(A.4)) decreases as 1/r̄, and the peak current I in Eq. (A.7)
increases as r̄2, so that the current density increases as r̄3.
Furthermore, if a0 increases the laser power increases, but
the peak current strongly decreases and the emittance
limitations become more relaxed.
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