
This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/ACCESS.2020.3008674, IEEE Access

Date of publication xxxx 00, 0000, date of current version xxxx 00, 0000.

Digital Object Identifier 10.1109/ACCESS.2020.DOI

Throughput Analysis of Multipair
Two-way Replaying Networks with
NOMA and Imperfect CSI
DINH-THUAN DO1 (Senior Member, IEEE), THANH-LUAN NGUYEN 2, KHALED M. RABIE 3,
XINGWANG LI (Senior Member, IEEE) 4, AND BYUNG MOO LEE5, (Member, IEEE)
1Wireless Communications Research Group, Faculty of Electrical & Electronics Engineering, Ton Duc Thang University, Ho Chi Minh City 700000, Vietnam
2Faculty of Electronics Technology, Industrial University of Ho Chi Minh City (IUH), Ho Chi Minh City 700000, Vietnam.
3Department of Engineering, Manchester Metropolitan University, Manchester M1 5GD, U.K.
4School of Physics and Electronic Information Engineering, Henan Polytechnic University, Jiaozuo 454003, China.
5School of Intelligent Mechatronics Engineering, Sejong University, Seoul, 05006, Korea,

Corresponding author: Dinh-Thuan Do (e-mail: dodinhthuan@tdtu.edu.vn), Byung Moo Lee (e-mail: blee@sejong.ac.kr)

This work was supported by the Basic Science Research Program through the National Research Foundation of Korea (NRF) funded by
Korea government (MSIT) (Grant No.: NRF-2020R1F1A1048470) (Grant No.: NRF-2019R1A4A1023746).

ABSTRACT To improve the utilization of spectrum and system capacity, non-orthogonal multiple access
(NOMA) is considered as a promising multiple access method for emerging communication technologies.
Its advantageous benefits are implemented in two-way wireless networks. Power allocation factors assigned
to multiple users play a key role in the successful deployment of fairness balance in NOMA. This paper
considers fixed power allocation, and performance degradation is predicted in worse situation in which
non-optimal power scheme and the imperfect channel state information (CSI) happen. More challenging
issue happens in this system, and this paper addresses the situation of NOMA supporting multi-pair of
users, in which group of users can communicate to other users to achieve acceptable throughout in two
kinds of mode, i.e. delay-limited mode and delay-tolerant mode. Two performance metrics have been
considered, namely, ergodic rate and outage probability. For both metrics, we derived closed-form analytical
expressions as well as asymptotic performance. Numerical results show that the proposed system presents
benefits to cellular networks by extending ability to serve more users who have different demands on data
communication. Monte Carlo simulations are provided throughout to validate the accuracy of the derived
analytical expressions.

INDEX TERMS two-way relaying networks, non-orthogonal multiple access, imperfect channel state
information, outage probability, ergodic rate

I. INTRODUCTION
Recently, the introduction of emerging multimedia applica-
tions for wireless networks suffers from a significant massive
users requirements and the dramatic rise data transmission
[1]. Non-orthogonal multiple access (NOMA) has recently
attracted a lot of research attention to meet such increasing
needs and the main requirements such as low latency and
massive connectivity. NOMA is proposed due to its advan-
tages of achieving reduced access latency, enhanced user
fairness, enlarged connections, and facilitated diverse quality
of service (QoS) [2]. Different users in NOMA system oc-
cupy the same time, frequency and spreading code domain,
different power levels. To guarantee that individual signals
can be detected at receivers, different power allocation fac-

tors is exploited to serve users [3]. The most important
aspect in NOMA is that signals from different users are
superimposed at the transmit side and then transmitted over
the same frequency resource at the same time slot. Successive
interference cancellation (SIC) is necessary to detect signal at
the receiver sides [4]. NOMA can also provide better system
throughput in comparison to the conventional orthogonal
multiple access (OMA) in term of the system throughput.
Furthermore, NOMA provides improved scheme to reduce
outage probability [5], [6]. Different from other kinds of
multiple access techniques, NOMA users with weaker chan-
nel conditions need more allocated power and hence NOMA
maintains the user fairness [7]- [9]. Furthermore, due to the
ability to provide spatial diversity gain, cooperative commu-
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nication has been introduced to improve system performance
metrics [10], such as coverage and the communication relia-
bility [11]. Therefore, cooperative networks and NOMA are
required to form cooperative NOMA (CNOMA). CNOMA
has been proposed as an efficient mean of improving the
system efficiency and the spatial diversity, which has attract a
great deal of research interests [12]–[15]. The authors in [15]
examined performance degradation resulted from the prob-
lem of hardware impairment-aware design and such study
valuated to implement cognitive radio (CR) in the context
of combining CR and NOMA scheme in practice. Besides,
nodes are able to communicate with each other in CNOMA
systems. To provide additional transmission opportunities to
the devices, relays are necessary helpers which improve the
quality of the received signals to forward to distant devices
[16], [17]. Two main schemes were considered in [16]. In
particular, they introduced the first scenario in which the
first device intends to communicate with the second device
through the assistance of Amplify-and-Forward/ Decode-
and-Forward (AF/DF)-assisted base station (BS) without
energy harvesting. The second scenario in [16] presented
the scenario as the wireless powered device was able to
communicate with a non-energy harvesting device.

Regarding relaying scheme, the two-way relay (TWR)
technique is introduced as a further advance. Due to its
capability to boost the spectral efficiency, TWR has attracted
a remarkable interests [18]. By exchanging information be-
tween two nodes with the help of a relay, TWR networks can
provide improvement in term of spectrum efficiency [19]. On
the other hand, full-duplex mode is applied in CNOMA and
such a network benefits from combining the application of
TWR into a relevant approach to enhance the spectral effi-
ciency of systems. The authors in [20] proposed a two-way
cooperative relay scheme employing NOMA in which two
users operating in three phases benefits from bidirectional
communication scheme. They showed that its performance is
better than a conventional one way CNOMA system in terms
of outage probability and ergodic rate. With characterizations
of compressing data and high spectral efficiency in Network
Coding (NC), the authors in [21] introduced a hybrid con-
cept to employ a two-way relaying system (namely Hybrid-
TWRS) which combines NOMA and NC.

Considering cognitive radio NOMA (CR-NOMA) net-
works, they introduced a two-way full-duplex (TW-FD) re-
laying to achieve better energy efficiency since the self-
interference (SI) of FD can be regarded as a potential
source related to harvest energy. Their main results indicated
maximal security energy efficiency can be obtained for the
secondary user (SU) system [21]. Other investigations as in
[22] and [23] showed the advantages of FD TWR-CNOMA
systems. In particular, the authors of [22] examined a suc-
cessive group decoding scheme and a rate splitting factor
in these FD TWR-CNOMA networks, in which theoretical
performance evaluation was not performed. While secure
transmission including base station (BS), a trusted relay,
single and multiple eavesdroppers is explored in [23] to eval-

uate secure performance of a FD TWR-CNOMA network.
However, their results are limited since only the achievable
ergodic rate was considered.

However, most of the aforementioned studies assumed that
perfect knowledge of the channel state information (CSI)
known at the receivers. However, in practice, it is hard to
achieve perfect CSI because of significant system overhead
related to high accuracy of channel estimation [24]. Recently,
the authors in [25] considered the channel estimation error
as interference to examine the outage performance of a
downlink NOMA system under impacts of imperfect CSI.
NOMA-based downlink AF relay network in circumstance of
imperfect CSI was studied in [26]. The authors of this work
assumed the situation of the high signal to noise ratio (SNR)
to find floor performance of the outage probabilities since the
interference of the channel estimation error made degraded
performance. However, in [25] and [26], they did not show
optimal performance of uplink scenario in NOMA systems
as the fixed-ordered decoding scheme is implemented based
on the received signal strength in the long term. Returning to
decoding order, the user with higher instantaneous received
power should be detected first, and then the split from the
received superposed signals to detect the remaining users.
The most important point is that the order of instantaneous
received powers of the superposed signals vary among differ-
ent time blocks [27], and the decoding order should be varied
following this change. As a result, critical problems in uplink
NOMA system happens as considering the influence of the
incorrect channel estimation.

Moreover, there still exist several existing implementation
issues in practical scenarios of NOMA with the disadvantage
of imperfect CSI [28]–[31]. It is noted that these unfavorable
factors are the reasons of errors in the decoding process.
In [20], [22], hard problem of multiple users in two-way
NOMA are still not addressed, and open problem need be
addressed in terms of ability of multiple pairs of users served
by principle of NOMA and practical scenario of imperfect
CSI. Motivated by these, to concentrate on the two-way
NOMA and imperfect CSI, it is indicated that the degraded
outage performance happens due to existence of channel esti-
mation error in this considered NOMA system. In light of the
above, the main contributions of this paper are summarized
as follows:

1) We derive closed-form expressions of the ergodic ca-
pacity for the proposed multi-pairs system based on
the instantaneous signal strength with imperfect CSI
condition. Reporting from the simulation, this mecha-
nism indicates that more pairs of users results in worse
performance. However, the optimal throughput can be
achieved by varying target rates.

2) We consider more insights related to the throughput
performance in two modes, namely delay-limited trans-
mission mode and delay-tolerant transmission mode.
In addition, the impact of imperfect CSI on system
performance is evaluated in the context of two-way
transmission for NOMA system by analyzing diversity
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FIGURE 1. An illustration of TWR-NOMA systems, in which two groups of users exchange messages via the central relay R.

order.
3) Results show that under CSI imperfections, the con-

sidered TWR-NOMA scheme not only improves the
spectral efficiency, but also increases throughput at sev-
eral points related to power allocation factors and target
rates. Moreover, it is shown that the throughput perfor-
mance in delay-limited mode achieved with imperfect
CSI is proven to be the best at case of 4 pairs of users.
Furthermore, reducing levels of channel estimation er-
rors achieves reasonable values of the throughput.

The remainder of this paper is organized as follows. The
system model of the proposed network is presented in Section
II. We formulate in Section III the throughput in two cases in-
cluding delay-limited transmission mode and delay-tolerant
mode as well. Numerical examples and Monte Carlo results
are presented in Section IV. Finally, we draw our conclusions
in Section V.

II. SYSTEM MODEL AND COMPUTATION OF RECEIVED
SIGNAL
A. SYSTEM MODEL
In Fig. 1 our attentions put on the situation of two-way mode
activated in NOMA network. In this system, the two-antenna
relay R is main intermediate node is designed to serve N
pairs of NOMA users. It is worth noting that these users are
considered based on their distances to the relay node with
regard to decoding order. Two groupsG1 (U11, U11, ..., UN1)
and G2 (U12, U22, ..., UN2) are facilitated under the support
of a relay employing decode-and-forward (DF). It is noted
that relay provides more advantages since two antennas are
able to transmit and receive in the same time, namely A1 and
A2. To reduce hardware design at users, single antenna is
equipped at users by utilizing superposition coding scheme.
In practice, it has too high complexity to implement relaying
mode related to decoding signal, i.e. DF protocol. However,
DF protocol is assumed to ideal case to further examine more
serious problem regarding CSI imperfection and ability of
processing multiple pairs of users. In this model, two time
slots are required to process signal at uplink and downlink in
TWR-NOMA.

Additionally, to simple analysis, some assumptions need
to be required. It is assumed that the direct links between
two pairs of users do not exist due to the effects of serve
shadowing [22]. Without loss of generality, all the wireless
channels are modeled to be independent quasi-static block
Rayleigh fading channels and disturbed by additive white
Gaussian noise with mean power N0. Furthermore, we as-
sumed that the feedback to the transmitter is instantaneous
and error free, which means that CSI is also achievable at the
transmitter whatever CSI the receiver has. Let the estimate
for the channel hnk be ĥnk. By assuming MMSE estimation
error, it holds that [25], [26], [28]

hnk = ĥnk + h̃nk, (1)

where h̃nk stands for the channel estimation error and it
has distribution of a complex Gaussian with zero mean and
variance of δnk, i.e., h̃nk ∼ CN (0, δnk). Hence, the channel
estimate ĥnk is also zero-mean complex Gaussian with vari-
ance Ω̂nk = d−ηnk −δnk, in which δnk is denoted as the quality
of channel estimation. In addition, the normalized channel
estimation error factor is denoted as ζnk = δnkd

η
nk and then

the variance can be known as Ω̂nk = d−ηnk (1 − ζnk) with
ζnk ∈ [0, 1]. It is assumed that Ω̂1k > Ω̂2k > · · · > Ω̂Nk,
then it helps to further determine the order of the estimated
channel gains as |ĥ1k|2 > |ĥ2k|2 > · · · > |ĥNk|2.

B. INFORMATION PROCESSING
In this paper, a dual time slot transmission provides two-
way manner for TWR-NOMA network. In particular, the
NOMA users in group G1, G2 communicate in the first slot
with R (uplink phase). Since two antennas in R provide
higher bandwidth efficiency, but while the relay R receives
the signals from the users in G1, interference signals from
the pair of users in G2 harm R.

Now, at the antenna Ak, the received signal at relay R can
be expressed as

yk =
√
P

N∑
n=1

√
βnk(ĥnk + h̃nk)xnk + Ik + nk, (2)
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where P as the transmit power at the user nodes, βnk speci-
fies the uplink power control with β1k > β2k > · · · > βNk,
xnk denotes the unit energy signal transmitted by the user
Unk and nk denotes the noise at the k-th antenna at R with
N0 being its variance. It is noted that (k, k̄) = (1, 2) or
(k, k̄) = (2, 1)). Moreover, Ik is the aggregated inter-group
interference signal (IS) from Ak̄ which can be given as

Ik =
√
P

N∑
n=1

√
βnk̄f

(1)

nk̄
xnk̄, (3)

where f (1)

nk̄
∼ CN (0, ξ1Ωnk̄) with ξk ∈ [0, 1] specifying the

impact levels of IS at R.
By means of SIC, R successively decodes Unk’s infor-

mation xnk (N ≥ n ≥ 1) while treating other xmk’s
(N ≥ m ≥ n + 1), as interference. Hence, the received
signal-to-interference-plus-noise ratio (SINR) at R to detect
xnk then it is given by

γR→xnk =
βnkφnk∑N

m=n+1 βmkφmk + ιk + ∆k + 1
, (4)

where φnk , γ̄|ĥnk|2 in which γ̄ , P
N0

is the average trans-
mit SNR, ιk ,

∑N
n=1 γ̄βnk̄|f

(1)

nk̄
|2 and ∆k ,

∑N
n=1 Pδnk is

the aggregated interference due to imperfect channel estima-
tion. Each time xnk is correctly decoded, i.e., γR→xnk ≥ τnk
where τnk , 22R̄nk − 1 with R̄nk being the data rate of xnk
in bit-per-channel use (BCPU), the relay then utilizes SIC to
alleviate interference term then decodes the information sig-
nal of the (n+ 1)-th user successively until xNk is decoded.
The received SINR at R to detect xNk is given by

γR→xNk =
βNkφNk

ιk + ∆k + 1
. (5)

In the second time slot, the information is exchanged
between G1 and G2 by the assistance of the relay R. There-
fore, just as downlink NOMA, R transmits the superposed
signals

√
P
∑N
n=1

√
αn1xn1 and

√
P
∑N
n=1

√
αn2xn2 toG2

and G1 by A2 and A1, respectively, where αnk denotes the
power allocation of Unk. In particular, to ensure the fairness
between users in Gk, a higher power is allocated to the
distant user who has the worse channel condition. Hence, we
assume that αNk ≥ · · · ≥ α2k ≥ α1k. This paper limits
research object by employing the fixed power allocation for
two groups’ NOMA users. 1

By exploiting channel reciprocal, the received signal at the
nk-th user in the group Gk is given by

ynk =
√
P

N∑
n=1

(ĥnk + h̃nk)
√
αnkxnk + Ink + nk, (6)

1Optimal power allocation factor will introduced to further improve the
performance of systems, however, it is beyond the scope of this paper.

in which Ink specifies the aggregated IS at the k-th antenna2

which can be given by

Ink =
√
Pf

(2)

nk̄

N∑
m=1

√
αmk̄xmk̄, (7)

where f (2)

nk̄
is modeled by CN (0, ξ2Ωnk̄).

As normal principle of NOMA protocol, SIC is employed
and the received SINR at Unk to detect xmk̄ is given by

γnk→mk̄ =
αmk̄φnk

α̂mk̄φnk + ιnk + ∆nk + 1
, (8)

where ∆nk , γ̄δnk, α̂mk̄ ,
∑m−1
t=1 αtk̄ and ιnk , γ̄|f (2)

nk̄
|2.

From the above process, the exchange of information is
achieved between the NOMA users who belong to groups,
namely G1 and G2. More specifically, the signal xnk of Unk
is exchanged with the signal xnk̄ of Unk̄.

III. SYSTEM PERFORMANCE ANALYSIS
A. OUTAGE PROBABILITY OF xnk

To look at the system performance, the performance of TWR-
NOMA is further characterized in terms of outage proba-
bilities. Due to the channel’s reciprocity, it is important to
consider firstly on the outage probability of xnk as below.

In such a TWR-NOMA system, the outage event of xnk
can be explained via its complementary events those are i)
the event xnk is decoded correctly by the relay R and ii) the
events all users Umk (n ≥ m ≥ 1) correctly decode xnk.
The imperfect CSI situation certainly makes crucial affect
on system performance. Particularly, the outage probability
of xnk with imperfect CSI for TWR-NOMA system can be
given by

P ip,outnk = 1− P1P2, (9)

in which P1 and P2 denote the probabilities for the first and
the second complementary events, respectively, which are
formulated by

P1 = Pr

{
n⋂

m=1

γR→xmk ≥ τmk

}
, (10)

P2 =
n∏

m=1

Pr

{
N⋂
t=n

γmk→tk̄ ≥ τtk̄

}
. (11)

To solve P ip,outnk , it needs more helps from simple compu-
tations. Therefore, the following lemma provides the outage
probability of xnk for TWR-NOMA in an analytical manner.

Lemma 1: The closed-form expression for the outage prob-
ability of xnk of TWR-NOMA with imperfect CSI is given
by (12) in the top of the next page, in which λnk , γ̄Ωnk,

2Unlike [32], where inter-group interference in the first and second time
slots are dependent, the interference Ik and Ink are independent. This
assumption is certainly not only tractable analysis it is not object from the
results in [32] with low IS levels, i.e., ξ1, ξ2 ≈ 0.
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P ip,outnk = 1−
n∏

m=1

1

βmkλ̂mkΛmk

{
N∑
m=1

χmk̄

(
1 + ξ1βmk̄λmk̄

n∑
t=1

τtkΛtk

)−1
}

exp

(
− (∆k + 1)

n∑
m=1

τmkΛmk

)

×

{
n∏

m=1

(
1 +

ξ2λmk

λ̂mk
θnk̄

)−1

exp

(
− θnk̄

∆mk + 1

λ̂mk

)} N∏
t=n+1

(
1 + βtkλ̂tk

n∑
m=1

τmkΛmk

)−1

,
αtk̄
α̂mk̄

> τtk̄, ∀t, (12)

λ̂nk , γ̄Ω̂nk, θnk , max[(εtk̄)Nt=n] where εtk̄ , τtk̄
αtk̄−τtk̄α̂tk̄

χnk̄ =
N∏

m=1,m6=n

(
1− βmkλmk̄

βnkλnk̄

)−1

, (13)

and the term Λmk can be expressed in a recursive form as

Λmk =


1

β1kλ̂1k

,m = 1

1

βmkλ̂mk
+
m−1∑
t=1

τtkΛtk ,m ≥ 2
(14)

Proof: See Appendix A.
Remark 1: From this interesting result, outage probability

for the proposed TWR-NOMA is investigated. Considering
that the channel gains information is prior known, outage
probability depends on fixed power allocation factors. It is
predicted that outage behavior may vary significantly due to
impacts of power factors and CSI imperfection levels. Based
on (12), the outage probability of xnk for TWR-NOMA with
perfect CSI can be obtained by substituting δnk = 0, ∀n, ∀k.

B. ASYMPTOTIC ANALYSIS
In order to gain deeper insights in considered system, the
asymptotic analysis are presented in the high SNR regimes
based on the derived outage probabilities. The diversity order
is defined as [33]

DOnk = lim
γ̄→∞

log(P ip,outnk (γ̄))

log(γ̄)
. (15)

Based on the analytical result in (12), the asymptotic
outage probability of xnk for imperfect CSI can be obtained
by noticing that ∆k + 1 → ∆k in high SNR regime, i.e.,
when γ̄ → ∞. As a result, the diversity orders of xnk with
imperfect CSI are equal to zero.

C. DELAY-LIMITED THROUGHPUT
In delay-limited transmission scenario, throughput can be
computed based on outage probability, and in this regard, the
BS transmits message to users at a fixed rate, where system
throughput will be subject to wireless fading channels. Under
impacts of imperfect CSI, the corresponding throughput of
TWR-NOMA is formulated as

Rdl =

N∑
n=1

(1− P ip,outn1 )R̄n1 +

N∑
n=1

(1− P ip,outn2 )R̄n2, (16)

where R̄n1, R̄n2 are the required transmission rates.

D. ERGODIC RATE OF xnk

To provide other metric regarding performance evaluation,
the ergodic rate of TWR-NOMA is computed for considering
the influence of signal’s channel fading to target rate.

Since xnk can be detected at the relay as well as at Umk̄
where m = n, n + 1, . . . , N , successfully. By the virtue of
(4) and (8), the achievable rate of xnk for TWR-NOMA is
written as

Rergnk =
1

2
log2(1 +Xnk), (17)

where we have definedXnk , min(γR→xnk , γ1k̄→1k, γ2k̄→2k,
. . . , γnk̄→nk) for brevity. Then, it can be calculated the
ergodic rate of xnk, the corresponding CDF of Xnk is
presented in the following Lemma.

Lemma 2: The CDF of the random variable Xnk, denoted
by FXnk , is presented by (18) at the top of the next page, in
which εnk(γ) , γ

αnk−γα̂nk .
Proof: See Appendix B.

Then, the corresponding ergodic rate of xnk is given by

Rergnk =
1

2ln2

∫ αnk
α̂
nk̄

0

1− FXnk(γ)

1 + γ
dγ. (19)

It can be seen that obtaining the closed-form expression
of (19) for all values of n ∈ [1, N ] is intractable, not to
mention impossible. However, with n = 1, we can obtain
the exact expression of the above equation in the following
proposition.
Proposition 3: The exact closed-form is examined for the
ergodic rate of x1k, ∀k, is given as

Rerg1k =
1

2ln2

N∑
t=1

χtk̄

N∑
m=2

ψmk

×
{
ϑ1

$1
exp

(
µ1k

$1

)
Ei
(
−µ1k

$1

)
+
ϑ2

$2
exp

(
µ1k

$2

)
Ei
(
−µ1k

$2

)
+
ϑ3

$3
exp

(
µ1k

$3

)
Ei
(
−µ1k

$3

)
+

ϑ4

$4
exp

(
µ1k

$4

)
Ei
(
−µ1k

$4

)}
, (20)
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FXnk(γ) =1−
N∑
t=1

χtk̄

(
1 +

βtk̄λtk̄

βnkλ̂nk
ξ1γ

)−1 N∏
m=n+1

(
1 +

βmkλ̂mk

βnkλ̂nk
γ

)−1

exp

(
− (∆k + 1)

γ

βnkλ̂nk

)

× exp

(
− εnk(γ)

n∑
m=1

∆mk + 1

λ̂mk̄

) n∏
m=1

(
1 +

ξ2
1− ζmk

εnk(γ)

)−1

, γ <
αnk
α̂nk

, (18)

in which $1 = 1, $2 , βmkλ̂mk
β1kλ̂1k

, $3 , ξ1
βtk̄λtk̄
β1kλ̂1k

, $4 ,

ξ2
λ1k̄

α1kλ̂1k̄

, µ1k , ∆1k+1

α1kλ̂1k
+ ∆k+1

β1kλ̂1k
,

ψmk =
N∏

i=2,i6=m

(
1− βikλ̂ik

βmkλ̂mk

)−1

, and

ϑm = −
4∏

t=1,t6=m

(
1− $t

$m

)−1

.

Proof: See Appendix C.
To further obtain more insightful results, we consider the

special cases of xnk with imperfect CSI for TWR-NOMA
where there is no IS between the pair of antennas at the relay
in the following part.

E. SLOPE ANALYSIS
By use of asymptotic results, we evaluate the high SNR slope
in this subsection. The high SNR slope can capture the impact
of various channel settings on the ergoic rate, which can be
given by

Snk = lim
γ̄→∞

R∞,ergnk (γ)

log2(γ̄)
, (21)

in which R∞,ergnk (γ) is the ergodic rate of xnk in high SNR
regime, which can be obtained via yeilding ∆nk + 1→ ∆nk

and ∆n+1→ ∆n from FXnk(γ). After that, substituting the
achievable result into (19) to obtain the asymptotic Ergodic
rate of xnk. Finally, our work showed that Snk = 0, ∀k, ∀n.

Remark 2: Due to zero slope, the ergodic rate of xnk
reaches throughput ceilings in the high SNR regime even if
perfect CSI is obtained at both antennas. Another notable
reason is that the fixed decoding order in the first phase, i.e.,
uplink NOMA, and the influence of IS across user groups also
contribute to the exist of the throughput limits.

F. DELAY-TOLERANT THROUGHPUT
In the delay-tolerant transmission scenario, the system
throughput is determined by evaluating the ergodic rate.
Based on the above derived results, the corresponding
throughput of TWR-NOMA is given by

Rdt =
N∑
n=1

(Rergn1 +Rergn2 ). (22)

IV. NUMERICAL RESULTS
In this section, we evaluate the performance of our proposed
TWR-NOMA by presenting some numerical examples of
the derived expressions above. Monte Carlo simulations are

0 5 10 15 20 25 30 35 40 45 50
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0.1

0.15

0.2

0.25

FIGURE 2. Throughput performance in delay-limited transmission mode
versus SNR, in which N = 2, R̄11 = R̄21 = 0.1 (BPCU) and
R̄12 = R̄22 = 0.01 (BPCU).

presented throughout this section to validate the correctness
of these expressions. In all our evaluations, we assume that
all user nodes transmit with an identical power P while all
relay nodes have the same power constraint. Without any
further modification, the default settings are the SI levels as
ξ1 = ξ2 = ξ = 0.01, the path-loss exponent as η = 2, the
distance from user Unk to the relay as 1+9 n−1

N−1 measured in
meters. Regarding estimation errors, the normalized values
are ζ1k = ζ2k = · · · = ζNk , ζ, thus the nearer the user
located to the relay, the less severer that user is affected by
imperfect CSI. For producing NOMA, the power allocation
factors are βnk = 2N−n+1−1∑N

n=1(2n−1)
and αnk = 2n−1∑N

n=1(2n−1)
.

For comparison purposes, TWR-OMA is considered in
this section as a famous benchmark strategy. Particularly, the
transmission takes a duration of 2N + 1 time slots. In the
first time slot, each user transmits the information signal xnk,
∀n, ∀k, to the relay R. In the next n time slot, in which
n = 2, . . . , N,N + 1, the relay successively transmits the
signal xn1 to the corresponding user Un2. Finally, the relay,
one-by-one, transmits the symbol xn2 to the user Un1 in the
remaining time slots, i.e., the (N + 2) ÷ (2N + 1)-th time
slot. The information transmission and the decoding at the
relay in the first time slot of the conventional TWR-OMA
network are similar to those of the proposed TWR-NOMA.
Meanwhile, the relay transmits at full power in the remaining
time slots for TWR-OMA. Note that the results of the dual-
pair setting in this paper can be ultilized to characterize the
TWR-NOMA system in [32].
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FIGURE 3. Throughput performance in delay-tolerant transmission mode
versus SNR, in which N = 2, R̄11 = R̄21 = 0.1 (BPCU) and
R̄12 = R̄22 = 0.01 (BPCU).

Fig. 2 depicts the system throughput in delay-limited
transmission mode versus SNR with different normalized
channel estimation errors ζ = 0.5, 0.25, 0. It can be seen that
the performance gaps among these cases are very small in
low SNR ranges, i.e., smaller than 10 (dB). At high SNRs,
ceiling throughput can be observed as SNR is greater than
30 (dB). The main reason is that the outage probability can
be improved significantly at higher SNR, then corresponding
throughput is enhanced accordingly. One can observe that
TWR-NOMA exhibits explicit performance gaps as com-
pared to these cases of ζ at high region of SNR. Such situa-
tion indicates that small impact of CSI can provide acceptable
throughput value. The perfect CSI scenario (ζ = 0) is similar
to Fig. 5 reported in [32] as the performance of the dual-pair
TWR-OMA and the dual-pair TWR-NOMA are similar in
the high SNR regime with N = 2. However, in general, the
proposed TWR-NOMA outperforms the conventional TWR-
OMA scheme under the imperfect CSI settings.

It is shown in Fig. 3 that increasing SNR from 0 (dB) to 50
(dB), the ergodic capacity indicates upward trend. Especially,
throughput increases very fast in range of SNR from 10 (dB)
to 30 (dB). Moreover, in the high SNR region, the results
show that TWR-NOMA converges to the throughput ceiling.
Furthermore, it is worth noting that throughput in the delay-
tolerant mode is higher than that of the delay-limited mode.
For example, at SNR of 35 (dB), throughput under imperfect
CSI in the delay-tolerant mode is 1.0 (BPCU) and such value
is higher than the counterpart under perfect CSI settings.
The main reason is that throughput in delay-limited mode
is constrained by the threshold data rate. In addition, TWR-
NOMA provides significant performance gain comparing to
the considered TWR-OMA network.

The impact of the number of user pairs on throughput
performance can be seen in Fig. 4. In the delay-limited mode,
the throughput is somewhat improved when the number of
user pairs is increased from N = 2 to N = 3, but then
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FIGURE 4. Throughput performance in two modes versus the number of user
pairs, in which ζ = 0.01, R̄nk = 0.2 (BPCU), ∀n, ∀k, and γ̄ = 20 (dB).

takes a dramatic turn beyond N = 3. This behavior is due
to the event that the relay often insufficiently allocates power
for some users, which drastically reduces the performance at
those users, and thus leads to a serious performance loss, es-
pecially with high values ofN . Under the simulation settings,
when N = 2, some users are over-allocated by the relay,
and thus an additional pair can be deployed to make good
uses of the wasted power and improve the sum-throughput.
In addition, it is depicted that TWR-NOMA excellently
outperforms TWR-OMA when the number of paired users
is insignificant, but then underperforms TWR-OMA whenN
is considerably high. The reduction in the sum-throughput
of TWR-OMA system is due to the additional time slots
utilized for exchanging information between each group. In
constrast, users in TWR-OMA systems are served with full
power, regardless of the value of N , and thus perform more
reliably than those in the TWR-NOMA system when there
are too many users, i.e., N ≥ 6 for the delay-limited mode
and N ≥ 7 for the delay-tolerant mode. In addition, the
performance gap between the two throughput modes is driven
to smaller gap by increasing the number of user pairs.

In Fig. 5, the maximum of throughput can be found as
varying the threshold data rate sum rates. An exhausive
search algorithm is adopted to find the optimal power allo-
cation (β1k, β2k, α1k and α2k) for each value of the rate
threshold R̄nk (BPCU), thus then obtains the optimal sum-
thoughput. The outage performance is limited by higher data
rate, and hence throughput is nearly zero at R̄nk = 1.5
(BPCU) for ζ = 0.1, at R̄nk = 2.25 (BPCU) for ζ = 0.01
and at R̄nk > 2.5 (BPCU) for the perfect CSI scenario. It
is seen from the figure that throughput convergences to a
very low value at some points of data rates and such situation
results in different quality requirements. Interestingly, Fig. 6
shows that the maximum throughput in delay-limited mode
can be found in numerical method, it happens as α1k = 0.3
while it is not existence of optimal for throughput in delay-
tolerant mode.
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FIGURE 5. Optimal throughput in delay-limited mode versus the target rates
and different values of ζ, in which γ̄ = 30 (dB) and N = 2.
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FIGURE 6. Impact of power allocation factor on throughput performance, in
which R̄nk = 0.6 (BPCU) and γ̄ = 30 (dB).
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FIGURE 7. Comparison on throughput in two modes, in which R̄nk = 0.4
(BPCU) and γ̄ = 30 (dB).

As a comparison in Fig. 7, the NOMA-based multi-pair
network in imperfect CSI circumstance depends on the level
of channel estimation errors. It is seen that the performance
of the multi-pair TWR network with delay-tolerant mode
significantly outperforms the counterpart under whole range
of channel estimation error.

V. CONCLUSION
In this paper, a NOMA-based multi-pair TWR network has
been studied in terms of throughput performance in two
transmission modes. The metric of throughput in delay-
limited mode and delay-tolerant mode are evaluated to find
optimal performance. For each mode, we derived closed-
form expressions of outage probability and the correspond-
ing asymptotic performance is also investigated. Extensive
simulation results in terms of ergodic rate and outage prob-
ability have been provided to validate the superiority of our
proposed system under impact of imperfect CSI. Particularly,
we have shown that the performance of our proposed system
can be improved by reducing the levels of channel estima-
tion error, selecting reasonable numbers of user pairs with
appropriate power allocation factors. However, interesting
topics such as power allocation optimization, MIMO, prac-
tical implementation with imperfect CSI, and novel multiple
pair strategies still remain open for future investigations in
the NOMA-based TWR network. Integration of these aspects
will be studied in the future works.

.

APPENDIX A PROOF OF LEMMA 1
First, substituting (4) into P1, the probability P1 can be
obtained as

P1 = Pr

{
n⋂

m=1

βnkφnk ≥ τmk

×
( N∑
m=n+1

βmkφmk + ιk + ∆k + 1

)}
. (A.1)

Further, the PDF and the CDF of the random variable φnk
can be given as

fφnk(x) =
1

λ̂nk
exp

(
− x

λ̂nk

)
,

Fφnk(x) = 1− exp

(
− x

λ̂nk

)
, (A.2)

respectively. Due to the fact that ιk is the sum of independent
and non-identically exponentially distributed random vari-
ables, i.e., βnk̄|f

(1)

nk̄
|2, its PDF can be obtained as [33]

fιk(y) =
N∑
n=1

χnk̄
ξ1βnk̄λnk̄

exp

(
− y

ξ1βnk̄λnk̄

)
. (A.3)
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It can be seen that the probability P1 can be further derived
via the following multifold integral

P1 =

∞∫
0

fιk(y)

∞∫
LNk

fφNk(xNk) · · ·
∞∫

Lnk

fφnk(xnk) · · ·

×
∞∫

L1k

fφ1k
(x1k)dx1k · · · dxnk · · · dxNkdy, (A.4)

within each fold, the lower bound of the integration, denoted
by Lmk with n ≥ m ≥ 1, is given by

Lmk =
τmk
βmk

(
1 + y + ∆k +

N∑
t=m+1

βtkxtk

)
, (A.5)

and Lmk = 0 with N ≥ m ≥ n + 1. For convenience, the
integral P1 can be rewritten as

P1 =

∫ ∞
0

fιk(y)gN (y)dy, (A.6)

in which gv(y) denotes the integral up to the v-th fold of P1

(1 ≤ v ≤ N ) and can be represented by

gv(y) =

∫ ∞
Lvk

fφvk(xvk)gv−1(y)dxvk, (A.7)

in which g0(y) = 1. Subsequently, the first fold of P1 can be
solved with the help of (A.2) and (A.5) as

g1(y) = e
− τ1k
β1kλ̂1k

(∆k+y+1)
N∏
m=2

e
− τ1k
β1kλ̂1k

βmkxmk
. (A.8)

Solving the second fold, we then obtain

g2(y) =
1

β2kλ̂2k

(
τ1k

β1kλ̂1k

+
1

β2kλ̂2k

)−1

(A.9)

× e
−
(
τ1kτ2k
β1kλ̂1k

+
τ2k

β2kλ̂2k
+

τ1k
β1kλ̂1k

)
(y+∆k+1)

×
N∏
m=3

e
−
(
τ1kτ2k
β1kλ̂1k

+
τ2k

β2kλ̂2k
+

τ1k
β1kλ̂1k

)
βmkxmk

.

Successively repeating the above process, with the help of the
identity Λmk in (14), the n-th fold of the integral in (A.4) can
be expressed as

gn(y) =
n∏

m=1

1

βmkλ̂mkΛmk

× exp

(
−(y + ∆k + 1)

n∑
m=1

τmkΛmk

)

×
N∏

t=n+1

exp

(
−βtkxtk

n∑
m=1

τmkΛmk

)
. (A.10)

For the (n+ 1)-th till the N -th fold, the lower bound is zero,
i.e., Lmk = 0, thus gN (y) can be obtained as in (A.11) at the
top of this page.

The last integral in (A.4) can then be obtained by substut-
ing (A.11) into (A.6), which then yeilds

P1 =
n∏

m=1

1

βmkλ̂mkΛmk
exp

(
−(∆k + 1)

n∑
m=1

τmkΛmk

)

×
N∏

t=n+1

(
1 + βtkλ̂tk

n∑
m=1

τmkΛmk

)−1

×
∞∫

0

fιk(y) exp

(
−y

n∑
m=1

τmkΛmk

)
dy. (A.12)

Substituting (A.3) into the above equation and then solving
the resulted integral, we then obtain

P1 =
n∏

m=1

1

βmkλ̂mkΛmk
exp

(
−(∆k + 1)

n∑
m=1

τmkΛmk

)

×
N∏

t=n+1

(
1 + βtkλ̂tk

n∑
m=1

τmkΛmk

)−1

×
N∑
n=1

χtk̄

(
1 + ξ1βtkλtk̄

n∑
m=1

τmkΛmk

)−1

. (A.13)

At this point, we then derive the probability P2, which is,
from (14), is equivalent to

P2 =
n∏

m=1

Pr

{
N⋂
t=n

αtk̄φmk
α̂tk̄φmk + ιmk + ∆mk + 1

≥ τtk̄

}

=

n∏
m=1

Pr

{
N⋂
t=n

φmk ≥
τtk̄

αtk̄ − τtk̄α̂tk̄
(ιmk + ∆mk + 1)

}

=
n∏

m=1

Pr{φmk ≥ θnk̄(ιmk + ∆mk + 1)}, (A.14)

for αtk̄/α̂mk̄ > τtk̄, ∀t ∈ [n,N ]. In addition, the probability
P2 can be further expressed as

P2 =
n∏

m=1

∫ ∞
0

e
− θ

nk̄
λ̂mk

(y+∆mk+1)
fιmk(y)dy, (A.15)

where fιmk(y) specifies the PDF of the aggregated interfer-
ence power at the user Dmk from the users in the group Gk̄,
which can be given by

fιmk(y) =
1

ξ2λnk̄
exp

(
− y

ξ2λnk̄

)
, y > 0. (A.16)

Substituting fιmk(y) in the above equation into (A.14) and
solving the integral, we obtain

P2 =

n∏
m=1

(
1 +

ξ2λmk

λ̂mk
θnk̄

)−1

e
− θnk̄(∆mk+1)

λ̂mk . (A.17)

Finally, by substituting (A.13) and (A.17) into P ip,outnk in (9),
we then obtain Lemma 1. This is the end of the proof.
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gN (y) =

n∏
m=1

1

βmkλ̂mkΛmk
e
−(∆k+y+1)

n∑
m=1

τmkΛmk
N∏

t=n+1

∫ ∞
0

fφtk (xtk)e
−βtkxtk

n∑
m=1

τmkΛmk
dxtk,

=

n∏
m=1

1

βmkλ̂mkΛmk
e
−(∆k+y+1)

n∑
m=1

τmkΛmk
N∏

t=n+1

(
1 + βtkλ̂tk

n∑
m=1

τmkΛmk

)−1

. (A.11)

APPENDIX B PROOF OF LEMMA 2
The CDF of Xnk is given by

FXnk(z) = Pr{Xnk < z}

= 1− Pr{γR→xnk ≥ z}
n∏

m=1

Pr{γmk̄→nk ≥ z}. (B.1)

Denoting the first and second probabilities in (B.1) as P1(z)
and P2(z), respectively. Substituting (4) into P1(z) and after
some probabilistic approaches, P1(z) can then be derived as

P1(z) = exp

(
− z

βnkλ̂nk
(∆k + 1)

)
(B.2)

×
∫ ∞

0

fιk(y) exp

(
− z

βnkλ̂nk
y

)
dy︸ ︷︷ ︸

I1(z)

×
N∏

m=n+1

∫ ∞
0

fφmk

(
x
βmk

)
βmk

exp

(
− z

βnkλ̂nk
x

)
dx︸ ︷︷ ︸

I2(z)

,

Using (A.3), the first integral part can be evaluated as

I1(z) =
N∑
t=1

χtk̄

(
1 +

βtk̄λtk̄

βnkλ̂nk
ξ1z

)−1

, z > 0, (B.3)

Substituting (A.2) into I2, the second integral is derived as

I2(z) =

(
1 +

βmkλ̂mk

βnkλ̂nk
z

)−1

, z > 0, (B.4)

From (B.3) and (B.4) the first probability in (B.1) is then
given by

P1(z) = e
−(∆k+1) z

βnkλ̂nk I1(z)
N∏

m=n+1

I2(z). (B.5)

For the second probability at z < αnk/α̂nk, i.e., P2(z), with
(8) and after some steps, we can obtain

P2(z) = Pr {φmk̄ ≥ εnk(z)(ιmk̄ + ∆mk̄ + 1)} , (B.6)

Substituting the complementary CDF φmk̄, the PDF of ιmk̄
and with λ̂mk̄/λmk̄ = 1 − ζmk̄, (C.2) can be further derived
as

P2(z) = e
−(∆k+1) z

βnkλ̂nk

(
1 +

ξ2
1− ζmk̄

εnk(z)

)−1

(B.7)

Substituting (B.5) and (B.7) into (B.1), we then obtain the
result in Lemma 2. This is the end of the proof.

APPENDIX C PROOF OF PROPOSITION 3
Substituting (18) into (19) yields

Rerg1k =
1

2ln2

N∑
t=1

χtk̄

∞∫
0

e−µ1kγ

1 + γ

(
1 +

βtk̄λtk̄

β1kλ̂1k

ξ1z

)−1

×
N∏
m=2

(
1 +

βmkλ̂mk

β1kλ̂1k

z

)−1(
1 +

λ1k̄

α1kλ̂1k̄

ξ2γ

)−1

dγ.

(C.1)

It is noted that the product term can be rewritten into the
following finite sum via decomposition such that

N∏
m=2

(
1 +

βmkλ̂mk

β1kλ̂1k

z

)−1

=
N∑
m=2

ψmk

(
1 +

βmkλ̂mk

β1kλ̂1k

z

)−1

.

Substituting the above equation into (C.1) yields

Rerg1k =
1

2ln2

N∑
t=1

χtk̄

N∑
m=2

ψmk (C.2)

×
∫ ∞

0

e−µ1kγ

(1 +$1γ)(1 +$2γ)(1 +$3γ)(1 +$4γ)
dγ.

Using partial fraction to decompose the product terms in the
integral, we then obtain

Rerg1k =
1

2ln2

N∑
t=1

χtk̄

N∑
m=2

ψmk

(∫ ∞
0

ϑ1

1 +$1γ
e−µ1kγdγ

+

∫ ∞
0

ϑ2

1 +$2γ
e−µ1kγdγ +

∫ ∞
0

ϑ3

1 +$3γ
e−µ1kγdγ

+

∫ ∞
0

ϑ4

1 +$4γ
e−µ1kγdγ

)
. (C.3)

Applying the identity [34, Eq. (3.352.4)], into the above
integrals, one then can obtain (20). This is the end of the
proof.
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