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Abstract: In this article, we investigate multiplicity results for Choquard-Kirchhoff type equations, with
Hardy-Littlewood-Sobolev critical exponents,

-[a+ b/ |Vul?dx | Au = ak(x)|u|9%u + B |u(y)\2; dy |u\2;"2u, x e RV,
A A X -yl
wherea > 0,b 20,0 < u < N, N = 3, a and 8 are positive real parameters, 2; = (2N - u)/(N - 2) is the
critical exponent in the sense of Hardy-Littlewood-Sobolev inequality, k € L'(RN), with r = 2"/(2" - q) if
1<q<2 andr = ooifq = 2". According to the different range of q, we discuss the multiplicity of solutions
to the above equation, using variational methods under suitable conditions. In order to overcome the lack of
compactness, we appeal to the concentration compactness principle in the Choquard-type setting.

Keywords: Kirchhoff equation; Hardy-Littlewood-Sobolev critical exponent; Choquard nonlinearity; Concen-
traction compactness principle

MSC: 35A15, 35]60, 35]20, 35B33

1 Introduction and main results

In this paper, we consider the following Kirchhoff-type equation with Hardy-Littlewood-Sobolev critical non-
linearity in RV:

lu(y) |2
|x - y[#
N

- a+b/\Vu|2dx Au = ak()|u|%u + B |u|2;‘2u, (L)
RN

R
wherea > 0,b 20,0 < u < N, N = 3, a and 8 are positive real parameters, 2; = (2N - u)/(N - 2) is the
critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality, k € L"(RY), with r = 2*/(2" - q) if
1<g<2 andr=ocifg=>2"

The paper was motivated by some works appeared in recent years. On one hand, the following Choquard
or nonlinear Schrédinger-Newton equation

-Au+ V(x)u = (K * uDu+Af(x,u) inRN, (1.2)
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was studied by Pekar [41] in the framework of quantum mechanics. Subsequently, it was adopted as an
approximation of the Hartree-Fock theory in [27]. Recently, Penrose [38] settled it as a model of the self-
gravitational collapse of a quantum mechanical wave function. The first existence and symmetry results of
solutions to (1.2) go back to the works of Lieb [27] and Lions [30]. Equations of type (1.2) have been extensively
studied, see e.g. [3, 15, 16, 18, 20, 27, 3436, 43] for the study of Choquard-type equations. In the fractional
Laplacian framework, we refer to the recent papers [32, 40, 45].

On the other hand, existence of solutions for Kirchhoff-type problems involving the critical Sobolev expo-
nent has been considered by many authors. In [10], Chen, Kuo and Wu studied the following Kirchhoff-type
problem

~M(||Vu||2)Au = Af()|u|??u + g()ulP %u in Q, u=0 onoQ,

where M(t) = a + bt, a,b > 0 and f and g are continuous real valued sign changing functions. In [10] the
authors prove existence and multiplicity of solutions by using the classical Nehari manifold method. The
literature on Kirchhoff-type problems and related elliptic problems is very interesting and quite large, here
we just list a few, for example, see [2, 12, 13, 2426, 33, 37, 39, 47, 48] for the recent existence results.

Motivated by the above works, especially by the ideas of [11, 19, 21], in this paper we study the multiplicity of
solutions for the Kirchhoff-type equations (1.1), with Hardy-Littlewood-Sobolev critical nonlinearities. There
is no doubt that we encounter serious difficulties because of the lack of compactness. To overcome the chal-
lenge we use the second concentration compactness principle and the concentration compactness principle
at infinity in order to prove the (PS). condition at special levels c.

The equation (1.1) is variational, so that the (weak) solutions of (1.1) are just the critical points of the un-
derlying functional J, g in D*»?(R"). The first two multiplicity results cover the cases 1 < g < 2 and g = 2.

Theorem 1.1. Let O < yu < 4and 1 < q < 2. Suppose that Q := {x eRN : k(x) > 0} is an open subset of RN

and that 0 < |Q| < oo, Then,

(i) foreach B > O there exists A > 0 such that if a € (0, A) equation (1.1) has a sequence of nontrivial solutions
(un)n, with ]a,p(un) <0andun, — 0asn — oo;

(ii) for each a > O there exists A > 0 such that if B € (0, A) equation (1.1) has a sequence of nontrivial solutions
(un)n, with Jo g(un) < 0 and un — 0 as n — oo.

Theorem 1.2. LetO < yu < 4, q = 2 and B = 1. Then, there exists a positive constant a” such that foreacha > a”
and a € (0, aS||k||;1) equation (1.1) has at least n pairs of nontrivial solutions.

In [45] Wang and Xiang obtain, in the fractional setting, the existence of at least two nontrivial solutions,
when 2 < g < 2", N > p > 4. For the Laplacian counterpart of Theorem 1.1 in [45] their result can be stated as
follows.

Theorem1.3. Let N > u>4,2<q<2",8=1,k=0andk # 0inR" be satisfied. If either y = 4, a > 0 and
b > 4Sit oru>4,a>0and

*
2-2

__ K _1
b>(2,-1) (a(z - z;)) 5 (45,;3) 5o, 1.3)
then there exists ax such that equation (1.1) admits at least two nontrivial solutions in DV2(RM) forall a > a-.

In the following, we are interested in looking for more solutions in the case 2 < g < 2". To this end, we shall
employ the genus theory to obtain multiplicity of solutions. Regrettably, we have to restrict ourselves to the
special case N = 3and 4 < g < 2" := 6. More precisely, we obtain the following result.

Theorem 1.4. Assumethat4 < q < 6,0 < u<2,a=pandk € L(R3), with 0 < k« < k(x) < k" in R3. Then,
there exists B* > 1 such that if B > B~
(i) equation (1.1) has at least one nontrivial solution uz and ug — 0 in D**(R?) as B — os;
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ii) equation (1.1) has at least m pairs of nontrivial solutions ug ;, ug ;, i = 1,2,-++,m, and ug; —
(if) equation (1.1) has at least m pairs of nontrivial solutions ug;, us_;, i = 1,2 dug; — 0
inDY2(R3) as B — oo, foralli=1,2,--- ,m.

Remark 1.1. Theorems 1.3 and 1.4 leave some gaps. Indeed, existence of solutions for (1.1) is not covered in
this paper, when either 2 < g < 4and N = 3, 4, or 2" < q < 4. However, the approaches used in this paper do
not seem to be applicable in the above cases. Thus, these missing values will be studied in future work.

The paper is organized as follows. In Section 2, we recall some preliminaries and set up the underlying func-
tional J, B associated to (1.1). In Section 3, we prove the Palais-Smale condition at some special energy levels.
In Section 4, we introduce a truncation argument for the functional J, g and prove Theorem 1.1 by using the
Kajikiya new version of the symmetric mountain pass theorem. In Section 5, existence and multiplicity of
nontrivial solutions for (1.1) is proved when g = 2. Section 6 deals with the existence of two nontrivial solu-
tions for (1.1) when 2 < g < 2" and 8 = 1, that is with the proof of Theorem 1.3. Finally, Section 7 is devoted
to the proof of Theorem 1.4, that is to the proof of existence and multiplicity of solutions for (1.1) when N = 3,
4<g<6anda=p.

2 Preliminaries

Here and in what follows, || - ||, denotes the canonical L? (RY) norm for any exponent p > 1. First, let us recall
the Hardy-Littlewood-Sobolev inequality, see [28, Theorem 4.3].

Proposition 2.1. Letp,p > 1and 0 < y < N, with 1/p + 1/p + u/N = 2. Then, there exists a sharp constant
C(p, p, U, N) such that

/ FOIMO) axay < (e, 7, WOl
S |x—y»
forallf € LP(RY) and h € LP(RM).

Ifp=p =2N/(2N - ), then

- (e M
C(P,P,IlaN)—C(NaIJ)—ﬂ F(]V—I;){F(Izl) .

Equality holds in (2.1) if and only if f = (constant)h, where
h(x) = A(—y2 + |x—x0|2)(2N_")/2, x e RY,
for some A € C,0 #~ € Rand xo € RY.

Let us introduce D'+?(R) as the completion of C3’(R") with respect to the norm [[u|| = (fp |Vu|>dx)!/2.
Then, the best constant for the embedding of D'2(RY) into L% (RN) is S, defined by

S= inf /|Vu|2dx : /|u|2'dx= 1
ueDL2(RN)\{0}
RN RN
Obviously, S > 0, see [44]. By the Hardy-Littlewood-Sobolev inequality, the integral
: p p
/ OO 4

[x-y[#

is well defined in DV2(RY) if [u? e LP(RN) for p > 1 such that (2/p) + (u/N) = 2, thatis p = 2N/(2N - p).
Hence, in D*2(RN) we must have
ZN - ]J *

N> =2y.

o7
p
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The exponent 2; is called the (upper) critical exponent in the sense of the Hardy-Littlewood-Sobolev inequal-
ity. In particular,

u(x 2, u 2 2.2
[ MO axay < o, o} 1)

for all u € DYV2(RN). Hence, we set

Q) u(y) | wu(y)|
S Yul“dx : dxdy =1 2.2
HL= ueDlZ(RN)\{O} /‘ * // x =y Y .
2

and clearly Sy ; > 0. For more details on Sy, we refer to the following result.

Lemma 2.1. (see [16, Lemma 1.2]) The constant Sy, defined in (2.2) is achieved if and only if

! 2
ut) =C (12 + |x—xo\2)

N-
where C > 0 is a fixed constant, xo € RN and | ¢ R* are parameters. Moreover, S = Sy 1 C(N, y)ﬁ.

Lemma 2.2. (see [16, Lemma 2.3]) Let N = 3 and O < u < N. Then

2F

2" 2 22y
u(x)|#|u M
] = / O WP

|x - y|H
]RZN

defines a norm on L% (RY).

The energy functional associated to (1.1) is J, p : DY2(RN) - R defined by

2

a 2 b 2 a
Japu) = z/|Vu\ dx+Z /|Vu| dx —a/k(x)|u|qu
RN N RN

2" 2"
B - / |u(X)‘ V‘u(y” K dxdy (2.3)
Zy |X—y‘l»‘
G P~ Kne — B
5 Il + 5 llull q\lullk,q 2.2;Hullﬁ .

The Hardy-Littlewood-Sobolev inequality (2.1) gives
lall+ < CON, 02

for all u € D"*(R"). Consequently, the functional ], 4 is of class C*(D"*(R")). Moreover,

(]aﬁ(u) V) —a/Vu Vvdx+b/|Vu\ dx/Vu Vvdx - a/k(x)|u|q 2uv dx
RN

u00) > u@) 2 2u(y)vy)
ﬁ// dxdy

Ix - yl“

forallu, v € DV?(RY). This means that (weak) solutions of (1.1) are exactly the critical points of the functional
Jop in DV2(RN).

In order to prove that the (PS). condition holds, we use the second concentration compactness principle
and the concentration compactness principle at infinity. Now, we recall the concentration compactness prin-
ciple for studying the critical Choquard equation [17] due to Lions in [29].
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Lemma 2.3. Let (un)n be a bounded sequence in D*2(RN) converging weakly and a.e. to some u as n — oo and
such that |un|® dx — { and |Vun|*dx — w in the sense of measures, where { and w are bounded nonnegative
Radon measures on RY. Assume moreover that

lun(y)|
ey Y
]RN

|un(x)|?* dx Sy

in the sense of measure, where v is a bounded nonnegative Radon measure on RY. Then, there exists a (at most
countable) set of distinct points {z;}ic; C RN and nonnegative numbers {v;}ic1, {{;}icr and {w;}ic; such that

u@y) > : b
V= |xi/ T dy \u(x)|2udx+ Z(Szivi, Zv;“ < oo,
N y icl iel
w = |Vulldx+> 6w, ¢ uf dx+ > 856
iel icl

where 8y is the Dirac function of mass 1 concentrated at x € RY. Finally, for alli € I

N
:*"‘

SH,LVI < Wi, V;NL?II SC(N,M)%(I

However, roughly speaking, the second concentration compactness principle, stated in Lemma 2.3, is only
concerned with a possible concentration of a weakly convergent sequence at finite points and it does
not provide any information about the loss of mass of a sequence at infinity. The next concentration-
compactness principle at infinity was developed by Chabrowski [8], Bianchi, Chabrowski, Szulkin [6], Ben-
Naoum, Troestler, Willem [5] and provides some quantitative information about the loss of mass of a sequence
at infinity.

Lemma 2.4. Let (un)n C DY2(RN) be a sequence as in Lemma 3.1 and define

Weo hm lim sup / |Vun|2dx, (e = hm hmsup / |un|? "dx.
R—oo n—oo —>00
[x[>R [x|>R

2
Then S{% < we and

n—oo n—roo

limsup/\Vun|2dx=w°o+/da), limsup/\un|2*dx=(w+/d(.
N RN N RN

The next result is the concentration compactness principle at infinity for the critical Choquard equation, as
proved by Gao et al. in [17].

Lemma 2.5. Let (un), C D2(RY) be such that un, — uweaklyin D*?(RN) and un — ua.e.inR". Let w, {, and
v be the bounded nonnegative Radon measures, while let w-. and {-. be the numbers given as in Lemmas 2.3
and 2.4. Assume that

2" N
= lim limsup / /Md}f |un(x)] > dx.

R—o0 nsoo |x —y|#
|x|=R RN

Then there exists a nonnegative number v satisfying the relations

2, 2,
limsu [un O jun ™ dx=v°o+/dv,
n%wp/ Ix = y[¥ g N

2

C(N, u)r2m ZNV“"‘ < (o /d(+(°° , s,%,,ijZ < Weo /da)+a)oo
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3 The Palais—Smale condition

In this section, we use the second concentration compactness principle and concentration compactness prin-
ciple at infinity to prove that the (PS). condition holds, when ¢ < O and 1 < g < 2. We recall in passing that
throughout the paper a and f in (1.1) are positive real parameters, without further mentioning.

Lemma3.1. Suppose that 0 < u < 4and 1 < q < 2. Then any (PS)c sequence (un)n of J4,p is bounded in
Dl’z(RN).

Proof. Let (un)n be a sequence in D*?(RN) such thatas n — oo

_a 2 b 4 q B 22" _
Jap) = 0l + gl = Gl = 55 ™ = e+ o(0) €8)

(](',,’p(un),v> =a/Vun-Vvdx+b/\Vun|2dx/Vun-Vvdx

RN RN RN
a / KGO 1tn] 2 unvdx - B / / Jun() IMT)E)/_)ljilzzun(y)v(y) ixdy (3.2
RN RN
= 0(1)|[un||.
Using the Holder inequality and the Sobolev embedding theorem, we get for all u € D*2(RN)
fullf, = [ GOl dx < 57 [kl (53
RN

Thus, (3.1), (3.2) and (3.3) give as n — oo
1
¢+ 0(D)|unl| = Ja,pn) = =5 (g p(un), un)
2-2;
11 2 (1.1 o (11 g
(2 2-2L>a”u"” +(4 2-2;)b|u"| (q 2-2L>a|u"|k"’

1 1 2 1 1 4 1 1 o
——— 7 | allu +|>-—+]b|u [ ) aS77 k|| ||lu q
(375 ) alnl? s (5 - g ) il = (5 = 157 ) Skl

This implies at once that (un)n is bounded in D*(R"), since O < u < 4 gives 2-2;, > 4andsince1 < g < 2. O

v

v

Lemma3.2. Letc<0,0< pu<4and1l < q < 2. The next two properties hold.
(i) Foreach B > O there exists A > 0 such that Ja,p Satisfies the (PS)c condition for all a € (0, A).
(if) Foreach a > O there exists A > O such that ], p satisfies the (PS)c condition for any f§ € (0, A).

Proof. Let ¢ < 0and let (un)n be a (PS). sequence of ], pin DV2(RY). Lemma 3.1 yields that (un)n is bounded
in D&2(RN). Thus, there exists u € D2(R") such that up to a subsequence un — u in DV?(RY), un — u in
L> ®Y), un —» uinI! (RN)forallp € [1,2"), un — ua.ein RV, and there exists hg € LP(Bg(0)) such that

|un| < hg a.e in Bg(0) for all n and all R > 0, with p € [1, 27). Furthermore, by Proposition 1.202 of [14] there
exist bounded nonnegative Radon measures w, { and v such thatas n — oo

|un(y) |

* *
dy | lun|®dx = v
| x=y

2 * 2" *
|Vun|*dx — w, |un|® dx — ¢,

in the sense of measure. Hence, by Lemma 2.3, there exist a at most countable set I, a sequence of points
{zi}ic1 € RN and families of nonnegative numbers {v; : i € I}, {w; : i € I} and {{; : i € I} such that

5
u .

V= ‘|x(i/))|/|; dy | |u|®dx + E Vi6z;,

BN icl
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w>|Vuldx+>  wibz, ¢>uf® dx+> X6z,
iel iel
1

o 2N-
SH,LV:" <w; and v;<C(N, y)(iTy foralli eI,

where 6, is the Dirac function at z;.

Fix a test function ¢ € CB"(RN), such that 0 < ¢ < 1, ¢ = 1 in the closed ball B;(0), while ¢ = 0 in
RN\ B,(0) and ||[V@||e < 2. Take & > 0 and put ¢ ;(x) = @(2(x - z;)/¢), x € RY, for any fixed i € I, where
{z;}¢1 is introduced above. Observe that as n — oo

q
5
/k(x)|un\q(pg,l-dx < / k()| - |un|9dx < ||K]|r /\un|2*dx
N

B(z) e(z:)
q

>F

N / ul? dx
s(Zi)

Therefore, as € — 0 we finally get

e—0Nn—oo
RN

lim lim /k(x)|un|q(pg,,- dx = 0.

On the other hand, the Holder inequality yields

1
2
lim sup /unVun-Vgog,idx slimsup( /|Vun|2dx) ( /|uano5,i|2dx)
n—oo n—oo
RN RN

RN

1
2

1

2

<c /|u|2|wg,i|2dx
Bie(zi)
1 1
N >
<C /|Vgo£,,~\Ndx /|u\2‘dx
BZS(Zi) BZC(Zi)

< Cyp / |u|2'dx -0

Bae(zi)

1/N
as € — 0, where C = sup,, ||ux||and Cy = C (fBz(O) \V(p|Ndy) . Therefore

0= glgr(l) nng(]&’ﬁ(un), Q¢ iln) = glg% nlLrEo{ (a + bHunHZ) /Vu,, - V(e iun) dx
RN
—a/k(x)|un|q<p dx - B /un(X)2"|un()’)|2"(P8,i(}’) dxdy}
J, ! S [x -y

e—=0n—oo

RN
2" 2
_a/k(x)lunqu)g,idx_ﬁ// [un ()| [un(y)| " @ci(y) dxdy}
RN R2N

= lim lim {(a+b|\un|\2)/(|Vun|2<p£,,~+unwn.v<p£,i) dx

|x = y|
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im i 2. g \”n(x)|2‘:\“n(y)|2"“l’g,i()’)
zglg%nlgrc}o{a/Wunl Qe idx - / e dxdy
RN R2N

RN RN

> aw; - Pv;.

Therefore, aw; < Bv;. Combining this with Lemma 2.3, we obtain that either

1

_ 2* f
w; 2 (aﬁ 1SH“L) " or wi=0. (3.4)
We claim that the first case can never occur. Otherwise, there exists iy € I such that
1
B 2’( f
wj, 2 (aﬁ 1SI;‘L) w

Now, (3.3), the Holder inequality, the Sobolev embedding and the Young inequality imply that

q
2

-1
a/k(x)lu\q dx = alk]rS™* |lul|? = s ) (- lu?
2 2-2;)q\q 2-2
RN

49
2

-1
A (5550 ) & (5550 ) | ks
2 2.2;,)q\q 2.2

(3.5)
(a2) 85 )
2 2-2,)2\qg 2-2
q
-1 b=
2-q|(1__1 qg (1__1 g
L2 { L 2;> 4 (q . 2*)} Ik ET .
According to this fact, we have
. 1
0>c= nILHEQ (]a,ﬁ(un) - m(];,/}(un), un>)
. 1 1 1 1 1 1
> im { (553 )l (5= 505 ) ol = (5~ 5055 ) @ f Kool
)
> (% -3 .12;) a (||u|2 + Zwi) - (% -3 .12;) a/k(x)|u|qu (3.6)
icl 0

_ -1 24 2
> 1_% Ewio_z q|(1_ 1* 4 1_% HkHrZwaz%q
2 2.2, 2 2 2 2-2, aS \ q 2-2,

2, -1 2-q
11 i rs 2-q (1 1 qg (1 1 =
S (e - - - a(=_ k|77 a7,
> (4 4,2;)(asH¢);' B - 3 as) aslqam)| MHFTe

Thus, for any 8 > 0, we choose a; > 0 so small that for every a € (0, a1) the right-hand side of (3.6) is greater
than zero, which is an obvious contradiction.
Similarly, if a > 0 is given, we take B; > O so small that for every 8 € (0, 81) again the right-hand side
of (3.6) is greater than zero. This gives the required contradiction. Consequently, w; = O for all i € I'in (3.4).
To obtain the possible concentration of mass at infinity, similarly, we define a cut off function iz in C=>(RN)
such that Yz = 0 in Bg(0), Y = 1in RN \ Bg,1(0), and |[Vipg| < 2/R in RV, On the one hand, the Hardy-
Littlewood-Sobolev and the Holder inequalities give

»
Veo = lim lim un(y)I
R—oc0 N—>o0 |X — yly
RN N

dy | [un(0)Ppr(y)dx
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:
L 2| f .
< €OV, 0 Jim tim Junl 2 | [ un GO )z
N

*
2

o
< CL2 .
On the other hand, the fact that (];’ﬁ(un), unPr) — 0 implies that

0= Igiigonlgrgo(]&,ﬁ(un), Yrun) = Igiigonlgrgo{ (a + bHunHZ) / Vun + V(Ygrun) dx
RN

o [ K- [ OO g )
RN R2N

|x - y|H

R—s00 N—300 |x - yH

> lim lim {a/(|vun|2¢R+unVUn-v1/)R> dX—ﬂ// |un(X)|2u|un(Y)|2ul/)R(J’) dXdy}
RN R2N

> lim lim {a [l ax-p /un(x)zuun(ynzuabR(y) i dy}
RN R2N

R-300 N300 |x - y¥
N
2 AWeo — CRLL .
N
Therefore aws. < C{Z . Combining this with the Lemma 2.4, we obtain that either
Boaigr)
We 2 | aSTC B o W =0. 3.7

Therefore, as in (3.5) and (3.6), we have

1 1 f—;A—% -
O>cz|=- _ aS)2C 2 2,2
(4 4-2y>( ) B

q
_ -1 a5
S2-a(ro 1)y (1 1 k|27 aza.
2 [\272-2,) as\q 23

Thus, for any 8 > 0, we choose a, > 0 so small that for every a € (0, a;) the right-hand side of (3.8) is greater
than zero, which is a contradiction.

Similarly, if a > O is given, we select 8, > 0 so small that for every 8 € (0, 8,) the right-hand side of (3.8) is
greater than zero. This gives the required contradiction. Therefore, we = 0 in (3.7).

From the arguments above, put

(3.8)

A =min{a;,a;} and A =min{f,B>}.
Then, for any c < 0 and 8 > 0 we have
wij=0forallie]l and we =0

forall a € (0, A).
Similarly, for any ¢ < 0 and a > O we again have

wij=0forallie]l and we=0

for any 8 € (0, A).
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Henceasn — o

|tn (0|2 [un(y) |2+ |u(X)| Iu(y)l
// Xy dd”// dxdy

/k(X)(Iun\q [u|T)dx < [|k|[r|[|un|? - Iuqu 5 — 0

]RN
Since (||un||)n is bounded and J/ a ﬁ(u) = 0, the weak lower semicontinuity of the norm and the Brézis-Lieb
lemma yield as n — oo

2-2
0(1) = (g pun) n) = @l > + bljunll = @l = Bllen]|2
2 2 2 4 2:2,
> a (Jlunl® = lull®) + alul® + bllul - alullf , - Blul.™ + o(1)
= al|un - u|* + o(1).

Thus (un)n strongly converges to u in D2(RY). This completes the proof. O

4 Proof of Theorem 1.1

In this section, we prove the existence of infinitely many solutions of (1.1) which tend to zero and we assume,
without further mentioning, that all the assumptions of Theorem 1.1 hold. To this aim, we apply a new version
of the symmetric mountain pass lemma, due to Kajikiya in [21, Theorem 1].

Lemma 4.1. Let E be an infinite-dimensional Banach space and ] € C*(E). Suppose that the following proper-
ties hold.
(J1) J is even, bounded from below in E, J(0) = 0 and ] satisfies the local Palais-Smale condition.

(Jo) For each n € N there exists An € Xy such that sup J(u) < 0, where
uch,

Xn:={A : A C Eisclosed symmetric,0 ¢ A, +(A) = n}

and ~v(A) is a genus of A.

Then J admits a sequence of critical points (un)n such that J(un) < 0, un # 0 for each n and (un)n converges to
Zero as n — oo,

To obtain infinitely many solutions of (1.1), we need some technical lemmas. Let ], B be the functional defined
in (2.3). Then, by (3.3) and the Hardy-Littlewood-Sobolev inequality

-1
a 2 -1 SH,L 2:2"
Jap ) 2 5 [} = ™ ) — S ]
u

2 2.2
=l jul|” - aly||ul|? - Bl3||u| .

Define )
h(t) = 12 - alyt? - Blst* 2,  teR§.

Then, for any given parameter a > O there exists § > 0 so small that for every 8 € (0, B) there exist to, t1, with
0 <ty < ty,suchthat h < 0in (0, tg), h > 0in (tg, t1) and h(t) < O forall t > t;.

Similarly, for any fixed number 8 > 0 we choose & > 0 so small that for every a € (0, ) there exist t(*), t],
with 0 < ¢ < t], such that h < 0in (0, ty), h > Oin (tg, t) and h(t) < O forall ¢ > t].

Clearly, h(ty) = O = h(t;) and h(ty) = O = h(t}). Following the same idea as in [19], we consider the
truncated functional Ta, p of ] g, defined forall u € DL2(RN) by

~ _a > b 4_Q e B 22"
JapQu) = S lull” + Zlull" - Ze@llull,, 72_2;1/J(u)\|u|* . (4.1)
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where Y(u) = 7(JJu||) and 7 : R§ — [0, 1] is a non-increasing C* function such that 7(¢t) = 1 if t € [0, to] and
7(t) = 0if t > ty. It is clear that J, 5 € C' (D*(R")) and J o is bounded from below in DV2(RM),
From the above arguments, recalling that all the assumptions of Theorem 1.1 hold, we have the next result.

Lemma 4.2. Let 7,1, p be the functional introduced in (4.1) The following properties hold.
(i)IfYa,ﬁ(u) <0, then ||u]| < to andja,ﬂ(u) = Ja,p(). B
(ii) Let ¢ < 0. Then, for any B > O there exists A > O such that ] , g satisfies the (PS)c condition for all a € (0, A).
(iii) Let ¢ < 0. Then, for any a > O there exists A > 0 such that ], p satisfies the (PS). condition for all B < (0, A).

Proof of Theorem 1.1. Clearly, Ta,,,(o) =0, fa,ﬁ is of class C! (Dl’z(RN )), even, coercive and bounded frow
below in D¥2(RM). Furthermore, Tm s satisfies the (PS) condition in DY2(RY), with ¢ < 0, by Lemma 4.2.
For any n € N, we take n disjoint open sets X; such that U, X; C Q, where Q is the nonempty open set
introduced in the statement of Theorem 1.1. Foreachi = 1,2,--- ,n, take u; € (Dl’z(RN) al CB"(X,-)) \ {0},
with ||u;|| = 1. Put E, = span{us, up, -+ , Un}.
Thus, for any u € En, with ||u|| = p, we have

5 a, 2. b, 4 «a B 22"
Ja,p) < S [Jull” + - lull —*/k(X)|u|qu— ™
2 4 a) 2.2

b 2
s 57+ gpt = Capt - Cap? s,

where C; and C, are some positive constants, since all the norms are equivalent in the finite dimensional
space En. Hence, ]a,/;(u) < 0 provided that p > 0 is sufficiently small, being 1 < g < 2. Therefore,

{ueEn:ull=p}tc {u € Ey :Ta,/;(u) < O}.

As proved in the book [9] by Chang
Y({{u € En : |lull = p}) =n.

Hence by the monotonicity of the genus v, see Krasnoselskii [23], we get
v ({u € En : fa,ﬁ(u) < O}) >n.

Choosing An = {u € En : Ta,ﬁ(u) < 0}, we have Ap € ), and sup,¢,, T,X,ﬁ(u) < 0. Therefore, all the
assumptions of Lemma 4.1 are satisfied, since DV2(RN) is a real infinite Hilbert space. Thus, there exists a
sequence (un)n in D2(RY) such that

7a’ﬁ(un) <0, un#0, 7&,ﬁ(un) =0foreachn and |un|| — 0asn — oo.

Combining with Lemma 4.2 and taking n so large that |jun|| < p is small enough, then these infinitely many
nontrivial functions u, are solutions of (1.1). O

5 Proof of Theorem 1.2

In this section we study (1.1), when g = 2, 0 < y < 4 and 8 = 1, and shall apply the mountain pass theorem
for even functionals, in order to obtain a multiplicity result for (1.1). Actually, here (1.1) reduces to

2 .
—(a+ b||ul|*)Au = ak(x)u + /‘\)li(i/))‘d:dy u/>2u inRV. (5.1)
N

Clearly, the associated functional J to (5.1) is

1 2.20

_ag o b o4 a1 N
Ja(u) ZHUH +4Hu\| ZHHHk,z 2_2;”“”* .
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Lemma5.1. Leta € (0, aS||k||;*) and let (un)n be a (PS). sequence for Jo in DV*(RN), with

2N-u
(aSg,p) ™.

* *

c<c, C :=

B

Then (un)n contains a strongly convergent subsequence.

Proof. The Holder inequality and the Sobolev embedding theorem imply that
el 2 < ST ffull? (5.2)

for each u € DV2(RN).
Fix a (PS). sequence (un)n for Jo in D**(RN) at level ¢ < c¢”. By the facts that a € (0, aS||k|;}),0< u < 4
and by (5.2), proceeding as in proof of Lemma 3.2, in place of (3.6) we get

¢ > = lim Jalun) - Uelutn), un)

@ (LY (amas ) o (L - ),
v (5-2) (amesin) i+ (3 - 725 ) v

1 1 2N-p *

2 L aw;, = Z(GSH,L)”’“*Z =c,
which is impossible. Therefore, the compactness of the Palais-Smale sequence follows as in the proof of
Lemma 3.2. O

Now, let us recall a version of the mountain pass theorem for even functionals, which is the main tool for
proving Theorem 1.2. For its proof readers are referred to [42].

Proposition 5.1. Let X be an infinite dimensional Banach space, with X = V & Y, where V is finite dimensional.
Let ] € C1(X) be an even functional such that J(0) = O and satisfying the following conditions.

(I1) There exist positive constants p, p > O such that J(u) = p for allu € 0B,(0) N'Y.

(I,) There exists c* > O such that J satisfies the (PS). condition for all ¢ € (0, c*).

(I5) For each finite dimensional subspace X C X there exists R = R(X) such that J(u) < 0 forall u € )A(\BR(O).

Suppose that V is k dimensional and V = span{ey, ey, ..., e;}. For n = k, inductively choose e,,1 ¢ Xn :=
span{ei, €y, ..., en}. Let Rn = R(Xn) and Dy = Bg, (0) N Xn. Define
Gn := {h € C(Dn,X) : hisoddand h(u) = u forallu € 0Bg,(0) N Xn},
I = {h (m) : h€Gn, n>j, E€Zyjand~(E) <n —j}, (5.3)
Xn :={E : E C Xis closed symmetric,0 ¢ E,~v(E) = n}
Foreachj e N, let

¢j := inf maxJ(u).
KeT; uek

Then, 0 < g < ¢j < Cjyq forj > k, and if j > k and ¢; < c’, then ¢j is a critical value of J. Moreover, if ¢j = ¢j,1 =
. =Cj=c<C forj>k, theny(Kc) = 1+ 1, where

Ke:={uecE: Jw=cand]'(u)=0}.
From now on we assume that all the assumptions of Theorem 1.2 hold, without further mentioning.
Lemma 5.2. Forany a € (0, aS||k|;1), then the functional ]« satisfies conditions (I1) - (I3).

Proof. First, the fact that a € (0, aS ||k||;1), the definitions of S and Sy, yield

-1
1 -1 > SHL 2.2
u) > =(a-aS ||k||)|ul|- - =l [ 171l
Ja(u) 2( [kl [ul] z-zuH l
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Since 2 < 2 - 2, there exists o > 0 such that Ja(u) 2 g forall u € D*(R"), with ||u|| = p, where p is chosen
sufficiently small. Thus, J satisfies (I7).
Since a € (0, aS||k|;1), a direct consequence of Lemma 5.1 implies that J, satisfies (I,), with

* 2N-p
cC = (CISH,L)N”“FZ /4.

Let E be a finite dimensional subspace of D''2(R¥). Thus, for any u € E, with ||u|| large enough, by Lemma
2.2, we have

a 2 b 4« 2 1 2-2;
w) < = lull®+ S ul* + S lullz oy — —— ||l
Ja(u) 5 Ilul 4“ 7+ 5 llulli.2 2.2;H I
a, 2 b, 4 « 2 22"
< =l + S lul|* + = cqljul® - Callul)* 2,
5 Ilul 4H 7+ Seallull 2.7, 2[[ull

for some positive constants ¢y, ¢, > 0, since all the norms on finite dimensional space are equivalent. Since
4 <2 2;, we conclude that Jo(u) < O for all u € E, with ||u]| = R, where R is chosen large enough. Conse-
quently, J, verifies (I3), as stated. O

Lemma 5.3. There exists a sequence (Mn)n C R*, independent of a, such that My < M1 for all n and for any
a>0

c% := inf maxJa(u) < My,
Kel', uek

where I'y is defined in (5.3).

Proof. The proofis similar to that presented in [46, Lemma 5]. From the definition of ¢4 and the fact that k > 0,
k = 0in RY, we deduce that

a_ - a 2. b 4 2 1 22"
cy = inf max<{ =||lull” + =|lul|* - =||lu I TR
n = inf ueK{zH 17+ Z Il = 5 llulli 2 2-2;” [ }

. 1 227
< inf max 9|\u\|2+9||u|\‘*- sy = M.
Kel, uek | 2 4 22,

Then, My < oo and My < My, by the definition of I'y. O
Proof of Theorem 1.2. According to Lemma 5.3, let us choose a” > 0 so large that for any a > a”, we have
1 2N,
supMpn < —(aSg )™ =c .
n 4 ’
Therefore
a 1 2Ny
Cn < Mn < Z(aSH,L)N”“Z-
Thus, for all a € (0, aS||k|j;') and a > a”, we get
0<cisci<-vsch<Mp<c.

An application of Proposition 5.1 guarantees that the levels c{ < ¢§ < -- - < ¢} are critical values of J,. Thus,
if ¢ < ¢§ < --+ < cy, then the functional J, has at least n critical points. Now, if c}" = c]‘?‘+1 for some j =
1,2,:--,k -1, again Proposition 5.1 implies that KC;; is an infinite set, see [42, Chapter 7], and so in this
case, (5.1) has infinitely many solutions. Consequently, (5.1) has at least n pairs of solutions in D*2(R"), as
stated. O

6 Proof of Theorem 1.3

In this section we require that all the assumptions of Theorem 1.3 are satisfied. Thus, (1.1) becomes

2 -2 lu(y) > 22 N
—(a+blu|*)Au = ak(x)|u|?"u + Xy dy | lul**u, xecR". (6.1)
N
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This case was investigated in [45, Theorem 1.1] in the fractional Laplacian context. For the convenience of the
reader, we present a concise treatment. The aim of this section is to obtain two nontrivial solutions of (6.1).
The first is a least energy solution and the latter is a mountain pass solution. To begin with, let us introduce
the functional J, associated to (6.1)

a 2 b 4 A q 1 2.2
Ja(w) = = |Jul|” + —Ju||” = =ju - — |l ™
(W) = S [lull ™+ Z ful 7 4kq 2_2;” |

forall u € D%2(RY). Since 2 < g < 2%, 4 < y < Nand k € L'(RN), with r = 2"/(2" - q), the Hardy-Littlehood-
Sobolev inequality and the Sobolev inequality, show that J, is well-defined and of class C* (Dl’z(]RN )) . Next,
we give a compactness result, which is crucial to prove Theorem 1.3.

Lemma 6.1. Assume that2 < q < 2".Ifeither y = 4,a > O0and b > 4Sg' orpu > 4,a>0andb > b, with b’
given in (1.3). Then, the functional I, satisfies the (PS). condition in D*2(RY) for all a > 0, provided that ¢ < 0.

Proof. Let a > 0 and let (un), be a (PS). sequence of I, in DV2(R") at any level ¢ < 0.
By Lemma 2.1 of [7], in the subcase s = 1 and p = 2, the embedding D*?(RY) — LI(RY, k) is compact.
Therefore,

lim /k(x)\un|qu = /k(x)|u|qu.
n—oo
RN RN
Moreover, we easily deduce that
lim / k(x) [|un|q"2un - \u\q_zu} (un —u)dx = 0. 6.2)
n—oo
RN

Put wy, = un — u for all n. Without loss of generality, we assume that limy_,co ||Wn|| = £. Theorem 2.3 of [40] in
the subcase s = 1 and p = 2, see also [16], yields

2.2 2.2 2.2
lwnlle ™ = [lunll ™ = Jull ™ +o(2).
Since (un)n is a (PS)c sequence, by the boundedness of (ux)n, we have thanks to (6.2)
0(1) = (Ja(un) - Ip(u), un - u)

= (a + b||un||2) /VunV(un - u)dx - (a + b||u|\2) /Vuv(un - u)dx

RN RN

—a/k@)@mwﬂun—mwﬁu}wn—umx (6.3)

|x - y|H [x =y

RN
-/ Pun(y)ﬁﬂun(xnzl-zun _ |u(y>|22|u(x)lzf3‘2“} (n - w)dxdy
R2

= (a + b||un||2) /Vunv(un - u)dx - /VuV(un —uw)dx| - ||un - u||f'2“ +0o(1).
RN

N
In (6.3) we have used the weak convergence of (un)n in D*2(RN), which implies that
lim /VuV(un —u)dx =0.
n—oo
]RN

Now, (6.3) yields as n — oo

(a + b||un||2) /Vunv(un - u)dx - /VuV(un —u)dx| - ||un - u||f'2“ =0(1).
N RN
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Thus,asn — oo
(a+bljun-u|*+bul?) /Vunv(un —u)dx - /Vuv(un - u)dx
N

- ||un - qu.z; =o0(1).
Let us now recall the following well-known inequality, see [22]: for any p > 2 there holds
(|s\P‘Zs - |t\p_2t) (5-1£)2 \s ¢ (6.4)
forall s, t € R. From the inequality (6.4) and the definition of Sy 1, we getas n — o
(a+ bllun -l + b)) 7 n = ul < SityJun - >3 + o(2).
Letting n — oo, we have
al® + be* + 0 |ul|? < 4Sgt ¥,

which implies that .
al® + be* < 4Sy 072 (6.5)

When p = 4 and 4S3}; < b, it follows from (6.5) that ¢ = 0, since 2 - 2, = 4. Thus, un — u in D*(R"). When
U > 4, it follows from (6.5) and the Young inequality that

4-22;,
2 7

N | [ala-2-2,) )

Pablhe 1 (z‘*-z'zp)wu < ( . V)> ’

4-2.7;
422M
L (2B T a7 (¢
22,2 2

u
2
-1

<al®+ (2, -1) (a(Z 2,,)) o (45;,3)22%14"

=a€2+b,

where b is given in (1.3). Therefore, (b - b*)¢* < 0. Hence, assumption (1.3) implies that ¢ = 0. In conclusion,
Un — u in DY*(RY) in both cases, as required. O

Proof of Theorem 1.3. First, we show that (6.1) has a nontrivial least energy solution. Clearly,

m:= inf Ja(u)
ueDL2(RN)
is well-defined. Now we claim that there exists ax > 0 such that m < O for all a > a=. Indeed, fix a function
v € DV2(RY), with ||v|| = 1 and ||v||y 4 > O, which is possible since k > 0 and k % 0 in R¥. Then,

a., b

a
TaW) =5+ 7~ IVl - 22nn

44
+ g 2IvIE <o,

-L\\B‘

N\
N\Q

foralla > a”, witha = g (% + %) /IIVI{ ;- This proves the claim.

Hence, by Lemma 6.1 and [31, Theorem 4.4], there exists u; € DV?(RN) such that Jo(u1) = mand 7, (u;) = 0.
Therefore, u; is a nontrivial least energy solution of (6.1), with J4(u1) < O.
Now we prove that (6.1) has a mountain pass solution. We deduce from (2.2) that

1

SH,L 2:2,-2 2
5o lull [Jull
2.2

a b _g _
aumz{z+4wW—amms?wwz
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for all u € DY2(RY). Since 2 < g < 27, there exists p > 0 small enough and p > 0 such that J,(u) > o for all
u € DYV2(RN), with |ju|| = p. Define

¢ = inf max J4(&(¢)),
¢eEtelo,1]
where £ = {¢ € ([0, 1], DV2(RY)) : £(0) = 0, &(1) = u1}. Then ¢ > 0. Lemma 6.1 yields that J, satisfies the
assumptions of the mountain pass lemma, see [1, Theorem 2.1]. Hence, there exists u, € DV2(RY) such that
Ja(uz) = ¢ > 0 and J4(u,) = 0. Thus, u, is a nontrivial solution of (6.1), independent of u;. O

7 Proof of Theorem 1.4

In this section we assume, without further mentioning, that all the hypotheses of Theorem 1.4 hold in order
to prove multiplicity results for Kirchhoff-type equations with Hardy-Littlewood-Sobolev critical nonlinearity
in R3. Being a = B, then (1.1) becomes

—(a+b||u|\2)Au=Bk(x)|u\q’2u +ﬁ< /Wdy> lu/**u, xeR3, (71)

|x - y|H
]R}

where f>1,0<u<2,4<q<2,:=6-pand0 <k« <k(x) < k" inR>.
The associated functional Jg to (7.1) is

_a,o b 4 B q B 2(6-p)
Jpw) = 5 ju] + 5 Il =Sl 2(6_11)”“”*

for all u € D"*(R?). Let us first show that J; has a mountain pass geometry in D*-*(R?).

Lemma 7.1. Let B € (0, aS|k||;'). Then ] p satisfies the following conditions.
(i) There exists kg, pg > O such that J5(u) > kg for allu € D**(R?), with ||ju| = pg.
(ii) There exists e € D"*(R?) such that Jz(e) < 0 and ||e|| > pg.

Proof. (i) The fact that 8 € (0, aS|k||;1), the definitions of S and Sy ; give

1. et 2 PHL 2(6-)
Jp) = 5(a - BS (ki) jul 2(6—;1)”“” .

Since 4 < 2(6 - p), we can choose kg, pg > 0 such that Jg(u) > kg forall u € DY2(R3), with ||u|| = pg-
Let ¢ € C3(R3), with ||¢|| > 0, then as t — oo

ao. o b 1 o6, 26w
Jptp) < SolI" + 7|l 2(6—y)t l@lli™ " — —oo.

Hence we choose ty > 0 so large that e := to¢ verifies (ii). O

First, we recall that
inf {||¢]| : ¢ € CT®R, ||¢pllg =1} =0.
For any 6 € (0, 1) there exists ¢5 € C3(R>), with ||¢slq = 1, supp ¢ C Br;(0) and ||ps|% < 6. Set

ep(0) = ps(B7x), xR’ (72)

Then we have, for t = 0,

a b k=«
Iglteg) = S llegl* + " legl* - Bt llegllg
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a,-.L b4, 2 k« 3

= S OB sl + B s = BB 51l
_1[a by, ks g3

B [ SE10alR + DB Il - S 0 gt 73
-1 |a b K«

<% | §eI8al? + o Il - el

= B W(t5),

since O < u < 2 implies that (3 — u)/(5 - u) > 0, where

¥p() = SIBI + 2191 - 1.

Since q > 4, there exists a finite positive number ¢ty € R* such that

at? , th 4 ke
max ¥y(ts) = =2 ps* + 5= Ibsll* - - eGllullg

at? tih ati . tib
< Z00psll* + 7 ps* < L05+ 0767
2 44
< T*5, where T" := aTtO + %.
Therefore,
max Jy(ths) < p 5 16 (74)

Lemma 7.2. Let 4 < q < 6 and (un)n be a (PS)c sequence for Jg, with c < Lﬁ’ﬁ, where

. 1 1 o 101 6U A1\ TR
L:=m1n{<§—a> (aSy,L) >, (E—a)a(aszc ) } (7.5)
Then (un)n contains a strongly convergent subsequence in DV2(R3).

Proof. Let (un)n be a (PS). sequence for J > as in the statement. Then, it is easy to see that (un)n is bounded
in D12(R?). Next, using the same arguments up to (3.4) as in the proof of Lemma 3.2, we have

Cc= nli_IEo <]ﬁ(un) - é(];;(un)’ un>>

. 1 1 1 1 1 1 -
- gim { (5 )l (5= ) ol f + (5 - 55 ) prwaze” 16)
1 1

\ <§ - E) (aSus) 5 B,

Similarly, it follows from (3.7) that

cs (% - é) (@S) e g, (77)
Therefore, the compactness of the Palais-Smale sequence holds, since § > 1and 0 < u < 2. O

Proof of Theorem 1.4 (i). Fix 6 € (0, 1). Then, Lemma 7.1 implies that /z possesses a (PS)c, sequence, with
cg2xpg >0, where

cp := inf ma t),
B wefﬁte[oﬁ]]ﬁ(% )

where
Ipi={ve (0,1, D"(®) : 7(0) =0 and ~(1)= e}
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Thus, (7.4) gives that
O<kgscps T*6ﬁ’ﬁ.
Furthermore, Lemma 7.2 guarantees that J B satisfies the (PS)CB condition. Hence, there is u g in DV2(R3) such
that ]/ﬁ(Uﬁ) = 0 and Jg(upg) = cg. Moreover, it is well-known that such a mountain pass solution is a least
energy solution of (7.1).
Because ug is a critical point of Jg, forany ¢ € [q,6 - ul,

T 6757 = Jp(up) = Jg(up) - %]//;(uﬁ)uﬁ

(1Y e (2oL e (1oL ;
- (51 ) atupl (57 ) plugl+ (3= 3) B [ keolugloax
R3

1 1 2(6-p)
(50 ) Bl

Taking t = g, we obtain the estimates ||ug|| — 0 as § — co. This completes the proof of part (i). O

For any m" € N we choose m" functions ¢} € C3*(R?) such that supp ¢ supp ¢k = 0, fori # k, [|p5lq = 1
and ||(;bf§||2 < §.Letr§ > 0besuch that supp q.')f; C BiE(O) fori=1,2,---,m". Set

*

. — ‘
ep(x) = p5(B7x) xeR’, i=1,2,---,m (7.8)

m
and Hpy = span{eg, e, -+ , ej' }. Arguing as in (74) and (76), we obtain for each u = » ciep € Hpy that
i-1
L .
Jp(ciep) < B~ ¥(|cilep).
Proceeding as in case (i) above, we get that

max Jp(u) < m T*é’ﬁ_ﬁ. (79)

uEHEs

Lemma 7.3. Forany m" € N and 8 > O there exists an m"-dimensional subspace F pm* Such that
Jpu) < L%
max Jg(u) < i,
uEFpm* B
where L > 0 is given in (7.5).

Proof. Choose & € (0, 1) so small that m"T"6 < L. Taking Fg, = Hl’;"(; , then from (7.9) we know that the
conclusion of Lemma 7.3 holds. O

Proof of Theorem 1.4 (ii). Denote the set of all symmetric (in the sense that -Z = Z) and closed subsets of
DY2(R?) by Z. For each Z € X. Let gen(Z) be the Krasnoselkski genus and

i(Z) := mi Z By.),

j(Z) crg}g* gen(¢(Z) N 0Bp,)
where I, is the set of all odd homeomorphisms ¢ € C(E, E) and pg is the number given in Lemma 7.1. Then
j is a version of Benci’s pseudoindex (see [4]). Let

cg = inf supJau), 1<ism’.
B j@eines P

*

Since Jg(u) 2 kg forall u € aB,*,ﬁ and since j(Fgp,+) = dim Fg,- = m’,

Kp<Cp S+ <Cup < SUp Jp(u) < Lﬁ"ﬁ.
MEH/’m*
It follows from Lemma 7.2 that J, B satisfies the (PS). condition at all levels ¢ < Lﬁ"ﬁ. By the usual critical
point theory, all cg; are critical levels and J; has at least m” pairs of nontrivial critical points which tend to
zero as f§ — oo. O
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