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1 Introduction and preliminaries

Fixed point theory plays a fundamental role in functional analysis. Nadler [18] started the
investigation of fixed point results for the set-valued functions. Due to its significance, a
large number of authors have proved many interesting multiplications of his result (see
[1-4, 6, 8-29)).

Nazir et al. [19] showed common fixed point results for the family of generalized multi-
valued F-contraction mappings in ordered metric spaces. Recently Shoaib et al. [27] dis-
cussed some theorems for a family of set-valued functions. Rasham et al. [22] proved mul-
tivalued fixed point theorems for new F-contractive functions on dislocated metric spaces.

In this paper, we have obtained a common fixed point of two families of multivalued
mappings satisfying generalized rational type o, — ¥-dominated contractive conditions
on a closed set in a complete dislocated b-metric space. We have used a weaker class of
strictly increasing mappings A rather than the class of mappings F used by Wardowski
[29]. Examples have been given to demonstrate the variety of our results. Moreover, we
investigate our results in a better framework of dislocated b-metric space. New results in
ordered spaces, partial b-metric space, dislocated metric space, partial metric space, b-
metric space, and metric space can be obtained as corollaries of our results. We give the
following concepts which will be helpful to understand the paper.

Definition 1.1 ([14]) Let M be a nonempty set, and let dj, : M x M — [0, 00) be a function.
If, for any x,y,z € M, the following conditions hold:

(i) dp(x,y) < bldy(x,2) + dp(2,9)], (Where b > 1).

(i) dp(x,y) =0 implies x = y;
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(iii) dp(x,y) = dp(y, ).
Then d}, is called a dislocated b-metric with coefficient b (or simply dj,-metric) and the
pair (M, d}) is called a dislocated b-metric space. It should be noted that every dislocated

metric is a dislocated b-metric with b = 1.

Note that, if x = y, then dj(x,y) may not be 0. For x € M and ¢ > 0, B(x,¢) = {y e M :
dp(x,y) < €} is a closed ball in (M, d,). We use a D.B.M space instead of a dislocated b-

metric space.

Definition 1.2 ([14]) Let (M, d),) be a D.B.M space.
(i) A sequence {x,} in (M,d}) is called Cauchy sequence if, given ¢ > 0, there

corresponds 7y € N such that for all #, m > ny we have dj(x,,,x,) < € or
limy, 11— 00 dp (X1, ) = 0.

(i) A sequence {x,} dislocated b-converges (for short dj,-converges) to x if
lim,,_, o0 dp(x,,,x) = 0. In this case x is called a dj,-limit of {x,}.

(ili) (M,dp) is called complete if every Cauchy sequence in M converges to a point
x € M such that dj(x,x) = 0.

Definition 1.3 Let K be a nonempty subset of the D.B.M space M, and let x € M. An

element y € K is called a best approximation in K if
dy(x, K) = dp(x,90), where dj(x,K) = inllzd;,(x,y).
ye

Ifeach x € M has atleast one best approximation in K, then K is called a proximinal set. Let
¥, where b is the coefficient of the D.B.M space M. Denote the family of all nondecreasing
functions ¥, : [0, +00) — [0, +00) such that Y ;% byX(¢) < +00 and byy,(¢) < ¢ for all £ > 0,
where 1//5 is the kth iterate of ;. Also b”“lﬁg"l(t) = b"byr, () (2)) < b (t). We denote
P(M) to be the set of all closed proximinal subsets of M.

Definition 1.4 ([28]) The function Hy, : P(M) x P(M) — R*, defined by

Hyg, (N, R) = max [ supdy(n, R),sup dy(N, r) },
neN rer

is called dislocated Hausdorff b-metric on P(M).

Definition 1.5 Let (M, d,) bea D.B.M space. Let S : M — P(M) be a multivalued mapping,
o: M x M — [0,+00) and a,(i,Si) = inf{a(i,]) : [ € Si}. Let H C M, then S is said to be a-
dominated on H, whenever «, (i, Si) > 1 for all i € H. If H = M, then we say that the S is
a,-dominated. If S : M — M is a self mapping, then S is «-dominated on H, whenever
o(i,Si) > 1foralli e H.

Lemma 1.6 ([17]) Let(Z,dy) bea D.B.M space. Let (P(Z), Hy,) be a dislocated Hausdor(fb-
metric space on P(Z). For all G, H in P(Z) and for any g € G, let hy € H such that dy(g, H) =
dy(g, hg). Then Hy, (G, H) > dyy(g, hg) holds.
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2 Main result

Let (M,d,) be a D.B.M space, ¢y € M, let {S, : 0 € 2} and {Ts : B € @} be two fami-
lies of multifunctions from M to P(M). Let a € §2 and ¢; € S ¢y be an element such that
dp(co,Saco) = dp(co,c1). Let ¢y € Tocq be such that dy(cq, T,c1) = dp(ci,cr) where z € @.
Let y € 2 and c3 € Sycy be such that dy(ca, Syca) = dp(ca,c3). In this way, we get a se-
quence {TpS,(c,)} in M, where ¢y,.1 € Sican, Consa € Tjcour1, €N, i€ £2,and j € @. Also
dp(C2ns Sican) = Ap(Cans Cans1)s Ap(Cansts TiCani1) = Ap(Cani1s Cane2)- {TpSs(cp)} is said to be a
sequence in M generated by co. If {S; : 0 € 2} = {T : B € @}, then we say {MS,(c,)} in-
stead of {TS,(c4)}. For u,v e M, a >0, we define D, g)(1,v) as

dp(u, Sour).dp(v, Tgv)
a+dy(u,v)

D p)(u,v) = maX{dh(M, v), ,dp(u, Sy 1), dp (v, Tﬁv)}.

Theorem 2.1 Let (M, d}) be a complete D.B.M space. Suppose that there exists a function
a: M x M— [0,00). Let r >0, co € By, (co,7), A : R, — R be a strictly increasing function
and {Sy 10 € 2}, {Tg : B € @} be two families of a.-dominated multivalued mappings

Jfrom M to P(M) on By, (co, 7). Suppose that, for some Vs, € Wy, there exists T > 0 such that
the following holds:

T+ A(Hay (Soe, Tpy)) < A(¥5(Dop(e:9))) (2.1)

forall e,y € By (co,r) N {TpSs(cn)}, at(e,y) > 1,0 € 2, B € P, and Hy, (Soe, Tgy) > 0. Also
> B i (dy(co, Saco)) ) <7 forallne NU{0}. (2.2)
i=0

Then {TgSs(cn)} is a sequence in By, (co,7), @(CusCur1) = 1 for all n € N U {0} and
{TpSs(cn)} = u € By, (co, 7). Also, if inequality (2.1) holds, if Bg,(co,7) is a closed set for
e,y € {u} and either a(c,,u) > 1 or a(u,c,) > 1 for all n € NU {0}, then S, and Ty have a

common fixed point u in By, (co,7) forallo € 2 and p € ®.

Proof Consider a sequence {T3S,(c,)}. From (2.2), we get

dy(co, c1) < bay(co, Saco) < Y b {y(di(co, Saco)) } <.

i=0

It follows that
c1 € By, (co, 7).

Let cy,...,c € W for some j € N. If j is odd, then j = 2i + 1 for some i € N. Since
{So :0 € 2} and {Tp : B € @} are two families of o, -dominated multivalued mappings
on J_W, 80 a4 (C2i, SyCoi) = 1 and . (coiv1, Tpcoi1) = 1 forall o € 2 and g € @. As
(21, S5€2i) = 1, this implies inf{o(cyi, b) : b € Syc:} > 1. Also cyii1 € Syey for some f €
£2,50 at(Cais Civ1) = 1. Also cpii1 € Tycopy1 for some g € . Now, by using Lemma 1.6, we
have

T +A(db(02i+1;622+2)) =T +A(Hdb (Sfczi, Tg02i+1)) = A(‘ﬁb(D(f,g)(Czbcznl)))
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(cai» aiv1).Ap(Caivts Caiv2)
a + dp(cair €2i41)

’

<A (wb (max{db(cz;, €2i+1); il
dp(c2i, €2i41), dp(C2ir1, C2i42) }))
< A(Wp(max{dy(cai, c2i41), dp(C2is1, €2142) }))-
If max{dj(cai, €2i41), db(C2i+1, €2142)} = dp(Cais1, C2i42), then
T+ A(dp(cais1s Cais2)) < A(Vp(dp(Caisnr €2i42)))-
As t>0and A:R, — Ris a strictly increasing function, then
dp(Cais1, C2iv2) < Wb (dp(Cain1, €2i12)) < Db (dp(Caisn, €2iv2)).
This is a contradiction to the fact that by, (£) < £ for all £ > 0. So
max{dy(cai, c2141), dp(C2i415 C2142) } = di(Cai, €2141)-
Hence, we obtain
dp(Cais1s Caiv2) < Yo (dp(Cais 2i41)). (2:3)

As o, (coi_1, Tpeoi—1) = 1 and ¢o; € Tjcoi_1, 50 at(cai_1,¢2;) > 1 where i € @ and p € £2. Now,

by using Lemma 1.6, we have

T +A(db(C2i,C2i+1)) =T +A(Hdb(Th02i—1,Sp022)) = A(‘ﬁb(D(h,p)(Czi;Czi—l)))

dp(cais €2i41)-dp(Cio1, i)
a + dp(coi, Ci-1)

’

<A <I/fb <maX { dp(cais €i-1),
dp(cais €ais1) dp(cai1, ) }))
< A(Vp(max{dy(cai, cai—1), dp(cair €2i41)}))-
Since A : R, — R is a strictly increasing function, then we have
dp(cair ai1) < Y (max{dy(cai, c2i-1), dp(cair c2ia1) })-
If max{dj(ci, c2i-1), dp(cai €2i1)} = dp(cai, €2i41), then
dp(Cais €2141) < Y (dp(Cair €2i41)) < bV (dp(cais 2i41))-
This is a contradiction to the fact that by, (¢) < ¢ for all ¢ > 0. Hence, we obtain
dp(Cais Caie1) < Y (dp(caio, c1)).- (2.4)
As v, is nondecreasing, it follows

Yo (dp(cair c2i41)) < Vb (Vo (dp(caimt, cm)))-
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By using the above inequality in (2.3), we have

dp(cais1, Ci42) < Vi (dp(caio1,ca0)))-
Continuing in this way, we obtain

dp(cais1, Caiv2) < 1/f1§i+l(dh(00’01))~ (2.5)
Now, ifj = 2i, wherei = 1,2,..., ’5 By using (2.4) and a similar procedure as above, we have

dp(cair €241) < 1/&32 (db(CO:Cl))' (2.6)
Now, by combining (2.5) and (2.6), we get

dy(cj, 1) < W) (dplco, 1)) foralljeN. (2.7)
Now, by using the triangle inequality and by (2.7), we have

dp(co, ¢j41) < bdy(co, c1) + bPdy(c1,¢0) + -+ + U dy (¢, i)

< bdy(co, c1) + B>y (dp(co,c1)) + -+ + bjﬂlﬁi(db(co,cl))

j
< S Y (dsleo )} <7

=0
Thus ¢j.1 € By, (co,r). Hence ¢, € By, (co,r) for all n € N, therefore {TpS;(c,)} is a se-

quence in By, (co,r). As S, Ty are a,-dominated on By, (co,7), S0 @t.(C2n, SoC24) = 1 and
oy (cans1, Tpcans1) = 1. This implies a(cy, ¢41) = 1. Also inequality (2.7) can be written as

dp(cn, Cnr1) < Yy (db(co,cl)) forall n € N. (2.8)

As Y ;5 BRyrf(t) < +00, then for some p € N the series Y ;°} bklﬁg(w571(db(60,cl))) con-
verges. As byr,(t) < t, so

b’”llﬂg‘*l(Wf_l(db(co,cl))) <b"y (wbp_l(dh(co,cl))) forall # e N.
Fix € > 0, then there exists p(¢) € N such that

by (v (dy(cor 1)) + BPU2 (Wl (dplcorcr))) + - <ce.
Let n,m € N with m > n > p(¢), then we have

Ap(Cr Cm) < by (Cny 1) + b2y (Crstr Crra) + - -+ + B Ay (Contr Com)
< by (dp(co, 1)) + b2 (dyleo, 1)) + - + By (di(co, 1))
= by (W) (dp(co 1)) + -+ + By (Y (dpcor 1)) )
< by (V5 (dblco 1)) + PYR(UE ™ (dileo 1)) + - <
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Thus we proved that {T3S,(c,)} is a Cauchy sequence in By, (co,7). As (X,d) is com-
plete and By, (co, ) is closed, so (B, (co,7),dp) is complete. This implies that there exist
u € By, (co, r) such that {T4S,(c,)} — u as n — oo, then

lim dy(c,,u) =0. (2.9)

n—00

By assumption, a(c,, ) > 1. Suppose that dj(u, Tgu) > 0, then there exists a positive inte-
ger k such that dj(c,,, Tgu) > 0 for all n > k. For n > k, we have

dp(u, Tgu) < bdy(u, cons1) + bdp(Cons1, Tpus).

Now, there exists some e € §2 such that ¢y,,1 € Sec, and dp(cop, Secan) = dp(Can, Cans1)- By
using Lemma 1.6 and inequality (2.1), we have

dyp(u, Tgu) < bdy(u, c2n41) + bHg, (SeCon, Tpu), for some g € @

< bdy(u, cone1) + by (maX{ dp(con, ), Ap(Cons SeCan)s

db(CZVn Sec2n)-db (u; Tﬁ u)
a +dp(can, )

,db(u, Tﬁu)})
Letting n — o0, and by using (2.9), we get
dp(u, Tgu) < by, (db(u, Tg u)) <dp(u, Tpu),

which is a contradiction. So our supposition is wrong. Hence dj,(u, Tgu) = 0 or u € Tgu for
all B € @. Similarly, by using Lemma 1.6 and inequality (2.1), we can show that dj (1, Sy u) =
Ooru e S;uforall o € 2. Hence S, and T have a common fixed point « in W for
allo € 2 and B € @. Now,

dp(u,u) < bdy(u, Tgu) + bdy(Tpu,u) <O0.
This implies that d,(u, u) = 0. O

Example 2.2 Let M = Q* U {0} and let dj : M x M — M be the complete D.B.M space
defined by

dy(,j) =@ +j)* foralli,jeM

with coefficient b = 2. Define S,, T : M x M — P(M) to be two families of multivalued
mappings by

x 24 ifxe0,14] NM,

3m’ 3m

Sx = where m =1,2,3,...
[xm, 2mx] ifx € (14,00) "M
and
X, 3y ifxe[0,14]NM,
T,x = nean wheren=1,2,3,....

[2nx,3nx]  if x € (14,00) N M.
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Suppose that, xg = 1, r = 225, a = 1, then W = [0, 14] N M. Now, dp(xg,S1x9) =
dp(1,511) = dy(1,3). So x1 = 3. Now, dj(x1, T1x1) = db( 13) = dp(3,55). So x = 5.
Now, dj(x2,Syxy) = db( 12,52 112) db(m, 72) So x3 = Contlnulng in this way, we have
(T,S(x,)) = (1, 4 3 12, 72, ..}. Let ¥,(2) = E’ then bl/fb(t) < t. Consider the mapping « :
M x M — [0,00) by

, 1 ifj>k
a(j,k) =

% otherwise

Now, if %,y € By, (%0, 7) N {TSs (%)} with a(x,y) > 1, we have

Hy, (S, Tyy) = max[ sup dy(a, T,y), sup dp(S,x, b)]

aeSyx beTyy

2
= maxj{ sup db(a, |: J , y:|>, sup db([i,—x}b)}
acSmx dn 4n beTyny 3m 3m
2 3 2 3
=max]dy( =, | L, 2 ) a (| 2, 22,2
3m 4n 4n 3m 3m | 4n
2 3
= max db x, J ,db i,—y
3m 4n 3m 4n
%% 2
=max{| — + Ed i + = 3y
3m 4n 3m  4n

(x+ 2 )4.(y+ ﬁ 2
{1+(x+y)4}

2 2
(rr3m) (=) )}
3m 4n
db(x’ Bm’ Sm )db()/ [4n’4n
< t/fb{max(db(x, ), L+ dy9)

TOEEN S

< wb{max ((x +9)?,

Thus,

Hy, (Sx, T9)) < ¥ (Dio,p) (%, ),

which implies that, for any t € (0, 95] and for a strictly increasing mapping A(s) = Ins, we

have
T +A(Hd[(Smx1 Tny)) = A(I/,b(D(G,ﬁ)(xry)))'
Note that, for 15,16 € M, then «(16,15) > 1. However, we have

T+ A(Hy/ (5216, T115)) > A(¥5(Do,5)(16,15))).
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So condition (2.1) does not hold on M. Also, for all n € N U {0}, we have

~ ; 16 AN
Zbul{lﬁ,(db(xo,&xo))} =3 X 2Z<§> <225 =r.
i=0

i=0

Thus all the conditions of Theorem 2.1 are satisfied. Hence S, and T have a common
fixed point for all o € £2 and 8 € @, that is, 0.

Corollary 2.3 Let (M,dy) be a complete D.B.M space. Suppose that there exists a func-
tiono: M x M — [0,00). Let r> 0, ¢p € IW, A be a strictly increasing function, and
{So:0 € 2}, {Tp: B € @} be two families of a.-dominated self mappings from M to M on
W. Suppose that, for some r, € Wy, there exists T > 0 such that the following holds:

T+ A(Ha,(See, Tpy)) < A(¥s(Dio,py(e9))) (2.10)

Joralle,y € By, (co,v) N {TgSs(cn)}, ale,y) > 1,0 € 2, B € D, and Hy (S, e, Tgy) > 0. Also

n

2B Vi (dslenSaco))} =7 forallneNU(0).

i=0

Then {TpS,(c,)} is a sequence in W, a(cpcp1) = 1 for all n € N U {0} and
{TpSs(cn)} = u € W. Also, u satisfies (2.10), lfm is a closed set and either
alcy,u) > 1ora(u,c,) > 1 forall n e NU {0}, then S, and Tg have a common fixed point
u in By, (co,7) foralloc € 2 and p € @.

Corollary 2.4 Let (M, dy) be a complete D.B.M space. Suppose that there exists a function
oa:MxM—[0,00). Letr >0, cy € W, A be a strictly increasing function, and {Sy :
o € 82} be the family of a,-dominated multivalued mappings from M to P(M) on W.
Suppose that, for some r, € Wy, there exists T > 0 such that the following holds:

T+ A(Ha, (See,Spy)) < A(V6(Diop)(€:9))) (2.11)

forall e,y € By, (co,r) N {MS;(cn)}, a(e,y) = 1, 0, B € 2, and Hg, (Sze, Spy) > 0. Also
2t {pild(coSaco))} <7 foralln € NUYO).
i=0

Then {MS,(c,)} is a sequence in IW, aleycpe1) =1 for all n € N U {0} and
{MS,(c,)} = u € W. Also, u satisfies (2.11), ifm is a closed set and either
ale,u) =1 or a(u,c,) > 1 for all n € N U {0}, then S, has a common fixed point u in
J_Wfor allo € £2.

3 Results for families of multigraph dominated mappings

In this section we present an application of Theorem 2.1 in graph theory. Jachymski [16]
proved the result concerning for contraction mappings on metric space with a graph. Hus-
sain et al. [13], introduced the fixed points theorem for graphic contraction and gave an
application.
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Definition 3.1 Let X be a nonempty setand G = (V(G), E(G)) be a graph such that V(G) =
X,A C X. Amapping F : X — P(X) is said to be multigraph dominated on A if (x,y) € E(G)
forall y € Fx and x € A.

Theorem 3.2 Let (M, dy) be a complete D.B.M space endowed with a graph G with con-
stant b> 1. Let r >0, ¢y € W, and (S, : 0 € 2}, {Tp : B € @} be two families of
multivalued mappings from M to P(M). Suppose that

(i) {So:0 € 2},{Tp: B € @} are two families of multigraph dominated on

Bdh (601 r) N {TﬂSU (Cn)}'
(i) There exist T >0 and a strictly increasing mapping A satisfying

T+ A(Hgy (Soe, Tpy)) < A(¥5(Dop(e:9))), (3.1)

whenever e,y € W N{TpSs(cn)}, (ey) € E(G), 0 € 2,B €D, and
Hy, (Sse, Tgy) > 0.

(i) Y7o b {Wh(dp(x0, Soco))} < rforalln e N.

Then {TgSs(cn)} is a sequence in By, (co, 1) if By, (co, 1) is a closed set (¢, ¢pi1) € E(G) and
{TsSs(cun)} = m*. Also, if m* satisfies (3.1) and (c,, m*) € E(G) or (m*,c,) € E(G) for all
neNU{0}, then S, and Ty have a common fixed point m* in Wfor all o € 2 and
Bed.

Proof Define « : M x M — [0,00) by

1 ifee Bdb(CO; r); (e7y) € E(G))
ale,y) =
0 otherwise.

As S, and Ty are two families of graphs dominated on W, then for e € W,
(e,y) € E(G) for all y € Sye and (e,y) € E(G) for all y € Tge. So, a(e,y) =1 for all y € S, e
and (e, y) = 1 for all y € Tge. This implies that inf{ct(e,y) : y € Spe} = 1 and inf{a(e,y) : y €
Tge} = 1. Hence (e, Spe) = 1, a(e, Tge) = 1 for all e € W. So, S5, T : M — P(M)
are two families of a,-dominated mappings on ZW. Moreover, inequality (3.1) can
be written as

T+ A(Hdh (Sye, T,_«;y)) <A (wb (D(U,ﬁ)(e,y)))

whenever e,y € W N{TpSs(cn)}, ale,y) = 1, and Hy, (Sye, Tgy) > 0. Also, (iii) holds.
Then, by Theorem 2.1, we have {T3S,(c,)} is a sequence in W and {TsS,(c,)} =
m* e W. Now, ¢, m* € W and either (c,, m*) € E(G) or (m*,c,) € E(G) im-
plies that either «(c,, m*) > 1 or a(m*,c,) > 1. So, all the conditions of Theorem 2.1 are
satisfied. Hence, by Theorem 2.1, S, and T have a common fixed point m* in By, (co, 7)
and d(m*, m*) = 0. O

4 Application to the systems of integral equations
Theorem 4.1 Let (M, d) be a complete D.B.M space with coefficient b > 1. Let ¢co € M
and {Sy 10 € 2}, {Tp : B € @} be two families of mappings from M to M. Assume that
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there exists T >0 and A : R, — R is a strictly increasing mapping such that the following
holds:

T+ A(d;,(Sa e, T,gy)) < A(t/fb (D(U,ﬂ)(e,y))), (4.1)

whenevere,y € {TgSs(cy)}, 0 € 2,8 € @,and dy(Sce, Tgy) >0. Then {TpS,(cy)} — u € M.
Also, if inequality (4.1) holds for e,y € {u}, then Sy and Ty have a unique common fixed
pointuin M forall o € 2 and B € ®.

Proof The proof of this theorem is similar as that of Theorem 2.1. We have to prove
the uniqueness only. Let v be another common fixed point of S, and Ts. Suppose
dp(Ssu, Tgv) > 0. Then we have

T+ A(dp(Sou, Tpv)) < A(Vp(Dio ) (1, v))).
This implies that
dh(u, V) < I/fbdb(u, V) < blﬁbdb(u, V) < db(u, V),

which is a contradiction. So dj,(Syu, Tgv) = 0. Hence u = v.
In this section, we discuss the application of fixed point Theorem 4.1 in a form of unique
solution of two families of Volterra type integral equations given below:

k
u(k) = / H, (k,h,u)dh, (4.2)
0

k
c(k) = / Gglk, h,c)) dh (4.3)
0

for all k € [0,1], 0 € 2, B € @, and H,,, Gg be the mappings from [0,1] x [0,1] x
C([0,1],IR,) to R. We find the solution of (4.2) and (4.3). Let M = C([0,1],R,) be the
set of all continuous functions on [0,1] with nonnegative values endowed with the
complete dislocated b-metric. For u € C([0,1],R,), define supremum norm as |u|, =

SUDgc[0,1] {|u(k)|e~*}, where T > 0 is taken arbitrarily. Then define

d(1,) = [kz%ﬁ]{yu(m + c(k)\e—fk}f = flu+cl?

for all u,c € C([0, 1], R, ), with these settings, (C([0, 1], R, ), d;) becomes a complete D.B.M
space. |

Now we prove the following theorem to ensure the existence of solution of integral equa-
tions.

Theorem 4.2 Assume that the following conditions are satisfied:
(i) {Hy,0 € 82}, {Gg, B € @} are two families of mappings from
[0,1] x [0,1] x C([0,1],R,) to IR;
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(i) Define

k
(S, )(K) = / H, (k) dh,
0
k
(Tpo)(k) = f Gk 1y ) .
0

Suppose that there exists T > 0 such that

D ,
| o ) + Gk )| < — 209
D (1, €) + 1

forall k,h € [0,1] and u,c € C([0,1],R), where

llue + Sy ul|.llc + Tpel?
Do ) (1t,¢) = ma +ell?, x %
(0. (1:6) X{W(”” ety + 2

lloe + Spull2, llc + T,sCII%) }

Then integral Egs. (4.2) and (4.3) have a unique solution in C([0,1],R,).

Proof By assumption (ii)

k
|Sou + Tl =/ |Hg(/<,h,u)+Gﬂ(k,h,c)‘dh
0

k
< f TD(a,f})(I/l, C) erh dh
0o ™Dep(uc)+1

k
< TD(Uyﬁ)(u’ C) erh d]’l
™D (u,c) +1 Jo
D(G'ﬁ)(u’ C) Tk
T De )+l

This implies
D )
|Syu + Tﬁc|e_rk < —(o’ﬂ)(u ) .
™D p) (1, ¢) + 1
D(G,ﬁ) (M, C)

Seu+ Tgc|, < —2———,
1S5 pelle = D) (1, c) + 1

D p)(1,0) + 1 - 1
D p(u,c)  ~ lISeu+ Tgelle’
1 1
T+

< ’
D(U,/S)(u: C) - ”S(ru + T/SCHT
which further implies

T- ! < -
[|Sou + TﬁC”r D(g,ﬂ)(u, )

Page 11 0f 13
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So all the conditions of Theorem 4.1 are satisfied for A(c) = :/—15; ¢>0andd; (u,c) = |lu+c|?.
Hence two families of integral equations given in (4.2) and (4.3) have a unique common

solution. N

Example 4.3 Consider the integral equations

1 k 1 k
g(k) = 5/0 g(h)dh, plk) = ;/0‘ ph)dh, where k € [0,1].

Define {H,,0 € £2}, {Hp, B € @} to be two families of mappings from [0,1] x [0,1] x
C([0,1],R,) to R; by H,, = ég(h), Hg = %p(h). Now,

1 [k 1 [k
.00 [ ehan @07 [ pan

Take 7 = 9%, lluellz = Supke[o,l]{lu(kﬂe’”‘} and ¥,(t) = %. Then all the conditions of Theo-
rem 4.2 are satisfied and g(k) = p(k) = 0 for all k is a unique common solution to the above

equations.

5 Conclusion

In the present paper, we achieved fixed point results for a pair of families of multival-
ued generalized «, — ¥ -dominated contractive mappings on an intersection of a closed
ball and a sequence for a more general class of o,-dominated mappings rather than o,-
admissible mappings and for a weaker class of strictly increasing mappings A rather than
the class of mappings F used by Wardowski [29]. The notion of multigraph dominated
mapping is introduced. Fixed point results with graphic contractions on a closed ball for
such families of mappings are established. Examples are given to demonstrate the variety
of our results. An application is given to approximate the unique common solution of two
families of nonlinear integral equations. Moreover, we investigated our results in a better
new framework. New results in ordered spaces, partial b-metric space, dislocated metric
space, partial metric space, b-metric space, and metric space can be obtained as corollaries
of our results.
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