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Abstract

In this paper we study an optimal control problem for a nonlinear monotone Dirichlet
problem where the control is taken as L*(€2)-coefficient of A,-Laplacian. Given a
cost function, the objective is to derive first-order optimality conditions and provide
their substantiation. We propose some ideas and new results concerning the
differentiability properties of the Lagrange functional associated with the considered
control problem. The obtained adjoint boundary value problem is not coercive and,
hence, it may admit infinitely many solutions. That is why we concentrate not only on
deriving the adjoint system, but also, following the well-known Hardy-Poincaré
Inequality, on a formulation of sufficient conditions which would guarantee the
uniqueness of the adjoint state to the optimal pair.
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1 Introduction

The aim of this paper is to derive a first-order optimality system for a nonlinear Dirichlet
optimal control problem where the control is taken as an L*-coefficient in a nonlinear
state equation. The optimal control problem we consider in this paper is to minimize the
discrepancy ||y — yd||1"v Ly’ where p > 2, Q is an open bounded Lipschitz domain in RN

withN >2,y, € Wé’p (2) is a given distribution, and y is the solution of a nonlinear Dirich-
let problem by choosing an appropriate coefficient u € L*(2) of A,-Laplacian. Namely,
we consider the following minimization problem:

Minimize {I(Lt,y) = /Q|Vy(x) - Vyd(x)|p dx} 1.1)

subject to the constraints

ueWq CLO(Q)NBV(R), ye W (), 1.2)
—div(ulVylp_ZVy) =f inQ, (1.3)
y=0 onadL, (1.4)

where 2,4 is a class of admissible controls and f € W14(Q), g = p/(p - 1).

Optimal control in coefficients for partial differential equations is a classical subject ini-
tiated by Lurie [1, 2], Lions [3], Zolezzi [4]. Tartar and Murat [5-7] showed examples of
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the non-existence for such problems (see e.g. [8] also for the historical development). Since
the range of OCPs in coefficients is very wide, including as well optimal shape design prob-
lems, optimization of certain evolution systems, some problems originating in mechanics
and others, this topic has been widely studied by many authors. In particular, it leads to the
possibility to optimize material properties what is extremely important for material sci-
ences. The crucial point is to give the right interpretation of the optimal coefficients in the
context of applications (see, for instance, [9, 10]). Usually this aspect is closely related with
the structural assumptions that have to be considered during the optimization process in
terms of constraints. One way of doing so is via proper parametrization of the material,
respectively, the coefficients, using mixtures, represented by characteristic functions. This
has been pursued by Allaire [11] and many other authors in recent years. Another restric-
tion can be realized via regularity of the coefficients and hard constraints. This procedure
has been followed first by Casas [12] for a scalar problem, as one of the first papers in that
direction, and later by Haslinger et al. [13] in the context of what has come to be known
as Free Material Optimization (FMO). However, most of the results and methods rely on
linear PDEs, while only very few articles deal with nonlinear problems, see Kogut [14] and
Kogut and Leugering [15]. Another point of interest is degeneration in the coefficients
which is typically avoided by assuming lower bounds on the coefficients. However, degen-
eration occurs genuinely in topology optimization, damage and crack problems. In Kogut
and Leugering [16—18] and in Kupenko and Manzo [19] this problem has been considered
in the context of linear problems (see also [20]). The nonlinear case was considered in [21-
24]. In this article, we extend our results to scalar nonlinear problems, where degeneration
occurs already with respect to the states.

Another important point, arising after the solvability of the optimization problem had
been proved, is the question as regards optimality conditions. The classical approach to
deriving such conditions is based on the Lagrange principle. However, in the case when the
control is considered in the coefficients of the main part of the state equation, the classical
adjoint system often cannot be directly constructed due to the lack of differential proper-
ties of the solution to the boundary value problem with respect to control variables. It was
the main reason why Serovajskiy has proposed the concept of the so-called quasi-adjoint
system [25] and showed that optimality conditions for the linear elliptic control problem
in coefficients can be derived, provided the mapping u — . (u) possesses the weakened
continuity property. However, the verification of this property is not easy matter even for
linear systems. In the case of quasi-linear or nonlinear state equations, we are faced with
another problem - the Lagrange functional to the indicated problem is not Gateaux dif-
ferentiable at the origin. To overcome this difficulty, Casas and Fernandez introduced the
special family of perturbed optimal control problems and derived the optimality condi-
tions passing to the limit in optimality conditions for approximating control problems. In
order to apply this approach to optimal control problem (1.1)-(1.4) it would suffice to as-
sume the following extra conditions: p > N/2 and 2,4 C C}(2) that look rather restrictive
from physical point of view. The second option coming from the approach of Casas and
Ferndndez is the fact that the linear elliptic equation for the adjoint state is not coercive in
general and, hence, the adjoint boundary value problem may admit infinitely many solu-
tions. As a result, the attainability of some solutions is rather a questionable matter. That

is why in this paper we concentrate not only on deriving of the adjoint system, but also on
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formulation of sufficient conditions which would guarantee the uniqueness of the adjoint
state to the optimal pair.

The paper is organized as follows. In Section 2 we give some preliminaries and prescribe
the class of admissible controls to problem (1.1)-(1.4). In Section 3 we analyze the solvabil-
ity properties of optimal control problem (1.1)-(1.4), using the monotonicity of generalized
Ap-Laplacian (see for comparison [26, 27]). The aim of Section 4 is to give a collection of
preliminary results concerning the differentiability properties of the Lagrange functional
associated with problem (1.1)-(1.4)

A(M»y»)») = I(M:y) + ﬂu(yi)‘) - (f!)‘>WérP(Q)r

where
a,(y,\) = / u(x)|VyP2(Vy, VA)pn dx
Q

and show that it admits the Gateaux derivative with respect to the so-called non-
degenerate directions % € Wg’p (€2) at the point y.

In Section 5 we discuss the formal approach in deriving first-order optimality conditions
for optimal control problem (1.1)-(1.4). In order to derive an optimality system, we apply
the Lagrange principle. It is well known that the proof of this principle is different for
different classes of optimal control problem (see, for instance, [10, 12, 23, 28-30]). The
complexity of this procedure significantly depends on the form of the extremal problem
under consideration. The procedure is rather simple if the controllable system is described
by a linear well-posed controllable boundary value problem, but it becomes much more
complicated if the controllable system is either ill-posed or nonlinear and singular.

With that in mind, we introduce the notion of a quasi-adjoint state ¥, to an optimal
solution y, € Wé’p (€2) as a solution of the following Dirichlet boundary value problem for
degenerate linear elliptic equation:

\Y \%
—div<u9|Vy9 |p-2 |:1 +(p- 2)i ® i}VWQ)
[Vyol — Vel

= pdiv(1Vys — VyalP2(Vys - Vya))  in Q2,9 € WP (), (1.5)

where the degeneration occurs in a natural way with respect to the states.

This concept was proposed for linear problems by Serovajskiy [25], where it was shown
that an optimality system for the optimal control problems in coefficients can be recov-
ered in an explicit form if the mapping 2.4 3 u — ¥ (1) possesses the so-called weakened
continuity property. However, it should be stressed that the fulfilment of this property is
not proved for the case of A,-Laplacian with p > 2 and, thus, should be considered as
some extra hypothesis. Moreover, from a practical point of view, the verification of the
weakened continuity property for quasi-adjoint states is not an easy matter, in general.
That is why, in order to derive optimality conditions in the framework of more appropri-
ate assumptions, we provide in Section 6 the analysis of the well-posedness of variational
problem (1.5) and describe the asymptotic behavior of its solutions as parameter 6 tends
to zero. However, in contrast to Casas and Fernandez [29], we do not apply a perturbation
of the differential operator that removes the singularity at the origin.
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In particular, following the well-known Hardy-Poincaré Inequality, we show that the
sequence of quasi-adjoint states {{/s, 0 }o—0 to yo € Wé’p (€2) can be defined in a unique way
(as unique solutions for (1.5)) and is bounded in Wé’p (2) provided, for given distributions

few(Q)and y, € Wé'p(Q) with g = 1% and p > 2, an optimal solution y, = y(uo) to
the nonlinear Dirichlet boundary value problem (1.3)-(1.4) satisfies the properties

v
Vin|Vy,| € L*(RY), V(IVyol) € I(%RY)  and %etﬂ(g),
Yo
M 1
where
. (p-2)*
V(%) = (2 - p) div(A(uo, y0)V In | Vyol) - 5 (VIn|Vyol, Ao, y0)V In|Vyo) g
Vyo Vyo
Alug, ):u|:1+ -2) :|,
odo) =tio| [+ (P =250 1 @ 19|

for some positive constants E(Q) >0, A < A* := (N — 2)?/4, and some collection of points
{x1,%0,...,%1} C Q.

Note that the fulfilment of this assumption is feasible if the matrix |Vy[P~2A(u,y) has
a non-degenerate spectrum for each U € U,q (for the details, we refer to [17]). The main
argument given in Sections 6-7 is to look for the solutions v € Wé’p (2) of the quasi-
adjoint problem (1.5) in the form ¥y = |Vy,|? )2z, where zy € HL(Q2). As a result, we
show that each of the variational problems for the corresponding quasi-adjoint states has
a unique solution, and these solutions form a weakly convergent sequence {y}9_0 in
Wé’p (€2). This property suffices in order to establish that the optimality system for problem
(1.1)-(1.4) remains valid even if the matrix |Vy|?~2A(u,y) has a degenerate spectrum.

2 Notation and preliminaries

Throughout the paper 2 is a bounded open subset of RN, N > 2. The space D'(R2) of
distributions in €2 is the dual of the space C3°(€2). For real numbers 2 < p < +00, and
1< g < +oosuchthatl/p+1/q =1, the space WS‘F(Q) is the closure of C3°(€2) in the Sobolev
space WLP(Q2), while W14(Q) is the space of distributions of the form f = f; + Z}. Dyf;, with
Jorfir oo fn € LAU(Q) (i.e. W(Q) is the dual space of W/é’p(Q)). As a norm in the space

Wé’p (2) we can take the following one:

1/p
720 = ( | |Vy|;§;N) .
Q

Let xz be the characteristic function of a set E C RN and let |E| be its N-dimensional
Lebesgue measure.

For any vector field v € L1($2;RN), the divergence is an element of the space W4()
defined by the formula

(div v,w)Wfl_q(Q);Wé,p(Q) = —/(v, Vo)py dx, Yo € Wé’p(Q), (2.1)
Q
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where (-, ) denotes the duality pairing between W4(Q) and Wé’p (2), and

w-La(Q);Wo" (@)
(-,-)gn denotes the scalar product of two vectors in R,
Functions with bounded variations. Let f : @ — R be a function of L'(2). Define

TV (f) :=/Q|Df| =sup{/ﬂf(V,g0)RNdx:<peC(l,(Q;IRN), (p(x)‘ flforer},

where (V,@)py = N, g—i’:.

According to the Radon-Nikodym Theorem, if TV (f) < +o00 then the distribution Df
is a measure and there exist a vector-valued function Vf € L(Q; R") and a measure Dyf,
singular with respect to the N-dimensional Lebesgue measure £V | restricted to 2, such
that Df = VFLN|Q + Dyf .

Definition 2.1 A function f € L(R) is said to have a bounded variation in  if TV (f) <
+00. By BV(Q) we denote the space of all functions in L!($2) with bounded variation, i.e.
BV(Q) = {f e LNQ): TV(f) < +00}.

Under the norm |f||zv() = IIfll11 + TV (f), BV(S2) is a Banach space. For our further

analysis, we need the following properties of BV -functions (see [31]).

Proposition 2.2
(i) Let {fi}3°, be a sequence in BV () strongly converging to some f in L'(2) and
satisfying condition sup .y TV (fi) < +00. Then

feBV(Q) and TV(f) < likminf TV (fx);

(ii) forevery f € BV(Q)NL'(R), r € [1, +00), there exists a sequence {fi )3, C C*(2)
such that

klim/[f—kadx:O and klim TV(f) =TV(f);
—00 Jo — 00

(iii) for every bounded sequence {fi}72, C BV (2) there exist a subsequence, still denoted
by fi, and a function f € BV(Q) such that fy — f in LN(Q).

Admissible Controls and Generalized p-Laplacian. Let «, B, y, and m be given positive
constants such that 0 < o < 8 < +00 and «|2| < m < B]R2|. We define the class of admis-

sible controls 2,q as follows:
Aad = {u €BV(Q)NL®(Q)TV(u) <y, ulq =ma <u(x) < pae.in Q} (2.2)

It is clear that 2,4 is a nonempty convex subset of L}(2) with empty topological interior.
We say that a nonlinear operator A, : 2.q X W/é’p (Q) — W4(Q) is the generalized

p-Laplacian if it has a representation

p-2

2\ 2
)

N

Ay(u,y) = —div(u(x)lVyV’_sz), where |Vy|P2 := |Vy|f§v2 = (Z
i=1

dy

3961'

Page 5 of 29
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or via the pairing
(Ap(u,y),v)W_Lq(Q);Wé,p(Q) = /Qu(x)IVyV"*z(Vy, VV)en dx, Vve Wé’P(Q).

It is easy to see that for every admissible control u € 2,4, the operator A,(x, -) turns out

to be coercive, i.e.

p
(Ap(u’y)’y>W—l,q(Q);Wé'P(Q) Z o ”y” Wé’p(Q)’

and demi-continuous, where by the demi-continuity property we mean the fulfilment of
the implication: yx — o strongly in Wé‘p (R2) implies that A, (1, yx) = Ap(u,yo) weakly in

W4(Q) (see [26, 32]). Moreover, p-Laplacian A »(14,y) is a strictly monotone operator for
each u € 2,q. Indeed, having applied the trick

RN/ . Up
f |Vy|”_1|Vv|u(x)dx < (/ (|Vy|”’1uT)1"1 dx) (/ (lVVIuP)pdx>
Q Q Q

(»-D/p 1/p
(/ IVylpudx> </ |Vv|"udx>
Q

=t Iyl

po dx) ||V|| lp(Qudx)’

it is easy to check the validity of the following estimate:

(Ap () = Ay, )y~ V)W—l:fZ(Q);Wé’p(Q)

= / I,t(ac)(|Vy|”‘2 Vy — | V|2V, Vy - VV)RN dx  (by the Cauchy Inequality)
Q
= [ 19291 - 19Vt
Q
—/ IVvIP2(IVVIIVy| = [Vv[*)u(x) dx  (by the Holder Inequality)
Q

T p
- ”y”Wl’p(Q;udx) || || lp(Q dx)

p-1 p-1
=yl = vl

po dx) ”V” Qudx 1pQ dx) ”y” Qudx)

("y”p 1p (Qudx) - ”V”p lp(Q dx) )(“J’” Qudx ”V” lp(Qudx))

> 277yl 1 Py, e WP (Q).

— vl

P (Qudx) P (Qu dx)

||y||” = a iyl , it follows that

As a result, since 87|y||”
Byl WA Qs

Wo? (Qudx)
(Ap(u,y) - Ap(u,v),y — V>W_1,q(g);W3,p(Q) >0 forally,ve Wé'p(fz),y Zv.

Then by well-known existence results for nonlinear elliptic equations with strictly

monotone demi-continuous coercive operators (see [32, 33]), one can conclude: for ev-
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ery u € Aaq and f € WL4(Q), the nonlinear Dirichlet boundary value problem
Aywy)=f inQ,yeW,"(Q), (2.3)

admits a unique weak solution in Wé’p (€2). Let us recall that a function y is the weak solu-

tion of (2.3) if
ye WP (), (2.4)
f u@| VP (Vy, V) dx = {f, )y sggpivgy ¥ € Wo'(). (2.5)
Q

3 Setting of the optimal control problem

We consider the following optimal control problem:

Minimize {I(u,y) = / |Vy(x) - Vyd(x)|p dx}, (3.1)
Q
subject to the constraints

/ u(x)|VylP=2(Vy, Vv)gn dx = {f,v) W@ty YV E WoP(Q), (3.2)
Q

ueWg CLOQ), ye WP (Q), (3.3)

where f € W4(Q) and y, € Wé’p (2) are given distributions.
Hereinafter, & C L*°(2) x Wé’p (€2) denotes the set of all admissible pairs (u, y) to optimal
control problem (3.1)-(3.3).

Remark 3.1 As was mentioned in the previous section, the characteristic feature of op-
timal control problem (3.1)-(3.3) is the fact that the set of admissible controls 2,4 is a
convex set with an empty topological interior. As we will see later on, this circumstance
entails some technical difficulties in the substantiation of optimality conditions for the

given problem.

Let 7 be the topology on the set L}(Q2) x Wé’p(ﬂ) which we define as a product of the
strong topology of L!(€2) and the weak topology of Wé’p (€2). Further we make use of the
following results, which play a key role for the solvability of optimal control problem (3.1)-
(3.3) (see [26, 32] and [15, 21] for comparison).

Proposition 3.1 For any u € A,q and f € W4(RQ), a weak solution y € Wé’p () to the
variational problem (3.2)-(3.3) satisfies the estimate

~1/(p— 1/(p-1
P Vi e (3.4)

Proof To prove the proposition it is enough to put in equality (3.2) as a test function the

element y and then use the properties of the class 2,4 on the left-hand side of the relation
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and the Cauchy-Bunjakowsky Inequality on the right-hand side. Indeed, we get

alyl”. s/u(x)w P2V, Vy)g dx
gy < | #ENVIE(V5, V3)e
= (fd’) Wﬁl‘q(Q);Wé’p(Q) 5 ”_f”W‘LLI(Q)”ynwévp(Q)‘

Now to get the desired estimate we divide each part of the obtain relation into ||y/| W ()
0
and raise each side to the power 1/(p — 1). d

Proposition 3.2 If {ux}reny C Aaq and ux — u in LN(Q), then uy — u in L'(Q) for any
r € [1, +00) and uy S uin L>®(Q).

Proof Since uy — u in L'(R2) and
/Quk dx=m, TV(u)<y,anda <u;<pfae inQ,VkeN,
by Proposition 2.2(i) it follows that
TV(u) <y, /Qudxzm, ando <u < B a.e.in Q.
Hence, u € 2,q. Moreover, for any r € [1, +00), the estimate
ok — ullriq) < Vriiegup‘uk(x) - u(x)’rillluk —ullpg) < (B —a) Hluk —ullp g

implies that u; — u in L"(R2).

To end the proof, it is enough to note that strong convergence u; — u in L}(R) implies,
up to a subsequence, convergence uy(x) — u(x) almost everywhere in Q2. Hence, by the
Lebesgue Theorem, we have

/ (up —w)pdx — 0, VoeIl(RQ),
Q

that is ux — u in L(2). Since this conclusion is true for any weakly-* convergent sub-
sequence of {u;}ken, it follows that u is the weak-* limit for the whole sequence {uy}xen.
O

Proposition 3.3 2(.q is a sequentially compact subset of L' (Q2) for any r € [1, +00), and it
is a sequentially weakly-x compact subset of L*°(2).

Proof Let {ux}ren be any sequence of A,q. Then {u}ren is bounded in BV(Q2) N L>(£2).
As a result, the statement immediately follows from Propositions 3.2 and 2.2(iii). O

Proposition 3.4 For every f € W14(Q) the set E is sequentially compact, i.e. for each
sequence {(ux,yx) € Blken it can be found a subsequence {(ux,,Vx,) € Blnen Such that
U, — uo in LY(), yx, — yo in W&’P(Q), where (ug, yo) € &, that is, y is a weak solution to
the Dirichlet boundary value problem (3.2) with u = uy.
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Proof Let {(ux, yx)}ken C E be an arbitrary sequence of admissible pairs. Then Proposi-
tion 3.3 and a priori estimate (3.4) lead to the existence of a subsequence, still denoted by
{(4k, ¥k)}ken and a pair (u,y) € Apg X Wé’p(Q) such that

yx — y weakly in Wé’p(Q), (3.5)

ui — u strongly in L' (2), Vr € [1, +00) and weakly-* in L>(£). (3.6)
Taking into account the inequality (see [34])
(IEP2E = [nP >0, 6 —n)gn = 2°PIE -l VE,neRY,

and definition of the class of admissible controls 2,4, we conclude: there exists a constant
C > 0 independent of k € N such that

C [ 19n- Vo dr < [ w(TnP 2Oy 1920, V- V)
Q Q
= 9= D yra@wi @
o [ =) (951290 V= V)
Q
- / u(IVyP2Vy, Vyx = Vy) gy dx =5 + I, - I. (3.7)
Q

Since u < B, u|Vy|P~2Vy € L1(Q2;RN), and Vy, — Vy in L?(Q; RYN), it follows that

by (3.5)
L= y%-y wla@uwire) 0 ask— oo,

2 by (3.5)

I:= / u(IVyPPVy, Vyr = Vy)pn dx — 0 ask — oo,

Q

9, DY (36) N
(u — w)|[VylP>Vy — 0 strongly in L7(Q;R"),and, therefore,
) by (3.5)

L= / (= ur)(IVYPP?Vy, Vi = Vy) e dx — 0 ask — oo.

Q

Hence, passing to the limit in (3.7) as k — oo, we arrive at a conclusion (see [26]):

yx — y strongly in Wé’p(Q), and |Vy[P > Vy, — |VylP>Vy in LI(QRN).
As a result, we finally have
: -2
v) wra@ywie iy = im /Q uie(@®) I VyilP*(Vyr, VV)gn dx
:/ u(x)|VylP2(Vy, Vv)pn dx, Vve Wé’p(Q),
Q

that is, the limit pair (,y) is an admissible to optimal control problem (3.1)-(3.3). The
proof is complete. d
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Taking into account Propositions 3.1-3.3, in a similar manner to [15, 21], it is easy to
conclude the following existence result.

Theorem 3.5 The optimal control problem (3.1)-(3.3) admits at least one solution

(P, y°P) € E C [BV(Q) NL=(R)] x WP (%),

I(uopt,yOPt) = inf I(M,y)
(wy)eB

4 Auxiliary results
The main goal of this paper is to derive the optimality conditions for optimal control prob-
lem (3.1)-(3.3). However, we deal with the case when we cannot apply the well-known
classical approach (see, for instance, [35, 36]), since for a given distribution f € W14(Q)
the mapping u > y(u) is not Fréchet differentiable on the class of admissible controls, in
general, and the class 2,4 has an empty topological interior. With that in mind, we apply
the so-called differentiation concept on convex sets and introduce the notion of a quasi-
adjoint state ¥, to an optimal solution y, € W,” (%) that was proposed for linear problems
by Serovajskiy [25].

To begin with, we discuss the differentiable properties of the Lagrange functional as-
sociated with problem (3.1)-(3.3). Since (3.3) can be seen as a constraint, we define the

Lagrangian as follows:
A(Mr_% /’L) = 1(%)’) + ﬂu()’; /'L) - (ft M) W“Lq(Q);Wé’p(Q)’ (4'1)

where u € Wé’p (€2) is a Lagrange multiplier and
au@’ I*‘L) = (_Ap(uhy)’ M)W—l,q(g);wévp(g) = / u(x)(lvylp_zvy’ VM)RN dx
Q

For given /1 € Wé’p (2) and 6 € [0,1], let us consider the following sets:
Qoz{er:|Vy|>O}, Qo,gz{er:|Vy+9Vh|>0}.

Clearly, we cannot claim that xq,, — xq, in L"($2) for some 1 < r < oo, because conver-
gence of the sequence {Vy+0Vh}y_, .o to Vy does not imply, in general, the x -convergence
of subsets {Q04}g—+0 to Qo as & — +0 [15, p.218]. Indeed, let /1 € Wé’p(Q) be such that
|Vh(x)| > 0 almost everywhere in  and Vy = 0. Then Q( = ) whereas Q4 = Q for all
positive 0 small enough. Hence, in this case the convergence xq,, — xq, fails. In view of

this, we make use of the following notion (see [23]).

Definition 4.1 We say that an element y € W/é’p (€2) is a regular point for the Lagrangian
(4.1)ifforeachv e Wé’p (€2) the direction s = v—y is non-degenerate in the following sense:

X0y = X0o N L'(R). (4.2)

We have the following result.
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Proposition 4.2 Assume that y is an element of Wé‘p (S2) such that the set
So={reQ:|Vyw)]|=0} (4.3)

has zero Lebesgue measure. Then y € Wé’p (S2) is a regular point of the Lagrangian (4.1) in
the sense of Definition 4.1.

Proof Let h be a given element of Wé’p(Q). If x € Qo, then, by definition, | Vy(x)| > 0. Thus,
there is a value 6, € (0,1] such that [Vy(x) + 6 Vh(x)| > 0 forall 6 € [0, 6,]. It is worth to note
that this pointwise inequality makes a sense if only x € Q is a Lebesgue point of both Vy
and Vh. However, the Lebesgue Differentiation Theorem states that, given any g € L(2),
almost every x € Q is a Lebesgue point. Hence, almost all Lebesgue points of Vy are the
Lebesgue points of Vy+6Vh for 6 small enough, and xq, , (x) = x,(*) = 1forall 6 € [0,6].
Since the set Sy has zero Lebesgue measure, it follows that |2\ Q| =0 and |2\ Q04| =0
for 6 € [0,1] small enough. Therefore, xo,, — Xq, almost everywhere in €2 and hence,

X209 —> X Strongly in L'(R). O

Remark 4.1 It is worth noting that due to the results of Manfredi (see [37]), the assump-
tions of Proposition 4.2 appears natural and it is not a restrictive supposition in practice.
Indeed, following [37], we can ensure that the set Sy := {x € Q2 : Vy = 0} for non-constant
solutions of the p-Laplace equation (a p-harmonic function) has zero Lebesgue measure.
Moreover, it is also easy to observe that if y and v in Wé’p (€2) are two regular points of the
functional A(u,y, A), then there exists a positive number « € R (o # 0) such that each point
of the segment [y,av] = {y + tlav—y): V£ € [0,1]} C Wé’p(Q) is also regular for A(u,y, ).

We are now ready to study the differentiability properties of the Lagrangian A(u,y, A).
We begin with the following result.

Lemma 4.3 Let u € 20,4 be a given element, and let y € Wé’p(Q) be a regular point of the
Lagrangian (4.1). Then the mapping

Wo?(Q) 3y > Ay(u,y) = —div(u@)| VylP2Vy) e WH(Q), p=>2
is Gdteaux differentiable at y and its Gateaux derivative

(~Ap(w:9)),, € LW, (), W1(R))
exists and takes the form

(_AP(M7y))/6[h] = —div(u(x)|vy|P*2Vh)

— (p = 2) div(u(x)|VyP~*(Vy, Vh)gx Vy). (4.4)

Proof Letye WS'”(Q) be a regular point for the Lagrangian (4.1) and let /1 € WS"”(Q) be

an arbitrary distribution. Following the definition of the Géateaux derivative, we have to


http://www.boundaryvalueproblems.com/content/2014/1/72

Kupenko and Manzo Boundary Value Problems 2014, 2014:72 Page 12 of 29
http://www.boundaryvalueproblems.com/content/2014/1/72

deduce the following equality:

Ap(u,y + Mh) — Ap(u,y)
A

lim

L—>+0

— (p = 2)div(u(x)|Vyl*(Vy, Vh)gn Vy)

—div(u|Vy|”~>Vh) =0.

LI(SHRN)

With that in mind, let us consider the vector-valued function
g(\) == |Vy + AVAP2(Vy + AVh)

for which the Taylor expansion with the remainder term in the Lagrange form leads to the

relation

g(h) —g(0)| =Alg'6)], 6 €(0,n),

where g(0) = |Vy[P~2Vy and

2®)=|Vy+0VhP2Vh
1
|Vy +6Vh|?
(Vy+60Vh,Vh)gn Vy+6Vh
|Vy+60Vh|  |Vy+60Vh|

+(p=2)|Vy +OVAP2(0|Vh|* + (Vy, Vh)en) (Vy + OV h)

=|Vy+8VhP2Vh+ (p-2)|Vy + OVhP~>

Let é > 0 be an arbitrary value. Let us consider the following decomposition:
Q=S,UQ,uQy,
where the set S is defined by (4.3), and 2§ and 2§ are measurable subsets of €2 such that
Qg:{er:|Vy(x)|25}, Qg:{er:0<‘Vy(x)‘<5}.

Following [34, p.598] (see also [38]), we have: for any ¢ > 0 there exists a positive value
8o > 0 such that

(0
‘ A (= 2)IVyI~*(Vy, Vh)en Vy — [VylP >V <% (4.5)
A LI(Q;RN) 2
g/(e) p—4 p—2 €
- (p-2IVyPH(Vy, Vh)pn Vy — [VyP*Vh <= (4.6)
A LI(Q;RN) 2

for all § € (0,8), 6 € (0,1), and A > 0 small enough. Since |Sy| = 0 by the initial assump-
tions, it follows from (4.5)-(4.6) that the vector-valued function |Vy|?~2Vy is Gateaux dif-
ferentiable. Hence, the operator A,(,) = —div(u(x)| Vy[P~>Vy) is Gateaux differentiable
for any regular point y € Wé’p (€2) and for any admissible control i € 2,4, and its Gateaux
derivative takes the form (4.4). O
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Since Gateaux differentiability of the operator y — A,(i,y) implies the existence of

Gateaux derivative for the functional

‘PO’) = <_Ap(u’y)7 M)W_l'q(ﬂ);Wé'p(Q) = L ”(x)(|vy|p_2vy: V/’L)RN dx!

¢: WP (Q) - R
such that
/ / 1,
(¢G(y)’h>W‘1vq(Q);Wé'p(Q) = <(_AP(u’y))G[h]’/’L)W—lvq(Q);Wé‘p(Q)’ Vi e Wyt (),

we arrive at the following obvious consequence of Lemma 4.3.

Corollary 4.4 Let u € Ayq and ) € Wé‘p(Q) be given elements, and let y € Wé'p(Q) be a
regular point of the Lagrangian (4.1). Then the mapping

Wo?(Q) 3 5> Ay, 1) = 104,3) + @40 1) = s 1)y sy oy € R
is Gdteaux differentiable at y and its Gdteaux derivative,

Ay, 1) € WH(Q),
exists and takes the form

(A6 10, h) gy wiviy

ZP/g; |Vy = VyalP2(Vy — Vyg, Vi) dx + /Q(u(x)|Vy|p_2V,u, Vh)RN dx
+p=2) [ W9 Viar (92, Ths i @)

Remark 4.2 In view of the equality

(Vy, Ve Vy = [Vy © VyIV i,
the last term in (4.7) can be rewritten as follows:

(v-2) /Q w3 VyPH(Vy ® VIV, Vh)  d.

Before deriving the optimality conditions, we need the following auxiliary result.

Lemma 4.5 Let u € Ang, y € Wy (Q), and v € WP () be given distributions. Assume
that each point of the segment [y,v] = {y + a(v—y) : Va € [0,1]} C WS’P(Q) is regular for the
mapping v — A(u,v, w). Then there exists a positive value ¢ € (0,1) such that

A(M, v, M) - A(ud” M)

= (AG(u,y + eh, ), h)W_Lq(Q);Wé,p(Q)

Page 13 of 29
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:p/ |Vy +eVh—Vy P=(Vy +eVh—Vyg, Vh)gn dx
Q
+ / u(x)|Vy + eVhP2(V 1, Vh)pn dx
Q

+(p- 2)/Qu(x)|Vy+ eVhP™

x ([(Vy+eVh) ® (Vy+eVh) |V, Vi), dx (4.8)
withh=v-y.

Proof For given u, 1, ¥4, ¥, and v, let us consider the scalar function ¢(t) = A(u,y + t(v —
), u). Since by Corollary 4.4, the functional A(x, -, 1) is Gateaux differentiable at each
point of the segment [y, v], it follows that the function ¢ = ¢(¢) is differentiable on (0,1)
and

@' () = (Ag(wy + tv=p), 1), v —y)W,Lq(Q);Wé,p(Q), vt e (0,1).

To conclude the proof, it remains to take into account (4.7) and apply the Mean Value
Theorem:

©(1) —p(0) = ¢'(¢) for some ¢ € (0,1). d

5 Formalism of the quasi-adjoint technique
We begin with the following assumption:

(H1) The distribution f € W~4(Q) is such that, for each admissible control u € 2,q, the
corresponding weak solution y = y(u) of the nonlinear Dirichlet boundary value
problem (2.3) is a regular point of the mapping y — A(u,y, ).

Let (1o, y0) € E be an optimal pair for problem (3.1)-(3.3). Then

AA = A, y, 1) — Ao, y0,1) >0, V(u,) € 8,V € WP (RQ). (5.1)
Hence, splitting it in two terms, we obtain

A(M’y’)") - A(”Oryoy)") = A(u,y,)") - A(uryoy)") + A(M,yo,)») - A(”O:yo:)‘-)

= AyA(uryOr}\) + Au— MO’yO’)\) >0, (5.2)

forall A € Wé‘p(Q) and u € A,q such that (z — ug) € Aaq.
Since the set of admissible controls 2,q C L'(£2) has an empty topological interior, we
justify the choice of perturbation for an optimal control as follows:

Up = Ug + 9(’12— uo),

where (Z,7) € E is an arbitrary admissible pair, and 8 € [0,1]. Then due to Hypothesis (H1)
and Remark 4.1, we can suppose that each point of the segment [yo, y9] C Wé’p (2) is regu-
lar for the mapping v — A(u,v, 1), where yg := y(ug) = y(uo + 0 (& — 1)) is the correspond-
ing solution of boundary value problem (3.2)-(3.3). Hence, by Lemma 4.5, there exists a
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value gy € (0,1) such that condition (5.1) can be represented as follows:

AN = A(”G:yOr)\) - A(”OryOJ)‘-)

H

= (A/(;(Me,yo + &9 ()’9 _y())r)\)xyé) _y0>W71,q(Q) Wé'p(ﬂ) + A(uﬁ) - Mo,yo,)»)
= (A/G(MQ,J/O +&9(ye —yo),k),ye —J’o)W_l,q(Q);Wé,p(Q)

+ A(@(’IZ— uo),yo,k) > 0.
Using (4.7), we obtain
AA=p fg IVyep0 = VIal? > (Vyey0 — Vyar Vo — Vyo)pn dx
+ /;2 U V¥ey.0 1P2(VA, Vyo — Vyo)pn dx
+(p-2) /Q 19|V eq.01”* ([(V¥er0 ® Ve8]V, Vg = Vo) v dx
+6 /Q(fl— 10)(IVyol’>Vyo, VA) g dx > 0, Vi € g,

where y,, 0 = yo + €0 (yo — o).

(5.4)

Now we introduce the concept of quasi-adjoint states that was first considered for linear

problems by Serovajskiy [25].

Definition 5.1 We say that, for given 6 € [0,1] and % € 2,q, a distribution ¥, ¢ is the

quasi-adjoint state to y, € Wé’p () if v, ¢ satisfies the following integral identity:

Vs Ve
/u9|Vyeg,e|"-2([1+<p—2) Yeod g y”}vww,w) dx
Q |Vy69,9| |Vy£9,€| RN

+p f V9600 = VYal? 2 (Vyegs — Vya, Vo)pn dx =0, Vo € WP ()
Q

or in the operator form

. _ Vys 0 Vya 0
—dlv(u9|v ol? 2[1+(p—2) 7 ® 87 \Vi,, 0
Ve Vyeon] - IVyepal |

=pdiv(IVye,0 = Vyal? > (Vye,0 — Vya))  in D'(Q).

(5.5)

(5.6)

Here, I € L(RN;RYN) is the identity matrix, yy := y(ug) = y(uo + 6(& — up)) is the solution

of problem (3.2)-(3.3), ¥e,,0 = Yo + €0(¥9 — ¥0), and &g = e(up) € (0,1) is a constant coming

from equality (5.3).

Let us assume, for a moment, that quasi-adjoint state v, g to yo € Wé’p (R2) is a distribu-
tion of Wé’p (€2). Then we can define the element X in (5.4) as the quasi-adjoint state, that
is, we can set A = Y, 9. As a result, the increment of Lagrangian (5.4) can be simplified to

the form

/ (@ - u) (199012 Vy0, Vireyp)gu d > 0, Vi € s,
Q

(5.7)
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Thus, in order to derive the necessary optimality conditions and provide their substan-
tial analysis, it remains to pass to the limit in (5.5)-(5.7) as 6 — +0, and to show that the
sequence of quasi-adjoint states {; g }o_0 is defined in a unique way through relation (5.5)
and it is compact with respect to the weak topology of Wé'p (€2).

6 The Hardy Inequality and asymptotic behavior of quasi-adjoint states
The main goal of this section is to study the well-posedness of variational problem (5.5)
and describe the asymptotic behavior of its solutions as parameter 6 tends to zero.

We begin with the following evident consequence of Proposition 3.4.

Lemma 6.1 Assume that uy,u € yq and uy — u strongly in L*°(2). Then, for the cor-
responding solutions of boundary value problem (3.2)-(3.3), we have strong convergence
Vi =y(ux) = y = y(w) in Wo?'(Q).

Since, by the initial suppositions, uys — ug in L>(2) as 6 — 0, we immediately arrive at
the following consequence of Lemma 6.1.

Corollary 6.2
(i) yo — yo in Wé’p(ﬂ) as 6 — 0;
(ii) yep0 = yo in WoP(R) as 0 — 0.

Further, we note that

(Ay) ifr € (1,p], where p > 2, and f,g € L(R2), then

@] = g < r([f@)] + |s@)]) " [f @) - gw)], aeine, (6.1)
and, hence, by the Hélder Inequality,
\Ilfllir(g)—llgllir(g)\=‘ / \f 1" dax - f gl dx| < / V1"~ lgI"| dx
o o o
<If -glwe ( fﬂ (If1 + 1g) Y dx) o
<1If - gllr 11 + 181 |y | 2ACP. 6.2)
(Ay) Ifr € [0,1] and f,g € LP(S2) then
@] = lg@]'] < |[f@) -g@)|", aeing, (63)
and, therefore,
156y — iy < /Q I -8l dx < If —glljpey 217 (6.4)

Then, in view of Corollary 6.2 and estimates (6.2) and (6.4), we can give the following

obvious conclusion.

Corollary 6.3 Foranyr € [0,p] withp > 2, we have |V, 6|" — |Vyol” in LY(R) as6 — 0.


http://www.boundaryvalueproblems.com/content/2014/1/72

Kupenko and Manzo Boundary Value Problems 2014, 2014:72
http://www.boundaryvalueproblems.com/content/2014/1/72

Our next intention is to study the variational problem (5.5). With that in mind, we

rewrite it in the form

- diV(pgAg vw&‘g,@) :fé in Q, (65)
where
Po = Vye, 0’2, (6.6)
v v
Ag:i=ugll + Cyl = uy |:I +(p-2) Yeo.0 ® Yeo.0 ], (6.7)
|Vy59,0| |VJ’59,0|
So =P div(IVye,0 — Vyal > (Vyep0 — Vya)). (6.8)

To begin with, we make use of the following observation.

Proposition 6.4 Let (1o, y0) € E be an optimal pair for problem (3.1)-(3.3). Then, for any
0 €[0,1] and u € Uy, we have:
(1) Ag € L¥(2 S,

are obviously determined by N(N +1)/2 scalars.
(2) alg]? < (§,Ap8)pn < BIL+ (p - 2)2V'IEP forall £ € RN.

), Where Sg[,m denotes the set of all N x N symmetric matrices, which

Proof The first property is obvious. To prove the second one, it enough to take into ac-
count the definition of the class of admissible controls 2,4 and the following chain of es-

timates:

alE1* < (E,uplE)pn < (&, uplE)pn + (&, ugCo&)pn

V9, 2
(6w E ) +(P—2)M0( Yens ,s)
|v_y89,9| RN

<BIEP+@-2)BE +--+Ex0)* < B[1+ (p-2)2V ] O

Proposition 6.5
(@) o := VYool = [VyolP™ =: po in L'(2) as 6 — 0;
(b) Ag = Ag in L"(S ng)for any r € [1,+00) and Ag > Aq in Lw(Q;ng) as 6 — 0;

(c) popAo — poAo = uoll + @—2)% ® %] in LY(Q;RN) as 6 — 0.

Proof Validity of assertions (a)-(b) immediately follows from Corollary 6.3 and Proposi-
tions 3.2 and 6.4. The strong convergence property in (c) is a direct consequence of the

Lebesgue Convergence Theorem. O
The following results are crucial for our further analysis.

Lemma 6.6 Assume that, for given 0 € [0,1] and & € Uaa, VIn|Vye, 9| € L2 (G RN). Then

each element r of Wg’p (2) can be represented in a unique way as follows:

Y= |Vy89,9|(2’p)/zzg, where zg € WS’I(Q) NLY(Q). (6.9)
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Proof Let us fix an element ¥ € Wo?(Q). Then for zp := |Vyep 01?224, by the Holder
Inequality with p’ = p/2 and ¢’ = p/(p — 2), we have

_ -2
201220 = | 1V¥erol 202 d% < 11IV¥ep 015 e mn 1V 170
L%() o LP(SRN) ()
< p-2 2
< Clyea i ) 1V a0 g <0

where the constant C comes from the Poincaré Inequality. Using the evident equality

1
Vzy = (§ﬁ1ﬁV1np + J,T)Vi,b) ‘

’
0=IVyep0lP2

and applying the Holder Inequality with exponents p’ =2(p —1)/(p —2) and ¢’ =2(p - 1)/p
for the first term and with p’ = p/2 and ¢’ = p/(p - 2) for the second one, we get

p-2 _
Vol <25 [ 19000122100 V5.0 d
Q

1/2
. |sz|”2( f 5 |”|vw|2dx)
Q

p-2 (-2 po PP
< Tlllﬂllw(n) (/ [Vep01 20D | V10| Vyg, o] |77 dx)
Q

—2)/2
1RV 015 2o IV (i)

p-2 22
< = I @ 195201 oy |V 1019301 2 g,

1/2 (p-2)/2
L 2 v R4 PR

p-2 12 w-2)12
5( 5 CIV I V3l gy + 19172 ) I3ean i 19 gao gy

< OQ.

Thus, zg € W"(Q)NL%(R). Since the element zg := [Vy,, 5|?~2/2¢ inherits the trace prop-
erties along 92 from its parent element i/, we finally obtain zy € WS’I(Q) N L*(R2). The
proof is complete. O

As an obvious consequence of this result and continuity of the embedding of Sobolev
spaces H}(Q) < Wé'l(Q), we can give the following conclusion.

Corollary 6.7 If, forgiven € [0,1] and i € Unq, VIn|Vy,, o| € L*(QRN), then there exists
a dense subset D(ye, 0) of Hy(S2) such that

V96001272 € WoP(Q), ¥z € Dy 0)- (6.10)
Taking this fact into account, it is plausible to introduce the following linear mapping:

F:D(ep0) C HY(Q) — W,P(2),  where §z = |Vy,, 4* 2. (6.11)
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Since domain D(y,, ) of § is dense in Banach space H}(S2), it follows that for F, as for a
densely defined operator, there exists an adjoint operator

5" 2D(§*) CcWM(Q) > H(Q)
such that

(5 v,z > @Hi@ = v,32) WAL, WP @y Vz € D(y,, ) and Vv € D(F*),
where
D(F*) = {v € W(Q)| there exists C > 0 such that for all z € D(y, ¢)
|282) yraywiriey| = Clellya )

Notice that, in general, the adjoint operator §* is not densely defined.
Let us consider the following linear operator:

Aot = —div(ppAg VYY), VY € WoP(Q),

where py and Ay are defined by (6.6)-(6.7). By Proposition 6.4, we have

p-1
q (r-2)p!(p-1) /(p-1) P =,
1PaAs VY g gy < Mol oo /Wy oINPT d <q,_p 1)
2)/(p-1) /(p
e ||w||”

q 4
< Mol gy, ) ens iy

Hence, A : Wé’p (Q) — W4(Q) and this operator is obviously monotone,

(Ae(w - ‘f’)» [ ¢>W*1"I(Q);Wé’p(§2)

- fg (95002 (A5 (V) — V), Vi — V) e = 0

and demi-continuous. However, because of the multiplier pg = |V, /72, this operator
can lose the coercivity property.

Let A be a positive constant such that A < A* := (N — 2)?/4. Let {x,%2,...,%} C Q bea
given collection of points. Let u € 2(,q be a given control. We define a nonempty subset
M(Q), C Wé’p(Q) as follows: y € M, () if and only if

2 1 ,
~C(Q) < Vi) < == 7 Z e e Q, (6.12)

for some positive constant 6’(9) > 0, where

p-2)°
2

Viy(®) = (2 - p)div(A(u,y)VIn|Vy|) - (VIn|Vyl, A(u,y)V In|Vy]) gy, (6.13)

- vy
Alu,y) = [1+(p— )Wy| Wﬂ]. (6.14)
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We are now in a position to give an important property of the operator Ay : Wé’p () —
W(Q).

Lemma 6.8 Assume that, for given u € aq, 6 € [0,1], and &y € (0,1), the distribution
Vg6 € Wé’p (S2) is such that

VIn|Vye,ol € L2(BRY)  and  ye,0 € My, (2) C WoP(R2).

Then
(A19 ('SZ)¢ gV)W-W(Q);Wé‘p(Q) = (B9 (Z): V>H’1(Q),Hé(§2)’ (615)
where
. 1
By(z) = —div(AyVz) — 3 Vo (x)z, (6.16)

Vo(x) = (2 - p)div(AgVIn|Vyg,6l)
(p-2)
2

(VIn|Vyey 01, AgVIn| Ve, 61) (6.17)

RN?
and the linear operator By defines an isomorphism from Hy(2) into its dual H(S).

Proof Let v and z be arbitrary elements of D(y., ) C Hj($2). Then by Corollary 6.7, we
have §z,§v € Wé’p (€2). Further, following the definition of the operator §, we can provide
the following chain of transformations:

A (F2) = —div(psAg V (32)) = ~div <paAGV(%>)

Po
. L 1/2
=—div —Epg zAgVpo + py “AgVz
1 1
= —EPQS/ZZ(V,Oe,AeV,Oe)RN + Ep_l/z(VZ:AGVPG)RN

1 . 1 _ .
+ Epg‘l/zzdlv(A(;V,og) - 5,09 V2(V 09, AgV2)pn — pélz div(Ay Vz)

1 1/V \Y% 1
= —,oé/z div(AgVz) — —pé/zl:— (ﬁ,A9ﬁ> -— diV(AQVpQ)]Z
2 2\ psg Po JrRN Do

12 . 11 1 .
= py | —div(4yVz) — 5 E(VIH,OQ,AQVIH,OQ)RN — —div(pgAeV1n py) |z
Lo
1
= pé/z (— le(Ag VZ) - E V9 (X)Z) .
Hence,

<A19 (SZ)’ SV) W_l’q(Q); W(;‘I’(Q)

14

fa{oen(5)
Po Po Fw=La(@wy? (@)
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1 14
172 .
={p <— div(AgVz) — =Vj (x)z) , —>
< ‘ 2 N P9 [ w-La(@y;wy? ()

. 1
= <— div(4,Vz) — 5\/9 (x)z, v> = (By(2), V), LHL@)
H@QHL(@)

To conclude the proof it remains to show that operator By := —div(45 V) — % Vi (x) defines
an isomorphism from H} () into its dual H~!(£2). With that in mind, we make use of the
following version of the Hardy-Poincaré Inequality: for a given internal point x* € €2 there
exists a constant C(S2) > 0 such that for every v € Hy(Q2)

2
v/[|Vv|§§N—)»*V—2:| dsz(Q)f V2 dx,
Q |x_x*|]RN Q

where A*:= (N — 2)?/4 and N > 2.
According to this result and the fact that y,, o € 9,,(R2), we have

2 1 (N-22 & 1
—-C(Q) < Vylx) < = .e.in Q 6.18
(@) = Volw) = = Z|x_xi|2< o lex_w ae.in (6.18)

and, therefore,

(1S9 iz,
z/Q[IVW“@"Z]d’C
z/ﬂ[wvﬁ—%(i: |x_1x;k|)v2} dx
:<1_/\£*>/Q|VV|2dx+%/Q[IVV|2 (i s — x* I) ]

=1

A AC(Q) A
-= ViPdx+ =2 | 2 R VA .
> (1 A*)/Q| v|“dx + A* /S;v dx > (1 }\*)||v||H(1)(Q) (6.19)

Thus, in view of (6.18)-(6.19),

” [v] H; = /Q|:|Vv|2 - %V@(?C)Vz] dx = /Q|:(VV,VV)RN - %Vg(x)vz] dx

is equivalent to the standard norm of H}(<2), and therefore, the operator By given by (6.16)
defines an isomorphism from H(2) into its dual H7(Q). O

The next step of our analysis is to show that, for every u € 2,4, 6 € [0,1], and &4 € (0,1),
the quasi-adjoint state 1., to yo € Wé’p (€2) can be defined as a unique solution to the
Dirichlet boundary value problem (6.5). With that in mind, we make use of the following
hypothesis.

(H2) For a given distribution f € W4(Q) with g = 1% and p > 2, the weak solutions

y(u) of the nonlinear Dirichlet boundary value problem (2.3) satisfy the property:
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y(u) € M, (R) and VIn |Vy(u)| € L2(S;RN) for every pair of admissible controls
u,w € Ayq.

Lemma 6.9 Assume that the Hypothesis (H2) is valid. Then the Dirichlet boundary value
problem (6.5) has a unique solution V,, o € Wé’p(Q)for everyu € Wyq, 0 € [0,1], and ¢4 €
(0,1).

Proof Let (u9,y0) € E be an optimal pair to problem (3.1)-(3.3). Let yy := y(ut9) = y(uo +
(% — ug)) be the solution of problem (3.2)-(3.3) for given % € 2,q, 6 € [0,1], and let y,, 9 =
Yo +&0(¥9 —Yo), where g, takes an arbitrary value in (0, 1). Since, by the initial assumptions,
Jo =pdiv(IVye, 0 — VyalP2(Vye, 0 — Vya)) € W(Q), it follows that

(=div(1Vye o246 V) ~ fo, ¢ >W “La@uwa? (@) ~ 0,
for all ¢ € F(D(yey0)) = Wy”(R). Then Lemma 6.8 implies that
(= div(IVye, o A0 VY), By sapwiviy
= (A6 (32), V)0 o)

1
= <— le(Ae VZ) - = V9 (x)Z, V>
2 HA(Q)HY(®)

= (Bo(2), V)H—l(ﬂ),Hl )’
509 sty = / 199600 = V92l (V5ey0 ~ Vya, V) dx
= PV (1V5e9.6 = VIal" (Ve = V3)) By 1oy
= {for §V) yra@wir @) = (8o, V)H*HQ),H(I)(Q)

provided ¢ € §(D(y¢,0)). By the Hardy-Poincaré Inequality (see (6.19)), the expression

/ |:(VV, VZz)gn — lVg(ac)vz:| dx
Q 2

can be considered as a scalar product in H(l)(Q). Then, in view of the Riesz Representation

Theorem, we conclude to the existence of a unique element zy € Hj(€2) such that
_ [z 1
(39 (Zg), V>H’1(Q),Hé(9) = (S _fe: V>H’1(Q),H(1)(Q)’ Vv [S HO(Q)

As a result, we have: v, 9 := §z9 = IVygg,gl(”‘z)/zze is a unique solution to the Dirich-
let boundary value problem (2.3). Moreover, by Corollary 6.7, we finally get ¥, €
WP (). 0

In view of Lemma 6.9, it makes a sense to accept the following hypothesis.
(H3) For given distributions f € W4(Q) and y, € Wé’p(Q) with g = 1% and p > 2, the
weak solution y(x) to the nonlinear Dirichlet boundary value problem (2.3)
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satisfies the properties

[Vl

N
V(Ivyel) e L2 (@RY) and

L®(Q), VYue .

Lemma 6.10 Assume that Hypotheses (H2)-(H3) are valid. Then there exists a constant
C* > 0 independent of 6 such that supy_, ||V, ||W1,p(m < C%, i.e. the sequence of quasi-
0

adjoint states {V,,9}9—0 to Yo € Wé”’ (2) is relatively compact with respect to the weak

convergence of Wé’p (€2).
Proof Due to Hypothesis (H2) and Lemma 6.9, the sequence of quasi-adjoint states

{sp,0)0—0 to ¥o € Wé’p(Q) can be defined in a unique way V¥, 4 = |Vys, 02?2z, for all
0 € [0,1], where z, is the solution of the following Dirichlet problem:

Byzg = pF*[div(1Vyego — VYal’ > (Vyeg0 — Vya)) ], 2o € Hy(Q). (6.20)
Therefore, in order to prove this lemma, it is enough to show that the sequence {zy}y— 0

is uniformly bounded in H}(<2). To this end, we note that the integral identity (6.20) leads

to the corresponding energy equality

1
/ [|V29|2 _ 5 Vg (x)Zg} dx = <3*fé’ZG>H_1(Q) HI(Q) (6,21)
Q (]

Since

’(S*ﬁ” Zo )H*l(Q),H(l)(Q) ‘

<p /Q VY0 = Vyal?™ |V (261 Va0 2P72) | dx

| V}’ag 0 |P*1
| Vysg ,0 | @_2)/2

[V¥ep0 — VyalP™
Q |VJ’59 ,0 I(p—l)

by (H3) v v
< p (vrai sup Yo _ Jd
we |1 VVegnl  1Vyeynl

-2
<p (”2 1261 |V In [V, 1| + |Vz9|)

.

p-2
< ] ( - |ze||Vyge,e|P’2|v1n|Vy89,9||+|Vy89,9|”’2|w9|)dx
Q
p ) 1/2
) ||Z9||L2(Q)(/ [V¥ep0 P | V10|V, o] dx)
Q

p
> 1VYep0llo@riy 1 V2o || 2(0mNy»
L>(Q)

=

-2 v
plp )(1+ H [Vyal
2 [VYeq6]l

v
+p<1+H [Vyal
|Vy89,0|

Lo(Q)

and

llzoll 2 < CliVzoll2(qrny by the Poincaré Inequality,

H [Vyal
|VJ’99,9|

<+0o by Hypothesis (H3),,
L®(Q)
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2
/ (V500 ?|V 10 [V 01 dx
Q

:/ |Vy89,9|1’_2|V(|Vy59,9|)|2dx (by Hypothesis (H3);)
Q

2

) IV (1Vy201) ”iP(Q;RN) < 00,

< ”yé‘g,@ |
it follows that there exists a constant Cy independent of 6 such that

’(S*ﬁ”@)wl(sz),H})(sz) ‘ = Collzo ”Hé(ﬂ)‘

As aresult, in view of (6.19), the energy equality (6.21) immediately leads to the estimate.

A
(1 - )L_) ||ZG||H(1)(Q) <C+GC, VOe[0,1].
*

This concludes the proof. d

7 Optimality conditions
We are now in a position to derive the first-order optimality conditions for optimal control
problem (3.1)-(3.3).

Theorem 7.1 Let us suppose that f € W4(Q), y4 € Wé’p(ﬂ), and g # 9 are given with
p > 2. Let (ug,y0) € L*(2) x Wé‘p(Q) be an optimal pair to problem (3.1)-(3.3). Let 1, o be
a quasi-adjoint state to yy € Wé’p(Q) defined foreach g € (0,1) and 6 € [0,1] by (5.5). Then
Hypotheses (H1)-(H3) imply the existence of an element € Wé’p () such that (within a
subsequence) Ye, 0 — ¥ in WS’”(Q) as0 — 0, and

/ (1~ o) (1990172 V50, Vi) > 0, Vit € Ug (7.)
Q
—div(uo ()| Vyo P2 Vyo) =f  inD'(Q), (7.2)
\Y \Y
—div<uo|VyO|P-2 [1 +(p-2)20 g O }vw)
[Vyol — Vol
=pdiv(IVyo = Vyal’*(Vyo — Vya))  in D'(RQ). (7.3)

Proof Let (Zj ,%) € E be an admissible pair. Let yy := y(ug) = y(uo + 0 (1 — uo)) be the solution
of problem (3.2)-(3.3) for given % € 2,4 and 6 € [0,1]. Then, as was shown at the end of
Section 5, there exists a value gy € [0,1] such that the increment of Lagrangian AA =
A(ug,y9,)) — A(uo, Yo, A) can be simplified to the form (5.7), provided the element A has
been defined as the quasi-adjoint state, thatis, A = ¥, 9. By Lemmas 6.9-6.10, the sequence
of quasi-adjoint states {{,¢}9—0 to yo € Wé’p (2) can be defined in a unique way and
is bounded in Wé’p (2). Hence, there exists an element v € Wé'p (€2) such that, up to a
subsequence of {,, ¢}o—0, we have ¥, 9 — ¥ in Wé’p(Q) as 6 — 0. It remains to pass to
the limitin (5.5), (5.7) as & — +0 and to show that in the limit we will arrive at the relations
(7.3) and (7.1), respectively. To this end, we note that
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(A1) by the initial suppositions, 1y — g in L*(2) as 6§ — 0;

(A2) by Corollary 6.2, y5 — o in Wé’p(Q) as 6 — 0, and, hence, ¥, 6 := yo + €9 (¥ — y0) =
Yo in W/é’p(Q) as @ — 0;

(A3) up to a subsequence

Ve Vys
A9:=u9<l+(p—2) Jeo.0 ye’e)

|Vy€9,9| |VJ’£9,€|

Vyo Vyo . N
1 -2 =A L*®(2;S
ﬁ”"( e )|VJ’0|®|VJ/0|) o InL¥(@Sn)

by the strong convergence of ug — u, in L>°(£2) and convergence y,» — Yo almost
everywhere in €;
(A4) if p> 3, then
[la?2 = 1612] < (p - 2)(lal + 1bI) la-bl, Va,beR; (7.4)
(As) if 2 < p <3, then
|lalP™ —|bl?| < |a-bl">, Va,beR. (7.5)
Then the limit passage in (5.7) immediately leads to (7.1). Therefore, in order to end the
proof, it remains to establish the validity of relation (7.3). With that in mind, we rewrite
(5.5) as follows:

I +pli =0,

where

_ Vys 0 Vye 0
1"=/|Vy ,9|P2(u9[1+(p—2) 7 ® 0 \Vir,, 0, Vo dx
L P IV¥epol  1Vyegol ] 7 RN
- / V200172 (A6 Vi 02 Vo) dl,
Q

]g = / |Vy59,9 - Vyd|p72(vy€9,9 - Vydr V(p)RN dx7
Q

and ¢ is an arbitrary element of Wé’p (2).
Since

- f (IV9200172 = (V90 72) (A0 Ve 12 V) dx
Q
. / 197017 ((Ag — Ao)V iy 5, V) d
Q
+ / VY0P (Ao (Vego — V), V) oy dx
Q

+ / IVyolP 2 (Ao VY, Vo)pn dxc = i + J0o + T + i
Q

let us show that limgﬁ()]e,j =0 (j=1,2,3), and, hence, If — Jiaas 0 — +0.
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Using the Holder Inequality and estimate (2) in Proposition 6.4, we have

il = f 1952061 = 150172 1 Ag llsy, [V Ve 011 V] dx
Q

<pll+(p-22"] / 1956002 = 195072 |[ Ve, 0| V] . (7.6)
Q

Therefore, if p > 3, then, by (A4) and Hélder’s Inequality with Holder conjugates p’ = p%z >

p

land g’ = %, we can estimate (7.6) as follows:

Uil <B[1+(-22""](p-2)

-3
X/(IVygg,eIHVyol)p [VYeg.0 = VYol Ve 0 Vol dx
Q

p-2
P

-3) r 2
< Cl(/ (IV¥eg0l +1V%01) 72 [Vyepo — Vyol 22 dx)
Q

2
» » P by Hoélder’s Inequality with
x (/ |w89,9|2|w|zdx) ( o
Q r=,54=p-2)

<a / (IVyegal + [Vyol) dx / IVyee0 — Vol dx
Q Q

X NV Yeg0ll o @rny I VOl 1 @rN)- (7.7)

Since supycjo) | V¥ey0ll1r(@rNy < +00 by Lemma 6.10, and ye,0 — yo in WS””(Q) (see the
condition (A,)), it follows that

0—0
S?p1/ (IVyes0l + 1V70]) dx < 400, [V5m0 = Vyolliman, "= 0.
60,11 JQ

Thus, in view of estimate (7.7), we conclude: limy_, ]ﬁ 1 =0.
As for the case 2 < p < 3, the inequality (7.6) and condition (As5) lead to the estimate

I / V5000 = V30?21Vl V] d.
Q

Further it remains to repeat the trick like in (7.7). As a result, we obtain

p-2

A
il <a (/ [VYep0 — Vyol? dx) 1VYey ol Lo @rn I VOl 2(@rN)-
Q

Therefore, having applied the arguments given before, we can conclude: if 2 < p < 3, then
limgﬁojil =0.

As for the term ]f 4, we have

ol = [ 199012140 - Aol 1V, 011l
Q

p—2
< llds—Ao ||Loo(g;szs\§m)||vj’o 20y IV Vo 0l @y VOl @iy
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<c¢y su 1, Vyo P2 1, Ag — Aol ;000N
=62 5 Wi g 19900 5 10 140 = Aollm oy

by (A
< cllAp — Ao ||Loo(9;szs\§m) 7 (s) 0 ash — 0. (7.8)

To clarify the asymptotic behavior of the term ]ﬁ 5 as 6 tends to zero, we note that

Jis= / IVyolP 2 (Ve 0 = VI, AgV@)n d.
Q

Since Vo € LP(Q2;RN), Ag € L°°(Q;S]S\§m), and Vyy € L7(Q; RN), it follows that the inclusion
AolVyolP2Vg € L1(S;RY) holds true with g = p/(p —1). Hence, the condition limg_.o J{ 5 =
0 is ensured by the weak convergence V., — Vi in LP(Q;RN).

Thus, summing up the results given above, we finally obtain

3
{}i_l)%]lg ={}i_1)1}) (Xl:]lgj +/1,4> = /Q IVyolP~*(Ao VY, Vo)gn dx. (7.9)
o

As for the term
129 = f |V}’59,6 - Vyd|p72(vy£9,9 - Vydr V‘P)]RN dx!
Q
we see that

IVYep6 = Vyal? > (Vye,0 — Vya) € L1(RY)  withg = I%,ve € [0,1].

. 1, .
Hence, strong convergence y; — yo in W,”(2) implies strong convergence

IVyep0 = VIal? > (Vyey0 — Vya)

— |Vy0 = Vyal’(Vyo = Vya) in LY(RY). (7.10)
As a result, we finally get
glirrtl)lg = / [Vyo = VyalP2(Vyo = Vya, Vo)pn dx, Vo € Wol'p(Q). (7.11)
- Q

Thus, combining relations (7.9)-(7.11), it is easy to see that the limit passage in (5.5) leads
to the variational statement of the Dirichlet boundary value problem (7.3). The proof is
complete. d

8 Conclusions

In this paper the optimal control problem (3.1)-(3.3) for a nonlinear monotone elliptic
equation with homogeneous Dirichlet conditions and L*(£2)-control in coefficients of A ,-
Laplacian has been studied. Having defined the class of admissible control in form (2.2), we
have proved solvability of the considered problem. After that, using Lagrange principle,
the concept of quasi-adjoint system and the well-known Hardy-Poincaré Inequality, we
have derived the corresponding optimality system and formulated sufficient conditions
under which the degenerate adjoint boundary value problem admits a unique solution.
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