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Second-harmonic generation in longitudinal epsilon-near-zero materials
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We investigate second-harmonic generation from anisotropic or longitudinal epsilon-near-zero materials. We
find conversion efficiencies well above their isotropic counterparts owing to additional field intensity enhancement
provided by the anisotropy. At the same time, anisotropic epsilon-near-zero materials are also less sensitive to the
material’s losses compared to the isotropic ones. In turn, these improvements become pivotal for epsilon-near-zero
materials that do not possess bulk dipole-allowed quadratic nonlinearities. We predict that second-harmonic
generation from a Dy:CdO/Si multilayer with longitudinal epsilon-near-zero properties can exceed the conversion
efficiency of a homogeneous Dy:CdO slab of equivalent thickness by at least 20 times for almost any angle of
incidence.
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I. INTRODUCTION

Epsilon-near-zero (ENZ) materials initially gained
significant attention owing to their peculiar properties, such
as their ability to control antenna directivity [1,2], or to
realize perfect coupling through electromagnetic tunneling in
subwavelength, low-permittivity regions [3,4]. More recently,
they have been also shown to be promising platforms to
boost the efficiency of nonlinear optical interactions such
as harmonic generation, optical bistability, and soliton
excitation [5–10]. Nonlinear processes are in fact favored
by the availability of high local fields, achieved when a
transverse-magnetic (TM) electric field impinges obliquely
on a planar ENZ film [11]. ENZ materials may be either
natural or artificially engineered (metamaterials). Any natural
material displays zero-crossing points for the real part of the
dielectric permittivity in the vicinity of either the plasma or
interband transition frequencies. For example, semiconductors
such as GaAs and GaP have their zero-crossing points in the
ultraviolet, metals (Au, Ag, Cu) show them in the visible,
while oxides [indium tin oxide (ITO), Al-doped ZnO (AZO)]
have their zero crossings in the infrared regime. Recently,
ITO and AZO have been used to observe second- and
third-harmonic (SH and TH) generation [12–14], as well
as an enhancement of nonlinear refractive indices [15,16].
The advantage of engineering ENZ materials relies on
the possibility of tuning the ENZ wavelength by properly
designing the shape and dimension of the metamolecule, i.e.,
the unit cell of a metamaterial. The main limitation for field
enhancement in both natural and artificial ENZ materials
is related to absorption [17,18]. In order to overcome this
issue, loss-compensation techniques have been proposed. For
example, a critical reduction of the imaginary part of the
dielectric permittivity in proximity of the zero-crossing region
has been shown to be possible by including active materials in
the lattice of plasmonic-nanoparticle arrays [19–22]. However,
a practical realization of such structures is still technologically
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challenging. Here, we propose a different path to improve field
enhancement and efficiency of nonlinear optical processes
in ENZ media, without resorting to loss-compensation
mechanisms. The idea is to exploit planar films of anisotropic
ENZ films, namely, longitudinal ENZ or LENZ.

LENZ have been investigated for their abilities to achieve
perfect light bending [23,24], angular filtering and polarization
control [25], coherent perfect absorption [26], and to control
leaky wave radiation [27]. Very recently, it has been theo-
retically demonstrated that a TM-polarized field obliquely
incident on a LENZ film produces a stronger field intensity
enhancement (FIE) than its isotropic ENZ (IENZ) counterpart
[28], and that it might therefore lead to stronger nonlinear
processes. LENZ media also present other advantages over
IENZ ones, such as a weaker sensitivity of the FIE to the slab
thickness, and a broader operational regime in terms of the
angle of incidence [28]. These characteristics are generally
desirable in practical implementations of nonlinear optical
devices. Moreover, as demonstrated in Ref. [28], the presence
of anisotropy circumvents damping and improves field en-
hancement without resorting to loss-compensation techniques.

With the intent of clarifying the differences between IENZ
and LENZ for nonlinear processes, we investigate second-
harmonic generation (SHG) from a homogeneous slab of
LENZ and compare the radiated harmonic signal with that
produced from a homogeneous IENZ film. Then, we move
into a more realistic scenario, in which we discuss SHG from a
structured LENZ medium obtained by alternating silicon films
with dysprosium-doped cadmium oxide (Dy:CdO) films in a
periodic multilayer stack. Dy:CdO is an infrared ENZ material
with very low absorption losses: The imaginary part of the
relative permittivity is ∼0.1 at the zero-crossing wavelength of
the real part of the permittivity [29]. The proposed multilayer
combines the advantage of an inherently low-damping ENZ
material (Dy:CdO) with the additional benefits introduced
by the anisotropy, i.e., a larger field enhancement, improved
angular tolerance, and less sensitivity to thickness and losses.
Since none of the materials in the multilayer possesses a
dipole-allowed, quadratic bulk nonlinearity, we evaluate the
effective second-order response that arises from symmetry
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FIG. 1. (a) Sketch of the structure under investigation: A TM-polarized pump with electric field EFF and wave vector kFF impinges on a
slab of thickness d with angle ϑi and produces forward and backward second-harmonic fields with wave vectors kSH; logarithmic plot of the
maximum FIE as a function of the angle of incidence and normalized frequency for a (b) IENZ slab in the low-loss scenario (γ /ωp = 10−3)
and (c) high-loss scenario (γ /ωp = 10−2). The same calculations have been performed for a LENZ slab with (d) low loss (γ /ωp = 10−3) and
(e) high loss (γ /ωp = 10−2).

breaking at the interfaces, modeled by means of second-
harmonic (SH) current density sources that take into account
volume and surface contributions from magnetic dipoles
(Lorentz force) and convective nonlinear sources [30,31]. Our
findings reveal that the enormous field enhancement achieved
in the LENZ configuration leads to exceptional conversion
efficiencies without resorting to any resonant mechanism.
A comparison with the SHG radiated from a homogeneous
Dy:CdO slab also suggests that a different class of nonlinear
devices that does not rely on bulk nonlinearities may be
envisioned. The peculiar ability of LENZ materials to provide
high FIE values even in the presence of losses [28] makes
them appealing for several nonlinear applications, such as
second-harmonic generation, sum- and difference-frequency
generation, spontaneous parametric down conversion, optical
parametric amplification, bistability, and switching, in key
photonic platforms based on centrosymmetric materials, such
as Si and Si-on-insulator (SOI).

II. SECOND-HARMONIC GENERATION
FROM IENZ AND LENZ

We start our investigation by considering a slab of material
illuminated by a TM-polarized field at a variable angle ϑi

[see Fig. 1(a)] and sweep the fundamental frequency (FF)
wavelength in the vicinity of the zero-crossing point of the
real part of the permittivity. The film thickness is set to
d = λ0/3, where λ0 is the wavelength where the real part
of the permittivity is equal to zero. In order to achieve
an effective comparison between an IENZ and a LENZ
material, we assume the low-intensity diagonal components
of the permittivity tensor at the FF to be εx,FF = εy,FF =
εz,FF = ε∞ − ω2

p/(ω2
FF + iωFFγ ) for the IENZ, while εx,FF =

εy,FF = εt,FF = ε∞ and εz,FF = ε∞ − ω2
p/(ω2

FF + iωFFγ ) for
the LENZ. For both scenarios we assume the material to be
isotropic at the SH frequency with εx,SH = εy,SH = εz,SH =

ε∞ − ω2
p/(ω2

SH + iωSHγ ). In the Drude dispersion model we
impose ε∞ = 5.5 and consider the ratio γ /ωp = 10−3 for a
low-loss scenario and γ /ωp = 10−2 for a high-loss scenario.
For these materials the zero-crossing frequency occurs at
ωENZ = ωp/

√
ε∞. The investigation of the linear properties of

these two slabs reveals that the low-loss LENZ slab displays
a maximum absorption peak of approximately 97%, while
the IENZ slab reaches only 52%. However, since absorption is
proportional to the imaginary part of the dielectric permittivity
and the square of the electric field inside the slab, it is
reasonable to expect that the LENZ slab produces a higher
maximum FIE. We define field intensity enhancement below
the top surface of the slab as

FIE =
∣∣∣∣Ez

E0

∣∣∣∣
2

,

where Ez is the z component of the total electric field just below
the top surface of the slab and E0 is the incident electric field
in the absence of the slab at the same place. Indeed, in the low-
loss regime we observe a maximum FIE of ∼30 in the IENZ
slab and ∼680 in the LENZ slab [Figs. 1(b) and 1(d)]. These
values reduce to ∼4.5 (IENZ) and ∼20 (LENZ) in the high-loss
scenario [Figs. 1(c) and 1(e)]. As detailed in Ref. [28], the
superior performance of the LENZ originates from the fact that
its losses may be overcome by simply enlarging the transverse
(to the z-axis) permittivity (εt,FF = εx,FF = εy,FF), as FIE is
proportional to it, i.e.,

FIE ∝ |εt,FF|
|εn,FF| .

Note that the longitudinal permittivity is complex due to
losses and considering its representation in terms of its real
and imaginary parts, εn,FF = εz,FF = ε′

n,FF + iε′′
n,FF, under the

LENZ condition the imaginary part does not vanish. Hence in
a LENZ material the maximum field intensity enhancement
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is FIE ∝ |εt,FF|/|ε′′
n,FF|. This highlights why the presence

of losses may be overcome by increasing the transverse
permittivity |εt,FF|.

Another important difference between the behavior of the
two slabs is the broader angular and frequency response
obtained for the LENZ material. In other words, the LENZ
slab shows higher FIE values for a much wider set of incidence
angles and for a larger frequency range in the vicinity of the
zero-crossing point. These characteristics are preserved both
in the low-loss (γ /ωp = 10−3) and high-loss (γ /ωp = 10−2)
regimes. One may thus infer that under most circumstances a
LENZ slab will outperform the IENZ for nonlinear processes,
even in the presence of higher damping values.

We assume that our slabs do not possess dipole-allowed,
quadratic bulk nonlinearity. Therefore, to account for second-
order nonlinear effects, we evaluate the effective second-order
response that arises from symmetry breaking at the interface,
modeled by means of second-harmonic (SH) current density
sources that take into account the volume and surface contri-
butions from magnetic dipoles (Lorentz force) and convective
nonlinear sources [30,31]. The SH electromagnetic problem
is then solved, by means of a commercial finite-element
method, as outlined in Refs. [7,9]. In particular, SH current
density sources are introduced as the superposition of two
terms: a volume current Jvol and a surface current Jsurf . These
currents can then be linked to the FF electric field and to the
free-electron hydrodynamic parameters as follows [7,32,33],

n̂ · Jsurf = i
n0e

3

2m2∗

3 + εFF

(ω + iγ )2(2ω + iγ )
E2

n,FF, (1)

t̂ · Jsurf = i
2n0e

3

m2∗

1

(ω + iγ )2(2ω + iγ )
En,FFEt,FF, (2)

Jvol = n0e
3

m2∗

1

ω(ω + iγ )(2ω + iγ )

×
[

γ

ω + iγ
(EFF · ∇)EFF − i

2
∇(EFF · EFF)

]
, (3)

where n0 = ε0m∗ω2
p/e2 is the free-electron density, the ef-

fective electron mass is assumed to be m∗ = me, and e

is the elementary charge. ωp and γ are the free-electron
plasma frequency and the electron gas collision frequency,
respectively. Their value has been chosen so that γ /ωp = 10−3

for the low-loss regime and γ /ωp = 10−2 for the high-loss
regime. εFF is the relative permittivity at the FF, ω is the angular
frequency of the FF field, EFF is the FF electric field phasor, and
n̂ and t̂ are unit vectors pointing in directions outward normal
and tangential to the slab surface, respectively. Moreover,
En,FF and Et,FF are the normal and tangential components of
the FF electric field in the local boundary coordinate system
defined by n̂ and t̂, respectively, and are evaluated inside the
slab region. SH conversion efficiency is calculated either at
the transmission or reflection side as the z component of
the time-averaged Poynting vector SSH

z at the SH frequency,
normalized by IFF cos(ϑi), where IFF = 1 GW/cm2 is the input
pump irradiance.

The calculations of total SHG (transmitted plus reflected)
from the IENZ slab in the low- and high-loss regimes are
shown in Figs. 2(a) and 2(b), respectively, while the same

FIG. 2. SH conversion efficiency as a function of the angle of
incidence and normalized fundamental frequency for an (a) IENZ
slab with γ /ωp = 10−3 (low-loss case) and (b) γ /ωp = 10−2 (high-
loss case). The same calculations have been performed for a LENZ
slab with (c) γ /ωp = 10−3 (low-loss case) and (d) γ /ωp = 10−2

(high-loss case). Note the much higher efficiency pertaining to the
LENZ cases.

calculations performed for the LENZ slab are shown in
Figs. 2(c) and 2(d). The following striking differences may
be found among these structures: (i) The LENZ slab produces
a total SHG three orders of magnitude higher than a IENZ
slab of the same thickness when operating in the low-loss
regime [see the maps in Figs. 2(a) and 2(c)]; (ii) in the
high-loss regime LENZ still shows a much stronger SHG than
the IENZ, and the improvement is two orders of magnitude
(instead of three as in the low-loss regime) [see the maps
in Figs. 2(a) and 2(c)]; (iii) as we inferred from the linear
analysis, the introduction of the anisotropy in the permittivity
of the slab allows one to partially circumvent the losses of the
slab, obtaining a higher SHG for the high-loss LENZ when
compared to the low-loss IENZ [see the maps in Figs. 2(a) and
2(d)]; (iv) even though the maximum FIE for the LENZ slab
has a broader response both in terms of angle of incidence
and frequency [see Figs. 1(b)–1(e)], SHG from LENZ has a
more selective profile in terms of pump frequency excitation
than the IENZ material. We also note that the introduction of
the anisotropy pushes the SHG peak towards greater incident
angles but does not alter significantly the cone of angles that
allow obtaining the best performance from all structures.

III. SECOND-HARMONIC GENERATION FROM Dy:CdO
MULTILAYER STACK

We now consider a practical implementation of the concept
described in the previous section. In particular, we compare
the nonlinear behavior of a structured LENZ slab with a
homogeneous IENZ slab. As the IENZ medium we consider
a slab of Dy:CdO. This material has been investigated as
a plasmonic material for the midinfrared range [29] and
displays a zero-crossing point at λ ∼ 1867 nm under the
doping conditions described in Ref. [29]. Moreover, Dy:CdO
is characterized by a smaller damping in the ENZ region than
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FIG. 3. (a) Sketch of the multilayer with LENZ properties: N =
10 periods of Dy:CdO (a = 10 nm) and Si (b = 10 nm) are alternated
to obtain an anisotropic response. (b) A slab of Dy:CdO performs as
an IENZ. The thickness of the slab is equal to the overall thickness
of the multilayer in (a), i.e., d = 200 nm.

other infrared candidates, such as ITO or AZO. The LENZ
metamaterial we consider, on the other hand, which is designed
by alternating Dy:CdO with Si, shows a higher effective
damping with respect to bulk Dy:CdO, but will provide a
good example of the benefits that one may expect, in terms of
nonlinear conversion efficiency, when using a LENZ material
instead of a IENZ one. More specifically, we will compare the
nonlinear response of ten periods of Dy:CdO/Si bilayers, with a
filling ratio 50% [Fig. 3(a)], with a slab of Dy:CdO of the same
total thickness of the multilayer, i.e., 200 nm [Fig. 3(b)]. The
effective dielectric permittivity of the multilayer in Fig. 3(a)
is calculated by adopting the Maxwell-Garnett homoge-
nization approach and is εx,FF = εy,FF = εt,FF = 5.9 + i0.06
and εz,FF = εn,FF = 0.003 + i0.25, at λFF = 1867 nm. At the
second-harmonic frequency (λSH = 933 nm) the diagonal
components of the permittivity tensor for the multilayer
are εx,SH = εy,SH = εt,SH = 8.9 + i0.04 and εz,SH = εn,SH =
6.3 + i0.02. These effective permittivity values have been
calculated assuming Dy:CdO data from Ref. [29] and Si data
taken from Ref. [34]. At the same time, the Dy:CdO slab is
isotropic and characterized by the following entries for the
permittivity tensor: εx,FF = εy,FF = εz,FF = 0.0002 + i0.13 at
λFF = 1867 nm, while εx,SH = εy,SH = εz,SH = 4.1 + i0.02 at
λSH = 933 nm [29]. We note that the Dy:CdO slab is charac-
terized by smaller values of both the real and imaginary parts
of the dielectric permittivity with respect to the multilayer
effective permittivity values, at both frequencies.

The linear analysis of these two structures somehow follows
what we saw for the general case described in the previous
section: Even in the presence of higher damping, the maximum
FIE in the artificial LENZ material, i.e., the Dy:CdO/Si
multilayer stack, is higher than in the IENZ medium, i.e.,
200-nm-thick Dy:CdO slab [Figs. 4(a) and 4(b)]. In particular,
we find that the IENZ slab has a maximum FIE of ∼7
[Fig. 4(a)], while the LENZ multilayer shows a maximum FIE
of ∼36 [Fig. 4(b)]. Under these circumstances both structures

FIG. 4. (a) Plot of the maximum FIE as a function of the angle of
incidence and wavelength for a 200-nm-thick Dy:CdO slab and a (b)
ten-period Dy:CdO/Si multilayer; total SH conversion efficiency as a
function of angle of incidence and pump wavelength from a (c) 200-
nm-thick Dy:CdO slab and a (d) ten-period Dy:CdO/Si multilayer.
SH conversion efficiency is 20 times higher for the multilayer case.

are more similar in terms of angular/frequency response. We
ascribe this similarity to the fact that the dispersion profile of
the multilayer is mostly dependent on the Dy:CdO dispersion
since Si dispersion is very weak in this frequency range. On
the other hand, by changing the filling ratio of the multilayer,
one may alter such a response and obtain a structure with a
wider (Dy:CdO filling ratio <50%) or smaller (Dy:CdO filling
ratio >50%) operating bandwidth.

In order to assess the nonlinear response of the IENZ and
LENZ material, we need to take a step back to understand
the kinds of nonlinearities that characterize the components
of these structures. CdO has a cubic crystal structure and
belongs to the Fm3m crystal class [35]: It does not possess
any dipolar second-order bulk nonlinearity. For simplicity,
we assume that the dysprosium doping that populates the
CdO lattice defects [29] neither alters its crystal structure nor
does it introduce bulk nonlinear sources. Similarly, Si has a
face-centered diamond-cubic crystal structure and belongs to
the Fd3m crystal class [35]. Therefore, second-order dipolar
nonlinearities are also absent in the bulk. In other words, the
only nonlinear sources present in both systems originate from
quadrupolar volume contributions and dipolar contributions
due to symmetry breaking at the interfaces. In our calculations,
we assume that the quadratic nonlinear response due to free
electrons in Dy:CdO dominates over bound electrons of both
Dy:CdO and silicon. Differently from the case illustrated in the
previous section, Eqs. (1) and (2) need to be modified to take
into account the presence of Si at the interface with Dy:CdO.
More specifically, for the internal interfaces of the multilayer,
Eqs. (1) and (2) will be modified as [33]

n̂ · Jsurf = i
n0e

3

2m2∗ω2
pεB

3ε2
FF(εB − 1) + εB[εFF(εB − εFF,d ) + 3εB(1 − εFF,d )]

(ω + iγ )(2ω + iγ )
E2

n,FF, (4)

t̂ · Jsurf = i
2n0ωe3

m2∗εB

εFF(εB − 1) + εB

(
1 − εFF,d

)
(ω + iγ )(2ω + iγ )

En,FFEt,FF. (5)
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The parameters in the equations are also modified as
follows: n0 = ε0m∗ω2

p/e2 is the free-electron density in
Dy:CdO, the effective electron mass is m∗ = 0.21me [36],
and e is the elementary charge. ωp = 2.4 × 1015 rad/s and
γ = 2.3 × 1013 s−1 are the plasma frequency and the electron
gas collision frequency in Dy:CdO, respectively [29]. εFF is
the relative permittivity of bulk Dy:CdO at the FF, εB is the
permittivity of the dielectric medium at the interfaces (i.e.,
Si at the internal interfaces and air at the first interface),
and εFF,d is the free-electron response for Dy:CdO at the
FF. In the evaluation of FIE, En,FF and Et,FF are assessed
at the interfaces considering the values of the electric fields
immediately inside the Dy:CdO regions. We stress that we
did take into account only the nonlinear contributions arising
from Dy:CdO free electrons and did not include the nonlinear
contributions arising from Si, which are only due to bound
electrons and are expected to be negligible. Such simplification
allows us to compare the nonlinear behavior of a single slab of
Dy:CdO with multiple layers of the same material, without
introducing additional nonlinear contributions arising from
other media.

We then calculate and compare the total emitted SH
conversion efficiency for both structures. Figure 4(d) shows
that the Dy:CdO/Si multilayer (LENZ) outperforms the CdO
slab (IENZ) [Fig. 4(c)] by approximately 20 times in terms of
efficiency. Moreover, owing to the peculiar field localization
achieved at the surfaces of Dy:CdO in both structures (not
shown), we are able to observe relatively high conversion
efficiencies without resorting to any resonant mechanism nor
to bulk dipolar nonlinearities. These results not only confirm
the predictions of the previous section that showed how a
LENZ outperforms an IENZ material even in presence of
higher losses, but also prove that for the LENZ case it is
not necessary to operate too close to the zero-crossing point
for the real part of the effective permittivity as for the IENZ
case. Indeed, the LENZ in Fig. 3(a) has an imaginary part of
the dielectric permittivity twice the value for the slab of CdO.
To put the SHG performance of the proposed structure in
the context of conventional and emerging nonlinear materials,
the pump-to-SH conversion efficiency in the 200-nm-thick
Dy:CdO/Si multilayer is equivalent to that obtained in a
phase-matched, 1-μm-thick slab of a nonlinear material with
a bulk nonlinear coefficient equal to 30 pm/V. This means
that the LENZ material has the potential to reach efficiency
levels similar to those obtained in traditional nonlinear optical
materials [e.g., KTiOPO4 (KTP), β-BaB2O4 (BBO), LiNbO3

[37]], in nanolaminates fabricated with atomic layer deposition
[38], and in strained silicon waveguides [39]. We also note that
because the second-harmonic-generated signal is extremely
sensitive to the surrounding background material [33], by
alternating Dy:CdO with a medium with a refractive index
lower than Si, we can improve the overall conversion efficiency
from the multilayer (not shown here). However, because the
maximum FIE also depends on the choice of both materials, a
case by case evaluation might be necessary to estimate the ben-
efits of using a material with a smaller/higher refractive index.

A possible alternative approach to modify the linear and the
nonlinear response of the multilayer is also to modify the filling
ratio of Dy:CdO. As mentioned above, by either increasing
or decreasing the amount of Dy:CdO, one is able to modify

FIG. 5. (a) Plot of the maximum FIE as a function of the angle
of incidence for a ten-period Dy:CdO/Si multilayer with FR = 25%
(blue, solid line), 50% (red, dashed line), and 75% (black, dotted
line); (b) total SH conversion efficiency as a function of angle of
incidence for a ten-period Dy:CdO/Si multilayer.

the operational bandwidth of the device. As an example we
compare three multilayers composed of ten periods of Dy:CdO
and Si with filling ratios FR = 25%, 50%, and 75%, where
the filling ratio is defined as FR = a/(a + b) [see Fig. 3(a)].
The plots of maximum FIE and SHG are shown in Figs. 5(a)
and 5(b), respectively. These plots assume an incident pump
wavelength tuned at λFF = 1861 nm and IFF = 1 GW/cm2.

By changing the fraction of Dy:CdO present in the
multilayer we are altering the effective permittivity of the
material in the longitudinal (εn = εz) and transverse (εt =
εx = εy) directions, therefore modifying both linear and
nonlinear responses. For these three particular cases we
move from εx = εy = εt = 8.9 + i0.03, εz = εn = 0.02 +
i0.5 (FR = 25%) to εx = εy = εt = 5.9 + i0.06, εz = εn =
0.003 + i0.25(FR = 50%), and εx = εy = εt = 2.9 + i0.09,
εz = 0.0009 + i0.16 (FR = 75%). We see from these values
how increasing the amount of Dy:CdO in the multilayer lowers
the degree of anisotropy in the system, i.e., the transverse
component εt of the effective permittivity gets smaller. At
the same time the real part of the longitudinal component of
the dielectric permittivity εn decreases as well. As a result, the
maximum FIE follows the same trend [see Fig. 5(a)], as shown
also in Ref. [28]. Because SH generation in the multilayers
happens mostly at the surface, an increase in the maximum
FIE corresponds to an analogous behavior for the nonlinear
process. Figure 5(b) shows how we can boost or lower the total
radiated SH by simply changing the FR of the structure, prov-
ing the extreme flexibility of these kinds of structures and their
effectiveness to overcome the limitation of IENZ materials.

We stress also that the level of doping of the Dy:CdO [29]
layers provides a way to tune the epsilon-near-zero frequency
and the level of damping in the Dy:CdO layers and, therefore,
in the stack. For example, by simply increasing the Dy doping
in the CdO from 9.94 × 1019 to 3.7 × 1020 cm−3, one can
move the zero-crossing wavelength for the real part of the
dielecric permittivity of Dy:CdO from 3.6 to 1.86 μm and
lower the imaginary part of the dielectric permittivity at the
same wavelength from 0.19 to 0.13. These parameter changes
in the Dy:CdO layers in turn change the entries of the effective
permittivity tensor, a Si/Dy:CdO stack with 50% FR from εx =
εy = εt = 5.9 + i0.09, εz = εn = 0.006 + i0.38 (for doping
9.94 × 1019 cm−3) to εx = εy = εt = 5.9 + i0.06, εz = εn =
0.003 + i0.26 (for doping 3.7 × 1020 cm−3). Finally, we note
that while small variations in the thicknesses due to fabrication
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processes are not expected to alter significantly both the linear
and nonlinear responses of the stack, roughness effects may
impact the nonlinear response of the stack since the effective
mass, damping, and scattering rate can locally change at the
surfaces.

IV. CONCLUSIONS

We showed that the SH signal radiated from a LENZ
material is higher than the signal radiated from a IENZ
material, even in the presence of higher damping. An analysis
of a system with realistic material parameters not only
confirmed these findings but also suggested that the proximity
of the real part of the dielectric permittivity to the zero-crossing
point is not a critical condition to achieve efficient nonlinear
processes, provided that anisotropy is present. We found that
a ten-period Dy:CdO/Si multilayer, performing as a LENZ
medium, produces a SH radiated signal approximately 20
times higher than a 200-nm-thick slab of Dy:CdO (IENZ

medium). Our results suggest that the higher maximum FIE
values achievable in the LENZ configuration render resonant
mechanisms and bulk nonlinearities unnecessary: A 200-nm-
thick LENZ multilayer produces an overall SHG efficiency
of ∼10−5 with a pump irradiance of 1 GW/cm2, in line
with conventional and emerging quadratic-nonlinear materials.
The comparison of the nonlinear behavior of the Dy:CdO/Si
multilayer with the Dy:CdO slab therefore suggests that LENZ
materials may be able to overcome the limitations imposed by
the damping of natural IENZ materials, therefore informing
further work toward the eventual realization of a different class
of nonlinear devices currently unavailable.
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