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For the past generation eþe− storage ring colliders, we usually used natural bunch length or its impedance
lengthened value in beam-beam simulations instead of considering the impedance directly. In the future
colliders, such as FCC-ee and CEPC, the beam-beam interaction becomes essentially three dimensional. In
order to increase the luminosity, the future accelerators will collide very intense beams of high energy with
low emittances and small beta functions at the collision points exploiting the crabwaist collision schemewith
a large Piwinski angle. For these extreme parameters several new effects become important for the collider
performance such as beamstrahlung, coherent X-Z instability, 3D flip-flop so that the longitudinal beam
dynamics should be also treated in a self-consistent manner. In this paper we describe the numerical code for
the self-consistent 3D beam-beam simulations including beamstrahlung and the longitudinal beam coupling
impedance and study interplay of different effects arising in beam-beam collisions of the future colliders.
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I. INTRODUCTION

The beam-beam interaction in storage rings has been
studied since 1960 (see [1], as an example). A lot of fruitful
work has been done since then in order to improve the
collider performance. Different techniques and collision
schemes have been proposed to increase their luminosity
[2]. For the last generation of electron-positron factories, a
collision of intense multibunch beams was one of the main
ingredients to increase their luminosity. The crossing angle
between colliding bunches was necessary to alleviate the
parasitic beam-beam interaction and the operations with the
horizontal crossing angle were successful at the lepton
particle factories such as KEKB [3], DAΦNE [4]
and BEPCII [5]. For these machines the Piwinski angle

Φ ¼ ðσz=σxÞ tanðθ=2Þ was chosen to be relatively modest,
of the order of 0.5 (1.7 in DAΦNE only after 2007), to
avoid an excessive geometric luminosity reduction and to
diminish the strength of synchrobetatron resonances arising
from the beam-beam interaction with the crossing angle.
However, it has been noticed by several authors that a

large Piwinski angle can help to increase the luminosity
[6–8]. The most important feature is that the large
Piwinski angle allows squeezing the vertical beta function
βy at the interaction point (IP) down to the scale σx=θ [9].
In addition to the possibility of having very small beam
sizes at IP, such a collision scheme also reduces sub-
stantially the horizontal beam-beam tune shift [10] and
also helps suppressing the vertical synchro-betatron res-
onances [11].
The further luminosity increase can be reached applying

the crab waist (CW) collisions scheme by installing
dedicated sextupoles in the interaction region before and
after the interaction point and by imposing special con-
ditions on the betatron functions at the sextupole locations
and on the phase advance between the sextupoles and IP
[9]. The crab waist collision scheme eliminates the beam-
beam resonances arising (in collision without CW) due to
the vertical motion modulation by the horizontal betatron
oscillations [12,13].
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For the first time a combination of the large Piwinski
angle and the crab waist collisions has been successfully
applied in DAΦNE [14] and since recently it is exploited at
SuperKEKB giving very promising results [15].
The first electron-positron Higgs factory based on

circular storage rings was proposed already several months
before the official announcement of the Higgs boson
discovery [16]. The proposal has evolved, first passing
to DLEP, the eþe− collider having the double LHC
circumference, and then to TLEP Triple LEP hosted in a
80 to 100 km tunnel [17]. At present the two 100 km long
electron-positron colliders, FCC-ee in Europe [18] and
CEPC in China [19], are under study as possible future
accelerators to explore the properties of the Higgs, Wand Z
bosons as well as the top quark production thresholds with
unprecedented precision.
In order to reach the high luminosity, both colliders are

expected to use the crab waist collision scheme with a large
Piwinski angle relying on collisions of very intense multi-
bunch beams of high energy with low emittances and small
betatron functions at the interaction point. For these
extreme parameters several new effects become important
for the collider performance such as beamstrahlung [20],
coherent X-Z instability [21] and 3D flip-flop [22].
Beamstrahlung is the synchrotron radiation induced by
beam-beam force. The X-Z instability, which appears in the
correlated head-tail motion of two colliding beams, is a
novel coherent beam-beam instability in collisions with a
large crossing angle. The beam dynamics becomes essen-
tially three dimensional and the longitudinal motion can no
longer be considered as frozen. Moreover, interplay of
different beam dynamics effects becomes very much
important for the choice of the collider parameters and
their optimization.
In both future lepton colliders beamstrahlung leads to a

substantial energy spread growth and bunch elongation in
beam-beam collisions [18,19]. On the other hand, the
bunch electromagnetic interaction with surrounding accel-
erator equipments, described in terms of beam coupling
impedance, also results in a notable bunch lengthening
[19,23,24]. In addition, the impedance is responsible of the
synchrotron tune reduction and synchrotron tune spread
increase [23]. Beyond the threshold of the microwave
instability that is driven by the coupling impedance the
energy spread starts growing and the internal bunch
oscillations can take place. In the conceptual design reports
of the future colliders [18,19] these effects, beamstrahlung
and the impedance related effects, have been studied
separately.
Recently the first semianalytical model has been devel-

oped to study interplay of these effects [25]. In particular, it
has been shown that the bunch becomes somewhat longer,
the energy spread slightly reduces and the synchrotron
frequency reduction gets smaller. However, the model
assumes that the bunch current stays below the microwave

instability threshold and the beam dynamics is not affected
by the beam-beam instabilities.
The real situation is even more complicated since the

newly discovered coherent beam-beam instability arising in
collisions with a large crossing angle [21] couples the
transverse and longitudinal planes of motions (the X-Z
instability). In turn, the beamstrahlung and the beam
coupling impedance will affect the coherent instability
and the 3D flip-flop respectively. The performance of
the colliders and the choice of the good working points
will also be affected by the combined effects. Thus fully 3D
self-consistent simulations of beam-beam interaction
including beamstrahlung and the beam impedance are
urgently required for the collider parameter optimization
and interplay of the different effects is to be studied in
detail.
In Sec. II we describe the 3D numerical code IBB that

has been developed to perform such studies, while Sec. III
discusses the principal results of the numerical simulations.
Here we mainly focus on studies of the X-Z instability and
its impact on the future collider performance. In subsection
A of Sec. III we show the self-consistent results for CEPC
including both the impedance and beamstrahlung effects. In
subsections B and C these effects are studied separately in
order to understand the results obtained in subsection A.
Finally in subsection D of Sec. III we consider the real
scenario for future colliders including the bootstrapping
injection in collision. The summary of the results is given
in Sec. IV.

II. MODEL OF SIMULATION

The simulation code IBB used in the paper has been
developed for the design and optimization of BEPCII [26],
and has been extended to support large Piwinski angle
collision, beamstrahlung effect, multiple bunches/multiple
IPs. In the code, the one turn map is the following:
(1) beam-beam interaction at IP, where beamstrahlung
may be considered. (2) linear map considering synchrotron
radiation effect (dampingþ fluctuation) [27] during the
transportation through the arc. (3) longitudinal wakefield of
the whole ring lumped at IP before collision.

A. Beam-beam interaction

Since the beam-beam force is very nonlinear, the
quantitative study requires comprehensive numerical sim-
ulations. In the early stage, the rigid bunch model has been
used to study the coherent mode [28]. The weak-strong
simulation method has been generally used to design
colliders [29–32] based on the prediction of luminosity
and the lifetime estimation due to the formation of non-
Gaussian halos [33,34]. With weak-strong model, wide-
range parameters scan is possible even nowadays.
Due to the hourglass effect, the geometric luminosity

reduction and the transverse beam-beam blowup depend on
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the finite bunch length. In order to take this effect into
account, the colliding bunches are sliced in the longitudinal
direction. In order to speed up the convergence of the slice
number, the potential interpolation method is used [35].
The Lorentz boost map [6] is used to consider the

horizontal crossing angle. The bunch slice number is
usually about ten times the Piwinski angle.
In order to calculate the beam-beam potential, we

directly solve the Poisson equation by applying the
particle-in-cell (PIC) method. The fast Fourier transform
(FFT) method using shifted integrated Green function [36]
is adopted, which is very helpful to handle the separated
slice-by-slice collision in large Piwinski angle collision.
The strong-strong simulations of the beam-beam inter-

action with a large Piwinski angle are very time consuming
[37]. So we prefer to use the synchro-beam mapping
method [38] to model the slice-slice collision, where
the Gaussian approximation is used. In addition, we update
the slice transverse RMS size in each slice-slice collision.
The Gaussian strong-strong method used in the paper is
about one order of magnitude faster than the PIC strong-
strong method.
Beamstrahlung is the synchrotron radiation induced by

beam-beam force. The energy of beamstrahlung photons
emitted during collision is much higher than that from the
normal bending magnets. The random emitted photon
energy is modelled using bending magnet radiation with
the Monte-Carlo method [39].

B. Longitudinal wakefield

The longitudinal wake potential is calculated self-
consistently and taken into account directly before IP in
each turn. The wake potential VðtÞ is defined as the energy
loss per unit charge for a particle. The voltage spectrum
could be obtained by multiplying the current spectrum by
the impedance

ṼðωÞ ¼ −ĨðωÞZkðωÞ: ð1Þ

where the longitudinal impedance ZkðωÞ is defined as the
Fourier transform of the wake function Wkðz ¼ −ctÞ, i.e.,
the Green function of a point charge [40]:

ZkðωÞ ¼
Z

∞

−∞

dz
c
e−iωz=cWkðzÞ: ð2Þ

The current could be written as an integral over a frequency
spectrum:

IðtÞ ¼
Z

∞

−∞

dω
2π

e−iωtĨðωÞ: ð3Þ

The effective rf voltage reduction due to the longitudinal
wakefields results in the bunch lengthening in the case of
the potential well distortion (PWD). The same voltage

reduction results also in the synchrotron frequency reduc-
tion [41]. A semianalytical model has been developed
recently to study the combined effect of beamstrahlung due
to collision and coupling impedance in the future lepton
colliders [25]. In the following we will show the impact of
the coupling impedance on the X-Z instability. It could be
expected that the stable areas in horizontal tune space
would shift because of the synchrotron frequency reduction
induced by the impedance.

C. Cross-check

The beam-beam interaction code IBB has been devel-
oped since about 2005 [26]. It has been checked in BEPCII,
and the luminosity difference is about 10%–20% [42]. It
has further been crosschecked with another strong-strong
code BBSS [43], considering beamstrahlung effect [44]. The
consideration of longitudinal impedance is the new feature
of IBB, where the wake potential is computed by frequency
domain multiplication of impedance and beam spectrum.
Fig. 1 shows the longitudinal bunch distribution simulated
by ELEGANT [45] and IBB, where collision is turned off and
parameters in Table I are used except bunch population
(N ¼ 3.12 × 1010). The result of the two codes coincides
very well. Here the impedance of CEPC has been used in
the simulation. The bunch lengthening and energy spread is
also checked using FCC-ee parameters and resistive wall
data without collision [46], and the result agrees well with
that presented in [23].
CEPC impedance model, which includes both resistive

wall and the dominant geometrical impedances, has been
used in the following studies. More detailed descriptions of
the impedance can be found in [47]. The real and imaginary
part of the longitudinal impedance are shown in Fig 2. The
geometrical impedances are calculated with codes CST [48]
and ABCI [49], while the resistive wall impedance is
calculated with the theoretical formula [50].

III. SIMULATION RESULT

The parameters used in this paper are listed in Table I. Note
that with respect to CEPC CDR data [19], the horizontal beta

FIG. 1. Longitudinal distribution (collision off) obtained using
ELEGANT and IBB considering the CEPC longitudinal impedance
model.
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function at IP has been reduced from 0.2m to 0.15m in order
to mitigate the X-Z instability. Since there are two symmet-
rical IPs in the rings, the parameters listed here are for half
ring. We do not consider the multiple IP effect in the paper.
With large Piwinski angle, the good region of tune footprint is
reduced to the area bounded by the main coupling resonance
Qx −Qy ¼ n, sextupole resonanceQx þ 2Qy ¼ n, and half-
integer resonance 2Qx ¼ 1 with its synchrotron satellites
[22]. Since the instability we are interested in is not sensitive
to the vertical tune, the fractional part of vertical tune is kept
constant at 0.61.

A. Self-consistent simulation

In this section we compare two scenarios, with and
without longitudinal impedance [47]. In both cases the

beamstrahlung effect is turned on. The calculated equilib-
rium bunch length is 7.39=7.20 mm with and without
impedance respectively. The equilibrium energy spread is
1.05=1.13 × 10−3 with and without impedance respec-
tively. It could be noticed that the bunch length is longer,
while energy spread is smaller when the longitudinal
wakefield is considered, even if the difference is only
about a few percent. When we consider wakefield self-
consistently, it is very natural to expect that the bunch will
be longer than that only with beamstrahlung. Since the
bending radius due to beam-beam force in large Piwinski
angle collision is proportional to σxσz [51] and the effective
length of the overlap area is proportional to σx=θ [9], the
beamstrahlung effect is weakened due to the longer bunch
length induced by wakefield. Then it could be concluded
that the equilibrium energy spread considering wakefield is
smaller.
The horizontal tune has been scanned to check the tune

width of stable collision. Since the typical phenomenon of
the X-Z coherent beam-beam effects is the growth of the
horizontal emittance, we use the growth rate of the
horizontal beam-size as the figure of merit of the instability.
Figure 3 shows the collision stability versus horizontal tune
with and without longitudinal impedance. There exist some
clear changes when the impedance is considered: (1) the
shift of stable tune area; (2) the squeeze of stable tune area;
(3) decrease of growth rate. It seems that the width of stable
working point is too narrow for the considered configura-
tions. It is necessary to re-optimize the machine parameters
and to reduce further the impedance budget. More details
on the machine parameter optimization are discussed in
[19,22]. The effect of impedance is studied by simulation in
Sec. III C.
Normally a machine is designed to run below single

bunch microwave instability threshold. In our case, the
threshold bunch population is only about 6 × 1010, which is
lower than the design bunch population 8 × 1010 [47].

TABLE I. Machine parametersa.

Energy E (GeV) 45.5
Bunch population N (1010) 8
Emittance ϵx=y (nm/pm) 0.18=1.6
Beta at IP β�x=y (m/mm) 0.15=1.0
Synchrotron tune νs 0.014
Damping time (turn) (X/Y/Z) 5055.6=5055.6=2527.8
Bunch length σz (mm) 2.42=7.20=7.39
(SR=BS=BSþ ZL)
Energy spread σp (10−4) 3.80=11.3=10.5
(SR=BS=BSþ ZL)
Piwinski angle 7.7=22.9=23.3
(SR=BS=BSþ ZL)
Beam-beam ξx 0.037=0.0042=0.0041
(SR=BS=BSþ ZL)
Beam-beam ξy 0.25=0.084=0.082
(SR=BS=BSþ ZL)

aSR: Only considering synchrotron radiation in the ring and
without collision. BS: Collision with beamstrahlung effect is also
considered. BSþ ZL: Both beamstrahlung and longitudinal
coupling impedance are also considered.

FIG. 2. The longitudinal impedance of CEPC.
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Fig. 4 shows the evolution of RMS energy spread with and
without collision considering longitudinal wakefield at
design bunch population. The violent instability due to
impedance alone is damped by the beam-beam interaction
with beamstrahlung effect, where the bunch length/energy
spread is increased by a factor of 3. The microwave
instability would not be a concern in collision with the
help of beamstrahlung.

B. Beamstrahlung effect

In order to study the influence of the beamstrahlung
effect alone on the beam-beam instability, the impedance is
totally neglected here. To clarify possible beam dynamics
effects of the beamstrahlung, we turn it off and on and scan
the horizontal tune to check the difference. The equilibrium
bunch length and energy spread without beamstrahlung is
kept same as that with beamstrahlung in collision by tuning
the natural equilibrium value (only considering synchrotron
radiation) of the ring, where the longitudinal damping time
does not change. Same bunch length and energy spread
ensure the same beam-beam parameter with and without
beamstrahlung in collision.
Figure 5 shows the difference of the collision stability

with and without beamstrahlung. The left bound of one
stable tune area is not sensitive to the model, with or
without beamstrahlung, and the distance to the nearest
resonance line is about 0.004, the value of beam-beam ξx.
But the right bound would shift about 0.004, the value of

ξx, when we turn on the beamstrahlung effect. That is to
say, the width of stable collision tune area would be
reduced by about ξx. It has already been pointed out in
[22] that ξx=νs should be small enough, and here this
condition is proven again.
It is clear that the collision without beamstrahlung is

more stable for same final equilibrium bunch length and
energy spread. This could be explained by the fact that
radiation coming from horizontal beam-beam force
depends on the horizontal coordinate, which enhances
the X-Z instability. According to the analysis of [51],
the bending radii in horizontal and vertical plane during
collision is similar.

C. Longitudinal wakefield

In order to study the influence of longitudinal coupling
impedance on the beam-beam instability, the beamstrah-
lung effect is switched off here. The equilibrium bunch
length and energy spread during collision are kept same
with and without longitudinal coupling impedance, which
ensure the same beam-beam parameter. This could help to
evidence the effect of the wakefield alone. The value of
equilibrium bunch length and energy spread here is tuned to
be equal to that with both beamstrahlung and longitudinal
coupling impedance by changing the natural synchrotron
radiation equilibrium ones.
The horizontal tune is scanned with and without longi-

tudinal coupling impedance, which is shown in Fig. 6. The
effect is similar to that we have found before: (1) stable tune
area is shifted; (2) stable tune area is squeezed; (3) insta-
bility growth rate is lower. The incoherent synchrotron tune
shift and spread with and without the longitudinal wake-
field is shown in Fig. 7. As we can see analyzing Fig. 6 and
Fig. 7, the stable areas horizontal tune shift can be
explained by the impedance related synchrotron tune shift.
For example, the shift of the coherent beam-beam reso-
nance from Qx ¼ 0.57 to 0.56 shown in Fig. 6 corresponds
to the longitudinal tune shift of about 0.002 (see Fig. 7)
multiplied by 5 that is the resonance number. In our
opinion, the larger tune spread helps to reduce the growth
rate of the beam-beam instability presumably due to the

FIG. 3. The horizontal beam size growth rate versus horizontal
tune with and without longitudinal coupling impedance (ZL).
Beamstrahlung (BS) effect is turned on.

FIG. 4. Evolution of RMS energy spread considering longi-
tudinal wakefield (ZL) with and without collision. Beamstrah-
lung effect is turned on during collision.

FIG. 5. The horizontal beam size growth rate versus horizontal
tune with and without beamstrahlung effect (BS). The stable
equilibrium bunch length and energy spread is same between the
two cases, where σz;SR and σp;SR are tuned in latter case.
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Landau damping effect. The safe area squeezing due to the
longitudinal wakefields certainly deserves further deeper
studies possibly supported by analytical estimates and
evaluations.

D. Bootstrapping injection

The bootstrapping injection [52] is a must for the future
storage ring colliders because of the new X-Z coherent
instability and the 3D flip-flop phenomenon [22]. The

filling of the two beams in themachine is interleaved, and the
imbalanceof thecharges of both beams is keptwithin a certain
relative difference. We have performed a numerical scan of
the horizontal tune for different bunch intensities thus
simulating the injection process. In order to simplify the
procedure the colliding bunch currents are considered to be
equal, and we initiate higher current collisions starting with
the equilibriummacroparticles data obtained at lower current.
In this case, the possible 3D flip-flop effect is ignored to a
large extent. If the collision is not stable at some specific tune,
we will use the equilibrium macroparticles data of nearest
stable working point for higher current collision. The hori-
zontal tune scan result is shown in Fig. 8 with and without
wakefield. As it is shown, the shape of the stable region is
strongly distorted by the longitudinalwake filed. Thewidth of
safe area at design bunch population (N ¼ 8 × 1010) is
respectively 0.002 and 0.004 with and without wakefield.
The stable region shifts with the increase of bunch population
due to the change of incoherent synchrotron tune, while it
remains fixed without wakefield.

IV. SUMMARY

In the conventional case, the longitudinal dynamics is
nearly not affected by beam-beam interaction. However it is
totally different in future eþe− storage ring colliders, such
as CEPC/FCC-ee, where the bunch will be lengthened by
the beamstrahlung effect in collision. Another important
aspect for future lepton colliders is that there may exist
head-tail like horizontal-synchrotron(X-Z) coherent insta-
bility in the case of large Piwinski angle collision. That is to
say the horizontal oscillation will be affected by the
longitudinal dynamics due to the beam-beam force. The
blowup of horizontal beam size will change the beam-beam
interaction and the corresponding beamstrahlung effect.
Since the longitudinal wakefield would distort the longi-
tudinal oscillation, it is self-consistent to directly consider
the longitudinal wake force in the beam-beam simulation.
The separate and combined effect of beamstrahlung and
longitudinal beam coupling impedance at the Z factory is
studied by simulation for CEPC case.

FIG. 6. The horizontal beam size growth rate versus horizontal
tunewith andwithout longitudinal coupling impedance (ZL),where
beamstrahlung (BS) effect is turned off in both cases. The stable
equilibrium bunch length and energy spread is same between the
two cases, where σz;SR and σp;SR are tuned in latter case.

FIG. 7. Incoherent synchrotron tune with and without longi-
tudinal wake (ZL), where beamstrahlung (BS) effect is turned off.
The stable equilibrium bunch length and energy spread is same
between the two cases,where σz;SR and σp;SR are tuned in latter case.

FIG. 8. Growth rate of horizontal beam size during bootstrapping injection for different tune. The left/right figure is for the case with
and without impedance respectively.
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The simulation study shows that the beamstrahlung
effect strengthens the X-Z instability by squeezing the
width of stable working point area about the value of
horizontal beam-beam parameter. The distance between left
bound of one stable region and the nearest resonance line
νx ¼ 0.5þ nνs is about ξx, which is not sensitive to the
beamstrahlung effect. This is different for the right bound,
which shifts toward the left by about ξx comparing to that
without beamstrahlung effect. To ensure that the width of
stable tune area is as large as ξx, Qs=ξx should be larger
than 3 considering the beamstrahlung effect.
It is clearly found that the potential well effect of the

longitudinal impedance may induce a safe area shift of tune
space in collision due to the incoherent synchrotron tune
shift. The larger tune spread helps to reduce the growth rate
of the X-Z instability presumably due to the Landau
damping effect. The reduction of stable working point
space deserves further deeper studies possibly by analytical
estimates.
The interplay of beamstrahlung effect and longitudinal

wakefield leads to some additional bunch lengthening and
energy spread reduction compared to that which only
considers beamstrahlung effect. With the help of beam-
strahlung effect, the collision could even be implemented
above the single bunch microwave instability threshold.
But the stable area is very limited and not easily achievable
for our example.
The self-consistent simulation including beamstrahlung

and longitudinal impedance is important and a must to
study the stability of collision in future eþe− storage ring
colliders. Both the machine parameters and impedance
budget should be optimized carefully. We do not consider
the possible asymmetry of the two colliding bunches,
where 3D flip-flop may be a concern. Different impedance
in two rings will make the picture more complicated. The
theory analysis is being developed to evaluate the stability
of the influence coming from longitudinal impedance in the
case of large Piwinski angle. A whole self-consistent
simulation considering real lattice and wakefield will be
future work.
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