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Abstract

District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the 
greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat
sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, 
prolonging the investment return period. 
The main scope of this paper is to assess the feasibility of using the heat demand – outdoor temperature function for heat demand 
forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 
buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district 
renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were 
compared with results from a dynamic heat demand model, previously developed and validated by the authors.
The results showed that when only weather change is considered, the margin of error could be acceptable for some applications
(the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation 
scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). 
The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the 
decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and 
renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the 
coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and 
improve the accuracy of heat demand estimations.
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Abstract

This work deals with fluid dynamic simulations of high enthalpy flows. Thermochemical non-equilibrium, typical of such flows,
was modelled by using the well known multi-temperature model developed by Park. The non-equilibrium model was implemented
in a 2D finite volume solver of the Euler equations and was assessed by comparing the results with available experimental mea-
surements. Several test cases concerning 2D and axisymmetric expansion nozzles were performed by varying gas composition and
stagnation temperature.
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1. Introduction

The analysis of high enthalpy flows is important for several engineering applications such as atmospheric entry
problems, hypersonic transcontinental flights [1], combustion, flows through exhaust valves etc. Moreover, this subject
is also relevant for fundamentals physics.

One of the main issue in modelling high enthalpy flows is that the relaxation time of internal states and chemical
reactions can be comparable with the fluid dynamic characteristic time, making the flow a system in thermochemical
non-equilibrium. One of the most popular approaches to thermochemical non-equilibrium is the multi-temperature
model proposed by Park [2]. Such model assigns a single temperature to translational and rotational degrees of free-
dom (translational temperature), on the other hand, a different temperature (vibrational temperature) is assigned to
vibrational levels which are supposed to follow a Boltzmann distribution and evolve according to a Landau-Teller
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law. Moreover, reaction rate coefficients are supposed to follow the semiempirical Arrhenius law with a controlling
temperature that is a weighted geometrical mean of translational and vibrational temperatures.

The aim of the present work is to assess the capability of the Park’s model [2] and to investigate non-equilibrium
effects in expansion nozzles. To this end, the Park’s model for a neutral air mixture was integrated in a 2D finite
volume solver of the Euler equations [3, 4]. Such model involves five neutral species, i.e., N2, O2, NO, N, O, which
evolve following a kinetic mechanism of 17 reactions, and it considers three vibrational temperatures (one for each
molecule).

The model was assessed by considering the experimental setup of Sharma and Ruffin [5], which deals with a
high entalpy nitrogen flow in a 2D nozzle. Moreover, a study of non-equilibrium effects by varying gas composition,
stagnation temperature, and geometry configuration was also performed.

The work is organized as follow: in Section 2.1 the governing equations are presented. Then in Section 2.2 the
Park’s model implemented in this work is described. In Section 2.3 the numerical approach is summarized. The
results are presented in Section 3. Finally, the conclusions are summarized.

2. Fluid dynamic model

2.1. Governing Equations

The flow field was simulated by solving the 2D Euler equations for a multicomponent mixture of reactive gases
which in integral vector form read

∂

∂t

∫
V0

UdV +
∮

S 0

F · ndS =
∫

V0

WdV. (1)

The vector of unknown conserved variables, the fluxes along x and y directions and the source term are defined as
follows:

U = [ρ1, . . . , ρS , ρu, ρv, ρe, ρ1εvib,1, . . . , ρMεvib,M]T , (2)

F = (Fx,Fy), (3)

Fx = [ρ1u, . . . , ρS u, ρu2 + p, ρuv, (ρe + p)u, ρ1εvib,1u, . . . , ρMεvib,Mu]T , (4)

Fy = [ρ1v, . . . , ρS v, ρuv, ρv2 + p, (ρe + p)v, ρ1εvib,1v, . . . , ρMεvib,Mv]T , (5)

W = [ω̇1, . . . , ω̇S , 0, 0, 0, ω̇vib,1, . . . , ω̇vib,M]T , (6)

where ρs is the gas density of the species s, S is the total number of species, p is the gas pressure, u and v are the flow
velocity component, respectively in the x and y directions, e is the specific total energy, εvib,m is the specific vibrational
energy of molecule m and M is the total number of molecules. The total density is given by ρ =

∑
s ρs. {ω̇s} are the

chemical source terms, whereas
{
ω̇vib,m

}
are the vibrational energy source terms.

A relation between p and e is employed to close the system (1) [6]

p = (γ̄ − 1)
[
ρe − ρ (εvib + εchem) − ρu2 + v2

2

]
, (7)

where γ̄ is the specific heats ratio of the gas mixture, εvib and εchem are the total contribution of vibrational and
chemical energies given by

εvib = 1/ρ
M∑

s=1

ρmεvib,m, (8)

εchem = 1/ρ
S∑

s=1

ρsh
f
s , (9)

where h f
s is the formation enthalpy per unit mass of species s. More details can be found in Refs. [4, 6].
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2.2. Park’s thermochemical model

For a five species neutral air mixture the Park model considers a total of 17 reactions, i.e., 15 dissociation reac-
tions (five for each molecule)

N2 + X↔ 2N + X, (10)

O2 + X↔ 2O + X, (11)

NO + X↔ N + O + X, (12)

where X is the generic collision partner, i.e., N2, O2, NO, N or O, and two Zeldovich (exchange) reactions

NO + O↔ N + O2, (13)

N2 + O↔ NO + N. (14)

The chemical source terms {ω̇s} were evaluated by using the law of mass action

ω̇s = Mws

Nr∑
i=1

νsiRRi, (15)

where Nr is the number of reactions, Mws is the molecular weight of the species s, νsi is the difference between the
product and reactant stoichiometric coefficients of the species s in the ith reaction and RRi is the reaction rate of the ith

reaction given by

RRi = k fi

S∏
s=1

Cν
′
is

s − kbi

S∏
s=1

Cν
′′
is

s , (16)

where k fi and kbi are the forward and backward reaction rate coefficients, ν′is and ν′′is are the reactant and product
stoichiometric coefficients of the species s in the ith reaction and Cs is the molar concentration of the species s.
Forward rate coefficients follow a semiempirical Arrhenius law

k fi = AiT ni
x exp

−
Tdi

Tx

, (17)

where constants Ai, ni and Tdi are given in Ref. [2, p. 326] [7]. Following Park [2, p. 138] [7], the controlling temper-
ature Tx is the translational temperature (T ) for the Zeldovich (exchange) reactions whereas a geometrically averaged
temperature in the case of dissociation reactions, i.e.,

Tam = T q
Vm

T 1−q, (18)

where TVm is the vibrational temperature of molecule m and q is a parameter here assumed equal to 0.5. In the present
work a separate TVm was considered for each molecule, solving the corresponding energy transport equation. Forward
and backward reaction rate coefficients are connected by the equilibrium constant,

Keqi =
k fi

kbi

, (19)

whose expression are given in Ref. [2, p. 35].
The vibrational energy source term of molecule m

{
ω̇vib,m

}
is written as the sum of a collisional

{
ω̇LT,m

}
and a

chemical
{
ω̇chem,m

}
part [2, p. 125].

The collisional term follows the Landau-Teller equation

ω̇LT,m = ρm
εvib,m(T ) − εvib,m(TVm )

τm
, (20)
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(a) Computational grid along with boundary conditions

-0.02 0 0.02 0.04 0.06 0.08 0.1

(b) Numerical and experimental axial temperature profiles

Fig. 1. Sharma and Ruffin [5] test case: 65 × 47 fluid cells computational grid along with boundary conditions (a). Numerical and experimental
axial temperature profiles (b).

where εvib,m(T ) is the vibrational energy at equilibrium and τm is the relaxation time evaluated with the Millikan-White
expression [8] [2, p. 58] [7] plus a correction for high temperatures [2, p. 60] [7].

The chemical
{
ω̇chem,m

}
contribution reads [2, p. 107, 126]

ω̇chem,m =
Dm

2
ω̇m, (21)

where Dm is the dissociation energy per unit mass of molecule m.
Finally, the harmonic oscillator model is used to evaluate vibrational energies

εvib,m =
Rmθm

exp(θm/TVm ) − 1
, (22)

here θ is the characteristic vibrational temperature equal to 3393 K, 2273 K and 2739 K for the N2, O2 and NO
molecules, respectively [2, p. 123]. Further details can be found in Ref. [4].

2.3. Numerical method

The system of governing equations (1) is solved by using an operator-splitting procedure [6]. This approach sepa-
rates the equations into a homogeneous part (non-reactive Euler equations) and one concerning source terms (chemical
step). The two systems are thus solved in two successive steps.

In the present implementation, convective fluxes of the homogeneous part can be solved by using either the Steger
and Warming flux vector splitting approach [9] or the AUSMPW+ scheme of Kim et al. [10] (here MUSCL method
can be used to get higher accuracy). Time integration is entrusted to a two-step 2nd or three-step 3th order Runge-Kutta
scheme.

As far as the chemical step is concerned, in order to take into account the stiffness introduced by chemical reactions,
a Gauss-Seidel iterative scheme was employed. Here the time step is a fraction of the fluid dynamic one which in turn
is evaluated on the basis of the CFL condition. More details on the model are give in Ref. [6].

3. Results

In order to assess the accuracy and reliability of the computational model, the well known experimental results
obtained in the Electric Arc Shock Tube (EAST) facility at NASA Ames Research Center by Sharma and Ruffin [5]
were considered. Such results have already been employed in Ref. [6] to assess a state-to-state (StS) model.
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Table 1. Test cases initial conditions. (Based on Ref. [6])

Test cases Thermochemical inlet conditions (T0 = 5600 K, TVm = 5600 K, P0 = 100 atm)

(1) Nitrogen flow [5] N2 molar fracion 0.9884
N molar fracion 0.0116

(2) Oxigen flow O2 molar fracion 0.2834
O molar fracion 0.7166

(3) Five species air flow N2 molar fracion 0.64844
O2 molar fracion 0.02831
NO molar fracion 0.08730
N molar fracion 0.00941
O molar fracion 0.22653

Thermochemical inlet conditions (T0 = 7000 K, TVm = 7000 K, P0 = 100 atm)

(4) Nitrogen flow N2 molar fracion 0.9063
N molar fracion 0.0937

(5) Five species air flow N2 molar fracion 5.8532e-1
O2 molar fracion 4.8989e-3
NO molar fracion 4.9202e-2
N molar fracion 7.5298e-2
O molar fracion 2.8528e-1

Thermochemical inlet conditions (T0 = 9000 K, TVm = 9000 K, P0 = 100 atm)

(6) Nitrogen flow N2 molar fracion 0.5096
N molar fracion 0.4904

(7) Five species air flow N2 molar fracion 3.2610e-1
O2 molar fracion 5.8082e-4
NO molar fracion 1.7167e-2
N molar fracion 3.9227e-1
O molar fracion 2.6388e-1

-0.02 0 0.02 0.04 0.06 0.08 0.1

(a) 2D pure oxygen flow

-0.02 0 0.02 0.04 0.06 0.08 0.1

(b) 2D five species air flow

Fig. 2. Normalized axial temperatures profiles for a 2D nozzle with T0 = 5600 K and P0 = 100 atm: pure oxygen flow (a); five species air flow (b).

In their work Sharma and Ruffin [5] measured the vibrational relaxation of nitrogen in a 2D expansion nozzle by
using the Raman scattering technique. The 2D converging-diverging nozzle has a throat height of 0.64 cm, located at
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-0.02 0 0.02 0.04 0.06 0.08 0.1

(a) 2D pure nitrogen flow with T0 = 7000 K

-0.02 0 0.02 0.04 0.06 0.08 0.1

(b) 2D five species air flow with T0 = 7000 K

-0.02 0 0.02 0.04 0.06 0.08 0.1

(c) 2D pure nitrogen flow with T0 = 9000 K

-0.02 0 0.02 0.04 0.06 0.08 0.1

(d) 2D five species air flow with T0 = 9000 K

Fig. 3. Normalized axial temperatures profiles for a 2D nozzle flow with P0 = 100 atm by varying T0 and gas composition: (a) and (c) pure nitrogen
flow with T0 = 7000 K and T0 = 9000 K, respectively; (b) and (d) five species air flow with T0 = 7000 K and T0 = 9000 K, respectively.

2.5 cm downstream of the stagnation chamber, a total length of 10.8 cm and a width of 10.0 cm. According to Ref. [5],
downstream of the throat, the nozzle section area (A) follows the law:

A
At
= 1 +

( x
2.54

)2
, (23)

where At and x are the section area at the throat and the axial distance from the throat (expressed in cm), respectively.
The same law was also used to give the section area of the convergent part. Nitrogen stagnation temperature (T0) and
stagnation pressure (P0) are roughly 5600 K and 100 atm, respectively. The same computational setup of Ref. [6]
was used. Specifically, exploiting the symmetry condition, half nozzle was simulated by using a structured grid which
includes 65 × 47 fluid cells. Convective fluxes were evaluated with the Steger and Warming flux vector splitting
scheme. Table 1 and Fig. 1 (a) show the initial condition (test case (1)) and the computational grid along with boundary
conditions, respectively.

Fig. 1 (b) shows the numerical axial profiles of the normalized translational and vibrational temperatures obtained
in this work and the StS profiles of Ref. [6] along with the experimental measure of the vibrational temperature.
The freezing of the vibrational temperature manifests a strong thermal non-equlibrium downstream of the nozzle
throat. From a quantitative point of view, the results obtained by using the Park’s model show a better agreement with
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-0.02 0 0.02 0.04 0.06 0.08 0.1

(a) Axisymmetric pure nitrogen flow

-0.02 0 0.02 0.04 0.06 0.08 0.1

(b) Axisymmetric air mixture flow

Fig. 4. Normalized axial temperatures profiles for an axisymmetric flow with T0 = 5600 K and P0 = 100 atm: pure nitrogen flow (a); five species
air mixture flow (b).

-0.02 0 0.02 0.04 0.06 0.08 0.1 -0.02 0 0.02 0.04 0.06 0.08 0.1

Fig. 5. Mass fraction (Y) and Mach number axial profiles for a five species air mixture flow: 2D (left); axisymmetric (right)

measurements compared to the ones provided by the StS approach. Such behavior is not surprising [5, 11] since the
Landau-Teller model was tuned using experimental data [8]. Therefore, for a fair comparison a different test case was
considered in Ref. [4] where details of the computational cost are also provided.

In order to investigate gas composition effects, the same computational setup was used by considering a pure
oxygen flow and a five species air mixture flow. Initial condition are summarized in Table 1 (test cases (2) and
(3)). The results in terms of translational and vibrational temperatures along the axis are given in Fig. 2. Due to
recombination processes that release energy, temperatures at the nozzle exit are higher with respect to the pure nitrogen
flow. Moreover, vibrational temperatures are closer to the translational one (for a pure oxygen flow is exactly the same)
thus showing that the relaxation of internal states is much faster.

The effect of stagnation temperature was also investigated by considering two additional T0, i.e., 7000 K and
9000 K. Both the pure nitrogen and the five species air mixture were considered (initial condition are given in Table 1,
test cases (4), (5), (6) and (7)). The results in terms of normalized axial temperatures given in Fig. 3 show that
by increasing T0 thermal non-equilibrium decreases. Indeed, especially in the case of pure nitrogen, the vibrational
temperature approaches the translational one with larger T0, thus showing a faster relaxation of internal states.
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Finally, the same nozzle profile was used with an axisymmetric condition thus studying a 3D flow but preserving the
same computational cost of a 2D one. With an axisymmetric geometry the area ratio of the exit to the throat is larger
so higher velocities develop in the divergent part of the nozzle. The stronger expansion causes larger thermochemical
non-equilibrium effects. Such effects are evident in Figs. 4 and 5 where the results concerning a pure nitrogen flow
and a five species air mixture flow (with T0 = 5600 K and P0 = 100 atm) are given in terms of axial profiles of
temperatures, mass fractions and Mach number.

As concerns the temperature profiles given in Figs. 4 (a) and (b), vibrational temperatures show a larger freezing
of internal states with respect to the same cases studied with a 2D geometry (see Fig. 1 (b) and Fig. 2 (b)).

Figs. 5 (left) and (right) show the results obtained by using both the 2D and the axisymmetric geometry, for a five
species air mixture flow, in terms of axial profiles of the species mass fractions and of the Mach number. Both cases
show a mass fraction freezing in the divergent part of the nozzle thus proving a strong chemical non-equilibrium effect.

4. Conclusions

The present paper dealt with 2D simulations of high enthalpy flows through converging-diverging nozzles. The Park
multi-temperature model, implemented in a 2D solver of the Euler equations, was assessed by comparing the results
with the experimental measures of Sharma and Ruffin [5]. In such experiments, obtained in the Electric Arc Shock
Tube (EAST) facility at NASA Ames Research Center, the authors measured the nitrogen vibrational temperature by
using the Raman scattering technique. Although the Park model is based on simplified hypotheses (a StS model would
be a better approach even though it is about three orders of magnitude more time consuming [4, 6]), numerical results
showed a good agreement with measurements. Therefore, an investigation on non-equilibrium effects was carried out
by varying gas composition, stagnation temperature and geometry configuration. As concern gas composition, the
numerical results showed that pure oxygen mixtures and five species air mixtures have a faster relaxation of internal
states with respect to a pure nitrogen mixture. Even by increasing the stagnation temperature the internal states seem
to relax faster. Finally, the use of an axysimmetric geometry causes larger non-equilibrium effects due to the stronger
expansion taking place in the nozzle.
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