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Abstract

Aim of this paper is to prove regularity results, in some Modified Local Generalized
Morrey Spaces, for the first derivatives of the solutions of a divergence elliptic second
order equation of the form

n
Lu.= Z (aij(x)ux,.)xj =V-f, for almost all x € Q
ij=1
where the coefficients g;; belong to the Central (that is, Local) Sarason class CVMO

and f is assumed to be in some Modified Local Generalized Morrey Spaces fﬁﬁ;j’}.
Heart of the paper is to use an explicit representation formula for the first derivatives of
the solutions of the elliptic equation in divergence form, in terms of singular integral
operators and commutators with Calderén—Zygmund kernels. Combining the repre-
sentation formula with some Morrey-type estimates for each operator that appears in
it, we derive several regularity results.
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Mathematics Subject Classification 35B45 - 42B20 - 42B35 - 42B37

1 Introduction and mathematical background

In this note we consider the following divergence form elliptic equation

n
Lu= Z (aij(uy), =V-f, foralmostallx € (1.1)
J
i j=1

in a bounded set 2 C R”, n > 3.
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We assume that .Z is a linear elliptic operator and its coefficients belong to the
space VM O and the vectorial field f = (f1, f2, ..., fn) is such that f; € LMP¥ for
i=1,...,n,withl < p < 0o and ¢ positive and measurable function. The space
VMO was introduced by Sarason and it is the proper subspace of the John-Nirenberg
space BMO whose BMO norm over a ball vanishes as the radius of the ball tends to
Zero.

In the last few years have been studied several differential problems on nonstandard
function spaces (see for instance [21-23]) and, in particular, several results have been
obtained on Generalized Morrey Spaces (see, for instance, [12]).

Recently, in [5,27,28] the authors studied some regularity results for solutions of
linear partial differential equations with discontinuous coefficients in nondivergence
form.

Our main result in this paper is the study of local regularity in the Generalized
Morrey Spaces LMP-% of the first derivatives of the solutions of the equation under
consideration as in the past has been done in L” —spaces and in L”** —spaces.

See, for instance, [2] where the author obtains local regularity in the classical
Lebesgue spaces L? for the first derivatives of the solutions of the equation with
discontinuous coefficients. See, also, [24] in which has been done the same in the
Morrey spaces LP+*. Hearth of the technique is the use of an integral representation
formula for the first derivatives of the solutions of Equation (1.1) and the boundedness
in L?¢ of some integral operators and commutators appearing in this formula.

Precisely, in this work we apply the boundedness on Generalized local Morrey
Spaces of singular integral operators and its commutators obtained in [13]. We would
like to point out that in the last decades a lot of authors studied the boundedness of
such operators in several functional spaces (see e.g. [1,4,14]).

Throughout the paper, we setd = sup, ,cq |x —yl, B(x,r) ={y € R":|x—y| <
r}and Q(x,r) = QN B(x, r). Furthermore, by A < B we mean that A < CB with
some positive constant C independent of appropriate quantities. f A < Band B < A,
we write A & B and say that A and B are equivalent.

Let 2 be an open bounded subset of R”, with n > 3, and f be a locally integrable
function on 2. We say that f belongs to the John-Nirenberg space BMO of the
functions with bounded mean oscillation if

1

||f||*2=SllP—f |f(x) = fpldx < o0
B |BlJB

where B ranges in the set of the balls contained in 2 and f3 is the integral average of
f over B, namely

1
fB.=§/Bf(x)dx.

We say that the number || f || is the BMO-norm of f.
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If f € BM O and r is a positive number, we set

1
nr)y:=sup — [ |f(x) — fp,ldx,
xeRn |BP| B,
p=r

where B, stands for a ball with radius p less than or equal to r. The function n(r) is
called VMO-modulus of f. We say that f € BM O is in the space VMO of functions
with vanishing mean oscillation if

i a0 =0

In the sequel we denote 7;; the VMO-modulus of the coefficient a;; and

1

2

ner)y=| > )

i,j=1

For further details on the V M O space, we refer the reader to [25] and to the references
therein.
The definition of local BM O space is as follows.

Definition 1.1 Let 1 < g < oo. A function f € L?OC(R") is said to belong to the
CBM o{qxo}(R") (central BM O space), if

/g
1£lcsaor,, = sup ) = foeonl?dy) " < oc.

r>0 <|B()C0, r)| B(xq,r)

We set

CBMO?XO}(R") ={feLl.®R") : I fllcpmor < oo}

{xo}

In [16], Lu and Yang introduced the central BM O space CBMO4(R") =
CBMO{C’O}(R”). Note that, BM O (R") C CBMO?XO}(R”), 1 < g < oo. The space
CBM Ofxo} (R™) can be regarded as a local version of BM O (R"), the space of bounded
mean oscillation, at the origin. But, they have quite different properties. The classical
John-Nirenberg inequality shows that functions in BM O (R") are locally exponen-
tially integrable. This implies that, for any 1 < g < o0, the functions in BM O (R")

can be described by means of the condition:

1 1/
sup (- [ 171 = falvaty) " < e,

r>0

where B denotes an arbitrary ball in R”. However, the space C BM O{qxo} (R™) depends
on g. If g1 < ¢, then CBMO?zo}(R") G CBMO?X'O}(R"). Therefore, there is

Xi
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no analogy of the famous John-Nirenberg inequality of BM O(R") for the space
CBMO{_,(R"). One can imagine that the behavior of CBM O,  (R") may be quite
different from that of BM O (R").

Lemma 1.2 ([17]) Let b be a function in CBMO{I;O}(]R”), 1<p<ooandry,ry > 0.
Then

1
1 P r
_— |b(y) — bB(x. |de> <C <1 + ‘ln —D ol P,
<|B(XO, DI JBxo.r) (xo.r2) r CBMO,,

where C > 0 is independent of b, r1 and r».

We say that f € CBM 0{1;0} is in the space CV M 0{’;0} of functions with vanishing
mean oscillation if

lim n(r) =0.
r—0+

The following condition is essential to the proof of the main result of the paper: A
function b is said to satisfy the well known mean value inequality if there exists a
constant C > 0 such that for any ball B C R”

1
I60) = ballmen S o / Ib(x) — bpldx. (12)
B

Also, we recall the definition of the classical Morrey Spaces, formulated by Morrey
in 1938 in [19].

For1 < p < 00,0 < A < n, we say that a measurable function f belong to the
Morrey space LP*() if its norm, defined by

1
1N sy = SUp — / | f(»)]Pdy
LPA(Q) ;i% px B(x.p)NQ

is finite.
The first author, Mizuhara and Nakai [6,18,20] extended the previous definition of
Morrey Space, introducing the Generalized Morrey Spaces (see, also [7,8,26]).

Definition 1.3 Let ¢(x, r) be a positive measurable function on € x (0, c0) and 1 <
p < oo. We denote by MP-¢(Q2) (WMP-?(R2)) the Generalized Morrey space (the
weak Generalized Morrey space), the space of all functions f € LIIZ)C(Q) with finite
quasinorm

1 1
Il fllsgpe@) = sup =N fllLr (e,
xeq @x,r) |B(x,r)|?

O<r<d

1
| fllwpare(@) = sup I fllwer @, )))-
( xeQ ¢(x, 1) |B(x,r)|% m

O<r<d
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According to this definition we obtain, for 0 < A < n, the Morrey space LP-* under

A=n
the choice p(x,r) =r 7 :

LP* = MP® f
o, r)=r P

In this note we are interested in the study of regularity properties of solutions to
elliptic equations in the local version of Generalized Morrey Spaces. In order to achieve
this purpose we need the following definitions.

Definition 1.4 Letg(x, r) beapositive measurable functionon 2x (0, d)and 1 < p <
oo. Fixed xp € €2, we denote by by LM P ‘p(Q) (WLM{X }(Q)) the local Generalized
Morrey space (the weak local Generahzed Morrey space), the space of all functions

f e LIOC(Q) with finite quasinorm

”f”LM(’;'(;p}(Q) ||f||L1’(S2(x0 r))

sup
0<r<d 9(X0, 1) | B(xo, r)| 7
1
sup
0<r<d P(X0,7) | B(x0, r)|

(1w rangs o = I er@co.m )-

Definition 1.5 Let ¢(x, r) be a positive measurable function on  x (0,d) and 1 <
p < oo. We denote by MP#(Q) (W]VI p¢ (Q)) the modified Generalized Morrey space
(the modified weak Generalized Morrey space), the space of all functions f € L”(€2)
with finite norm

I 57w ) = N llmpec) + 11 f e @)
(||f||w1\71pw9) = fllwmre) + ||f||WLI’(§2))~
According to this definition we obtain, for A > 0, the local Morrey Space LM} i

A—n
under the choice ¢(xg,r) =7 7 :

XO}

P | A%
LMl (@) = M{XO}(Q)‘W(XO S

Definition 1.6 Let ¢(x, r) be a positive measurable function on € x (0, 00) and 1 <

p < oo. Fixed xo € 2, we denote by fo:ﬁ () (Z\M{XO}(Q) the modified local
Generalized Morrey space (the modified weak local Generalized Morrey space), the
space of all functions f € LP(2) with finite norm

1 bz o = 1 g + 1 vy

(IIfIIWLM @ = I lwewps @+ 1/ lwr).
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Remark 1.7 For further details on Local Generalized Morrey Spaces, see for
instance [10,11,15].

Let 2 be a bounded open set in R”, n > 3, let us consider

n

fu = — Z (aij(x)ux[)x/_ =V. f, a.c. x € Q, (13)

ij=l

and, fixed xo € R”", we suppose that there exists p €]1, +oo[ and a positive measurable
function ¢ defined on R” x (0, co) such that:

= f) e [LMER @] (1.4)

aij(x) € LN CVMOPSP P i j=1,....m; (1.5)

ajj(x) =aji(x), Vi,j=1,...,n, aa x € Q; (1.6)

e >0k EP < aikiE; <klE]F, VEER" aa.xeQ. (1.7)

We say that a function u is a solution of (1.3) if u, dy,u € LP(R),Vi =1,...,n

and for some 1 < p < oo and

/ aijiy, @x; dx = —/ fix, dx, Vo € CO(Q).
Q Q

2 Calderéon-Zygmund kernel and preliminary results

In order to present the representation formula for the first derivatives of a solution
of 1.3, we find it convenient to present the definition of Calderén—Zygmund kernel:

Definition 2.1 Let k : R"\{0} — RR. We say that k(x) is a Calderén-Zygmund kernel
(C-Z kernel) if: .

(1) k € CZ@R"\{0});
(2) k(x) is homogeneous of degree —n;
(3) [ k(x)dx =0, where £ = {x e R" : |x| = 1}.

Many authors obtained several boundedness results for integral operators involving
Calderén—Zygmund kernels. For instance, in [3] the authors studied the boundedness
of Calder6n—Zygmund singular integral operators and commutators on Morrey Spaces.
Recently, in [13] the authors extended the previous results in Generalized Local Morrey
Spaces.

The previous theorem was proved using the following important result contained
in [10].
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Theorem 2.2 Let xg € R", 1 < g < 00, K be a Calderén—Zygmund singular integral
operator and the functions @1, @z satisfy the condition

dt < C ga(x0,7), 2.1

n
oo ess inf ¢ (xg, T) T4
/ 1<T<00
r

241

where C does not depend on r. Then for 1| < q < oo the operator K is bounded from
LMY R to LMY (R") and for 1 < q < oo the operator K is bounded from

{xo} {xo}
LM?xf}l (R™) to WLMEIX“J2 (R™). Moreover, for 1 < g < 0o

KN a2 <N flly e,
! LM{S f LM
where ¢ does not depend on xo and f and for g = 1
IKFI Loy S CILfIl s
WLM,) LM

where ¢ does not depend on xo and f.

Precisely, using the boundedness of the Calder6n—Zygmund singular integral oper-
ators from LM p-e (R”) in itself (see [10]), the following theorem is valid that will be
crucial in the sequel

Theorem2.3 Let xg € R", 1 < p < 400, K be a Calderon-Zygmund singular
integral operator and the measurable function ¢ : R" x (0, 00) — RT satisfy the
conditions

1+1n _) 1<5<00 — dt < C @y(x9,71), 2.2)
r tp

00 PN inf ¢ (xo, s)s%
[

where C does not depend onr and x.
Ifa € CBMOglCaX{p P }(R”), the commutator

la. K1(f) = aKf — K(af)

is a bounded operator from LM, P (p(R”) in itself.

Precisely, for every f € LM!: (R”) we have

{xo}

K o < .
Ila, ](f)”LM{’;(‘;’) = C”a”CBMO(";g’;“’"’,)”f”LM{ﬁ(;%

To prove Theorem 2.3, we first give some auxiliary lemmas.
In this section we are going to use the following statement on the boundedness of
the weighted Hardy operator

d
H:;g(t)::/ gw(s)ds, 0 <t <d < oo,
t
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where w is a fixed function non-negative and measurable on (0, d).
The following lemma was proved in [10], see also [9].

Lemma 2.4 Let vy, vy and w be positive almost everywhere and measurable functions
on (0, d). The inequality

ess sup v2(t) Hy g (1) < Cess sup vy (£)g(t) 2.3)

O<t<d O<t<d

holds for some C > 0 for all non-negative and non-decreasing g on (0, d) if and only

if

d
d
B :=ess supva(t) & < 00. 2.4)
0<t<d ¢+ esssupv(7)
s<t<d

Moreover, if C* is the minimal value of C in (2.3), then C* = B.

Remark 2.5 In (2.3) and (2.4) it is assumed that é =0and0-0c0 =0.

Lemma26 Let xo € R, 1 < p < 00, b € CBMO{r;(a))}({p’p/}(R") and K be a
Calderon—Zygmund singular integral operator. Then the inequality

SIS

16, K1) zesy < 10

x{p.p'y T

e t —n_q
CBMOPS /2 (1"‘1“;)[’ I fllLr(B(xo,r)dt

r

holds for any ball B = B(xq, r) and for all f € L (R™M).

loc

Proof Let 1 < p < 0o, b € BMO(R"), and K be a Calderén-Zygmund singular
integral operator. For arbitrary xo € R", set B = B(xg, r) for the ball centered at xg
and of radius . Write f = f; + f> with fj = fx2p and f> = fXC(2B)' Hence

[b, KI)@) = i+ o+ I3+ Ja = (b0 = bp) K (f)()
= K((b0) = ba) f1) () + (b) = ba) K (£2)(0) = K () = bp) £2) (o).

We get

b, KICH N ey < Iillerdy + 12lLey + 13llLr By + 1 J4llLr(B)-
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From the boundedness of K on L”(R"), (1.2) and Lemma 1.2 (see [29] [inequality
(1.3)]) it follows that:

ITillzeey < 1(BC) — bB)K (f1)O)ILrs)
<) = ballLedIK(fD)ILr(p)
SIBITMBC) = blipigs L fille@n

o0
~l+ -2

16C) = bsllLr) I flLres ro / b

2r

~ |B|

o0
n _n_q
S Wheswogy, [ I o
From (1.2) and Lemma 1.2 (see [29] [inequality (1.3)]) for J> we have

I 20lLrBy < 1K (b() = bg) fillLr )
S DG = bpllee@ 1K (f)llLr )
SIBITMBG) = blipis) I fllLres)
—1+L n i a
~ 1B 1bO) = ballie 1L f lres / b

2r

n oo n
n g
SllbIICBMO(P;O)V”/ t 7 N fllLeBxo,idt.

2r

.. C . . .
For J3, itis known that x € B, y € (2B), which implies %|x0 -y <|lx—-yl <

3
bl lxo — ¥l
By Fubini’s theorem and applying Holder inequality we have

PACOI

@B) 1xo — y|"

o0
~ f f fO)ldy =1
2r 2r<|xo—y|<t

o0
< / / | f)ldyt™ ' "dt
2r B(xq,t)

o -1 dt
< Iz B ooy 1B o, DIT 7 2

2r

|K(f2)(x)] Sﬁ

©
< / T N By dr.
2r
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Hence, from Lemma 1.2 we get

1530 Lrcs) = I1(bC) = bB)K (f2))lLr(5)

o]

_n_q
< 1bC) = baliLrs) / U e di

2r

A
N IIbllcho{;o} re t 7 N fllee B dt.

2r

For x € B by Fubini’s theorem applying Holder inequality and from Lemma 1.2
we have

FO
K((b()—0 < b
K (b0 B)fz)(an/E(2 b) = byl o= d
< - O,
2B) lxo — ¥l

/Oof () — byl | F Iy -
~ y) — OB yvay ——
2r 2r<|xp—y|<t tn_H
</°of 15 = b 1f O)ldy—
~ 5, Bxo.) y B(xq,t) y yt”“‘l

+/°°|b b |/ Fldy-
Boon = bBaonl | 1Sy S

2r

o dt
S : 1b() — bB(xg,z))”Lp/(B(xO,t)) ”f”L”(B(xo,l)) W

r

o0
-1
+/ 1bBo.r) — bBaon I FlLr By |BGxo, )7 17" 1dt
2r

0 1
< bl : / |Bxo, 7 11 fllrBg.pt™" " dt

P
cBMol, J,,

o t\ —n_q
+|IbI|CBMOp’)/ <1+1H;)f 7 I e Boond?
2

{xo r

<
SIS

00 t _n_
(1 +1n ;) t 7 | fllLeBao.dt.
2

r

Remark 2.7 The statement of Theorem 2.3 follows by Lemmas 2.4 and 2.6.

In order to achieve the regularity results, we must prove the following theorem.

Theorem 2.8 Let 2 be an open bounded subset of R", d = SUPy yeq [X — y| < 00,

Qx0,r)=QNBxo,r),x0€0<r<d l<g<p<oot=1414y

q P n
gy
Tgtx) = /Ix yl"1
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(i) Let 1 < q < o0. If g € LY(R2) such that

d n
/ Mgl a@egn di < 00 forall r e (0.d), 25)
r

then for any r € (0, d) the inequality

d
n _n_4 n
ITgllLr@xo,ry) <cr? / t 7 lgllLe@o,n) dt +errligliia) (2.6)

r

holds with constant ¢ > 0 independent of g, xo and r.
(ii) Let g = 1. If g € L' () satisfies condition (2.5), then for any r € (0, d) the
inequality

d
n _n_y n
ITgllwLr(@xo,ry) < cr? / 7 gl 4t Fer?ligloie) (2.7)
r

holds with constant ¢ > 0 independent of g, xo and r.

Proof Let1 < g < p < oo. Since

d d
n _n_y n _n_q
r”/ t 7 o gllLa@xg,n) dt Z”llgllm(sz(xo,r))f t r o dt
r r
~ gllLa@@o,rn@? —rr), re(0,d),

we get that

d
n _n_y n
lgllLa@eo.ryy STP / t 7 o glla@eoey df +rrliglica, r€(0,d). (2.8)
r

(1). Assume that | < g < oo. Letr € (0,d/2). We write g = g1 + g2 with
81 = 8XQ(xp,2r) and g2 = gX\Q(xy,2r)- Taking into account the linearity of T, we
have

ITgllLr o) < IT81ILP(Qx0.r)) + 1T 820 Lr(Q(x0.r)- (2.9
Since g1 € L9(R2), in view of (2.8), the boundedness of T from L7(2) to L7 (£2)
implies that

I1TgillLr @y < I1Tg1Lr S lgtlliLa = lIglra@o,2r))

d
n —_n_1 n
SN’/ 17 NglLe @, dt + 17 lIglLa(, (2.10)
r

where the constant is independent of g, xo and r.
We have

|Tg2(x)] 5/ L),,'_ldy, x € Q(xp, 7).
A\Qxo.2r) X — ¥
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It is clear that x € Q(xp,7), y € Q\(R(xp, 2r)) implies %|x0 -y < |lx—-yl <

%|x0 — y|. Therefore we obtain that
/ Ig(y)rlli1 dy.
Q\(Q(x0,2r) 1X0 — ¥l

SIS

ITg20r o)) ST

By Fubini’s theorem, we get that

/ lg(¥)I J
n—1
Q\Q(x0.2r) 1%0 — ¥l
d ds
~ g1+ — ] ay
Q\Q(x0.2r) lxo—y| §
d ds
= lgldy + 18] ol K
Q\2(x0,2r) Q\2(x0,2r) [xo—y| §
d ds
= lsldy + lgWldy ) —
Q\Q (xp,2r) 2r 2r<|xp—y|<s s
d ds
= [ leWldy+ lgWldy | —.
Q 2r Q(x0,s) s

Applying Holder’s inequality, we obtain

18 R

/ ——dy S gl + | s 7 lgllLa@ix,s) ds-
Q\Qx0,2r) X0 — Yl 2r

Thus the inequality

d
n _n_y n
ITg20lLr@ory) STP f s 7 lgllLa@o.sy ds +r7ligliLee) (2.11)

r

holds for all » € (0, d/2) forg > 1.
Finally, combining (2.10) and (2.11), we obtain that

d
n _n_y n
178l Lr@xo,r) 5”/ s 7 gl ds +r7liglia)
r

holds for all » € (0, d/2) with a constant independent of f, xo and r.
Let now r € [d/2, d). Then, using (L9 (2), L?(2))-boundedness of 7', we obtain

ITgllLr oy < I1TglLr@) Slglia =religlia).

and inequality (2.6) holds.
(i1). Assume that ¢ = 1. Let again r € (0,d/2). We write g = g1 + g» with
81 = &XQ(xp,2r) and g2 = gX\Q(xy,2r)- Taking into account the linearity of T', we
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have
ITgllLr@xo,r < ITg1Lr( @0, + IT2llLr(Qxo.r))- (2.12)

Since g € L7(R2), in view of (2.8), the boundedness of T from L!(Q) to WL ()
implies that

ITgillwer oy < I1T81IIwWLr(s2) S ||g1||L1(Q) ~ ||g||L1(Q(xo,2r))

d
n _n_q n
f,’””/ gl @,y dt e lIgl @) (2.13)
,

where the constant is independent of f, xo and r.
On the other hand, since

ITg2llwrr o) < IT&2ILrx,r))

using (2.11), we get that

d
n _n_q n
1T g21lwLr (o)) Sre / s r ”g”Ll(Q(xO,s)) ds +rv ”g”Ll(Q) (2.14)

-
holds true for all » € (0,d/2).

Combining (2.12), (2.13) and (2.14), we see that inequality (2.7) holds true for all
r € (0, d/2) with a constant independent of g, xo and 7.

If r € [d/2,d), then, using the boundedness of 7' from L'(Q) to WL (), we
obtain that

ITgllwrr@uory < ITgllwrr S gl =relgln ),
and, inequality (2.7) holds. O

In order to achieve the regularity results, we must prove the following theorem.

Theorem 2.9 Let Q be an open bounded subset of R", xo € @, 1 < g < p < 09,

L1y % Let also ¢1(x, r) and ¢2(x, r) two positive measurable functions defined

gn pr (0, d) such that the following condition is fulfilled:

d ess inf ¢ (xo, T) rg
/ T dt < C1(x0. 1), (2.15)
:

241

where C does not depend on r. Then, in the case g > 1 for every g € /L_\]l??xzj}z (R2), the

inction Tg(x) is a.e. defined, Tg belongs to the space LM, and there exists
jon Tg(x) i defined, Tg bel h LMZY;”}I(Q) d th
c =c(q, ¢1, ¢2,n) > 0 such that

||Tg|m§}1 @ = C||g||f“M4(1’;g(Q)~
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In the case g = 1 the function T g belongs to the space fﬁﬁ;ﬁ‘ (R2) and there exists
c = c(g1, @2, n) > 0 such that

T8z @ < clelzypo,

Q'

Proof By Theorem 2.8 and Theorem 2.4 with va(r) = ¢i(xo,7)"}, vi(r) =
@2(x0, )" 'r"4 and w(r) = r~ » for g > 1 we have

d dt
ITgl 7ot o S sup @i (xo, )" I1f 1l L4 (2 (xo, t)) T T HITgllLr @
LM("O’ © O<r<d r

< sup ga(xo, r) T ] ||g||Lq<s2(x0,r)) + gl
O<r<d

= IIgIILM{q);g)z(Q) +lIgllze)
= ||g||fmx~z)z(m

and forg =1

d dt
-1
ITg] o @) S oilrlgd(p] (x0,7) /r IF L1 (@ xo, =) T HITglLr @

< sup @a(xg,r) " ||g||L1<Q<xo,r>>+||g||L1(Q>
O<r<d

= 18145152 ) + 18112
= lgh~ o

2
LM ;7 (2)

From Theorem 2.9 we get the following corollary.

Corollary 2.10 Let Q be an open bounded subset of R", 1 < g < p < 0o, 1+ = » 1y %
Let also ¢1(x, r) and ¢2(x, r) two positive measurable functions defined on Q2 x (0, d)
such that the following condition is fulfilled:

a essinf gy (x, 7) rg
f f<r=d — dt < C o (x, 1), (2.16)
.

where C does not depend on x and r. Then, in the case q > 1~f0r every g € M2 (Q),
the function Tg(x) is a.e. defined, T g belongs to the space MP%' (2) and there exists
c=c(q, ¢1, ¢2,n) > 0 such that

1Tl jzre1 () = cllgll f7a.v2(g)-
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In the case q = 1 the function Tg belongs to the space WP () and there
exists ¢ = c(¢1, 92, n) > 0 such that

T gl ir-e1 ©@ = C”g”]t’/?lvm(Q)-

3 Application to partial differential equations

Let us consider the divergence form elliptic equation (1.3), in a bounded set 2 C R”,
n > 3. We set

1 “ B
(x, 1) = Aji (it ,
( n(2 — n)w,/det{a;; (x)) ;::1 ity

0

ix,t) = —TI'(x,1), Iii(x,t) = I'(x,1),
i(x, 1) o (x,1) ij(x, 1) 51,01, (x,1)

0%Ti(x, t
M = max max ﬂ s

i,j=1,...n|a|<2n o« L®(QxT)

fora.a. x € B and V¢ € R"\{0}, where A;; denote the entries of the inverse matrix of
the matrix {a;;(x)}; j=1,...n, and w, is the measure of the unit ball in R".
It is well known that I';; (x, 1) are Calderén—Zygmund kernels in the ¢ variable.
Letr, R € RT,r < Rand ¢ € C®(Q) be a standard cut-off function such that for
every ball Bg C 2,

¢o(x)=1 in B,, ¢(x) =0, inQ\Bg.
Then if u is a solution of (1.3) and v = ¢u we have
Lwv)=V-G+g,
where

G=9f+uAVy,
g =(AVu,Vo) —(f, V).

Using the notations above, we are able to recall an integral representation formula for
the first derivatives of a solution u of (1.3).

Lemma3.1 Foreveryi =1,....n, leta;; € L®(R") mCBMo{Tg’}‘{”"”} satisfy (1.6)
and (1.7), let u be a solution of (1.3) and let ¢, g and G defined as above. Then, for
everyi =1,...,n we have
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b= P.v./B [ (e, x = W@ () — a;u())dxa () — G5 () dy
h,j=1 R

n
[ mier - nemay+ Y enGiw.  Vae Ba
Br h=1

setting cip = flt|=1 [ (x, )t doy.

Using the representation formula stated in Lemma 3.1, we can obtain a regularity
result for the solutions to (1.3).

Theorem 3.2 Let a;; be such that (1.5), (1.6), (1.7) are true, we assume that the con-
dition (2.15) is fulfilled and that ¢, 2, ¢1. Let also suppose that u is a solution of (1.3)
such that d,u € LMy (Q), foralli =1,....n, f € [LMy) (1", xo € . Let
@ € C*®(R) a standard cut-off function. Then, for any K C Q compact there exists a
constant c(n, p, @1, 2, dist(K, 02)) such that

(i) OgueLlMpy (K), Vi=1,...n,
D) sz o, Wby g, + Wb o+ 1 g o)

Vi=1,...,n,

+

==

1 1
where — = =
P q

Proof Let K C Q be a compact set. Using Lemma and the boundedness of the
commutator proved in [13], we obtain the following estimate:

[|9x; (@M)”I‘M’ﬁ(‘f)l &) = IClaij, 919y, (u(p)||rL—\A-i;:g)l w T ”KG”iW;(‘f}‘ "
+|ITg|Ifm§; x T IIGII’L*AK:; )
< CIIaIICVMO?;(a)x}ww [0 (w)llfm:;ﬂ)l @ T IIGII’;W%; K)
+||g”’L'M"(1);(‘/)’}2(K)
+IG

s¥1
My (K

where the norm ||a|| , is taken in the set Bg.

CVMO('““’;“’"”
XO
Taking into account thata € CV M OmaX{p P , we can choose the radius R of the ball

{xo}
Bpg such that c||a| < % This remark allow us to write

max{p,p’}
CVMOps)
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185 (P gzt
<G g i, + I8y ) + 16 g
~ G gy ) + I8 o,
= llpf +uAVolgn i, + I1AVE, Vg) = (F, Vol .
< bt ey Wzgzen oy + Wulpggees o, + 15 g e

Now we apply the hypothesis ¢, 2 1, obtaining the following estimate for the norm

I f lpe02
LM{y)

1 1
| f 7002 < sup I £llzeqBoonnk) + ILf ek
LMz} (K) 0<r<d 92(x0,7) | B (xo, ")|% (1B (x0,r)NK) (K)

1 1

S sup | fllLa(Bxo,r)nk) + I fllLa k)
0<r<d P1(X0,7) | B (xo, r)|$ or

= 1t g + 1 o0 = I bz e

Using the previous estimate we finally obtain that

||3xi”|W;Z;(K) <C (“Lllm(ﬁ)")l @ Haxt‘””ﬁ\?ﬂg}z(g) + ||f||fm);§}1 (Q)) ,

Vi=1,...,n,

From Theorem 3.2 we get the following corollary.

Corollary 3.3 Let a;j € L°(R") N VM O such that (1.6), (1.7) are true, we assume
that the condition (2.16) is fulfilled and that @3 2 ¢i. Let also suppose that u is a
solution of (1.3) such that dy,u € LMy (), foralli = 1,....n, f € [MP#1()]".
Let ¢ € C°°(Q) a standard cut-off function. Then, for any K C Q compact there

exists a constant c(n, p, @1, @2, dist(K, 0S2)) such that

(i) OgueMPY(K), Vi=1,...,n,

(ii) ”ax,’u”[jl’#ﬂl (K) f, ||”||1f,jp-¢2| Q) + ”8)(,’””1\7%4’2(9) + ”f”[qtl#’] (Q)°
Vi=1,...,n,

1

here L =1 4+ 1
W 1z q+n

In the case ¢ (x, r) = ¢2(x, r) we get the following corollaries.

Corollary 3.4 Let a;; be such that (1.5), (1.6), (1.7) are true, we assume that ¢(x, r)
positive measurable function defined on Q2 x (0, d) and the following condition is
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fulfilled:

a ess inf ¢(xo, T) 1271
/ et dr < Co(xo, 1),
-

(!
where C does not depend on r.

Let also suppose that u is a solution of (1.3) such that dy,u € Z\][/I/{q);:}(ﬂ), for all
i=1,...,n f € [fﬁ?);r}(ﬁ)]”, X0 € Q. Let ¢ € C*(2) a standard cut-off function.
Then, for any K C 2 compact there exists a constant c(n, p, ¢, dist(K, 02)) such
that

(i) dgueLMpy(K), Vi=1,...n,
(D) Woxulizyges o S g o, + Nuuliggzs o) + 1 s, o

Vi=1,...,n,
here L =14 1
weep q—i—n

Corollary 3.5 Let a;j € L°(R") N VM O satisfy (1.6), (1.7) are true, we assume that
¢ (x, r) positive measurable function defined on Q2 x (0, d) and the following condition
is fulfilled:

1<T<00

n
]

where C does not depend on x, r. ~

Let also suppose that u is a solution of (1.3) such that dy,u € M%%(2), for all
i=1,...,n f € [Mq"/’(SZ)]”. Let ¢ € C*°(RQ) a standard cut-off function. Then,
for any K C Q2 compact there exists a constant c(n, p, ¢, dist(K, 92)) such that

a essinfo(x, 1) rs
/ ———————dt = Colx,r),

(i) dgueMPYK), Vi=1,...,n,
(ii) ||3x,-’/¢||1;71p~w(1() 5 ||u||1\71p,w(g2) + ||axi”||1171q,<p(g) + ||f||1\71¢/~«7(9),
Vi=1,...,n,
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