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A B S T R A C T 

Recent low-frequency radio observations suggest that some nearby M dwarfs could be interacting magnetically with undetected 

close-in planets, powering the emission via the electron cyclotron maser (ECM) instability. Confirmation of such a scenario 

could reveal the presence of close-in planets around M dwarfs, which are typically difficult to detect via other methods. ECM 

emission is beamed, and is generally only visible for brief windows depending on the underlying system geometry. Due to this, 
detection may be fa v oured at certain orbital phases, or from systems with specific geometric configurations. In this work, we 
develop a geometric model to explore these two ideas. Our model produces the visibility of the induced emission as a function of 
time, based on a set of key parameters that characterize magnetic star–planet interactions. Utilizing our model, we find that the 
orbital phases where emission appears are highly dependent on the underlying parameters, and does not generally appear at the 
quadrature points in the orbit as is seen for the Jupiter–Io interaction. Then using non-informative priors on the system geometry, 
we show that untargeted radio surv e ys are biased towards detecting emission from systems with planets in near face-on orbits. 
While transiting exoplanets are still likely to be detectable, they are less likely to be seen than those in near face-on orbits. Our 
forward model serves to be a powerful tool for both interpreting and appropriately scheduling radio observations of exoplanetary 

systems, as well as inverting the system geometry from observations. 

Key words: stars: magnetic field – radio continuum: planetary systems. 
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 I N T RO D U C T I O N  

he majority of e xoplanets disco v ered to date orbit around low-
ass main-sequence stars, 1 in agreement with formation theory 

Nicholson et al. 2019 ; Burn et al. 2021 ). M dwarfs, the lowest
ass stars on the main sequence, are the most numerous in the

tellar neighbourhood (Winters et al. 2019 ), and are expected to 
referentially host close-in rocky planets (Burn et al. 2021 ; Schlecker 
t al. 2022 ). While in theory the detection of an Earth-like planet
rbiting an M dwarf is much easier compared to a Sun-like star
ue to the higher mass/size ratio, these stars generally exhibit much 
igher levels of magnetic activity. As a result, the majority of these
lanets likely remain undetected to date via traditional techniques 
uch as the radial velocity and transit methods, as the activity of the
ost star can readily drown out signatures of the planet. 
That being said, an alternative mechanism may produce signatures 

hich can be distinguished from stellar activity, particularly for M 

warfs. This mechanism is thought to occur via magnetic star–planet 
nteractions (SPI; Zarka 2007 ; Saur et al. 2013 ). The inspiration for
his comes from Jupiter’s sub-Alfv ́enic interactions with the Galilean 
oons Io, Europa, and Ganymede. The motion of these bodies 

hrough Jupiter’s magnetosphere is known to produce bright coherent 
 E-mail: kavanagh@astron.nl 
 https://exoplanetarchive.ipac.caltech.edu 
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adio emission along the magnetic field line linking each moon to
upiter, especially in the case of Io. The radio emission is powered
y the electromotive force felt by charges in the ionospheres of the
oons as they move across the Jovian magnetic field. This energy

s transported towards Jupiter in the form of Alfv ́en waves (Alfv ́en
942 ; Neubauer 1980 ), which subsequently accelerate electrons that 
mit radio waves via the electron cyclotron maser (ECM) instability 
Dulk 1985 ; Treumann 2006 ). 

Determining if the orbit of a satellite is sub-Alfv ́enic or not requires
nowledge of the plasma environment. In this region, the magnetic 
nergy of the plasma exceeds the kinetic energy. Another way to
xpress this is via the Alfv ́enic Mach number, which is 

 A = 

�u 

u A 
= 

�u 

√ 

4 πρ

B 

, (1) 

here � u is the plasma velocity in the rest frame of the satellite,
 A is the Alfv ́en velocity, and ρ and B are the density and magnetic
eld strength of the plasma at the position of the satellite. When the
atio of the velocities is less than unity ( M A < 1), the disturbance in
he magnetic field created by the satellite can propagate as Alfv ́en
aves along the field lines back to the star. If M A > 1 ho we ver,

he disturbance created by the satellite is moving faster than the
lfv ́en waves and therefore a shock discontinuity is set up and the
isturbance can no longer flow back to the star. The boundary where
 A = 1 is known as the Alfv ́en surface, which can be complex in

http://orcid.org/0000-0002-1486-7188
http://orcid.org/0000-0002-0872-181X
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hape depending on the magnetic field topology at the stellar surface
Vidotto et al. 2014 ). 

The reason why M dwarfs are excellent candidates for the same
ype of interactions as seen with Jupiter and its inner moons is
rimarily due to the strong magnetic fields they possess, which can
e upwards of a kilogauss (kG) in strength (Kochukhov 2021 ). High
eld strengths correspond to high Alfv ́en velocities, meaning that

he plasma, or wind in the case of a low-mass main-sequence star,
ust be accelerated to high velocities before M A > 1. As a result, M

w arfs are lik ely to harbour large Alfv ́en surfaces, enclosing a wide
ange of orbits wherein magnetic SPI can occur (see Kavanagh et al.
021 , 2022 ). 
There has been a resurgence in the search for magnetic SPI in

ecent years, primarily due to the detection of bright radio emission
ith a high degree of circular polarization from nearby M dwarfs

Vedantham et al. 2020 ; Callingham et al. 2021 ; P ́erez-Torres et al.
021 ; Pineda & Villadsen 2023 ; Trigilio et al. 2023 ), which is
 signpost of the ECM mechanism (Dulk 1985 ), although not
ecessarily powered by SPI. In the case of the 19 M dwarfs detected
y Callingham et al. ( 2021 ), none show any correlation between
heir radio luminosities and activity indicators. This is consistent
ith the driving mechanism being magnetospheric in origin. Yet,
one of these stars are known to host close-in planets, leaving
he interpretation ambiguous (see ho we ver the recent detection by
lanco-Pozo et al. 2023 ). If the detected emission from these systems

s in fact due to the presence of undisco v ered companions, there is
he question of is there something special about these systems? If
o, what is it about these systems that makes them more visible
ompared to other nearby M dwarfs? 

ECM emission is beamed, and is generally only visible for brief
indows. A result of this can be seen from the emission Io induces
n Jupiter, which appears only at ‘quadrature’ points of Io’s orbit
orbital phases of 0.25 and 0.75). To determine precisely when
mission will appear for a system requires both knowledge of the
eometry of the large-scale magnetic field that the satellite interacts
ith, as well as the properties of the emission cone generated from

he interaction (Kavanagh et al. 2022 ). It could be the case that
ertain combinations of the geometry of the stellar magnetic field and
lanetary orbit could produce emission that is more visible compared
o other configurations. We note also that the planet itself could be a
ource of beamed radio emission (Ashtari et al. 2022 ), which could
e difficult to disentangle from the emission induced on the star.
o we v er, there are man y uncertainties in the frequency at which
e e xpect e xoplanetary radio emission, primarily due to our lack of
nowledge about exoplanetary magnetic fields (see also Kavanagh
t al. 2019 ). 

Recently, we utilized magnetohydrodynamic (MHD) models to
ssess the beaming of emission induced by a hypothetical planet for
 variety of orbits around WX UMa (Kavanagh et al. 2022 ), one of
he M dwarfs detected by Callingham et al. ( 2021 ). The method used
as based on the surface magnetic field map of the star obtained
sing the Zeeman–Doppler imaging technique (ZDI; see Donati &
andstreet 2009 ; Kochukhov 2021 ). Ho we ver, these maps are not
enerally available for M dw arfs. In f act, the only other star in the
ample presented by Callingham et al. ( 2021 ) with a magnetic field
ap is AD Leo (Morin et al. 2008 ; Lavail, Kochukhov & Wade 2018 ).
ote that Callingham et al. ( 2021 ) suggest the detected emission

ould be in fact due to flaring, and not magnetic SPI. 
Our work on WX UMa illustrated that sophisticated MHD models

an help us to better understand the underlying mechanism gener-
ting ECM emission on nearby M dwarfs, particularly in terms of
dentifying potential signatures of undisco v ered planets. Ho we ver,
NRAS 524, 6267–6284 (2023) 
hey are reliant on the availability of magnetic field maps for M
warfs, and are also computationally e xpensiv e. Therefore, there is a
ounting need for an alternative method to estimate the visibility of

lanet-induced radio emission that does not heavily depend on ZDI
nd MHD simulations. This would allow for the detected emission
eported by Callingham et al. ( 2021 ), as well as future observations,
o be better-interpreted. The Exoplanetary and Planetary Radio
mission Simulator (ExPRES) code developed by Hess & Zarka
 2011 ) is suitable for this in theory, which was originally developed
o model the observed auroral emission on Jupiter and Saturn. To our
no wledge ho we ver, it has not been utilized to answer the questions
aid out in this work. We discuss the comparison between our methods
n this work to the ExPRES code in Section 6.2 . 

In this paper, our main goal is to answer two questions: 

(i) What orbital phases is radio emission most likely to appear at
n magnetic SPI? 

(ii) What systems are we more likely to detect in untargeted radio
urv e ys? 

To answer these questions, and also address the issues mentioned
bo v e, we dev elop a forward model based on key parameters relating
o the geometry of magnetic SPI to predict the visibility of planet-
nduced radio emission as a function of time. This model provides
he community with a flexible tool to interpret radio observations
rom low-mass stars in the context of magnetic SPI. The model is
escribed in Section 2 . In Section 3 , we illustrate the use of the
odel by demonstrating the phenomenon of emission appearing at

uadrature points of a satellite’s orbit, as is seen for Jupiter’s moon
o. Then in Section 4 , we utilize the model to address the question
f are we systematically biased towards detecting emission from
ystems with certain architectures. 

 MASER :  A  C O D E  F O R  M O D E L L I N G  

AGNETI C  STAR– PLANET  I N T E R AC T I O N S  

n this section, we describe the model we develop to predict when
adio emission induced on a star via magnetic SPI is visible as a
unction of time. The model is freely available as a Python code on
itHub as the MASER (Magnetically interActing Stars and Exoplanets

n the Radio) code. 2 The model takes a key set of inputs relating to
he geometry and physical properties of magnetic SPI, as well as
n array of times for which the visibility of the radio emission is
omputed. Table 1 lists each quantity and their respective symbols,
hich we use throughout unless noted otherwise. 
The MASER code computes what we refer to as the ‘visibility light

urve’ for the system described by the input parameters (described
urther in Section 3.2 ). The code depends only on NUMPY (Harris
t al. 2020 ). It is also compatible with NUMBA (Lam, Pitrou &
eibert 2015 ), which allows for quick e x ecution. When utilized with

he ‘no Python mode’ provided by NUMBA , a light curve with 10 4 

ime elements takes 2.5 ms to compute on average using a single
erformance core of an Apple M2 chip, which is about 50 times
aster than the standard computation time using Python. 

.1 The geometry of magnetic star–planet interactions 

o determine if radio emission induced on stars by an orbiting planet
s visible at a given time, we first need to establish the key physical
nd geometrical parameters of the system. The host star has a mass

https://github.com/robkavanagh/maser
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Table 1. Reference list for the parameters of the MASER code. 

Parameter Symbol 

Star : 
Mass M � 

Radius R � 

Rotation period P � 

Inclination i � 
Rotation phase at time zero φ� , 0 

Dipolar field strength at the pole B � 

Magnetic obliquity β

Planet : 
Orbital distance a 
Orbital inclination i p 
Projected spin-orbit angle λ

Orbital phase at time zero φp, 0 

Radio emission : 
Observing frequency ν

Cone opening angle α

Cone thickness �α
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 � , radius R � , and rotation period P � . Its rotation axis is ˆ z � , which is
nclined relative to the line of sight ˆ x by the angle i � . The star rotates
bout ˆ z � in a clockwise direction when looking along ˆ z � . Note that 
ll vectors denoted with a hat are unit vectors (their magnitude is
nity). 
Given that our focus here is on M dwarfs, we opt to represent the

arge-scale magnetic field of the star that the planet interacts with as
 dipole. Dipolar magnetic fields drop off in strength slowest as a
unction of distance r compared to higher order modes (quadrupole, 
ctupole, etc.), with the field strength going as r −3 . As a result,
nless the planet is very close to its host star, the field that the planet
ees is a dipole. In addition to this, M dwarfs often exhibit strong,
redominantly dipolar magnetic fields (see Donati et al. 2008 ; Morin
t al. 2008 , 2010 ). 

The maximum magnetic field strength at the stellar surface is B � ,
hich for a dipolar field occurs at its magnetic poles. The magnetic

xis of the star ˆ z B points outward from the centre of the star to the
orthern magnetic pole, and is tilted relative to the stellar rotation 

xis ˆ z � by the angle β. This is known as the magnetic obliquity.
hen β �= 0, the magnetic axis precesses about the stellar rotation 

xis as the star rotates. We assume that the magnetic field rotates
igidly with the stellar rotation period. At time t , the rotation phase
f the star is 

� = φ�, 0 + 

t 

P � 

, (2) 

here φ� , 0 is the stellar rotation phase at t = 0. Note that from this
efinition, the phase varies from 0 to 1. As such, we multiply the
hase by 2 π when used in trigonometric functions. In Appendix A ,
e describe the coordinate system for the stellar rotation and 
agnetic field in more detail. 
Around the star, a planet orbits at a distance a . Its orbital period

 p is provided via Kepler’s third law: 

 p = 2 π

√ 

a 3 

GM � 

, (3) 

here G is the gravitational constant. We assume that the planet’s 
rbit is circular. Its position is described by the vector ˆ x p , and the
ector normal to its orbital plane ˆ z p is inclined relative to ˆ x by the
ngle i p . Again, the convention we adopt for the orbit direction is
lockwise when looking along ˆ z p . The vector ˆ z p is misaligned with 
espect to ˆ z � by the angle ψ , known as the spin-orbit angle. Note
hat in general, it is easier to measure the projected spin-orbit angle

for exoplanetary systems, which is the angle between ˆ z and ˆ z ′ , the
rojections of ˆ z � and ˆ z p on to the plane of the sky (Triaud 2018 ).
he relation between ψ and λ is given by equation ( B4 ). The orbital
hase of the planet at time t is 

p = φp , 0 + 

t 

P p 
, (4) 

here φp, 0 is the orbital phase at t = 0. Again, the values for φp range
rom 0 to 1. When φp = 0, the planet is closest to the observer (at
onjunction). Ho we ver, if i p = 0 ◦ or 180 ◦, the planet is al w ays at the
ame distance from the observer, and the planet’s position is either
n the direction of −ˆ z ′ or ˆ z ′ , respectively at φp = 0. Appendix B
resents the details of the coordinates for the planet and spin-orbit
isalignment. A geometric sketch of the quantities introduced here 

s shown in Fig. 1 . 

.2 Interactions with dipolar magnetic fields 

ith the rele v ant properties of the exoplanetary system established,
e now describe the magnetic field of the star in more detail. The

hape of a dipolar magnetic field line is described by the following
quation (Kivelson & Russell 1995 ): 

 = L sin 2 θ. (5) 

ere, r is the radius of a point on the field line measured from the
entre of the star, θ is the magnetic co-latitude of the point, which is
easured from the direction that ˆ z B points in, and L is the distance

etween the centre of the star and the magnetic field line at the
agnetic equator. 
At each point in the planet’s orbit, it interacts with a field line of

ize L , which has a certain orientation relative to the line of sight.
 sketch of this is shown in Fig. 2 . The magnetic co-latitude of the
lanet θp at a given time is determined by both its position and the
irection of the magnetic axis: 

cos θp = ˆ z B · ˆ x p . (6) 

ith an orbital distance of a , equation ( 5 ) can then be rewritten as
n expression for the size of the field line the planet interacts with at
ach point in its orbit: 

 = 

a 

sin 2 θp 
. (7) 

To determine the orientation of the field line relative to the
bserver, we require the vector ˆ x B , which points along the magnetic
quator of the field line that the planet interacts with. The planet’s
osition can be expressed in terms of this vector along with ˆ z B (see
ig. 2 ): 

ˆ x p = sin θp ̂  x B + cos θp ̂  z B . (8) 

e-arranging, ˆ x B is: 

ˆ x B = 

ˆ x p 
sin θp 

− ˆ z B 
tan θp 

. (9) 

nowing the directions of ˆ z B and ˆ x B as a function of time provides
s with the direction of the emission cone ˆ c on the field line, which
n turn determines if the radio emission the planet induces along the
eld line via sub-Alfv ́enic interactions is detectable (see Section 2.3 ).
There is a caveat in assuming purely dipolar magnetic field lines

or the star. Following from equation ( 7 ), L becomes very large for
mall values of θp . However, it is not realistic for the star to have
MNRAS 524, 6267–6284 (2023) 
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M

Figure 1. A sketch illustrating the geometric properties rele v ant to interac- 
tions between a planet and the large-scale magnetic field of its host star. The 
star spins around its rotation axis ˆ z � in a clockwise direction when looking 
along ˆ z � (i.e. in a right-handed configuration). The rotation axis is inclined 
relative to the line of sight ˆ x by the angle i � . The star also possesses a 
large-scale dipolar magnetic field, with the magnetic axis ̂  z B representing the 
position of the Northern magnetic pole. The magnetic axis is tilted relative to 
the rotation axis by the angle β, which is known as the magnetic obliquity. 
When β �= 0 ◦ or 180 ◦, the magnetic field precesses about the rotation axis, 
as indicated by the dashed red line. The planet is in a circular orbit around 
the star, orbiting with a right-handed configuration about its orbital axis ˆ z p . 
Its orbital axis is inclined relative to the line of sight by the angle i p . In 
general, the line of sight, rotation, and orbital axes do not lie in the same 
plane due to spin-orbit misalignment. This is described by the angle ψ that is 
formed between the rotation and orbital axes. The projection of the rotation 
and orbital axes onto the plane of the sky ( ̂ z and ˆ z ′ , respectively) form the 
angle λ, which is known as the projected spin-orbit angle. 
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Figure 2. Sketch of a planet interacting with a dipolar magnetic field line of 
a star of size L . The planet orbits at a distance a from the star, and its position 
is described by the vector ˆ x p . It forms the angle θp with the magnetic axis 
of the star ˆ z B . Assuming the interaction occurs sub-Alfv ́enically, the planet 
induces the generation of radio emission along the line connecting it to the 
star at a distance r ν and magnetic co-latitude θν . This emission is beamed, and 
propagates outward in a hollow cone. The cone has a characteristic opening 
angle α and thickness �α, and is aligned with the vector ˆ c , which in the 
Northern magnetic hemisphere is ˆ c = B /B, the normalized magnetic field 
vector at the emitting point. For clarity, we only show the emission cone in 
the Northern magnetic hemisphere. Note that in the Southern hemisphere, 
emission cones are aligned with the vector ˆ c = −B /B. 
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losed field lines that extend to hundreds of stellar radii, as the wind
f the star will tend to blow them open once the kinetic wind energy
xceeds the magnetic tension of the field line. Therefore, we adopt a
aximum size for the field lines of 100 R � . If the size of the field line

xceeds this, we limit the interaction to the hemisphere the planet
s in only. In other words, if L > 100 R � and θp < π /2, the planet
nduces emission in the Northern magnetic hemisphere only, and if L
 100 R � and θp > π /2, it induces emission in the Southern magnetic

emisphere only. For sufficiently small orbits/large magnetic co-
atitudes ho we v er, the planet orbits in the closed-field re gion of the
tar’s magnetosphere. In this scenario, the planet induces emission
n both magnetic hemispheres of the star (e.g. Kavanagh et al. 2021 ,
022 ), similar to what is observed for the Io-induced radio emission
n Jupiter (Marques et al. 2017 ). 
NRAS 524, 6267–6284 (2023) 
.3 Radio emission from magnetic star–planet interactions 

hen a conducting body mo v es through a magnetized plasma with
 sub-Alfv ́enic v elocity, mechanical wav es known as Alfv ́en waves
re produced (Alfv ́en 1942 ; Drell, F ole y & Ruderman 1965 ). In a
lanetary context, these waves are thought to travel along magnetic
eld lines, accelerating electrons in the process. Electrons accelerated
ith sufficiently large pitch angles (the angle between the velocity

nd local magnetic field vectors) are thought to experience a magnetic
irroring effect. The mirrored electrons have a so-called ‘loss-

one’ velocity distribution, which are unstable to electromagnetic
aves at the local cyclotron frequency (Treumann 2006 ). Due to this

nstability, these electrons release their energy as electromagnetic
aves via the electron cyclotron maser (ECM) instability, typically

n the radio regime (Treumann 2006 ). ECM emission occurs at the
undamental and harmonics of the local cyclotron frequency (Dulk
985 ), which in CGS units is 

c = 2 . 8 B MHz , (10) 

here B is in Gauss (G). Equation ( 10 ) tells us that the emission
requency is a direct probe of the magnetic field strength at which
he emission is generated. The field strength at each point on a dipolar
eld line, which is described by equation ( 5 ), is given by (Kivelson &
ussell 1995 ): 

 = 

B � 

2 

(R � 

r 

)3 
(1 + 3 cos 2 θ ) 1 / 2 . (11) 
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Figure 3. Illustration of the large-scale dipolar magnetic field of a star. The 
x and y axes are aligned with the magnetic equator and pole, respectively. The 
grey lines show field of various sizes, and the dashed blue lines illustrate the 
regions corresponding to ECM emission at 10, 100 MHz, and 1 GHz. The 
star is shown in the bottom left, which has a polar magnetic field strength of 
1 kG. 
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sing equation ( 5 ), we can rewrite equation ( 11 ) in terms of r only,
iving 

 = B � 

(R � 

r 

)3 (
1 − 3 r 

4 L 

)1 / 2 
. (12) 

n example of the shape of dipolar field lines of different sizes
long with corresponding regions of different cyclotron frequencies 
s shown in Fig. 3 . 

As mentioned in the previous section, we allow emission to be 
enerated in both magnetic hemispheres if the size of the field line
 is less than 100 R � . To determine if fundamental ECM emission
enerated along the star-planet field line in either hemisphere at the 
requency ν is visible to the observer, we first need to find the radius
 ν and magnetic co-latitude θν on the line that give a field strength
 ν = ν/2.8 via equation ( 12 ). As the field line is symmetric about the
agnetic equator, the frequency at the point ( r ν , θν) is equi v alent

o that at ( r ν , π − θν). Setting equation ( 12 ) equal to B ν and re-
rranging, we can define a new parameter F , which goes to zero as r
pproaches r ν : 

 = 

(B ν

B � 

)2 ( r 

R � 

)6 
+ 

3 r 

4 L 

− 1 . (13) 

o the best of our knowledge, there is no analytical solution to F = 0.
herefore, we utilize Newton’s method find its root (see Appendix C

or details). 
Once we find r ν , we obtain θν via equation ( 5 ). The point ( r ν ,

ν) corresponds to the Northern hemisphere, and ( r ν , π − θν)
orresponds to the Southern hemisphere. We then determine the 
irection of the magnetic field vector at the emitting point B ν in each
agnetic hemisphere (see Appendix D ), which in turn tells us the

irection of the emission cone for each hemisphere ̂  c . In the Northern
agnetic hemisphere, the emission cone is parallel with the magnetic 
eld vector ( ̂ c = B ν/B ν), and in the Southern magnetic hemisphere,

t is antiparallel ( ̂ c = −B ν/B ν). The angle between the line of sight
ˆ x and the vector ̂  c determines if the radio emission is beamed towards 
he observer (Kavanagh et al. 2022 ). This angle is 

cos γ = ˆ x · ˆ c . (14) 

ote that emission from each hemisphere will have opposite circular 
olarizations, under the assumption that the magnetoionic mode is 
he same (Das & Chandra 2021 ). 
The emission cone has a characteristic opening angle α, and 
hickness �α. When γ is in the range of α ± �α/2, the emission
s visible to the observer (see Fig. 2 ). According to Melrose & Dulk
 1982 ), the cone opening angle and thickness depend on the velocity
f the accelerated electrons u , such that cos α = u / c and �α = u / c rad,
here c is the speed of light. In other words, α cannot exceed 90 ◦.
or the Io-induced emission on Jupiter, opening angles of around 
0 ◦ to 70 ◦ have been inferred from observations (Lamy et al. 2022 ),
orresponding to velocities of 0.17 to 0.34 c (kinetic energies of 7.4
o 30 keV). From these values, the corresponding cone thickness 
anges from ∼10 ◦ to 20 ◦. Ho we ver, estimations from observ ations
f the cone thickness imply values of around 1 ◦ (e.g. Queinnec &
arka 1998 ; Panchenko & Rucker 2016 ). It is currently unclear what

he cause of this discrepancy is. With this in mind, we choose values
or α and �α independently of one another. 

There may be certain configurations wherein the beams from both 
agnetic hemispheres are seen simultaneously. Assuming emission 

ccurs in the same magnetoionic mode, the flux densities from 

ach hemisphere will have opposite signs (neglecting the effects of 
adiative transfer). Therefore, in this scenario the circularly polarized 
ux density from each hemisphere will cancel one another out. 
o we ver, the total flux density will still be received. In such a

ituation, we still consider the signal to be visible. Recall ho we ver
hat we limit emission to one hemisphere if the size of the field line
xceeds 100 R � (see Section 2.2 ). 

There are also a few conditions which must be satisfied for
mission to be generated at the frequency ν at some point along
he field line connecting the planet to the stellar surface. First, the

aximum c yclotron frequenc y on the field line νmax , which occurs at
he footpoint of the field line, must be greater than ν. Using equations
 10 ) and ( 12 ), the maximum observable frequency is 

max = 2 . 8 B � 

(
1 − 3 R � 

4 L 

)1 / 2 
, (15) 

here L is given by equation ( 7 ). Similarly, the minimum frequency
bservable must exceed the minimum c yclotron frequenc y on the
eld line νmin , which occurs at the magnetic equator: 

min = 1 . 4 B � 

(R � 

L 

)3 
. (16) 

he cyclotron frequency at the planet’s position νp must also be 
onsidered: 

p = 2 . 8 B � 

(R � 

a 

)3 (
1 − 3 a 

4 L 

)1 / 2 
. (17) 

rovided νmax > ν > νmin , and ν > νp , emission can occur in the
emisphere the planet occupies, as well as the opposite hemisphere 
rovided L < L max . Ho we ver, if νp > ν, emission can only occur in
he opposite hemisphere (again provided L < L max ), since no point
n the star–planet field line in the hemisphere the planet occupies
as a c yclotron frequenc y corresponding to the observing frequency.

 W H AT  O R B I TA L  PHASES  D O E S  EMISSION  

PPEAR  AT?  

ith the model described, we now demonstrate its applicability by 
llustrating the phenomenon of emission appearing at the quadrature 
oints of a planet or satellite’s orbit. These points correspond to
rbital phases of around 0.25 and 0.75 (with 0 being primary
onjunction). The phenomenon of enhanced radio emission from 

upiter at the quadrature points of Io’s orbit was first identified
lmost six decades ago by Bigg ( 1964 ). As the magnetic SPI
cenario represents an ef fecti vely scaled-up version of the Jupiter-Io
MNRAS 524, 6267–6284 (2023) 
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Figure 4. The angle between the line of sight and the emission cone in the 
Northern magnetic hemisphere computed using equation ( 20 ) at different 
magnetic co-latitudes ( θ ) for the emitting point. When this angle equals the 
cone opening angle, emission is visible to the observer. Two blue dashed 
lines mark where the beam angle is 75 ◦ and 90 ◦ as examples. The system is 
oriented such that the rotation and magnetic axes of the star, as well as the 
orbital axis of the planet, are all aligned and lie in the plane of the sk y. F or 
a fixed co-latitude (emission frequency), the beam angle varies sinusoidally 
with the planet’s orbital phase. The amplitude of the curve is maximized when 
θ = cos −1 (1 / 

√ 

3 ) ≈ 55 ◦. For cone opening angles less than 90 ◦, emission 
appears furthest from conjunction when θ = 55 ◦. This can be seen in the 
example of when the beam angle equals 75 ◦, in that the orbital phases where 
it is visible are as far as possible from conjunction (an orbital phase of 0 or 
1). At most, emission can be seen furthest from conjunction at orbital phases 
of 0.25 and 0.75, which are known as the quadrature points of the orbit. This 
ho we ver requires a cone opening angle of 90 ◦, which is the physical limit 
for the underlying emission mechanism (see the text). Therefore, the shaded 
regions mark the range of orbital phases where emission can be considered to 
be in quadrature, assuming an aligned geometry for the system. Note that in 
aligned configurations, the results are equi v alent for the Southern magnetic 
hemisphere, being invariant for the co-latitudes θ and π − θ . 
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ystem, there has been recent emphasis in the literature on detecting
ignatures of such interactions at radio wavelengths at quadrature
oints (e.g. P ́erez-Torres et al. 2021 ; Kavanagh et al. 2022 ). 

.1 The expectation of emission at quadrature 

o understand the phenomenon of emission occurring near points
f quadrature, consider the scenario where the orbital, rotation, and
agnetic axes are all aligned along ˆ z in the plane of the sky (refer

o Appendix A for definitions). In this ‘aligned’ configuration, the
lanet orbits in the equatorial plane of the star, and its position
s a function of orbital phase is described by the following vector
Appendix B ): 

ˆ x p = cos φp ̂  x + sin φp ̂  y . (18) 

he planet induces radio emission at the observing frequency along
he field line connecting it to the star in both hemispheres. These
oints are ( r , θ ) and ( r , π − θ ) in the Northern and Southern
emispheres, respectively. As the field line is symmetric about the
agnetic equator, and the orbital distance is constant, the co-latitudes
and π − θ al w ays correspond to this frequency. The emission in

ach hemisphere is beamed in a cone centred along the vector 

ˆ c = ±
(B r 

B 

ˆ r + 

B θ

B 

ˆ θ
)
, (19) 

here ± denotes the Northern/Southern hemisphere, respectively,
nd B r , ˆ r , B θ , and ˆ θ are defined in equations ( D2 ) to ( D5 ) (replacing

ˆ x B with ˆ x p and ˆ z B with ˆ z in this scenario). The direction of ĉ 
elative to the line of sight determines if and when the emission
s beamed towards the observer (equation 14 ). For emission from the
orthern/Southern hemisphere to be seen twice per orbit, the angle
etween ˆ c and ˆ x ( γ ) must be within the range α ± �α/2 twice per
rbit. Using equations ( D2 ) to ( D5 ), in both magnetic hemispheres
his angle can be shown to be 

cos γ = 

3 sin θ cos θ

(1 + 3 cos 2 θ ) 1 / 2 
cos φp . (20) 

In aligned scenarios, equation ( 20 ) tells us that emission at a given
requency is visible from both hemispheres simultaneously, assuming
xed parameters for the emission cone. What this frequency is de-
ends on the values of B � and a . In Fig. 4 , we show γ versus the orbital
hase of the planet for different magnetic co-latitudes of the emitting
oint in the Northern hemisphere. We see that γ varies between a
inimum and maximum at primary ( φp = 0) and secondary transits

 φp = 0.5), with the amplitude of these curves being determined
y the quantity 3sin θcos θ /(1 + 3cos 2 θ ) 1/2 . The larger this quantity
s, the further from primary transit the angle γ is within the range

± �α/2. It is maximized when θ = cos −1 (1 / 
√ 

3 ) ≈ 55 ◦, giving
os γ = cos θp . Therefore, the furthest emission can appear from
rimary transit is centred at orbital phases of α and 1 − α, which for
he maximum value of α being 90 ◦, correspond to orbital phases of
.25 and 0.75. 
In general, planet-induced radio emission in aligned systems

s visible at orbital phases of 0 to ( α + �α/2) and 1 − ( α
 �α/2) to 1. These phase intervals therefore set the minimum

nd maximum phases where emission can be considered to be at
uadrature, with the exact phases being determined by the magnetic
o-latitude of the emitting point. The minimum value of γ is
os −1 (3sin θcos θ /(1 + 3cos 2 θ ) 1/2 ), which occurs at primary transit.
o appear at least once, this quantity must be in the range α ± �α/2,
nd for emission to appear twice per orbit, it must be less than α −
α/2. 
NRAS 524, 6267–6284 (2023) 
.2 Signal visibility for aligned and misaligned systems 

s shown in the previous section, planet-induced radio emission is
l w ays visible twice per orbit in aligned systems near the quadrature
oints of the planet’s orbit, provided that the emission occurs at a
agnetic co-latitude that is not close to 0 ◦ or 90 ◦. But what happens
hen the magnetic, rotation, and orbital axes are no longer aligned?
In Fig. 5 , we show what we refer to as ‘visibility light curves’

or two configurations: an aligned (described in Section 3.1 ) and
 ‘misaligned’ case. For the parameters in each case, see Table 2 .
hese curves show a signal which is either ‘on’ or ‘off’. When γ is in

he range α ± �α/2 in either hemisphere, we say the signal is ‘on’,
.e. the emission can in theory be seen by the observer. Otherwise,
he signal is ‘off’. This means that either the emission is not beamed
long the line of sight at that time, or emission at the observing
requency cannot be generated at that time (see equations 15 to 17 ). 

As can be seen from Fig. 5 , in the aligned case, emission appears
t the same orbital phases every orbit, near the quadrature limits
escribed in Section 3.1 . Ho we ver, in the misaligned scenario, this
s no longer the case. For the first orbit of the planet, emission
ppears three times, two of which being outside of the range of
ossible quadrature phases. In the second orbit, it is seen four times,
wice outside of quadrature. Finally, for the third orbit emission
ppears three times, once outside of quadrature. This demonstrates
ow complex morphology arises in light curves when the system
s no longer aligned, resulting in emission appearing outside of
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Figure 5. Comparison of the visibility of planet-induced radio emission in 
an aligned (top) and misaligned (bottom) exoplanetary system for the first 
three orbits of the planet. The specific parameters in each case are listed in 
Table 2 . The grey shaded regions in both panels illustrates the range of orbital 
phases where emission can be considered to be in quadrature (see the text). 
In the misaligned scenario, emission regularly appears outside of quadrature. 

Table 2. System parameters for the aligned and misaligned exoplanetary 
systems presented in Figs 5 and 6 . 

Parameter Value 

M � 0.2 M �
R � 0.3 R �
P � 0.8 days 
φ� , 0 0 
B � 1 kG 

a 10 R � 

φp, 0 0 
ν 100 MHz 
α 75 ◦
�α 10 ◦

Aligned Misaligned 
i � 90 ◦ 52 ◦
β 0 ◦ 21 ◦
i p 90 ◦ 67 ◦
λ 0 ◦ 36 ◦
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Figure 6. Probability density of the orbital phases emission appears at in 
the aligned and misaligned scenarios. The integral of each curve over a given 
orbital phase interval gives the probability that visible emission occurs within 
that interval. The grey shaded regions again show the range of possible phases 
where emission can be considered to be in quadrature in the aligned scenario. 
In the misaligned scenario, the majority of the emission appears outside of 
quadrature. 
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uadrature for a significant amount of time. Note also that in the
isaligned case, the time duration of each ‘on’ window varies 

ignificantly. 
To further illustrate the significant differences between the emis- 

ion morphology for aligned and misaligned systems, we compute 
he visibility light curves for each scenario for 500 orbits of the
lanet with 500 time elements per orbit, using the same parameters 
isted in Table 2 . We then take the orbital phases where emission
s visible and fold them with the orbital period of the planet, and
ompute the probability density (PD) of the visible emission as a 
unction of orbital phase. These are shown in Fig. 6 . Unsurprisingly,
n the aligned case emission is contained entirely within two narrow 

indows within the range of possible quadrature phases. In the 
isaligned case ho we ver, the distribution is much flatter, and has
 significant component in the range of orbital phases associated 
ith quadrature emission. Integrating the probability density in the 
isaligned case outside of quadrature (orbital phases of α + �α/2 to
 − α − �α/2), we find that emission appears outside of quadrature 
7 per cent of the time. This illustrate that carrying out targeted radio
bservations of systems only at points of quadrature when we have
ittle knowledge of the geometrical properties of the planetary orbit, 
agnetic field, and rotation axis of the star may not be the most

ppropriate course of action. Similarly, interpreting radio emission 
way from quadrature as being unrelated to SPI is also fraught. One
ust therefore use a geometric model such as the one presented in

his work for analysis. 
The fact that the Io induced emission on Jupiter appears almost

 xclusiv ely at the quadrature points of Io’s orbit (Marques et al. 2017 )
s due to the fact it resembles the aligned configuration described
ere. This is because we view the system from the ecliptic plane of
he solar system. We show this in Appendix E , where we compare
he probability density of emission in an aligned configuration to the
esults reported by Marques et al. ( 2017 ). 

.3 A departure from emission at quadrature 

e now explore the effects of each of the angles i � , β, i p , and λ on
he PD of the light curve, to determine their effects on the range of
rbital phases that emission can appear at. Again we fix the remaining 
alues as listed in Table 2 , and vary i � , β, i p , and λ individually. Our
esolution for i � , β, and i p is 1.8 ◦, and 3.6 ◦ for λ. We compute the
ight curve in the same manner as in Section 3.2 , and then compute
he PD of the emission as a function of orbital phase. The results of
his are shown in Fig. 7 . 

We see that apart from the projected spin-orbit angle, when the
alues of i � , β, and i p depart from those describing an aligned
onfiguration, emission no longer primarily appears near the points 
f quadrature. Therefore, without knowledge of these parameters, 
cheduling radio observations at the quadrature points of a planet’s 
rbit can result in limited or no visibility of the emission induced by
he planet. The converse is also true. If we know these properties, the
odel provided here can be used to estimate what orbital phases to

ample. 
MNRAS 524, 6267–6284 (2023) 
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M

Figure 7. Same as Fig. 6 , but varying each value of i � , β, i p , and λ. In each Figure, the remaining values are those listed for the aligned case in Table 2 (i.e. in 
the top left-hand panel, β = 0 ◦, i p = 90 ◦, and λ = 0 ◦). The red arrows indicate the range of orbital phases where emission can be considered to be in quadrature, 
the limits of which are marked with vertical dashed lines. The probability density is shown such that integrating horizontally over a given orbital phase interval 
gives the probability that observed emission occurs in that interval. Note that if the stellar or orbital inclination are low ( i � � 20 ◦ or � 160 ◦, i p � 10 ◦ or � 

170 ◦), the emission is never visible for systems described by the remaining set of parameters. 
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We see that if the stellar or orbital inclination is low ( i � �
0 ◦ or � 160 ◦, i p � 10 ◦ or � 170 ◦), emission is never visible
egardless of the magnetic obliquity and projected spin-orbit angle
or systems described by the remaining parameters listed in Table 2 .
ess & Zarka ( 2011 ) found a similar result using the ExPRES

ode, in that ef fecti vely zero planet-induced emission is seen in
he systems they simulated for orbital inclination � 30 ◦ or � 150 ◦,
rrespective of the magnetic obliquity. Note that their analysis was
imited to orbital inclinations and magnetic obliquities in increments
f 15 ◦. 

 W H AT  EX OPLANETS  A R E  W E  BIASED  

OWA R D S  DETECTING  IN  T H E  R A D I O ?  

ne of the main moti v ators for de veloping the model presented
ere is to determine if we are biased towards detecting planet-
nduced radio emission from exoplanetary systems with certain
rchitectures. Analogous of our detection bias towards orbits with
 p ∼ 90 ◦ when using the radial velocity and transit methods, certain
rbital configurations may result in the induced ECM emission being
eamed towards the observer for a longer duration of time (higher
uty cycle) compared to other configurations. If this is the case,
NRAS 524, 6267–6284 (2023) 
hen systems identified as candidates for magnetic SPI via blind
adio surv e ys may be more likely to reflect such configurations (e.g.
allingham et al. 2021 ). 
To answer this question, we need to compute the visibility

ight curves for a wide range of parameters, and determine which
arameters (if any) produce emission with a high duty cycle. As
here are a large number of parameters (Table 1 ), we choose random
amples for each one. Next, we describe our choices for the range of
alues for each parameter, as well as the underlying distribution we
raw them from. 

.1 The parameter space for planet-hosting M dwarfs 

s M dwarfs are likely to be the most fa v ourable targets for detection
f planet-induced radio emission, we focus on sampling a parameter
pace reflective of these stars. The masses of M dwarfs range from
0.1 to 0.6 M �, and volume-limited surv e ys of nearby M dwarfs

uggest that the number of M dwarfs drops off linearly with mass,
ith late-type M dwarfs being around four times as common as

arly-types (Winters et al. 2019 ). Therefore, we draw samples for
he stellar mass from a linear distribution with the same slope as that
ound by Winters et al. ( 2019 ). The mass and radii of M dwarfs relate
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ia (Schweitzer et al. 2019 ) 

 � = (0 . 935 ± 0 . 015) M � + (0 . 0282 ± 0 . 0068) , (21) 

here R � and M � are in solar units. We use equation ( 21 ) to draw
amples for the stellar radius based on the samples drawn for M � ,
ssuming the errors in equation ( 21 ) are Gaussian. For masses of 0.1
o 0.6 M �, the resulting radii range from ∼0.1 to 0.6 R �. Note that
his relation is derived from eclipsing binaries, which is assumed to 
old for single stars (Schweitzer et al. 2019 ). 
The rotation periods of M dwarfs depends on both their spectral 

ype (mass) and age (Popinchalk et al. 2021 ; Lu et al. 2022 ). For
arly M-stars, there is evidence for a bimodal distribution of rotation 
eriods, which disappears past the fully conv ectiv e boundary. Lu
t al. ( 2022 ) suggest that this is either due to these stars rapidly
pinning down at around 3 Gyr, or a detection bias disfa v ouring stars
ith intermediate periods, which exhibit lower levels of variability 

nd therefore are more difficult to measure rotation periods for (see 
lso Reinhold et al. 2019 ). In addition to these uncertainties, there are
nly a small number of late-M stars with measured rotation periods 
Popinchalk et al. 2021 ). With this in mind, along with the fact that
e do not explicitly consider the age/activity of the star, we opt to

hoose samples for the rotation period uniformly in the range of 0.1
o 160 d, which co v ers the rotation periods of the M dwarfs presented
y Popinchalk et al. ( 2021 ). For the inclination of the rotation axis,
here should be no preferential orientation of the vector ˆ z � when 
rojected onto a unit sphere centred on the observer. Therefore, we 
ample cos ( i � ) uniformly from 1 to −1 (0 to 180 ◦), which gives a
niform surface density of points on the unit sphere. For the initial
otation phase, we choose values from 0 to 1 uniformly. 

The dipolar magnetic field strengths of M dwarfs are estimated 
o range from at least 100 G to a few kG depending on their
ctivity. Such information along with the magnetic obliquity can be 
nferred with ZDI. M dwarfs exhibit a range of surface field magnetic
onfigurations. Going from early to mid-type M dwarfs, their fields 
ransition from being relatively weak and non-axisymmetric (that 
s each magnetic multipole is not aligned with the rotation axis;
onati et al. 2008 ) to being strong and axisymmetric (Morin et al.
008 ), resembling aligned dipoles. Interestingly, late-M stars appear 
o exhibit both configurations (Morin et al. 2010 ). There is a further
omplication to this. ZDI generally only reco v ers a fraction of
he underlying magnetic energy, which depends on the magnetic 

ultipole. This fraction of energy reco v ered by ZDI also depends on
oth the inclination of the stellar rotation axis and the rotation rate
f the star (see Lehmann et al. 2019 , 2021 ). Note ho we ver this has
nly been studied in the context of the Sun, as we cannot assess the
rue magnetic topology of other stars. What is clear ho we ver from fig.
2(c) of Lehmann et al. ( 2019 ) is that this effect is most severe for the
ipolar component of the magnetic field. In short, ZDI can provide 
nformation about the strength and obliquity of the dipole component 
f the magnetic fields of M dwarfs. Ho we ver, depending on the
pectral type, inclination, and rotation period, its true strength may be 
ifficult to reco v er with ZDI. With this in mind, as well as the fact that
he dipole field strengths and obliquities are not generally explicitly 
tated in the literature, we again take an uninformed approach and 
raw the samples for the dipole field strength and obliquity from
niform distributions. For the field strengths, we consider values 
rom 100 G to 1 kG, and for the obliquity, 0 to 180 ◦. 

In terms of the planet itself, we can first impose a lower limit for
ts orbital distance using the Roche limit, which tells us the minimum
istance a planet can be to its host star before it starts to disintegrate.
assiv e, gaseous e xoplanets are more susceptible to this compared 

o rock y e xoplanets. Therefore, the shortest period planets around 
tars are likely to be rock y. F or incompressible bodies (i.e. rocky
lanets), the Roche limit for its orbital distance is (Rappaport et al.
013 ) 

a 

R � 

> 2 . 44 
(ρ� 

ρp 

)1 / 3 
, (22) 

here ρ� and ρp are the densities of the star and planet. The density
f the star is ρ� = 3 M � /4 πR � 

3 , and the lower limit for the orbital
istance as a function of stellar mass is smallest when the planet
ensity is highest. For rocky planets, this is estimated to be around
 g cm 

−3 (Unterborn & Panero 2019 ). Therefore 

a 

R � 

> 0 . 75 M � 
1 / 3 R � 

−1 . (23) 

ote that M � and R � are in CGS units here. 
The rele v ant outer limit for the orbital distance in the context of
agnetic SPI on M dwarfs is the size of the Alfv ́en surface. Outside

his region, the planet cannot induce radio emission from the star.
herefore, we set the upper limit for the orbital distance as the
aximum radius of the Alfv ́en surface. This generally corresponds 

o where the magnetic field lines begin to open, which in our model
e set to occur at 100 stellar radii, so we adopt the same value for

he upper limit. This value is consistent with MHD models of the
ind of WX UMa (Kavanagh et al. 2022 ), which possesses one of

he strongest magnetic fields measured to date (Shulyak et al. 2017 ).
avanagh et al. ( 2022 ) estimated the size of the Alfv ́en surface to be

round 80 stellar radii. Note ho we ver that an Alfv ́en surface of this
ize is likely only valid for the most active M dwarfs, and is likely
n o v erestimation in the case of inactiv e M dwarfs. Ho we ver, this
nformation cannot be determined without some form of stellar wind 
odelling. 
With these limits in place, the next question is what distribution to

hoose for the orbital distances. In general, it is easier to find planets
he closer they orbit to their host star. Additionally, larger planets
re also more easily detected. On top of this, formation models are
resently at odds with the observ ed e xoplanet demographics for M
w arfs. So f ar, more massi ve and fe wer short-period (small orbital
istance) planets have been found around M dwarfs compared to what
hese models predict (see Schlecker et al. 2022 ; Ribas et al. 2023 ).
iven these uncertainties, we again opt for a uniform distribution for

he orbital distance. 
If the orbital axis ˆ z p is independent of the rotation axis ˆ z � , the

istribution of orbital inclinations should be uniform in cos i p such
hat the tips of the orbital axes are uniformly distributed over a unit
phere. This distribution combined with a uniform distribution for 
os i � results in distribution for the true spin-orbit angle ψ that is
niform in cos ψ . The corresponding distribution for the projected 
pin-orbit angle λ is also uniform. Observations hint at an underlying 
imodal distribution of spin-orbit angles centred at ψ ≈ 0 ◦ and 90 ◦

Albrecht, Dawson & Winn 2022 ; Stef ̀ansson et al. 2022 ). If that
s the case, then clearly there must be some relationship between
he direction of ˆ z � and ˆ z p . Ho we ver, the number of measurements
or ψ and λ are limited, particularly for M dwarfs, and can only
e measured for transiting exoplanets. Due to these low numbers, 
e opt for an uninformed approach, and uniformly sample values 

or cos i p from −1 to 1 and for λ from 0 to 360 ◦. For the initial
rbital phase of the planet, we also uniformly sample the values from
 to 1. 
The final set of values to sample relate to the emission. For

undamental cyclotron emission, the upper limit for the observing 
requency is set by the maximum field strength we consider, which
s 1 kG. The corresponding cyclotron frequency for this field strength
MNRAS 524, 6267–6284 (2023) 
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consider. These configurations result in the magnetic axis being able to form 

the angle α with the line of sight. The most visible systems are those where 
the magnetic axis is al w ays tilted relative to the line of sight by α. There are 
two distinct sets of values that result in this configuration, which we refer to 
as C1 and C2 (see the text). 
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s 2.8 GHz via equation ( 10 ). For the lower limit of the observing
requency, we set this to 10 MHz, which is the lowest operating
requency of current-generation radio telescopes (e.g. LOFAR; Edler,
e Gasperin & Rafferty 2021 ). Again, it is not clear what the
nderlying distribution of emitted frequencies is, given that there
as yet to be a conclusive detection of such emission. Furthermore,
 sophistication model for the evolution of the velocity distribution
f the electrons powering the maser as the y trav el along the field
ine is required to accurately determine the frequencies at which the
mission occurs o v er time. Lacking this information, we once again
niformly sample the observing frequency between 10 MHz and
.8 GHz. 
For the properties of the emission cone, we adopt a range of 70 ◦ to

0 ◦ for the opening angle based on the discussion point in Section 2.3 .
imilarly for the cone thickness, we are limited to the Jupiter–
o interaction in terms of our knowledge of appropriate values.

hile observations suggest thicknesses of around 1 ◦, theoretical
onsiderations suggest values of 10 ◦ to 20 ◦ based on the range of
bserved opening angles. To not o v erestimate the thickness more
han necessary, we set the upper limit to 10 ◦, and the lower limit
o 1 ◦. Again, the lack of observations and a sophisticated model
or the maser limit our ability to implement meaningful ranges and
istributions for the cone properties in a stellar context. Our focus
ere ho we ver is to e v aluate the geometric dependence of the duty
ycle. As such, we employ uniform distributions for both values.
uture work that better-establishes what are appropriate values and
istributions for these quantities will allow for this to be re-assessed.

.2 Temporal resolution of the light cur v e 

n important aspect to consider here is the temporal resolution � t
f the visibility light curve. Generally, for systems with short orbital
eriods (small orbital distances) and narrow cone thicknesses are
nly visible for very short windows. If � t is too large, we can end
p undersampling and missing a large fraction of the on phases
f the signal. We can determine suitable values for � t however by
onsidering the time it takes for the emission cone to sweep across the
ine of sight. We approximate this as the duration of time taken for the
lanet to increase in orbital phase by �α (the cone thickness), which
s P p ( �α/360 ◦). With the aim of resolving each on window with at
east two points, we compare the duty cycle for a few hundred random
amples for a signal duration of 1000 d, using time intervals of � t =
 p ( �α/720 ◦) and � t = P p ( �α/36000 ◦). We find that the duty cycle
btained using the lower resolution varies by less than 4 per cent
ompared to the high resolution calculation. We therefore determine
hat � t = P p ( �α/720 ◦) is a suitable resolution to dynamically set
or each light curve such that the true duty cycle of the signal is
eco v ered. 

.3 What systems are easiest to detect? 

ith the assumed parameter space of planet-hosting M dwarfs laid
ut, we now perform a Monte Carlo simulation, sampling each
arameter from their aforementioned distributions (Section 4.1 ). We
hoose 1 million values for each parameter. For each set of values,
e first compute their visibility light curves, and then their duty cycle

the percentage of time the signal is visible for). The time duration
f each light curve is 500 d. We find that a randomly sampled system
as on average a duty cycle of 4 per cent, and that 48 per cent
f all systems can produce emission that is ever visible. In other
ords, 52 per cent of systems will never be observable, assuming

tatic conditions for the large-scale magnetic field of the star and the
NRAS 524, 6267–6284 (2023) 
mission cone. Of the 48 per cent of systems visible, their average
uty cycle is 8 per cent. We also find that emission is as likely to
e seen from the Northern magnetic hemisphere as the Southern
agnetic hemisphere. This is unsurprising, as unless there is some

pecial configuration of the system, the planet will spend as much
ime in the Northern hemisphere as the Southern hemisphere. In other
ords, there is no preferential polarization for the radio emission,

ssuming both hemispheres emit via the same magnetoionic mode. 
We then investigate each of the parameters to see which (if any)

nhance the duty cycle, and if so, what values of the parameters do
o. Due to both the high number of dimensions of the model and the
andom sampling, there is a large amount of scatter when plotting
he duty cycle against each parameter for all of our samples. Each
catter plot is shown in Appendix F . Ho we ver, we see that there
re certain values for the stellar inclination, magnetic obliquity, and
rbital inclination which result in high duty cycles. 

.3.1 Stellar parameters 

e first consider the stellar parameters that produce high duty cycles.
n Fig. 8 , we plot the magnetic obliquity against the cosine of the
tellar inclination for the systems where the duty c ycle e xceeds 20
er cent. We see that the majority of the points all lie along curved
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ines, and the most visible systems are described by two distinct 
onfigurations. We refer to these as C1 and C2. In C1, the rotation
xis forms the angle α, the cone opening angle, with the line of sight
 i � = α or 180 ◦ − α), and the magnetic axis is either parallel or
ntiparallel to the rotation axis ( β = 0 ◦ or 180 ◦). In C2, the rotation
xis is viewed pole on ( i � = 0 ◦ or 180 ◦), and the magnetic obliquity
s α or 180 ◦ − α. 

We can understand the structure seen in Fig. 8 , as well as the
igh duty cycles of C1 and C2 by considering the angle χ that the
agnetic axis ˆ z B makes with the line of sight ˆ x . Using equations 

 A1 ) to ( A4 ), we can express χ as: 

cos χ = ˆ z B · ˆ x = cos i � cos β + sin i � sin β cos φ� . (24) 

he values for cos χ are al w ays in the range cos ( i � ± β). Overlaying
if ferent v alues of i � ± β onto Fig. 8 , we find that the vast majority
f the systems follow the lines where i � ± β is either α or 180 ◦ −
. In other words, systems with high duty cycles are those where the
agnetic axis can form the angle α with the line of sight. Equation

 24 ) also explains the most visible systems described by C1 and C2. If
in i � or sin β are zero, the angle χ no longer has any time dependence,
nd the magnetic axis is always inclined relative to the line of sight
y the same angle. The key distinction between C1 and C2 is that
n C1, the magnetic axis remains fixed in place from an observer’s
oint of view. In C2 however, the magnetic axis precesses about the
ine of sight. 90 per cent of all systems with duty cycles exceeding
0 per cent are in C1, and 3 per cent are in C2 (with a tolerance of
10 ◦ for the inclination and obliquity), and the max duty cycles in
1 and C2 are 80 and 60 per cent, respectively. The lower number
f systems in C2 is primarily due to adopting a uniform distribution
or the stellar inclination axes (Section 4.1 ), which results in pole-on
ystems being much rarer than the near-equator on systems described 
y C1. 

.3.2 Planetary parameters 

e now must also consider the orbit of the planet around the star
hen it is in C1 or C2 to understand the high duty cycles seen in
ig. 8 . In Fig. 9 we show normalized histograms of the number of
ystems with duty cycles exceeding 40 per cent as a function of
rbital inclination and projected spin-orbit angle. We see that most 
ystems are near face-on ( i p ≈ 0 ◦ or 180 ◦) and have projected spin-
rbit angles of either ≈0 ◦ or 180 ◦. To further explore this, in Fig. 10
e plot the duty cycle of emission induced at 100 MHz as a function
f the planet’s orbital inclination and projected spin-orbit angle, from 

he Northern hemisphere of a star in C1 ( i � = α = 75 ◦, β = 0 ◦) and
2 ( β = α = 75 ◦, i � = 0 ◦). We compute each light curve for 100
rbits, with 100 time samples per orbit. For C1, we find that the
aximum duty cycles correspond to planetary orbits that pass o v er

he magnetic poles. For this to occur, the normal to the orbital plane
ˆ z p must be perpendicular to the magnetic axis ˆ z B . In C1 ( i � = α =
5 ◦, β = 0 ◦), this requires that: 

ˆ z B · ˆ z p = cos i p cos α + sin i p sin α cos λ = 0 , (25) 

eaning that 

tan i p cos λ = 

−1 

tan α
. (26) 

The dashed line in the left-hand panel of Fig. 10 shows the
ombined values of i p and λ that describe orbits which pass o v er
he magnetic poles, satisfying equation ( 26 ). This line intersects
ith the regions where the duty cycle peaks, which occur at i p ≈ 15 ◦

nd λ ≈ 160 ◦ or 200 ◦, and i p ≈ 165 ◦ and λ ≈ 20 ◦ or 340 ◦. Not all
rbits described by the dashed line have high duty cycles ho we ver,
hich implies that further constrains exist which likely relate to the

raction of the orbit where the emission cones point along the line of
ight. This is not trivial to show analytically with an exact treatment
f the geometry. Ho we ver, since the planet orbits over the magnetic
oles, the field lines it interacts with are almost entirely radial for a
ignificant part of its orbit. This means that the emission cone vector

ˆ  is parallel to the position vector of the planet ˆ x p . 
If we assume that the field lines are radial, the angle between

he cone and line of sight in the Northern magnetic hemisphere is
equation 14 ): 

cos γ = ˆ x p · ˆ x = sin i p cos φp . (27) 

ear i p = 15 ◦ and 165 ◦, γ varies sinusoidally, the minimum of γ is
lose to α which occurs at conjunction ( φp = 0). If the minimum of
is α − �α/2, then the range of orbital phases where γ is within α
�α/2 is maximized, resulting in the highest duty cycle possible. 

n other words, the duty cycle is maximized when 

cos ( α − �α/ 2) = sin i p , (28) 

.e. when i p = 90 ◦ − α + �α/2 or 90 ◦ + α − �α/2. For α = 75 ◦, we
ave i p = 17.5 ◦ and 162.5 ◦. There are two corresponding values of λ
or each of these orbital inclinations that describe orbits which pass
 v er the magnetic poles, which are obtained from equation ( 26 ). For
 p = 17.5 ◦ we have λ ∼ 148.2 ◦ and 211.8 ◦, and for i p = 162.5 ◦ we
ave λ ∼ 31.8 ◦ and 328.2 ◦. These four orbital configurations closely 
lign with the regions where the duty cycle peaks seen in Fig. 10 ,
hich are indicated by red circles. In Fig. 11 we show a sketch of
 planet orbiting a star in C1 in the optimal orbital configuration
escribed here. 
In C2, the magnetic axis cannot stay in the orbital plane due to

ts precession about the rotation axis of the star. That being said, the
agnetic axis and orbital plane will become aligned twice per stellar

otation. For an example configuration of C2 ( i � = 0 ◦, β = α = 75 ◦),
he magnetic axis and orbit normal are perpendicular when 

ˆ z B · ˆ z p = cos i p cos α − sin i p sin α cos ( φ� + λ) = 0 , (29) 
MNRAS 524, 6267–6284 (2023) 
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Figure 10. The duty cycle of emission at 100 MHz from the Northern magnetic hemisphere of a star in C1 ( i � = α = 75 ◦, β = 0 ◦, left-hand panel) and C2 ( i � = 

0 ◦, β = α = 75 ◦, right-hand panel) as a function of the planet’s orbital inclination and projected spin-orbit angle. The cone thickness is 5 ◦, and the remaining 
parameters are those listed in Table 2 . For C1, we see that the maximum duty cycle corresponds to orbits that pass o v er the magnetic poles, which are indicated 
by the dashed line. Note that only certain orbits that pass o v er the magnetic poles result in high duty cycles, which are marked with red circles (see the te xt). F or 
C2, the magnetic axis cannot al w ays stay aligned with the orbital plane. As a result, the duty cycle has no dependence on the projected spin-orbit angle. It still 
peaks ho we ver at the same orbital inclinations as in C1, which are sho wn with vertical dashed lines. 
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Figure 11. Sketch of a planet orbiting around a star in the configuration 
C1 in the optimal configuration. The star has no magnetic obliquity here, 
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inclined relative to the line of sight by the angle α, which is the angle radio 
emission induced on the star by the planet is beamed at from the magnetic 
field lines. The planet’s orbit is shown in blue, and the black lines show the 
large-scale magnetic field of the star that connect to its orbit. The values of 
the orbital inclination i p and projected spin-orbit angle λ are such that the 
duty cycle of radio emission induced by the planet on the star is maximized 
(see Section 4.3.2 ). For the values of α considered in this work, the optimal 
orbital configuration is near face-on (i.e. the planet orbits in the plane of the 
sky). 
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.e. when 

� = cos −1 
[ 1 

tan i p tan α

] 
− λ or 2 π − cos −1 

[ 1 

tan i p tan α

] 
− λ. 

(30) 

o, while the rotation phases where ̂  z B and ̂  z p become perpendicular
epend on the projected spin-orbit angle λ, the magnetic axis will
l w ays align with the orbital plane twice per orbit irrespective of the
alue of λ, provided that 1/tan α < tan i p < −1/tan α. When ̂  z B and ̂  z p 
re perpendicular, equation ( 27 ) is then valid under the assumption
hat the field lines are radial. Following the same logic as for C1, the
uty cycle is maximized when i p = 17.5 ◦ or 162.5 ◦. This is what is
een in the right-hand panel of Fig. 10 . 

An interesting result from these configurations is that they produce
mission that is predominantly either right (RCP) or left circularly
olarized (LCP). In other words, their emission comes from either
he Northern or Southern magnetic hemisphere, irrespective of if
he star is in C1 or C2. In fact, when the duty cycle exceeds 40
er cent, virtually all systems emit either RCP or LCP e xclusiv ely.
his is because these two configurations require one magnetic
ole to al w ays f ace tow ards the observer. This feature has been
dentified in the dynamic spectra of radio bursts from a sample of
 dwarfs by Villadsen & Hallinan ( 2019 ), which is expected if the

lectrons powering the radio emission are accelerated in the large-
cale magnetic field of the star as we model in this work. 

We also note that we see a marginal bias towards detecting
mission induced by closer in planets (see Fig. F1 ). This is due
o our assumption that the field lines become open when the planet
nteracts with a field line that connects near to the magnetic poles.
f the planet orbits far from the star, virtually all the field lines it
ees will be open, and as a result the visibility of the emission is only
ossible from a single magnetic hemisphere, marginally reducing the
ikelihood of seeing the emission. 
NRAS 524, 6267–6284 (2023) 
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.3.3 Emission parameters 

side from the geometrical parameters, the sampling also shows 
s that low-frequency emission from stars with strong magnetic 
elds are more fa v ourable (Fig. F1 ). This is unsurprising, as under

he assumption of a uniform distribution of field strengths, lower 
requencies are more likely as opposed to higher frequencies. 
imilarly, stars with stronger fields can produce a wider range of
bservable frequencies. 
In terms of the cone properties, we see a marginal bias towards

ystems with cone opening angles closer to 90 ◦. For systems where
he duty cycle exceeds 20 per cent, those which have opening angles
lose to 80 ◦ are about 1.5 times more likely to be seen than those
here the opening angle is around 70 ◦. This can be understood by

onsidering the configurations which we identify in Sections 4.3.1 
nd 4.3.2 that correspond to high duty cycles, which rely on the planet 
assing o v er the magnetic poles of the star. If the cone opening angle
s closer to 90 ◦, then the emission cones are at right angles to the
agnetic field. In a face-on orbit, this means that the cones al w ays

oint towards the observer, assuming the magnetic axis lies in the 
rbital plane. We also see that thicker emission cones produce more 
isible emission. This is expected since a thicker cone results in 
ider windows wherein the signal can be seen. 

 DETEC TA BILITY  V I A  OTH ER  M E T H O D S  

N D  PROSPECTS  F O R  TRANSITING  

XOPLA N ETS  

n the previous section, we have identified two key configurations 
or the star and planetary orbit which result in planet-induced radio 
mission being visible for the majority of the time. That being said,
hese configurations describe planets in near face-on orbits, which 
re likely to be very difficult to detect via the radial velocity method,
nd also do not transit. These planets could theoretically be directly 
maged if they orbit sufficiently far from their host star. Ho we ver, the
hortest orbital distance inferred to date for a directly imaged planet 
s 3.53 au, for the massiv e e xoplanet HD206893 c (Hinkley et al.
023 ). Normalized this distance by the stellar radius of the main
equence F-type host star of 1.25 R � (G ́asp ́ar, Rieke & Ballering
016 ), this planet orbits at around 600 R � . An Alfv ́en surface of this
ize would require an incredibly strong magnetic field strength at the 
tellar surface. This would be unprecedented for a main sequence F-
ype star like HD206893, which typically exhibit large-scale surface 
eld strengths of just a few Gauss (e.g. Fares et al. 2012 ; Jeffers et al.
018 ; Seach et al. 2022 ). 
Another method which could be more feasible for detecting planets 

n C1 or C2 with current-generation telescopes is the astrometry 
ethod, which uses the reflex motion of the star projected on to the

lane of the sky to infer the presence of a companion. This method
s expected to lead to an explosion in the number of detected non-
ransiting exoplanets with survey telescopes such as Gaia (Perryman 
t al. 2014 ; Winn 2022 ). To date, the shortest orbital distance planet
isco v ered to orbit a main-sequence star via astrometry is the 2.3
upiter mass planet GJ 896Ab (EQ Peg Ab), which orbits its M3.5
ost star at 0.639 au (Curiel et al. 2022 ). Interestingly, this detection
as made using the Very Long Baseline Array (VLBA) at 8.4 GHz.
gain normalizing by the radius of the host star of 0.25 R �, the planet
rbits at 550 stellar radii. While the host star is an M dwarf with an av-
rage large-scale surface magnetic field of around 500 G (Morin et al.
008 ), it is unlikely its Alfv ́en surface extends to this distance. Nev-
rtheless, a companion in a system similar to GJ 896A could be dis-
o v ered using the same method if it is closer and more massive, such
s a brown dwarf. Such systems would be very suitable candidates
or disco v ery in tandem via magnetic SPI, as e xplored in this work. 

It is therefore useful to also estimate what systems are most visible
n the radio that we are also able to detect with current techniques,
.e. transiting exoplanets. For the planet to transit the stellar disc,
ts inclination must be in the range | cos i p | < R � / a , neglecting the
adius of the planet. Using the same uniform distributions for each
arameter as described in Section 4.1 , and limiting the values of
os i p from −R � / a to R � / a , we re-run our Monte Carlo sampling of
he visibility function. 

For transiting systems, overall we find the same results as for
ystems where all orbital inclinations are considered, in which a 
andomly chosen system is visible for 4 per cent of the time, and
9 per cent of all systems are ever visible. Similarly, there is no
referential polarization to the radio emission. This is unsurprising, 
iven that the inclination of the rotation axis of the star and the
agnetic obliquity, both of which remain unchanged in terms of 

ampling, are the dominant parameter as to whether radio emission 
s visible at all. It is not that transiting systems are not visible, but
hat planets in near face-on orbits result in maximum visibility (Fig.
0 ). As such, the maximum duty cycle for transiting systems we
nd for our sample is 56 per cent, compared to 80 per cent for
ystems that co v er the full 180 ◦ in orbital inclination. There are also
o significant differences in terms of scatter plots of inclinations and
agnetic obliquities that produce high duty cycles (Fig. 8 ) or the

uty cycle against each parameter (Fig. F1 ) for transiting systems. 

 SUMMARY  A N D  C O N C L U S I O N S  

e now summarize and discuss the main findings of the paper. 

.1 Current limitations to the model 

he model developed here, while fast and flexible, is not without
imitations. The first of which is the lack of any information about
he plasma itself. Accounting for such would allow for the plasma
requency to be computed, which provides a lower limit to the
requency range of emission (Kavanagh et al. 2021 , 2022 ), as well
s the radio power emitted via the interaction to be estimated (see
aur et al. 2013 ). It also allows for the calculation of the position
f the Alfv ́en surface. Knowing this places a further constraint
n the regions around the star where magnetic SPI can occur,
ithout needing an arbitrary constraint like the maximum size of 

he field line as we have currently implemented. Knowledge of the
lasma environment would also allow for absorption, reflection, and 
efraction processes to be incorporated into the radiative transfer. 
ccounting for these effects could significantly alter the visibility 
f the ECM emission. The plasma information also allows for the
adio flux densities to be estimated, which in turn provides temporal
odulation to the signal when visible. With this we can also compute

he size of the planet’s magnetosphere, which in turn influences the
nduced flux densities (Kavanagh et al. 2022 ). 

Another aspect lacking from both the model presented here as well
s that developed by Kavanagh et al. ( 2022 ) is the velocity distribution
f electrons along the field line that is producing radio emission.
nowing this would allow us to self-consistently calculate many 
esirable quantities such as the frequency range, cone properties 
which we assume to be constant in this work), and emission duration.
o we ver, for this one would likely have to couple an MHD simulation

o a particle-in-cell type simulation, and account for how Alfv ́en
aves are generated and propagate in a dynamical environment such 

s a stellar wind. Such a task is well beyond the scope of this paper,
MNRAS 524, 6267–6284 (2023) 
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s well as in the case of MHD simulations such as those presented by
avanagh et al. ( 2021 , 2022 ). However, it is still worth mentioning
ith future work in mind. Accounting for the evolution of the electron
elocity distribution on the emitting field line would also allow us
o compute properties such as the delay time between the interaction
nd the emission to appear, as well as trailing features such as those
een on in Io’s footpoint on Jupiter in the UV (Hess et al. 2010 ). 

MHD models also provide information about the plasma inertia,
hich results in a toroidal component to the large-scale magnetic
eld that trails behind the direction of rotation in a Parker spiral-

ike configuration. Similarly, the closed field lines will be stretched
utward radially, opening at some distance close to the Alfv ́en
urface. Depending on the conditions, these deviations from purely
ipolar field lines could alter the visibility of the emission. The
ame argument can be made against using a purely dipolar magnetic
eld as we have done in this work. If the induced emission is
enerated sufficiently close to the stellar surface, higher order modes
f the magnetic field such as the quadrupole and octupolar will
ecome more significant. As a result, the total magnetic field vector
ay deviate from the dipolar component significantly. Ho we ver,

nowledge of the strength of each magnetic mode is only generally
btainable via the ZDI method (see also Lehmann & Donati 2022 ).
n future, it could be useful to also parametrize o v er the higher order
agnetic modes in this context, using for example the potential
eld source surface method (PFSSM; Jardine, Collier Cameron &
onati 2002 ). This ho we ver will be more numerically taxing than

he assumption of a purely dipolar field. 
In the future, it will also be necessary to develop numerical models

or predicting the visibility of radio emission from magnetized low-
ass stars that do not invoke the presence of a planet (e.g. Llama et al.

018 ; Owocki et al. 2022 ). Such models should also account for the
forementioned aspects mentioned in this section such as propagation
ffects. Since the same underlying geometric calculations presented
n this work are rele v ant in that regard, the MASER code can be
dapted for these scenarios. Then in the case that emission is detected
rom a system, these models can ideally be utilized to uniquely
dentify the underlying generation mechanism (see also Kavanagh
t al. 2022 ). 

.2 Comparison to the ExPRES code 

t is worth noting that there are similarities between the code
eveloped here and the ExPRES code developed by Hess & Zarka
 2011 ) (see also Louis et al. 2019 ). The key distinction is that ExPRES
equires the pre-computed magnetic field geometry of the system as
n input, whereas we compute the geometry of the field line the planet
nteracts with for an arbitrary set of system parameters on the fly.
xPRES also takes the plasma and energy of the electrons as inputs,
hich are used to prescribe the underlying electron cyclotron maser

onditions. Ho we ver, these conditions are highly uncertain in a stellar
ontext, and likely require both MHD and particle-in-cell simulations
o determine. Our code ho we ver does not explicitly assume that the
rescriptions which appear to work well for the auroral emission on
upiter and Saturn apply. ExPRES also is written in IDL, which is
ot open source. It is also unclear if it can be easily deployed for
arametric studies, as we exhibit in this work with the MASER code.

.3 Concluding remarks 

n this work, we have developed a freely available tool to assess
nd predict signatures of magnetic star–planet interactions in the
adio regime. It is based on a key set of physical and geometrical
NRAS 524, 6267–6284 (2023) 
arameters, which are generally known in part for exoplanetary
ystems. For systems with unknown parameters (i.e. the orbital
istance of the planet), the model can be utilized in parametric studies
o compare to observations that are indicative of such interactions. It
s also fast, computationally ine xpensiv e, and has low dependencies,
nd captures most of the key processes of the model presented in
avanagh et al. ( 2022 ), without the need for MHD simulations or
agnetic field maps. 
We first illustrated its ability to explain the phenomenon of radio

mission appearing at the quadrature points of a satellite’s orbit,
hich correspond to orbital phases of 0.25 and 0.75. Ho we ver, this

s in fact only possible in the case that the rotation, magnetic, and
rbital axes are all aligned and lie in the plane of the sky. This is not
he case in general for exoplanetary systems. Therefore, scheduling
adio observations to coincide with the quadrature points of a known
lanetary orbit can result in the majority of the induced emission
eing missed. 
We then utilized the model in a Monte Carlo simulation to assess

hich (if any) of the model parameters reflect exoplanetary systems
e are biased towards detecting. Sampling the parameter space with
 million values, we find that there are two distinct configurations
here emission can be seen for up to 80 per cent of the time. This

s significantly higher than the average value for systems that can
ver be visible of ∼ 9 per cent . These two configurations rely on
he inclination of the magnetic axis relative to the line of sight being
xed at an angle equal to that of the opening angle of the emission
one. Such configurations are possible if the magnetic and rotation
xes are aligned (C1), or if we see the star pole on with an obliquity
lose to 90 ◦ (C2). 

F or C1, man y M dwarfs e xhibit strong axisymmetric dipolar
agnetic fields at their surfaces (Morin et al. 2008 , 2010 ), and as
 result they could be well-suited for detection of radio emission
nduced by planets in face-on orbits. For C2 ho we ver, it is not clear
hether any M dwarfs that have had their surface fields mapped with
DI exhibit obliquities close to 90 ◦. Some early and late M dwarfs do
xhibit significant non-axisymmetric components, which in theory
ncludes topologies with large obliquities. Ho we ver, specific infor-

ation relating to the dipolar component of the reco v ered magnetic
eld is often limited in the literature. Another interesting point is

hat if the magnetic field of the star evolves such that the dipole axis
o v es in to one of these configurations, emission may become more

isible compared to other stages of the magnetic cycle. AD Leo is
n M dwarf that has exhibited hints of activity cycles (Lavail et al.
018 ), ho we v er, we hav e yet to see an y evidence for a significant
hange to the dipole tilt. 

In terms of the planet’s orbital characteristics, we find that the most
isible systems are those where the planet orbits o v er the magnetic
oles. Combining this with the configurations C1 and C2 described
bo v e, these planets are in near face-on configurations. This is
uite interesting, as such a population of exoplanets remains largely
ndisco v ered via traditional methods, due to both their low radial
elocity signatures and non-transiting nature. This could explain
hy none of the stars detected at radio wavelengths by Callingham

t al. ( 2021 ) are known to host any close-in planets. If that is the
ase, the astrometry method may pro v e to be very complementary
or confirming their presence (see Section 5 ). We note that transiting
xoplanets are still likely to be detectable when the star is in C1 or
2, but are less likely to be seen in blind radio surv e ys compared

o planets in near face-on orbits. We also note that these results are
ased on our assumption of non-informative priors for the underlying
ystem geometry. Further understanding of their true underlying
istributions could alter these results. 
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Although the code developed here has been primarily discussed in 
 star–planet context, it can be easily adapted to any magnetized 
ost–satellite system by simply changing the units of the input 
arameters (e.g. Section E ). In that sense, it may also be useful
n future for interpreting radio emission from brown dwarfs and 
xoplanets. It also could be easily applied in the area of enhanced
hromospheric/coronal emission from stars due to magnetic SPI (e.g. 
hk olnik, Walk er & Bohlender 2003 ; Lanza 2009 ; Klein et al. 2022 ).
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M

Figure A1. Coordinate systems describing the rotation of the star about its 
axis ˆ z � (left-hand side) and the magnetic obliquity of the dipole axis ˆ z B 
(right-hand side). 
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Figure B1. Vectors describing the position of the planet ˆ x p (left-hand side) 
and the spin-orbit misalignment (right-hand side), which is characterized by 
the angle λ, the angle formed by the projection of the rotation and orbital 
axes on to the plane of the sky. 
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PPENDIX  A :  V E C TO R S  F O R  T H E  STELLAR  

OTAT I O N  A N D  MAGNETIC  A X E S  

n this work, we relate all vectors describing the exoplanetary system
o the line-of-sight vector ˆ x = (1 , 0 , 0), the projection of the stellar
otation axis ̂  z � onto the plane of the sky ̂  z = (0 , 0 , 1), and the vector
erpendicular to ̂  z in the plane of the sky ˆ y = ˆ z × ˆ x = (0 , 1 , 0). The
otation axis is inclined relative to the line of sight ˆ x by the angle i � : 

ˆ z � = cos i � ̂  x + sin i � ̂  z . (A1) 

he magnetic axis ̂  z B is tilted relative to the rotation axis by the angle
, and the projection of ̂  z B on to the star’s equatorial plane is ˆ x � . The

otation phase of the star φ� is measured between ˆ x � and the vector
ˆ  � , which is the projection of ˆ x onto the equatorial plane: 

ˆ  � = sin i � ̂  x − cos i � ̂  z . (A2) 

he rotation phase φ� = 0 when the ˆ x � = ˆ n � . The vector ˆ x � is
herefore 

ˆ x � = cos φ� ̂  n � + sin φ� ̂  y , (A3) 

nd the magnetic axis is 

ˆ z B = sin β ˆ x � + cos β ˆ z � . (A4) 

Fig. A1 shows a sketch of the vectors described here. 

PPENDIX  B:  V E C TO R S  F O R  T H E  PLANET  

OSITION  A N D  SPIN-ORBIT  MISALIGNME NT  

round the star, a planet orbits. The normal to its orbital plane is
ˆ z p , which is inclined relative to the line of sight by the angle i p . The
rojection of ˆ z p on to the plane of the sky is ˆ z ′ : 

ˆ z p = cos i p ̂  x + sin i p ̂  z 
′ . (B1) 

n general, ̂  z ′ is not aligned with ̂  z , the projection of the stellar rotation
xis on to the plane of the sky, and the angle measured from ˆ z ′ to ˆ z
s λ. This is known as the projected spin-orbit angle. Similarly, the
ngle from ˆ y to the vector perpendicular to ˆ z ′ in the plane of the sky

ˆ y ′ = ˆ z ′ × ˆ x is also λ. ˆ y ′ and ˆ z ′ can be expressed as 

ˆ y ′ = cos λ ˆ y − sin λˆ z , (B2) 

ˆ z ′ = sin λ ˆ y + cos λˆ z . (B3) 

he true spin-orbit angle ψ is the angle between the rotation and
rbital axes, which is: 

cos ψ = ˆ z � · ˆ z p = cos i � cos i p + sin i � sin i p cos λ. (B4) 
NRAS 524, 6267–6284 (2023) 
he rotation phase of the planet is measured between the position of
he planet ˆ x p and the projection of the line of sight on to the orbital
lane ˆ n p , which is 

ˆ n p = sin i p ̂  x − cos i p ̂  z 
′ . (B5) 

herefore, the position of the planet is given by: 

ˆ x p = cos φp ̂  n p + sin φp ̂  y ′ . (B6) 

 sketch of the vectors described here is shown in Fig. B1 . 

PPENDI X  C :  FI NDI NG  T H E  RO OT  O F  

QUATI ON  (  1 3  )  

o find the root of equation ( 13 ), we use Newton’s method, which
tilizes the deri v ati ve of the function to be solved. The deri v ati ve of
quation ( 13 ) with respect to r is 

 

′ = 

6 

R � 

( B 

B � 

)2 ( r 

R � 

)5 
+ 

3 

4 L 

. (C1) 

rom an initial value of r = r i , we linearly extrapolate the tangent
ine from the point ( r i , F ( r i )) to the point where F = 0. The value of
 where this line crosses F = 0 is r i + 1 , which can be expressed as 

 i+ 1 = r i − F ( r i ) 

F 

′ ( r i ) 
. (C2) 

e iterate this process is until | B ν − B ( r i ) | / B ν is less than 1 per cent.
nitializing the value of r i = R � , this typically takes 10 to 50 iterations
epending on the values of the coefficients of equation ( 13 ). At that
oint, we take the value of r ν = r i , and then compute θν via equation
 5 ). 

PPENDI X  D :  T H E  MAGNETI C  FIELD  V E C TO R  

L O N G  T H E  FIELD  LI NE  

t each point on the magnetic field line, the field vector can be
ecomposed into a radial and meridional (polar) component: 

B = B r ̂  r + B θ
ˆ θ . (D1) 

ere, B r and B θ are the radial and meridional components, which at
he point ( r , θ ) are (Kivelson & Russell 1995 ): 

B r = B � 

(
R � 
r 

)3 
cos θ, (D2) 

B θ = 

B � 
2 

(
R � 
r 

)3 
sin θ. (D3) 
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igure D1. The relation between the radial and meridional vectors at an
mitting point at a co-latitude θ on the magnetic field line to the magnetic
xis and equator of the star ̂  z B and ˆ x B . 

he radial and meridional unit vectors ˆ r and ˆ θ can be expressed in 
erms of ˆ x B and ˆ z B , which define the plane that the magnetic field
ine lies in (see Figs 2 and D1 ): 

ˆ r = sin θ ˆ x B + cos θ ˆ z B , (D4) 

ˆ θ = cos θ ˆ x B − sin θ ˆ z B . (D5) 

n the Northern magnetic hemisphere the emission cones point along 
ˆ  , which are aligned with B , i.e. ˆ c = B /B. In the Southern magnetic
emisphere ho we ver, the field lines point to w ards the stellar surf ace,
ut the emission cones are still oriented away from the surface. 
herefore, in the Southern hemisphere, ˆ c = −B /B. 

PPEN D IX  E:  I O - I N D U C E D  EMISSION  F RO M  

UPITER  AT  QUA D R AT U R E  

he Jupiter–Io interaction is a good example of the aligned scenario 
iscussed in Section 3.1 . Marques et al. ( 2017 ) analysed 26 yr of
0–40 MHz radio data from Jupiter, identifying the components in 
ts dynamic spectra that are due to the sub-Alfv ́enic interaction with
o. Naturally, this is a great data set to benchmark our model against,
eplacing the star with Jupiter and the planet with Io. The rele v ant
roperties of Jupiter and Io are listed in Table E1 . 
In Fig. E1 we compare the results of Marques et al. ( 2017 ) to the

D of the light curve from a system described by the values listed in
able E1 . For comparison we also show the PD of the light curve for

he same system, but with the angles describing an aligned system
e.g. Table 2 ). We compute both light curves for 500 orbits of Io, with
000 time samples per orbit. We fix the initial rotation and orbital

able E1. Rele v ant parameters of Jupiter and Io. 

arameter Value Reference 

upiter: 
ass 1.90 × 10 30 g –
adius 7.15 × 10 9 cm –
otation period 0.41 d 1 

nclination of rotation axis 86.9 ◦ 1 
ipole field strength (pole) 8.6 G 1 
agnetic obliquity −9.4 ◦ 1 

o : 
rbital distance 5.90 Jupiter radii 2 
rbital inclination ∼86.9 ◦ 3 
rue spin-orbit angle ∼0 ◦ 3 

ote. 1: Bagenal ( 2013 ); 2: Bagenal & Dols ( 2020 ); 3: The rotation axis of
upiter and orbital plane of Io are separated by a very small angle (Bills &
cott 2022 ). 
igure E1. Comparison of the probability density (PD) estimated for the Io-
nduced emission on Jupiter to the occurrence rate as a function of the orbital
hase of Io inferred from 26 yr of radio data by Marques et al. ( 2017 ). The top
anel shows the probability density for the Jupiter-Io system in an aligned
onfiguration, the middle panel shows the PD for its actual configuration,
nd the bottom panel shows the occurrence probability from fig. 7(a) of
arques et al. ( 2017 ). Note that phase zero in their figure corresponds to an

rbital phase of 0.5 in the convention we adopt in this work (Section 2.1 ).
ecall also that the assumed large-scale magnetic field is a dipole. Jupiter’s

urface magnetic field ho we v er e xhibits higher order modes in addition to its
ominant dipolar component (see Connerney et al. 2022 ). 

hases at zero. For the emission cone, we set the opening angle to
5 ◦ and thickness to 1 ◦ (Section 2.3 ). For the observing frequency,
e choose a value of 10 MHz. 
We see a broadening of the probability density when the values

eviate slightly from an aligned configuration. However, there are 
till two peaks centred about the orbital phases for the aligned case.
he actual values reproduce a probability density that accurately 

esembles the long-term results of Marques et al. ( 2017 ). Note that
here is a slight discrepancy, in that the results of Marques et al.
 2017 ) show that some emission occurs earlier on in Io’s orbit, left
f the two peaks. They attribute this to the fact that Jupiter rotates
aster than Io’s orbit. As the Alfv ́en wa ves ha ve a finite velocity, by
he time they interact with and accelerate the electrons that power
he radio emission to near the surface, the field line has passed
y Io. We do not account for such a phenomenon in our model
o we ver. 

PPENDI X  F:  S I G NA L  VISIBILITY  A S  A  

U N C T I O N  O F  E AC H  M O D E L  PA R A M E T E R  

n Fig. F1 , we show the scatter plot of the duty cycle of each system
n the Monte Carlo simulation performed in Section 4.3 against each
f the model parameters. 
MNRAS 524, 6267–6284 (2023) 
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Figure F1. Scatter plot of the signal visibility for each sample in the Monte Carlo simulation against each input parameter of the model, as well as the true 
spin-orbit angle. The top sub-panel in each shows the normalized histogram of the number of systems o v er each parameter where the duty cycle exceeds 20 
per cent. Each histogram has 20 bins, which span the ranges listed each parameter in Section 4.1 . 
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