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A B S T R A C T 

Stringent observational constraints on the subgalactic matter power spectrum would allow one to distinguish between the 
concordance � CDM and the various alternative dark-matter models that predict significantly different properties of mass 
structure in galactic haloes. Galaxy–galaxy strong gravitational lensing provides a unique opportunity to probe the subgalactic 
mass structure in lens galaxies beyond the Local Group. Here, we demonstrate the first application of a no v el methodology 

to observationally constrain the subgalactic matter power spectrum in the inner regions of massive elliptical lens galaxies on 

1–10 kpc scales from the power spectrum of surface-brightness anomalies in highly magnified galaxy-scale Einstein rings and 

gravitational arcs. The pilot application of our approach to Hubble Space Telescope ( HST /WFC3/F390W) observations of the 
SLACS lens system SDSS J0252 + 0039 allo ws us to place the follo wing observ ational constraints (at the 99 per cent confidence 
level) on the dimensionless convergence power spectrum � 

2 
δκ and the standard deviation in the aperture mass σ AM 

: � 

2 
δκ < 1 

( σ AM 

< 0.8 × 10 

8 M �) on 0.5-kpc scale, � 

2 
δκ < 0 . 1 ( σ AM 

< 1 × 10 

8 M �) on 1-kpc scale and � 

2 
δκ < 0 . 01 ( σ AM 

< 3 × 10 

8 M �) 
on 3-kpc scale. These first upper-limit constraints still considerably exceed the estimated effect of CDM subhaloes. Ho we ver, 
future analysis of a larger sample of g alaxy–g alaxy strong lens systems can substantially narro w do wn these limits and possibly 

rule out dark-matter models that predict a significantly higher level of density fluctuations on the critical subgalactic scales. 

Key words: gravitational lensing: strong – methods: statistical – galaxies: individual: SDSS J0252 + 0039 – galaxies: structure –
cosmology: observations – dark matter. 
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 I N T RO D U C T I O N  

he dark-energy-plus-cold-dark-matter ( � CDM) concordance cos-
ological model is known to successfully reproduce the observed

ar ge-scale (lar ger than ∼1 Mpc) distribution of matter in the Uni-
erse (e.g. Vogelsberger et al. 2014 ; Schaye et al. 2015 ; Guo et al.
016 ; Planck Collaboration VI 2020 ). Ho we ver, on smaller galactic
nd subgalactic scales, theory and observations appear to diverge
see Bullock & Boylan-Kolchin 2017 , for a recent re vie w on the
mall-scale challenges to the � CDM paradigm). One of the main
iscrepancies, known as the Missing Satellites Problem (MSP), lies
n the fact that the number of dwarf satellite galaxies observed in the
ocal Group ( ∼100; e.g. McConnachie 2012 ; Drlica-Wagner et al.
015 ) is much lower than the numerous abundance of subhaloes
 E-mail: dorota.bayer@gmx.de 

v  

B  

s  

Pub
opulating galactic haloes in � CDM-based numerical simulations of
he cosmological structure-formation process (e.g. Klypin et al. 1999 ;

oore et al. 1999 ; Diemand, Kuhlen & Madau 2007 ; Nierenberg
t al. 2016 ; Bullock & Boylan-Kolchin 2017 ; Dooley et al. 2017 ;
anaka et al. 2018 ; Fielder et al. 2019 ; Navarro 2019 ). 
The currently fa v oured interpretation of the MSP is that the
issing subhaloes do exist but are extremely inefficient at forming

tars due to a variety of baryonic processes, such as feedback
rom massive stars and active galactic nuclei, tidal stripping or
hotoionization squelching (e.g. Thoul & Weinberg 1996 ; Bullock,
ravtsov & Weinberg 2000 ; Somerville 2002 ; Sawala et al. 2014 ;
espali et al. 2018 ; Kim, Peter & Hargis 2018 ), and thus remain
ndetectable for conventional imaging surveys. Alternatively, the
SP might point towards dark-matter models with higher thermal

elocities in the early Universe (referred to as warm dark matter ,
ode, Ostriker & Turok 2001 ), which predict a suppression of

tructure formation on the subgalactic scales (see e.g. Menci, Fiore &
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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amastra 2012 ; Nierenberg et al. 2013 ; Viel et al. 2013 ; Lo v ell et al.
014 ; Vegetti et al. 2018 ; Zavala & Frenk 2019 ; Hsueh et al. 2020 ,
or some recent studies). Lastly, the Local Group might just be a
iased environment with less abundant substructures and, thus, not 
epresentative of the entire Universe (e.g. Muller et al. 2018 ). In
rder to fully clarify these ambiguities and test the aforementioned 
olutions to the small-scale tensions of the � CDM paradigm, it is
rucial to constrain the properties of substructures in galaxies beyond 
he Local Universe on mass scales below that of luminous satellites. 

The key techniques to search for the faint, or even truly dark
ubstructures in galaxies at cosmological distances are based on the 
tudy of their gravitational imprints on the lensed images of galaxy- 
cale strong gravitational lens systems. Substructures, if present in 
he foreground lens galaxy (or along its line of sight), introduce 
erturbations to the otherwise smooth lensing potential, thus leading 
o a deviation between the observed surface-brightness distribution 
f the lensed images and the prediction from the best-fitting smooth-
ens model, e.g. in the form of flux-ratio anomalies in multiply 
maged gravitationally lensed quasars (e.g. Mao & Schneider 1998 ; 

etcalf & Madau 2001 ; Dalal & Kochanek 2002 ; Nierenberg et al.
014 ; Birrer, Amara & Refregier 2017 ; Gilman et al. 2018 , 2020 ;
sueh et al. 2020 ) or surface-brightness anomalies in the lensed 

mission of an extended background galaxy (e.g. Blandford, Surpi & 

undi ́c 2001 ; Koopmans 2005 ; Vegetti & Koopmans 2009a ; Vegetti,
zoske & Koopmans 2010a ; Vegetti et al. 2010b ; Rau, Vegetti &
hite 2013 ; Vegetti et al. 2014 , 2018 ; Ritondale et al. 2019 ; Despali

t al. 2022 ; He et al. 2022 , 2023 ; O’Riordan et al. 2023 ; Wagner-
arena et al. 2023 ). Such anomalies can be measured, modelled, and

raced back to the underlying substructures in the lens galaxy. 
In particular, the gravitational-imaging technique developed by 

oopmans ( 2005 ) and Vegetti & Koopmans ( 2009a ) aims at the
etection of individual dark-matter subhaloes in (massive elliptical) 
ens galaxies at cosmological distances through sophisticated compu- 
ational modelling of surface-brightness anomalies measured in deep 
igh-resolution imaging of g alaxy–g alaxy strong gravitational lens 
ystems. The successful detection of two dark-matter subhaloes with 
asses 3.5 × 10 9 and 1.9 × 10 8 M � in lens galaxies at the redshift z =

.2 and z = 0.9, respectively, reported in Vegetti et al. ( 2010b , 2012 ),
emonstrates that galactic subhaloes can be identified as localized 
orrections to a smooth gravitational potential, with the detection 
hreshold depending on the angular resolution and the signal-to-noise 
atio of the available data. Recently, Despali et al. ( 2018 ) showed
hat this technique can also be used to detect individual line-of-sight
aloes and Vegetti et al. ( 2018 ) derived the resulting constraints on the
roperties of dark matter. Ho we ver, despite these encouraging results, 
he current mass-detection threshold of the gravitational-imaging 
echnique ( ∼10 8 M � for HST -observations of SLACS lenses; Vegetti 
t al. 2014 , 2018 ) still lies abo v e the mass regime in which the
lternative dark-matter models could be easily distinguished. 

In an attempt to detect gravitational signatures of dark-matter 
ubhaloes with masses below this detection threshold, an alternative 
tatistical approach has emerged in the literature o v er the recent
ears (Bus 2012 ; Hezaveh et al. 2016 ; Chatterjee & Koopmans 2018 ;
iaz Rivero, Cyr-Racine & Dvorkin 2018a ; D ́ıaz Rivero et al. 2018b ;
yr-Racine, Keeton & Moustakas 2019 ). Within this framework, the 

ow-mass subhaloes in the lens galaxy are viewed as a statistical
opulation and modelled in terms of the subgalactic matter power 
pectrum. The latter can potentially be constrained from a statistical 
nalysis of the collectively induced surface-brightness anomalies in 
he extended lensed images of g alaxy–g alaxy strong gravitational 
ens systems. Despite the considerable number of recent theoretical 
tudies (e.g. Brennan et al. 2019 ; C ¸ a ̆gan S ¸eng ̈ul et al. 2020 ; Galan
t al. 2022 ; Dhanasingham et al. 2023 ), there has not been a single
ttempt to apply this approach to real observational data. This paper
s part of a series aiming to close this gap. 

In the companion paper, Bayer et al. ( 2023 ), hereafter referred
o as Paper I , we have introduced the methodology to measure the
ower spectrum of the hypothetical surface-brightness anomalies 
n high-resolution Hubble Space Telescope ( HST ) observations of 
 alaxy–g alaxy strong gravitational lens systems and applied it to
 subsample from the Sloan Lens ACS Surv e y (SLACS; Bolton
t al. 2008 ). In this study, our aim is to extend the methodology and
elate this power-spectrum measurement to the statistical properties 
f the underlying low-mass structures in the respective lens galaxy. 
he main challenge when applying this statistical approach to 
bserv ational data, ho we ver, is that in reality the detected surface-
rightness anomalies may arise not only from the presence of low-
ass dark-matter subhaloes (or field haloes along its line of sight,

ee e.g. Despali et al. 2018 ; C ¸ a ̆gan S ¸eng ̈ul et al. 2020 ; Minor et al.
021 ), but from many different kinds of inhomogeneities in the total
dark and baryonic) mass distribution of the lens galaxy, such as e.g.
mall-scale dark-matter density fluctuations, globular clusters, tidal 
treams, dynamical distortions in the baryonic mass distribution or 
dge-on discs (Vegetti et al. 2014 ; Hsueh et al. 2016 ; Gilman et al.
017 ; Hsueh et al. 2017 , 2018 ; Galan et al. 2022 ), which are not
xplicitly included in the smooth-lens model. 

Thus, instead of considering the subhaloes only, we set out to
onstrain the statistical properties of the overall density fluctuations 
i.e. deviations from the best-fitting smooth-lens model) in the 
otal mass distribution of (massive elliptical) lens galaxies on the 
ubgalactic 1–10 kpc scales, which we model in terms of Gaussian
andom field (GRF) potential perturbations (Bus 2012 ; Hezaveh et al.
016 ; Chatterjee & Koopmans 2018 ). As a proof of concept, we apply
he complete methodology to high-resolution HST /WFC3/F390W 

bservations of the SLACS lens system SDSS J0252 + 0039 (Koop-
ans 2012 ). This analysis leads to the first-ever observational 

onstraints on the power spectrum of GRF potential perturbations in a 
assive elliptical (lens) galaxy and on the corresponding subgalactic 
atter power spectrum. Future work will compare these constraints 
ith predictions from hydrodynamical simulations (such as Illustris 
r EAGLE; Vogelsberger et al. 2014 ; Schaye et al. 2015 ), which
ncorporate both dark and baryonic matter. 

This paper is structured as follows. Section 2 provides a concise
escription of the GRF-formalism applied to model the small- 
cale density fluctuations in the lens galaxy and presents our 
rocedure adopted to unco v er, quantify and interpret the associated
urface-brightness anomalies in the lensed images. In Section 3 , 
e present the analysed HST observations of our pilot lens sys-

em SDSS J0252 + 0039. Sections 4 , 5 , and 6 describe the lens-
alaxy subtraction, smooth lens modelling and the power-spectrum 

nalysis of the residual surface-brightness fluctuations, respectively. 
n Section 7 , we generate a catalogue of mock perturbed lensed
mages to be compared with the real observations. The inferred 
bservational upper-limit constraints on the (projected) subgalactic 
atter power spectrum are presented in Section 8 and compared to

redictions from the � CDM model in Section 9 . The final Section 10
rovides conclusions and implications of this work for further 
esearch. 

For a consistent comparison of the inferred lens model with earlier
tudies by Vegetti et al. ( 2014 ), throughout this work, we assume
he following cosmology: H 0 = 73 km s −1 Mpc −1 , �M 

= 0.25 and
� 

= 0 . 75. Given this cosmology, 1 arcsec corresponds to 4.11 kpc
t the redshift of the analysed lens galaxy ( z L = 0.280) and 7.88 kpc
t the redshift of the source galaxy ( z S = 0.982). 
MNRAS 523, 1310–1325 (2023) 
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 M E T H O D O L O G Y  

ow-mass structures in lens galaxies are commonly modelled in
erms of corrections to the best-fitting smoothly varying parametric
odel of the lensing potential (e.g. Koopmans 2005 ; Vegetti &
oopmans 2009a ). While previous studies have mainly focused on

ndi vidual massi v e dark matter subhaloes (e.g. Ve getti et al. 2012 ,
014 ) and line-of-sight haloes (Despali et al. 2018 ), here we consider
he o v erall departures from a smooth-lens model, i.e. small-scale
ensity fluctuations in the lens galaxy arising not only from subhaloes
r haloes along the line of sight, but from the complex total (dark and
aryonic) mass distribution of real (massive elliptical lens) galaxies
n general. 

In the companion Paper I (Bayer et al. 2023 ), we have introduced
 methodology allowing us to measure the power spectrum of the
ssociated collectively induced surface-brightness anomalies in high
esolution HST -observations of g alaxy–g alaxy strong gravitational
ens systems. Here, we extend this methodology and relate the mea-
ured power spectrum to the statistical properties of the underlying
mall-scale density fluctuations in the total mass distribution of the
ens galaxy. We model these as Gaussian random field (GRF) po-
ential perturbations superposed on the best-fitting smoothly varying
ensing potential, as first suggested by Bus ( 2012 ), Hezaveh et al.
 2016 ) and Chatterjee & Koopmans ( 2018 ). 

In Section 2.1 , we first summarize the concept of the GRF potential
erturbations in a lens galaxy and the resulting surface-brightness
nomalies in the extended lensed images of the background source
alaxy. Section 2.2 then outlines the complete procedure to measure
he power spectrum of the surface-brightness anomalies, relate
t to the statistical properties of the underlying GRF potential
erturbations in the lens galaxy and, finally, infer constraints on
he subgalactic matter power spectrum. 

.1 GRF potential perturbations in the lens galaxy 

e treat the hypothetical small-scale density fluctuations in the
ens galaxy as a statistical ensemble and model the associated
otential corrections as a homogeneous and isotropic Gaussian
andom field superposed on a smoothly varying lensing potential
Bus 2012 ; Hezaveh et al. 2016 ; Chatterjee & Koopmans 2018 ;
ernardos & Koopmans 2022 ). More formally, we assume that the

ensing potential of the lens galaxy ψ( x ) as a function of the position
x in the lens plane can to the first order be approximated by the sum
f a smoothly varying parametric component ψ 0 ( x ) and a Gaussian
otential perturbation field δψ GRF ( x ): 

( x ) ≈ ψ 0 ( x ) + δψ GRF ( x ) , (1) 

ith 〈 δψ GRF ( x ) 〉 = 0 and no covariance between δψ GRF ( x ) and
 0 ( x ). 
In this approximation, the resulting deflection angle α( x ) can be

eparated into the deflection caused by the smooth component of the
ensing potential α0 ( x ) and a perturbation δαGRF ( x ) caused by the
ifferential lensing effect of the GRF potential perturbations: 

( x ) = ∇ψ( x ) ≈ ∇ψ 0 ( x ) + ∇δψ GRF ( x ) = α0 ( x ) + δαGRF ( x ) . (2) 

he differential deflection-angle field δαGRF ( x ) can be in this case
irectly linked to the underlying potential perturbations δψ GRF ( x ): 

αGRF ( x ) = ∇δψ GRF ( x ) , (3) 

ndependently of the smooth lensing component ψ 0 ( x ). Similarly,
he associated convergence-perturbation field δκGRF ( x ) (i.e. surface-

ass density perturbations in units of the critical surface-mass
NRAS 523, 1310–1325 (2023) 
ensity for lensing) is directly related to the potential-perturbation
eld δψ GRF ( x ) via the Poisson equation: 

 

2 δψ GRF ( x ) = 2 × δκGRF ( x ) . (4) 

The perturbati ve ef fect of such Gaussian potential fluctuations
ψ GRF ( x ) in the lens galaxy leads to observable surface-brightness
nomalies δI GRF ( x ) in the lensed images of the background source
alaxy, measured with respect to the smooth-lens model I 0 ( x ): 

I GRF ( x ) = I GRF ( x ) − I 0 ( x ) 

= S 
(

x − ∇ψ 0 ( x ) − ∇δψ GRF ( x ) 
) − S 

(
x − ∇ψ 0 ( x ) 

)
= S 

(
x − α0 ( x ) − δαGRF ( x ) 

) − S 
(

x − α0 ( x ) 
)
, (5) 

here S ( y ( x ) ) stands for the unlensed intrinsic surface brightness of
he source galaxy at the corresponding location in the source plane
nd the mapping between the source and the lens plane y ( x) is given
y the lens equation: 

y ( x ) = x − α( x ) . (6) 

A crucial feature of a Gaussian random field is that its properties
re entirely characterized by the second-order statistics. Hence,
he statistical behaviour of the considered Gaussian potential per-
urbations δψ GRF ( x ) is fully described by the 2-point correlation
unction or, alternatively, its Fourier transform – the power spectrum.
ollowing Chatterjee & Koopmans ( 2018 ), we assume the power
pectrum of δψ GRF ( x ) to be isotropic and to follow a power law: 

 δψ ( k) = A × k −β . (7) 

he amplitude A is related to the total variance of the potential
erturbations σ 2 

δψ (integrated between the spatial scales equal to
he inverse of the image length and the inverse of the pixel scale,
espectively), while the power-law slope β describes the distribution
f this variance o v er the different length scales (i.e. k -modes) and,
hus, determines the scale dependence of the hypothetical small-scale
tructure in the lens galaxy. For a science image with a side length L
measured in arcsec), we determine A by specifying the o v erall vari-
nce of the potential perturbations σ 2 

δψ ≡ 〈 ( δψ − 〈 δψ〉 ) 2 〉 = 〈 δψ 

2 〉
n the considered field of view: ∫ 

k x 

∫ 
k y 

P δψ 

(
A, β, 

√ 

k 2 x + k 2 y 

)
d k x d k y = σ 2 

δψ , (8) 

here the integration is performed over the corresponding Fourier
rid and the wavenumbers k x and k y , measured in arcsec −1 , are
alculated according to the convention in which the wavenumber
 is equal to the reciprocal wavelength λ: 

 ≡ λ−1 (9) 

f the associated harmonic wave e −2 π ik · x in the Fourier represen-
ation of the GRF field. Substituting P δψ ( k ) in equation ( 8 ) with
quation ( 7 ) and replacing the integrals by a summation over discrete
ixels with the size dk x = dk y = L 

−1 in k -space finally leads to the
ollowing normalization condition: 

 

(
σ 2 

δψ , β, L 

)
= 

L 

2 σ 2 
δψ ∑ 

k x 

∑ 

k y 

(√ 

k 2 x + k 2 y 

)−β
. (10) 

s can be seen from equation ( 10 ), this normalization depends not
nly on the specific combination of β and σ 2 

δψ , but also on the field-
f-view and the pixel scale of the analysed image. 
Using the methodology developed in this work, we seek to derive

bservational constraints on the variance σ 2 
δψ and the slope β of

he po wer-law po wer spectrum P δψ ( k ), as defined in equations ( 7 –
0 ), from the power spectrum of the associated surface-brightness
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nomalies δI GRF ( x ) measured in high-resolution HST -observations 
f g alaxy–g alaxy strong gravitational lens systems. From now on, 
e refer to a specific combination of the parameters σ 2 

δψ and β as a
atter -power -spectrum model . 

.2 Analysis o v er view 

ur approach consists of three main components: 

(i) First, we extract the surface-brightness anomalies from the 
xtended lensed images of an observed lens system and quantify 
heir statistical properties in terms of the power spectrum P δI ( k ),
ee Paper I for a thorough discussion of the methodology and the
odelling degeneracies. To this end, we perform the following steps: 

(a) HST -observations and data reduction by means of the 
DRIZZLEPAC package (Gonzaga et al. 2012 ), see Section 3 ; 

(b) modelling and subtraction of the surface-brightness con- 
tribution from the foreground lens galaxy using GALFIT (Peng 
et al. 2002 ), see Section 4 ; 

(c) simultaneous reconstruction of the smooth lensing po- 
tential ψ 0 ( x ) and the intrinsic surface-brightness distribution of 
the background source galaxy S( y ), using the adaptive and 
grid-based Bayesian lens-modelling technique by Vegetti & 

Koopmans ( 2009a ), see Section 5 ; 
(d) statistical quantification of the residual surface- 

brightness fluctuations in the lensed images in terms of the 
azimuthally averaged power spectrum P δI ( k ), see Section 6.1 ; 

(e) estimation and correction for the noise power spectrum, 
including both the sky background and the flux-dependent 
photon shot noise, to obtain an upper limit on the power 
spectrum of the surface-brightness anomalies in the observed 
lensed images; see Section 6.2 . 

o be conserv ati ve in coping with the modelling degeneracies 
iscussed in Paper I , we treat any residual surface-brightness fluctua- 
ions remaining in the lensed images after the lens-galaxy subtraction, 
he smooth-lens modelling and the noise correction as an upper limit
n the effect caused by the density fluctuations in the lens galaxy. 
(ii) Second, we generate a catalogue of mock lensed images 

erturbed by GRF potential fluctuations δψ GRF ( x ) with known 
tatistical properties (i.e. the total variance σ 2 

δψ and the power- 
aw slope β of the GRF power spectrum P δψ ( k ), as defined in
quations 7 –10 ) for a systematic comparison with the observed 
ata. Subsequently, we subtract the best-fitting smooth lens model 
btained for data from the mocks and compute the power spectrum 

f the residual surface-brightness fluctuations; see Section 7 . 
(iii) Third, we compare the power spectra of surface-brightness 

nomalies in the mock perturbed lensed images to the upper limit
nferred from the observational data and estimate the exclusion 
robability for each considered matter -power -spectrum model, i.e. 
ombination of σ 2 

δψ and β, given the observational measurement. 
ased on these results, we additionally derive upper-limit constraints 
n the corresponding power spectrum of perturbations in the deflec- 
ion angle P δα( k ) and the convergence (i.e. projected mass density)
 δκ ( k ); see Section 8 . 

To comply with the Gaussianity assumption for the hypothetical 
 v erall small-scale inhomogeneities in the total mass distribution 
f the massive elliptical (lens) galaxies, we intend to apply our 
ethod solely to lens systems for which the effect of individual 

ominant subhaloes and satellite galaxies has already been modelled 
r excluded in previous studies. Moreover, in the future, we plan to
dditionally use hydrodynamical simulations to thoroughly test the 
alidity of this assumption. 

 OBSERVATI ONS  A N D  DATA  R E D U C T I O N  

he mass of the smallest structures that can be reco v ered in a galaxy-
cale halo using the method of gravitational imaging (Koopmans 
005 ; Vegetti & Koopmans 2009a ) is limited by the sensitivity of
he observational set-up to tiny surface-brightness perturbations in 
he lensed images. As argued by Blandford et al. ( 2001 ), Koopmans
 2005 ) and explicitly demonstrated by Rau et al. ( 2013 ), the surface-
rightness anomalies induced in the lensed images by a given 
ensity fluctuation in the lens galaxy are enhanced when the lensed
ackground source is either compact or highly structured. Taking 
nto account that blue star-forming regions are considerably more 
tructured than the redder old stellar populations, the choice of a
ens system with a star-forming source galaxy combined with the 
election of an ultraviolet observational filter might substantially 
mpro v e the o v erall sensitivity of our approach. 

Following this idea, we apply our methodology to 
ST /WFC3/F390W-imaging data (with the central wavelength of 
90 nm, referred to as U-band in the remainder of the paper) of the
 alaxy–g alaxy strong gravitational lens system SDSS J0252 + 0039
rom the SLACS Surv e y. This lens system consists of a massive
lliptical lens galaxy at redshift z l = 0.280 and a blue star-forming
ource galaxy at redshift z s = 0.982 (Bolton et al. 2008 ). The choice
f SDSS J0252 + 0039 is moti v ated by the large mass of its lens
alaxy (total mass of 10 11.25 M � inside the Einstein radius), the
igh surface-brightness gradient of the star-forming background 
alaxy and the relatively simple lens geometry which reduces the 
ncertainty in the lens modelling (Auger et al. 2009 ). 
As one of the SLACS gravitational lens systems, SDSS 

0252 + 0039 has already been modelled, based on HST-observations 
t near-infrared (in F160W: Program 11202, PI Koopmans) and 
ptical wavelengths (in F814W: Program 10866, PI Bolton and in 
606W: Program 11202, PI Koopmans), see Bolton et al. ( 2008 ) and
uger et al. ( 2009 , 2010 ). In particular, Vegetti et al. ( 2014 ) applied

he technique of gravitational imaging (Koopmans 2005 ; Vegetti & 

oopmans 2009a ) to the HST /ACS data in the V and I bands to search
or signatures of indi vidual massi ve subhaloes in the lens galaxy. No
ravitational signatures of localized substructure have been identified 
bo v e the mass-detection threshold of ∼10 8 M �. Here, we take
dvantage of the enhanced source gradient in the U band observations
nd search for the collectively induced gravitational imprints of much 
maller density fluctuations. 

The HST /WFC3/F390W-observations of SDSS J0252 + 0039 were 
arried out on 2013 August 25, (Program 12898; PI Koopmans, 
oopmans 2012 ). We retrieve the acquired eight dithered flat-field 
alibrated images from the MAST archive. 1 and apply the drizzle 
ethod (Gonzaga et al. 2012 ) to combine them into the final science

mage. For this, we use the ASTRODRIZZLE task from the DRIZZLEPAC

ackage in its default configuration, with the original HST /WFC3 
otation, the output-pixel size of 0.0396 arcsec and the drop size
qual to the original pixel size ( final pixfrac = 1). Our analysis is
ased on an image cutout of 121 by 121 pixels (corresponding to an
rea of 4.48 arcsec on a side) centred on the brightest pixel of the
ens galaxy, which we present in Fig. 1 . 

A kno wn ef fect of the drizzling procedure are the correlations be-
ween adjacent pixels in the output science image (see Casertano et al. 
MNRAS 523, 1310–1325 (2023) 
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Figure 1. HST /WFC3/F390W-imaging of the strong gravitational lens sys- 
tem SDSS J0252 + 0039: the drizzled science image with the side length of 
4.48 arcsec. 
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Figure 2. Colour-composite image of the strong gravitational lens system 

SDSS J0252 + 0039 combining the new HST/WFC3/F390W-photometry 
( blue ) with the already existing HST -observations in the visual (F814W; 
green ) and infrared (F160W; red ) bands, obtained using the STIFF software. 
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000 ). These correlations are additionally enhanced by the effect
f the charge-transfer inefficiency (CTI) in the HST /WFC3/UVIS-
CDs (see e.g. Baggett, Gosmeyer & Noeske 2015 ). To investigate
nd possibly alleviate these instrumental effects, we repeat the
rizzling procedure with different settings (i.e. dif ferent v alues of
he final pixfrac parameter and the output pixel scale) and compare
he results to those obtained for the default configuration. Moreo v er,
e perform a comparison between the power spectra obtained by
rizzling either the original or the CTI-corrected flat-field calibrated
xposures for a sample of blank-sky cutouts (located in vicinity to
he lens system). Based on this analysis, discussed in detail in Paper
 , we decide to proceed by drizzling the original dithered exposures
n the default configuration of the ASTRODRIZZLE task. 

To account for further observ ational ef fects present in the sci-
nce image, we obtain the point-spread function (PSF) of the
ST/WFC3/UVIS optics using the PSF-modelling software TINY-

IM 

2 (Krist, Hook & Stoehr 2010 ), with the approximation of the
8V spectral type for the lens galaxy (based on its known magnitudes

n the V , I , and H bands from Auger et al. 2009 ). Even though the
 inyT im-PSF might not be a perfect representation of the real tele-
cope optics, any minor deviations from the true PSF and the assumed
pectral-energy distribution of the lens system affect the measured
ower spectra of the residual surface-brightness fluctuations only on
cales below the full width at half maximum (FWHM) of the PSF,
orresponding to wavenumbers k � FWHM 

−1 = (0.07 arcsec) −1 ≈
4 arcsec −1 , which is beyond the regime considered in this work (see
ection 6.2 ). 
Finally, for visual purposes and in order to assess the possible

resence of dust in the studied lens system, we use the STIFF 3 package
o create a colour-composite image of SDSS J0252 + 0039. The
esulting Fig. 2 shows a smooth early-type lens galaxy and uniformly
lue lensed images of the background galaxy. A visual inspection of
NRAS 523, 1310–1325 (2023) 
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his image does not identify any indications of dust extinction either
n the lens or the source galaxy. This conclusion is confirmed by a

ore quantitative dust analysis, discussed in Appendix A . 

 LENS-GALAXY  SUBTRAC TI ON  

he Einstein radius of SDSS J0252 + 0039 ( ∼1 arcsec) is comparable
o the ef fecti ve radius of its massi ve elliptical lens galaxy. Conse-
uently, the lensed images o v erlap with the inner region of the lens
alaxy, as can be seen in Fig. 1 . To correct for the light contribution
rom the lens galaxy, we model its surface-brightness distribution
ith a combination of several S ́ersic components (S ́ersic 1963 ) –
 parametric class of smooth light profiles widely used to model
arly-type galaxies. 

The applied lens-galaxy-subtraction procedure is illustrated in
ig. 3 . We perform the modelling by means of the two-dimensional
tting algorithm GALFIT (Peng et al. 2002 ) after masking out all
ix els co v ering the lensed images, as shown in the top row. The best-
tting GALFIT model, shown in the bottom left-hand panel of Fig. 3 ,
onsists of two S ́ersic components with S ́ersic indices n = 4.44 and
 = 0.09 and ef fecti ve radii 1.2 and 0.96 arcsec (corresponding to
4.8 and ∼3.8 kpc at the redshift of the lens), respectively. The small

alue of the second S ́ersic index suggests that the light distribution of
he lens galaxy can be well described by the standard de Vaucouleurs
rofile (i.e. S ́ersic profile with n = 4) and a diffuse stellar halo. As
n alternative, we additionally carry out the lens-galaxy subtraction
sing the B-SPLINE algorithm (Bolton et al. 2006 ), but choose to
ontinue our analysis based on the GALFIT model due to the slightly
igher Bayesian evidence of the resulting best-fitting smooth-lens
odel, see Section 5 . The final lens-galaxy-subtracted image is

resented in the bottom right-hand panel of Fig. 3 . This residual
mage constitutes our best estimate of the lensed emission from the
ackground galaxy only and is as such used for the smooth-lens
odelling. 

art/stad1402_f1.eps
http://www.stsci.edu/hst/observatory/focus/TinyTim
https://www.astromatic.net/software/stiff
art/stad1402_f2.eps
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Figure 3. Lens-galaxy subtraction for SDSS J0252 + 0039 using GALFIT . Top row : the drizzled science image in F390W (left-hand panel) and the applied mask, 
co v ering the lensed source emission (right-hand panel) . Bottom row : the best-fitting GALFIT model of the surface-brightness distribution in the lens galaxy 
(left-hand panel) and the lens-galaxy-subtracted residual image (right-hand panel) . 
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 SM OOTH  LENS  M O D E L L I N G  

n search of possible surface-brightness anomalies in the lensed 
mages, we first model the studied lens system assuming that the 
lobal mass distribution in the lens galaxy is smooth and to first
rder well described by the power-law elliptical mass-distribution 
odel (PEMD, Barkana 1998 ) in an external shear field. This smooth

ens modelling is performed by means of the adaptive and grid-
ased Bayesian lens-modelling technique of Vegetti & Koopmans 
 2009a ) that allows us to find the best-fitting parameter values of the
EMD model for the lens galaxy and, simultaneously, reconstruct the 
nlensed surface-brightness distribution of the background galaxy on 
n adaptive grid in the source plane. We follow the parametrization 
sed by Vegetti & Koopmans ( 2009a ) and model the projected mass
ensity of the lens galaxy in terms of the convergence κ: 

( x , y ) = 

b (2 − γ

2 ) q 
γ−3 / 2 

2( x 2 q 2 + y 2 ) ( γ−1) / 2 
. (11) 

his is a function of the position in the lens plane ( x , y ) and has
he following parameters – the lens strength b , the position angle of
he major axis θ (with respect to the original telescope rotation), the 
minor to major) axis ratio q , the (three-dimensional) mass-density 
lope γ (with γ = 2 for the isothermal case), the centre coordinates 
f the mass distribution in the lens plane x 0 and y 0 , the external
hear strength � and its position angle � θ . This parametrization tries
 t  
o reduce the de generac y between the mass enclosed by the lensed
mages, the axis ratio of the lens galaxy and its mass-density slope. 

Several options for the inversion of the lensing operation are 
vailable to choose from when using the smooth-lens-modelling 
ode by Vegetti & Koopmans ( 2009a ). To prevent overfitting, the
econstruction of the background galaxy can be regularized by 
pplying an adaptive or non-adaptive, variance, gradient, or curvature 
ource-plane regularization. Furthermore, one can choose the source- 
rid resolution, which is characterized by the fraction and spacing 
f pixels that are cast back from the image plane to the source
lane when generating a grid for the source reconstruction. More 
pecifically, the source-grid resolution is controlled by the parameter 
 that sets the linear size of a square in the image plane out of which
nly one pixel is cast back to the source plane. For example, if n =
 only one pixel out of each contiguous 3 × 3-pixel area is used
o create the Delauney-tesselation grid in the source plane. We note
hat, even if n > 1, all pixels are still used to calculate the Bayesian
vidence and compare the model to the data. 

As pointed out by Suyu et al. ( 2006 ) and Vegetti et al. ( 2014 ), the
ptimal choice for the regularization and the source-grid resolution 
epends crucially on the smoothness of the modelled lensed images 
nd may be different for each specific lens system. Thus, the common
ractice is to perform the smooth lens modelling for different combi-
ations of the abo v e options, and find the optimal settings based on
he highest Bayesian evidence. Our tests in this respect show that the
MNRAS 523, 1310–1325 (2023) 
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Figure 4. Smooth lens modelling of SDSS J0252 + 0039 in the U -band (HST/WFC3/F390W) by means of the adaptive and grid-based Bayesian lens-modelling 
technique of Vegetti & Koopmans ( 2009a ), performed with the source-grid resolution n = 3, i.e. casting back only one pixel out of each contiguous 3 × 3-pixel 
area from the image plane to the source plane. Top row : the lens-galaxy-subtracted image o v erlaid with a mask, used as input for the smooth lens modelling 
(left-hand panel) and the best-fitting smooth-lens model of the lensed images (right-hand panel) . Bottom row : the reconstructed intrinsic surface-brightness 
distribution of the background galaxy (left-hand panel) and the residual image showing the remaining surface-brightness fluctuations in the lensed images, 
possibly caused by small-scale mass structure in the lens galaxy (right-hand panel) . 
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hosen source-grid properties hardly affect the best-fitting parameter

alues of the lensing potential. We find, ho we v er, that the y hav e a
ignificant effect on the reconstructed unlensed surface-brightness
istribution of the background source galaxy and, consequently, on
he level of the residual surface-brightness fluctuations remaining in
he lensed images after the best-fitting smooth-lens model has been
ubtracted. 

We achieve the highest value of the marginalized Bayesian
vidence when the smooth lens modelling is performed by casting
NRAS 523, 1310–1325 (2023) 
ack each pixel from the lens plane to the source plane (referred to
s n = 1) and using the adaptive gradient source-grid regularization,
ee Fig. 4 . The best-fitting parameter values of the lensing potential
re presented in Table 1 . These are in a good agreement with the
arameter values inferred by Vegetti et al. ( 2014 ) in an earlier
nalysis of the HST/ACS/F814W-data ( I band), except for the
pparent discrepancy in the position angle of the major axis θ . This
iscrepancy can be explained by the rotational inv ariance o wing to
he nearly spherical symmetry of the modelled lens galaxy (axis

art/stad1402_f4.eps
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Table 1. Parameter values of the best-fitting PEMD model for the lens 
galaxy SDSS J0252 + 0039 inferred based on the U -band (F390W) imaging, in 
comparison to the I -band (F814W) reconstruction by Vegetti et al. ( 2014 ). The 
optimized parameters are the lens strength b , the position angle θ (with respect 
to the original telescope rotation), the axis ratio q , the (three-dimensional) 
mass-density slope γ , the external shear strength � and its position angle 
� θ . In both bands, the reconstruction was carried out using the adaptive 
gradient source regularization and casting back each pixel ( n = 1). The 
typical statistical errors of our U -band reconstruction are of the order 10 −1 

for the angles and 10 −3 for the remaining parameters. 

Filter 
b 

[arcsec] θ [deg] q γ � � θ [deg] 

F390W 0.996 150 .1 0.978 2.066 − 0 .015 81 .4 
F814W 1.022 26 .2 0.943 2.047 0 .009 101 .8 
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Figure 5. The signal-to-noise ratio of the residual surface-brightness fluctu- 
ations remaining in the lensed images of SDSS J0252 + 0039 after subtraction 
of the smooth-lens model obtained with the source-grid resolution of n = 3. 
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atio q very close to 1) and the negligible external shear �, hardly
ltering the lensing potential. All in all, the best-fitting parameter 
alues inferred in both bands indicate that SDSS J0252 + 0039 has
 nearly spherical isothermal mass-density profile ( γ ≈ 2) with the 
instein radius of � E ≈ b ≈ 1 arcsec. 
Ho we ver, despite a remarkably good agreement between the model 

nd data, the source reconstruction obtained using n = 1 turns out to
e under-regularized, i.e. most of the surface-brightness fluctuations 
n the lensed images, and partially even the observational noise, are 
absorbed’ in the source structure. The power spectrum of the residual 
urface-brightness fluctuations (Section 6 ) remaining in the lensed 
mages after the subtraction of the best-fitting smooth-lens model lies 
elow the noise power spectrum for both adaptive and non-adaptive 
ource-grid regularization (see Paper I ). While a thorough analysis of
he de generac y between the fluctuations in the lensing potential and
he intrinsic source structure is the subject of a future work (but see
lso Chatterjee 2019 ; Vernardos & Koopmans 2022 ), we continue 
ur study based on the (more conserv ati ve) source reconstruction 
btained using a lower grid resolution ( n = 3), while keeping fixed
he parameter values inferred from the highest-resolution model 
 n = 1), see Fig. 4 and Table 1 . The particular choice of n = 3
s moti v ated by the results of our tests carried out for a mock lens
ystem mimicking SDSS J0252 + 0039 (see Paper I ). These tests
uggest that the de generac y between the density fluctuations in the
ens galaxy and the intrinsic source structure is significantly reduced 
hen the modelling is performed with n = 3 (or higher). 
The obtained model of the lensed images (top right-hand panel 

f Fig. 4 ), which would be observed if the lensing potential was
ndeed smooth, is subsequently subtracted from the observed data 
o unco v er residual surface-brightness fluctuations. These indicate 
 possible deviation of the true lensing potential from the assumed 
mooth (PEMD) model. As can be seen from the residual image in
he bottom right-hand panel of Fig. 4 and the corresponding signal-
o-noise ratio image presented in Fig. 5 , the revealed residual surface-
rightness fluctuations significantly exceed the noise level. 

 POWER-SPECTRUM  ANALYSIS  O F  T H E  

URFAC E- BRIGHTNESS  A N O M A L I E S  IN  T H E  

ENSED  IMAG ES  

n this section, we estimate the power spectrum of surface-brightness 
nomalies in SDSS J0252 + 0039, defined as residual surface- 
rightness fluctuations in the lensed images caused by the presence 
f density fluctuations in the lens galaxy (i.e. deviations of the real
ass distribution from the best-fitting PEMD model). To start with, 

n Section 6.1 , we take into account all the residual surface-brightness 
uctuations revealed in the lensed images after the subtraction of the
ens-galaxy light and the best-fitting smooth-lens model. We note, 
o we ver, that such residual fluctuations might originate not only
rom the possible mass structure in the lens galaxy, but also from
ther phenomena, for example the observational noise, uncertainties 
n the PSF-model or intrinsic structure in the lensed source that has
ot been reco v ered in the lens-modelling procedure due to the choice
f a relatively low source-grid resolution ( n = 3). Hence, in order to
onstrain the surface-brightness anomalies resulting solely from the 
ensity fluctuations in the mass distribution of the lens galaxy, it is
rucial to quantify the other effects, in particular the observational 
oise (see Section 6.2 ). 

.1 Power spectrum of residual surface-brightness fluctuations 

o quantify the o v erall residual surface-brightness fluctuations, we 
ollow the procedure introduced in Paper I and compute the az-
muthally averaged power spectrum of the residual image within the 

ask co v ering the lensed images (sho wn in Fig. 3 ). To achie ve this,
e set the flux values of the pixels located outside the mask to zero

nd calculate the two-dimensional discrete Fourier transform (DFT) 
f the masked residual image, using the Python package NUMPY.FFT 4 

he squared magnitude of the Fourier coefficient assigned to each 
ixel yields the two-dimensional power spectrum. Assuming isotropy 
f the modelled potential perturbations δψ( x ), we average the power-
pectrum values along a set of ten equidistant concentric annuli 
panning from k min = 0.88 to k max = 16.79 arcsec −1 (corresponding
o the spatial scales between λmin = 0.22 and λmax = 4.65 kpc at the
edshift of the lens galaxy z l = 0.280). 

.2 Noise correction 

n order to characterize the noise properties in the analysed HST -
mage, we create a sample of 20 selected blank-sky regions with
he same size (121 by 121 pixels), located in proximity to the lens
ystem. The first rough estimate of the noise level is given by the
MNRAS 523, 1310–1325 (2023) 
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Figure 6. Power spectrum of residual surface-brightness fluctuations re- 
maining in the lensed images of SDSS J0252 + 0039 after the lens-galaxy 
subtraction, the smooth lens modelling and the noise correction. The differ- 
ence between the power spectrum of residual surface-brightness fluctuations 
after the smooth lens modelling with n = 3 (blue line) and the estimated total 
noise power spectrum (green line) constitutes our upper limit on the power 
spectrum of surface-brightness anomalies due to mass structure in the lens 
galaxy SDSS J0252 + 0039 (red line) . 
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tandard deviation of the flux values in this blank-sky sample: σ sky =
.002 e − sec −1 . Ho we ver, this estimate does not take into account
he photon-shot (Poisson-distributed) noise, which depends on the
umber of detected photons and, consequently, varies from pixel to
ixel. 
A more precise description of noise properties, including both the

ky-background and the photon-shot noise, is provided by the noise-
igma map, which quantifies the standard deviation of noise for each
ixel separately. Considering that the Poisson variance of the photon
ounts is similar to the measured number of photons and the raw HST
mages of the lens are drizzle-combined using an inverse-variance

ap weighting, we construct the noise-sigma map for our drizzled
ST science image according to the following formula: 

n = 

√ 

N/W + σ 2 
sky , (12) 

here N is the number of photo-electrons per second detected in a
articular pixel (after the sky-background subtraction) and W is the
eight of this pixel taken from the weight map of our image provided
y the drizzling pipeline. This noise-sigma map is also used in the
ayesian smooth-lens modelling procedure, presented in Section 5 .
ince the Poisson noise approaches Gaussian noise for large number
ounts, as is the case for the studied image, in the remaining part of
ur analysis, we approximate the photon-shot noise by an additive
aussian noise N (0 , σ 2 

n ) with a variance σ 2 
n adapted to the flux value

n a particular pixel. 
Ho we ver, due to noise correlations in the drizzled images and

he charge-transfer inefficiency (CTI), discussed in more detail
n Paper I , the noise correction of the residual surface-brightness
uctuations requires a more extended approach. To mimic the true
oise properties in the science image, we use the selected blank-sky
egions to generate a sample of 20 scaled sky-background realiza-
ions, which account for both the realistic noise-correlation pattern
nd the spatially varying flux-dependent photon-shot noise. This is
mplemented by first dividing the flux values of the blank-sky regions
y their standard deviation and subsequently multiplying them by the
oise-sigma map of the science image (equation 12 ). For consistency
easons, these scaled sky-background realizations are finally overlaid
ith the same mask as the one used in the analysis of the real data

Section 6 ). The average power spectrum measured in this sample is
sed as our best estimate for the total noise power spectrum of the
cience image (see Paper I for a more thorough discussion). 

Finally, we use this estimated total noise power spectrum to
erform the noise correction of the residual surface-brightness
uctuations. We assume that the observational noise and the po-

ential fluctuations δψ , perturbing the smooth lensing potential, are
ndependent stochastic processes and consider the corresponding
ower spectra to be additi ve. This allo ws us to subtract the estimated
oise power spectrum from the power spectrum of the total residual
urface-brightness fluctuations, as illustrated in Fig. 6 . The difference
f these two power spectra is treated in our further analysis as an
pper limit to the power spectrum of the surface-brightness anomalies
 δI ( k ) caused by the hypothetical small-scale mass structures in the

ens galaxy. 
Ho we ver, a comparison between the power spectrum of the

evealed residual surface-brightness fluctuations with the estimated
oise power spectrum shows that for the highest considered k -
alues (corresponding to scales below three pixels), the residual
uctuations reach the noise level. This indicates that no surface-
rightness anomalies are detected on these scales. For this reason, in
ur further analysis, we consider only the perturbation wave numbers
anging from k min = 0.88 to k max = 7.95 arcsec −1 , which corresponds
NRAS 523, 1310–1325 (2023) 
o the spatial scales between λmin = 0.52 and λmax = 4.65 kpc at the
edshift of the lens galaxy, see Fig. 6 . Performing the analysis on
cales abo v e three pix els together with our choice of n = 3 in the
mooth-lens-modelling procedure allows us to neglect the effects of
mall errors in the PSF (with FWHM = 0.07 arcsec), the correlations
etween adjacent pixels due to drizzling and the possible residual
rrors in the source-light modelling. 

 C ATA L O G U E  O F  PERTURBED  LENSED  

MAG ES  

n order to interpret the power spectrum of the surface-brightness
nomalies measured in the observed image of SDSS J0252 + 0039,
n this section, we generate a catalogue of simulated lensed images
hich mimic these observations but are perturbed by Gaussian po-

ential perturbations δψ GRF ( x ) from the po wer-law po wer spectrum
 δψ ( k; σ 2 

δψ , β) (see Section 2.1 ) on a grid containing 100 × 100
ifferent combinations of β and σ 2 

δψ . The considered values of β are
quidistant within the interval [3, 8], whereas σ 2 

δψ (within the studied
eld of view) is varied by obtaining 100 values evenly spaced in the

ogarithmic range [10 −6 , 10 −1 ]. 
For each considered combination of β and σ 2 

δψ , we generate a
ixelated realization of δψ GRF ( x ) from the corresponding power
pectrum P δψ ( k; σ 2 

δψ , β) (equations 7 and 10 ) and superimpose it on
he best-fitting smooth lensing potential ψ 0 ( x ) of SDSS J0252 + 0039,
btained for the observational data in Section 5 . We then apply
his perturbed lensing potential ψ 0 ( x ) + δψ GRF ( x ) to repeat the
ensing operation of the previously reconstructed pixellated surface-
rightness distribution of the background source galaxy and finally
btain the resulting perturbed lensed image. Fig. 7 shows three
xamples of these mock images for different values of σ 2 

δψ and β,
ogether with the underlying realizations of δψ GRF ( x ) and δκGRF ( x ).

To obtain the power spectra of surface-brightness anomalies for
hese perturbed mock lensed images, we follow the methodology
pplied to the observational data, i.e. we subtract the best-fitting
mooth-lens model from each of the mocks and compute the power
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Figure 7. Mock surface-brightness anomalies induced in the gravitational arcs of SDSS J0252 + 0039 by Gaussian potential perturbations δψ GRF ( x ) in the 
lens galaxy, fully characterized by the power spectrum P δψ ( k) ∝ σ 2 

δψ × k −β . Left column : unperturbed lensed images, i.e. the reconstructed source galaxy 

lensed through the best-fitting smooth-lens model (upper panel) and three examples of perturbed lensed images (for σ 2 
δψ = 2 . 154 × 10 −5 and β = 5.5, σ 2 

δψ = 

2 . 783 × 10 −4 and β = 4.25, σ 2 
δψ = 10 −3 and β = 3; from top to bottom ) with a realistic noise realization o v erlaid for visualization purposes. Middle column : 

the underlying realizations of δψ GRF ( x ). Right column : the corresponding convergence (i.e. surface mass density) perturbations δκGRF ( x ) = 

1 
2 ∇ 

2 δψ GRF ( x ). 
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pectrum of the residual surface-brightness fluctuations within the 
ame mask and using the same set of ten bins for the azimuthal
veraging as for the observational data. We stress that in this paper, for
implicity, we do not model the perturbed lensed images individually, 
ut assume that the same best-fitting smooth lens model that was 
nferred for the data holds for all the perturbed mocks. We plan to
nvestigate the validity of this assumption in our future paper (Bayer
t al. in prep). Moreo v er, to reduce the sample variance, we consider
en different realizations of δψ GRF ( x ) for each combination of σ 2 

δψ 

nd β and average the resulting power spectra over this sample. 
ig. 8 presents a few examples of the averaged mock power spectra.
 comparison of these to the real measurement, illustrated in Fig. 8 ,

llows us to infer exclusion probabilities for the considered portion 
f the parameter space spanned by σ 2 

δψ and β, which is discussed in
he next section. 

 C O N S T R A I N T S  O N  T H E  SUB-GALACTIC  

ATTER  POWER  SPECTRUM  

n this section, we first discuss our approach to assess whether a
articular matter -power -spectrum model (i.e. combination of σ 2 

δψ 
nd β) leads to surface-brightness anomalies that are significantly 
ifferent from the measured residual surface-brightness fluctuations. 
ubsequently, we present and discuss the resulting constraints on 

he statistical properties of the potential perturbations in the lens 
alaxy SDSS J0252 + 0039 (Section 8.1 ). Finally, we express these
onstraints in terms of the variance of the resulting deflection-angle 
erturbations (Section 8.2 ), the dimensionless convergence power 
pectrum � 

2 
δκ ( k) and the aperture mass on three specific spatial

cales: 0.5, 1, and 3 kpc (Section 8.3 ). 

.1 Exclusion probability of matter -power -spectrum models 

 comparison between the power spectra of the mock surface- 
rightness anomalies and the power spectrum of the actually ob- 
erved residual surface-brightness fluctuations enables us to de- 
ermine exclusion probabilities for different combinations of σ 2 

δψ 

nd β. As discussed in Section 2.2 , we conserv ati vely treat the
stimated residual surface-brightness fluctuations as an upper limit 
o the anomalies caused solely by potential perturbations in the lens
alaxy . Consequently , we rule out a particular matter power-spectrum 

odel only if the power spectrum of the resulting surface-brightness 
MNRAS 523, 1310–1325 (2023) 
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Figure 8. Upper limit on the power spectrum of surface-brightness anomalies 
due to mass structure in the lens galaxy SDSS J0252 + 0039 (red line) , 
corresponding to the red line in Fig. 6 , in comparison to a mock catalogue 
containing power spectra of surface-brightness anomalies induced by Gaus- 
sian potential perturbations with known values of the integrated variance σ 2 

δψ 

and the power-law power-spectrum slope β according to equations ( 7 ) and 
( 10 ) (dashed lines) . For clarity of presentation, we show only 9 out of 10 4 

mock power spectra in our catalogue. 
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nomalies exceeds the measured power spectrum on all considered
cales, i.e. in all five analysed k -bins between k min = 0.88 and k max =
.95 arcsec −1 . 
In order to determine the exclusion probability, we treat the

o wer-spectrum v alue measured in the data for each indi vidual k -
in as the expected value of a Gaussian random variable P 

D 

δI ( k)
ith the standard deviation (corresponding to the error bars in
ig. 8 ) estimated based on the variance in our sample of mock noise
ealizations introduced in Section 6.2 . Under this assumption, we
rst compute the probability that the power spectrum of the mock
urface-brightness anomalies for a given matter -power -spectrum
odel exceeds the actually measured power spectrum for each k -

in separately in the following way: 

P excl 

(
σ 2 

δψ , β, k 
)

= 

Prob 
(
P 

D 

δI ( k) < P 

M 

δI ( k) | σ 2 
δψ , β , P δψ ( k) ∝ σ 2 

δψ × k −β
)
, (13) 

ith P 

M 

δI ( k) denoting the mock power spectrum for a particular choice
f σ 2 

δψ and β. Assuming that our exclusion-probability estimates for
ifferent perturbation wavenumbers k are statistically independent,
he final exclusion probability for a particular matter -power -spectrum
odel can be calculated as the product of the exclusion probabilities

n all considered k -bins: 

 excl 

(
σ 2 

δψ , β
)

= 

∏ 

k 

P excl 

(
σ 2 

δψ , β, k 
)
. (14) 

The inferred exclusion probabilities for the considered range of
atter -power -spectrum models (i.e. combinations of σ 2 

δψ and β) are
resented in Fig. 9 . The depicted grid contains 50 different values
or σ 2 

δψ , evenly spaced in the logarithmic range [10 −5.0 , 10 −2.5 ], and
00 values for β, equidistant in the interval [3, 8]. Colour coded
s the inferred exclusion probability of the corresponding matter-

ower-spectrum models P excl 

(
σ 2 

δψ , β
)

, defined as the probability

hat the resulting surface-brightness anomalies exceed the observed
nes on all considered spatial scales. The superposed (black) iso-
NRAS 523, 1310–1325 (2023) 
robability line indicates models with exclusion probability larger
han 99 per cent. 

Based on the exclusion plot presented in Fig. 9 , we rule out
atter -power -spectrum models with σ 2 

δψ exceeding ∼10 −2.5 (on
he spatial scales between L 

−1 and pixel scale −1 and within the
ange of the power-law power-spectrum slope 3 ≤ β ≤ 8) at the
9 per cent confidence level. This corresponds to the upper bound on
he standard deviation of such potential fluctuations σ δψ ≤ 0.06. The
xcluded models would lead to power spectra of surface-brightness
nomalies that significantly exceed the observed upper limits on all
onsidered scales. Moreo v er, we find that for a specific value of the
ntegrated variance σ 2 

δψ , the exclusion probability depends on the
ower-spectrum slope β and, thus, on the exact distribution of the
ntegrated variance between the different spatial scales. Shallower
lopes, assigning a larger fraction of σ 2 

δψ to small scales, i.e. high
 -modes, are found more likely to be excluded. This leads to the
onclusion that potential fluctuations on smaller spatial scales have
 stronger perturbati ve ef fect on the lensed images than potential
uctuations on larger scales. 

.2 Upper limits on the deflection-angle perturbations 

o explain the asymptotic shape of the exclusion plot, presented in
ig. 9 , we convert our original constraints on the power spectrum

f the potential perturbations P δψ 

(
k, σ 2 

δψ , β
)

into constraints on

he power spectrum of the corresponding perturbations in the

eflection angle P δα

(
k, σ 2 

δψ , β
)

, making use of the following

elation: 

 δα( k) = 4 π2 k 2 P δψ ( k) . (15) 

ccording to equation ( 15 ), the slope of P δα

(
k, σ 2 

δψ , β
)

decreases

y 2.0 (i.e. becomes shallower) with respect to the slope of

 δψ 

(
k, σ 2 

δψ , β
)

. The total variance in the differential deflection angle
2 
δα o v er the analysed field of view is obtained by integrating P δα( k )
 v er all pixels of the two-dimensional Fourier grid: 

2 
δα

(
σ 2 

δψ , β
)

= 

∫ 
k x 

∫ 
k y 

P δα

(√ 

k 2 x + k 2 y , σ
2 
δψ , β

)
d k x d k y . (16) 

The result is presented in Fig. 9 , where the o v erlaid (white)
socontours correspond to the same values of σ 2 

δα . These isocontours
lmost perfectly follow the o v erall shape of the exclusion limits,
hich indicates a strong correlation between the exclusion probabil-

ty of a matter -power -spectrum model and the total variance of the
ssociated deflection-angle perturbations. This suggests that σ 2 

δα is
he fundamental quantity that determines the level of the resulting
urface-brightness anomalies in the lensed images. Consequently,
he exclusion probability is almost insensitive to the slope β of the
 δα( k ), i.e. the distribution of the total variance in the deflection
ngle o v er the different length scales. Based on Fig. 9 , we exclude
with 99 per cent probability) a matter -power -spectrum model if the
orresponding total variance in the differential deflection field is
arger than 6 × 10 −3 , independently of the slope β. This insight
s valuable for a future analysis of additional lens systems, which
nstead of considering potential perturbations δψ GRF ( x ) might more
fficiently focus on the corresponding deflection-angle perturbations
αGRF ( x ). The inferred threshold value of σ 2 

δα , however, might
 ary between dif ferent lens systems and depend on the chosen
eld of view, the PSF and the signal-to-noise ratio of the analysed

mage. 
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� �

Figure 9. Exclusion probabilities P excl 

(
σ 2 

δψ , β
)

for a subset of considered subgalactic matter -power -spectrum models, inferred from our analysis of the lens 

system SDSS J0252 + 0039. Each point of this exclusion plot corresponds to a particular combination of the integrated variance σ 2 
δψ and the power-law slope 

β, assumed to fully characterize the power spectrum of the hypothetical GRF potential perturbations P δψ ( k) ∝ σ 2 
δψ × k −β in the lens galaxy. The superposed 

black isoprobability line indicates models with exclusion probability larger than 99 per cent. The white contour lines connect matter -power -spectrum models 
with the same variance of the associated deflection-angle perturbations σ 2 

δα in the analysed field of view. 
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For completeness, we derive the corresponding constraints on the 
imensionless deflection-power spectrum defined as follows: 

 

2 
δα( k) ≡ 2 πk 2 P δα( k) (17) 

or the spatial scales of 0.5, 1, and 3 kpc, see Fig. 10 . These exclude
 

2 
δα( k) larger than 0.001 on all considered spatial scales at the

9 per cent confidence level. 

.3 Upper limits on the conv er gence po wer spectrum 

inally, the inferred constraints on the power spectrum of the 
otential perturbations P δψ ( k ) can be translated into constraints on
he associated power spectrum of the convergence (i.e. surface mass 
ensity) perturbations P δκ ( k ). By expressing equation ( 4 ) in Fourier
pace, P δκ ( k ) can be related to P δψ ( k ) as follows: 

 δκ ( k) = 4 π4 k 4 P δψ ( k) . (18) 

or a future comparison with the � CDM predictions, we express
hese constraints in terms of the dimensionless convergence power 
pectrum: 

 

2 
δκ ( k) ≡ 2 πk 2 P δκ ( k) , (19) 

hich quantifies the contribution of a particular length scale λ = k −1 

o the total variance of the convergence perturbations. 
We determine � 

2 
δκ ( k) corresponding to each combination of σ 2 

δψ 

nd β for three different spatial scales: 0.5, 1 and 3 kpc. The smallest
cale of 0.5 kpc corresponds to ∼3 pixels, which is the smallest spatial
cale considered in our analysis. The largest considered scale, on the
ther hand, is limited by the size of the lensed images (gravitational
MNRAS 523, 1310–1325 (2023) 
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Figure 10. Upper-limit constraints on the dimensionless convergence power spectrum � 

2 
δκ and the dimensionless differential-deflection power spectrum � 

2 
δα

in the lens galaxy SDSS J0252 + 0039 for three different subgalactic scales. Each point of the exclusion plot corresponds to a particular subgalactic matter- 
power-spectrum model P δψ ( k) ∝ σ 2 

δψ × k −β , as specified in Fig. 9 . The white contour lines connect models with the same value of � 

2 
δκ (left-hand panel) and 

� 

2 
δα (right-hand panel) on a particular scale. Overlaid in black is the 0.99-contour of the exclusion probability. Note that, β represents the power-spectrum slope 

of the originally investigated potential perturbations δψ GRF ( x ). The slopes of the corresponding power spectra of the convergence perturbations δκGRF ( x ) and 
the deflection perturbations δαGRF ( x ) decrease by 4 and 2, respectively (in terms of the absolute value). 
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rcs) in SDSS J0252 + 0039. Fig. 10 shows the resulting contour lines
onnecting matter -power -spectrum models with the same value of
 

2 
δκ inferred on a particular scale, o v erlaid on the original exclusion

lot. Based on Fig. 10 , we rule out matter -power -spectrum models
ith � 

2 
δκ larger than 1 on 0.5-kpc scale, larger than 0.1 on 1-kpc scale

nd larger than 0.01 on 3-kpc scale, at the 99 per cent confidence
evel. 

These results can be additionally interpreted in terms of the
tandard deviation of the total convergence perturbation σδκ ( λ) ≡
 

� 

2 
δκ ( λ) within the aperture diameter equal to the considered scale

in an infinitely large sample of circular regions, randomly chosen
n proximity to the Einstein radius. For the lensing-mass distribution
f SDSS J0252 + 0039, we infer the following upper limits on this
tandard deviation (on the spatial scales between L 

−1 and pixel
cale −1 , within the range of the power-law power-spectrum slope 3 ≤
≤ 8): σ δκ (0.5 kpc) < 1 on 0.5-kpc scale, σ δκ (1 kpc) < 0.3 on 1-kpc

cale and σ δκ (3 kpc) < 0.1 on 3-kpc scale. With the critical surface-
ass density for SDSS J0252 + 0039 � cr ≈ 4 × 10 8 M � kpc −2 ,

hese constraints can be translated into upper limits on the integrated
tandard deviation σ AM 

( λ) in the aperture mass (within an aperture
NRAS 523, 1310–1325 (2023) 
f diameter λ in the lens plane) in the inner region of the lens galaxy
DSS J0252 + 0039: σ AM 

(0.5 kpc) < 0.8 × 10 8 M �, σ AM 

(1 kpc) <
 × 10 8 M �, and σ AM 

(3 kpc) < 3 × 10 8 M �, at the 99 per cent
onfidence level. 

 DI SCUSSI ON  

n order to compare the derived upper-limit constraints with the
redictions from the � CDM model, we now provide a simple heuris-
ic estimation of the expected dimensionless convergence power
pectrum � 

2 
δκ ( λ) due to CDM subhaloes in the dark-matter halo

f SDSS J0252 + 0039. For the sake of simplicity, in our estimation,
e only consider the contribution from CDM subhaloes, neglecting
oth possible line-of-sight haloes and any other fluctuations in the
aryonic or dark-matter distribution of the lens galaxy. Furthermore,
e assume the projected substructure mass fraction of 0.005 near the
instein radius of the lens halo in the subhalo mass range between
 × 10 6 and 4 × 10 9 M � (Vegetti & Koopmans 2009b ). Finally,
e conserv ati vely treat the subhaloes as point masses and apply

he Poisson statistics to analytically predict their abundance from

art/stad1402_f10.eps
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he CDM substructure mass function of the form d N /d M ∝ M 

−1.9 

Springel et al. 2008 ), thus neglecting the possible suppression 
f the substructure population due to baryonic processes (Despali 
t al. 2018 ). Taking into consideration that the studied lens galaxy
s well described by the Singular Isothermal Sphere model and, 
hus, its convergence κ ∼ 0.5 in proximity to the Einstein radius, 
e estimate the following upper limits on � 

2 
δκ ( λ) due to CDM

ubhaloes: � 

2 
CDM 

(0 . 5 kpc ) < 10 −3 , � 

2 
CDM 

(1 kpc ) < 4 × 10 −4 , and
 

2 
CDM 

(3 kpc ) < 10 −4 . While this point-mass approach is solely
n approximation, it provides a conserv ati ve upper limit on the
onvergence contribution from CDM subhaloes. Any other choice of 
he subhalo density profile, for example the more realistic Navarro–
renk–White (NFW) density profile, would only lower the predicted 
 

2 
CDM 

( λ). 
A comparison of this estimation with the inferred observational 

onstraints on � 

2 
δκ for a flat convergence power spectrum (cor- 

esponding to the power-spectrum slope β = 4 for the potential 
erturbations; see Fig. 10 ) leads to the conclusion that the estimated
ontribution from CDM subhaloes lies significantly below the ob- 
ervational upper limits on all considered scales. This preliminary 
onclusion does not change even if we take into account that in reality
he total number of haloes perturbing the lensed images might be a
ew times higher than the estimated number of subhaloes, due to the
ossible presence of unbound haloes along the line of sight (Despali 
t al. 2018 ). 

We attribute the abo v e discrepanc y mainly to the fact that, unlike
ur heuristic � CDM-based predictions, the inferred observational 
pper-limit constraints refer to the total (dark and baryonic) mass 
istribution projected along the line of sight, including the complex 
aryonic and dark matter structure of the lens galaxy (e.g. Gilman 
t al. 2017 ; Hsueh et al. 2018 ) and the line-of-sight haloes. Further
esearch is required to adequately compare these observational 
imits with hydrodynamical simulations, which model not only the 
ormation of dark-matter haloes and subhaloes, but also include 
aryonic processes and their effect on the o v erall mass distribution
n galaxies. 

0  S U M M A RY  A N D  C O N C L U S I O N S  

he alternative dark-matter models and galaxy-formation scenar- 
os predict significantly different levels of mass structure on the 
ubgalactic scales (e.g. Lo v ell et al. 2014 ). In this work, we have
ntroduced a no v el methodology to observationally constrain the 
tatistical properties of such small-scale density fluctuations in the 
otal projected mass distribution of massive elliptical lens galaxies 
y means of the power-spectrum analysis of surface-brightness 
nomalies measured in highly magnified galaxy-scale Einstein rings 
nd gravitational arcs. Our approach is based on the theoretical 
ramework introduced by Chatterjee & Koopmans ( 2018 ). 

The pilot application of the presented methodology to the lens 
ystem SDSS J0252 + 0039 from the SLACS Surv e y leads to the
ollowing conclusions: 

(i) The enhanced intrinsic source-galaxy structure in the analysed 
 -band data requires a higher source-grid resolution and leads to 
ore sev ere de generacies between the source and lens models than it
as the case for the I -band data previously modelled by Vegetti et al.

 2014 ). Whereas this de generac y is less problematic when trying to
dentify individual subhaloes with masses abo v e the detection limit
see Vegetti et al. 2014 ), alleviating it is crucial when performing
 power-spectrum analysis. In this paper, we have addressed this 
e generac y by lowering the resolution of the source reconstruction in
he smooth lens modelling to suppress the absorption of the potential
erturbations and the observational noise into the source structure. 
his strategy has been shown to be effective in the performance test
f our methodology discussed in Paper I . 
(ii) Our analysis of SDSS J0252 + 0039 rules out the presence

f Gaussian potential perturbations δψ GRF ( x ) with the variance σ 2 
δψ 

xceeding ∼10 −2.5 at 99 per cent C.L. (on the spatial scales between
 

−1 = 0.88 arcsec −1 and pixel scale −1 = 16.79 arcsec −1 and within
he range of the GRF power-spectrum slope 3 ≤ β ≤ 8). 

(iii) In order to account for the effect of the chosen field-of-view,
e infer the corresponding constraints on the dimensionless conver- 
ence power spectrum � 

2 
δκ ( λ) on three different subgalactic scales

nd rule out matter -power -spectrum models with � 

2 
δκ (0 . 5 kpc ) > 1

n 0.5-kpc scale, � 

2 
δκ (1 kpc ) > 0 . 1 on 1-kpc scale, and � 

2 
δκ (3 kpc ) >

 . 01 on 3-kpc scale (at the 99 per cent C.L.). 
(iv) The inferred constraints can be translated into to the following 

imits on the standard deviation σ AM 

( λ) of the aperture mass
integrated within a cylinder with the respective diameter λ in the 
ens plane) in proximity to the Einstein radius of the lens galaxy:

AM 

(0.5 kpc) < 0.8 × 10 8 M �, σ AM 

(1 kpc) < 1 × 10 8 M � and
AM 

(3 kpc) < 3 × 10 8 M � (at the 99 per cent C.L.). 
(v) We find that the fundamental quantity that determines the level 

f surface-brightness anomalies in the lensed images and, thus, the 
robability of the matter -power -spectrum model exclusion, is the 
otal variance in the differential deflection angle σ 2 

δα (on the spatial 
cales between L 

−1 and pixel scale −1 ) resulting from the underly-
ng potential perturbations δψ GRF ( x ). Consequently, the exclusion 
robability is nearly insensitive to the slope of the deflection-angle 
ower spectrum P δα( k ), i.e. the distribution of σ 2 

δα o v er the different
ength scales. Based on our analysis, σ 2 

δα < 6 × 10 −3 within the
ntire considered range 3 ≤ β ≤ 8. This insight is valuable for 
ur future analysis of further galaxy-scale lens systems, which might 
e carried out by perturbing the deflection angle α( x ) instead of
he lensing potential ψ( x ). The threshold value itself, however, 

ight vary for different lens systems and depend on the chosen
eld-of-view, the PSF, and the signal-to-noise ratio of the analysed 

mage. 

In future work, we intend to investigate the modelling degeneracies 
n more detail, analyse a larger sample of lens systems, and infer

ore stringent constraints on the dark-matter and galaxy-formation 
odels by comparing these results to hydrodynamical simulations. 
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PPEN D IX  A :  DUST  ANALYSIS  

mong all HST images available for SDSS J0252 + 0039 ( U , V , I , and
 bands), the U -band photometry is most sensitive to the presence of
ust. Thus, clumpy dust in the lens galaxy could potentially cause the
mall-scale variations in the surface brightness of the lensed images 
hat have been so far interpreted as arising from density fluctuations 
n the lensing-mass distribution. In order to investigate this possible 
e generac y, we compare coaligned images of SDSS J0252 + 0039 in
he U and I band. For this comparison, the I -band image is drizzled
o the reference frame and pixel size of the U -band image. The U -
and image, on the other hand, is smoothed with a Gaussian profile
o a larger blur (according to the Gaussian cascade smoothing) of
2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
he I -band image: the PSF of the F390W-filter is well described by a
aussian profile with the FWHM 0.07 arcsec, whereas the PSF of the
814W filter has the FWHM 0.1 arcsec. Subsequently, both images 
re divided by the respective standard deviation of the photo-electron 
ounts in the empty sky (0 . 0012 e − sec −1 for the smoothed U band
nd 0 . 0045 e − sec −1 for the I-band image drizzled to the pixel scale of
he U band) to obtain the signal-to-noise ratio for each pixel. Finally,
o assess the effect of dust, we generate a ratio image between the I
nd the U band and conclude that the variations present across the
ensed images can be attributed to differences in the corresponding 
oint-spread functions of the compared filters. An additional visual 
nspection of the colour image in Fig. 2 , based on observations in the
V (F390W), the visual (F814W), and the infrared (F160W) bands, 

hows no indication for dust extinction either in the lens or the source
alaxy. 
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