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Abstract

Based on Koopman formalism for classical statistical mechanics, we propose a
formalism to define hybrid quantum-classical dynamical systems by defining (outer)
automorphisms of the C∗ algebra of hybrid operators and realizing them as linear
transformations on the space of hybrid states. These hybrid states are represented
as density matrices on the Hilbert space obtained from the hybrid C∗–algebra by the
GNS formalism. We also classify all possible dynamical systems which are unitary
and obtain the possible hybrid Hamiltonian operators.

1 Introduction

Hybrid quantum-classical systems are physical models of systems where quantum de-
grees of freedom interact with classical ones. Their most common application is to
approximate full quantum models to simplify them while keeping an accurate model
of the most relevant degrees of freedom. The most paradigmatic example are molec-
ular models where most of the degrees of freedom are treated classically while using
a quantum system to model the behavior of the most external electrons which are
responsible for the chemical properties of the system. There are many different ap-
proaches to define hybrid dynamical systems for molecular systems (see [47] for a nice
review), some of them are based on hybrid dynamics on the space of hybrid states
([48, 28, 27, 5, 6, 4, 1]), others are algorithmic (see [43, 44, 45]), others are obtained
as suitable limit equations of the full-quantum dynamics ([38, 31, 30, 34, 35]). Hybrid
dynamical models appear also in other contexts, as those considering the problem of
measurements of quantum systems with classical devices [42, 12] and other type of
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systems (see [26, 37, 20, 19] and references therein). More recently, some new ap-
proaches based on Koopman’s formalism for classical statistical mechanics have been
introduced with several remarkable contributions [8, 22, 23].

Among the different dynamical models, one of the most common is the Ehrenfest
model, which can be easily obtained from the original full quantum one within a semi-
classical description [9]. Let us use it as a reference example to explain the whole
framework. Ehrenfest equations are defined on the cartesian product of the classical
and quantum phase spaces MC ×MQ, which represent the hybrid pure states. This
dynamics can be proved to admit a Hamiltonian description with a suitable hybrid
Poisson bracket and a hybrid Hamiltonian function, which combines the classical and
the quantum energies. This property can be used to define a dynamical statistical
model with Ehrenfest equations as dynamics of the microstates [5]. In this statistical
description, the state of the system is defined as a probability distribution on the hy-
brid phase-space, which follows a Liouville equation defined by a hybrid Hamiltonian
function. Thus, the dynamics on the probability density (i.e., the state) is defined as
the dual to the dynamics on the space of hybrid observables. This is a natural way to
define a consistent statistical mechanical system leading to a well defined thermody-
namics (see [7]). This statistical description has relevant applications ([6, 4]) but also
some limitations, as the difficulty to write an entropy function and the corresponding
notion of canonical ensemble [3] or, in more general terms, of an equilibrium ther-
modynamics. From the mathematical point of view, these limitations are associated
with the incompatibility of the notion of hybrid state as a probability density on the
phase space and the definition of hybrid entropy, which require an alternative notion
of state. Indeed, the usual choice to represent the state of the hybrid system is a
family of quantum-density-matrix-like operators, parametrized by classical variables.
This type of hybrid states has been used extensively since the early eighties (see [2])
and it is used in many of the references presented above. But the challenge is to define
a consistent master equation for this object, satisfying that:

• it is inner in the space of hybrid states, i.e., the defining properties of the state
such as positiveness, normalization, etc are preserved at all times;

• and it is dual to the dynamics of the observables;

which are the conditions required by the usual construction in Statistical Mechanics
(see [7]). This is a complicated task that, to the best of our knowledge, has not been
satisfactorily solved yet.

Our aim in this paper is to provide a new solution for this problem by changing our
approach: instead of direcly looking for possible master equations, we will consider
the dynamics on the space of hybrid observables in a different way. First, we will build
a hybrid C∗–algebra defined as the tensor product of the classical and the quantum
C∗–algebras of observables of each subsystem. This is the same algebra that we would
obtain if we model the physical system as a pure quantum one, and then take the
classical limit of one of its subsystems. Then, we will borrow Koopman’s idea to
define dynamics on the space of observables by defining an outer automorphism of the
C∗–algebra, and implement that condition on our hybrid observables. In order to do
that, we will use the GNS construction ([24, 40, 41]) to define a suitable representation
of the algebra on a hybrid Hilbert space. In this way, we can impose linearity to the
dynamics in a natural way, and make the treatment much more simple. Once the
dynamics on the observables is defined, we will build a consistent master equation
defining the dynamics of the physical state as the dualized system. In the general
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case, several conditions must be imposed for the dynamics to be defined on the space
of states. In this work, we will consider only the simplest case of unitary dynamics,
where these conditions are immediately satisfied, but many others are admissible and
will be considered and analyzed in a forthcoming paper.

The structure of the paper is as follows. In Section 2 we will consider the math-
ematical tools which will be used in the rest of the paper. First, we will summarize
Koopman’s formalism for classical statistical mechanics. Then, we will briefly discuss
the notion of C∗–algebra, the GNS construction and the notion of state. Finally, we
will present these constructions for the simple cases of the set of observables of clas-
sical and quantum systems. With these tools, we will build in Section 3 the notion of
hybrid C∗–algebra and will characterize their states and the corresponding GNS rep-
resentation. In Section 4 we will use Koopman’s idea to define outer automorphisms
of the hybrid algebra and discuss all the conditions that the dualized dynamics on
the space of hybrid states must satisfy. Then, we will identify the simplest of these
dynamics which will define unitary transformations of the GNS-Hilbert space. Fi-
nally, in Section 5 we will summarize our main conclusions and discuss the analysis of
alternative solutions which will be presented in future papers.

2 Mathematical preliminaries

2.1 Koopman formalism for Classical Statistical Mechanics

We will follow the reference [16] in this brief summary. Let us consider a classical
statistical system defined on a symplectic manifold (M,ω) of dimension n, through a
measure µ defined by a probability density ρ :M → R, satisfying

µ(M) =

∫
M

dµ =

∫
M

ρ dΩ = 1, dΩ = ωn.

Consider the Hilbert space L2(M) defined by square-integrable functions f : M → C
with respect to the scalar product

⟨f1, f2⟩ =
∫
M

f̄1f2dΩ. (1)

If we consider thus the state ψρ ∈ (L2(M), dΩ) satisfying the condition

ρ = ψ̄ρψρ. (2)

This object will represent the state of our statistical system in terms of the Hilbert
space L2(M).

If we consider a Hamiltonian dynamical system XM on M , it defines a Liouville
equation for the probability density ρ in the formalism

ρ̇ = −XH(ρ). (3)

The corresponding flow Ft :M →M is a symplectomorphism F ∗
t ω = ω, and therefore

it defines a unitary transformation on L2(M):

Ut(f) = F ∗
t f, ∀f ∈ C∞(M) ⊂ L2(M). (4)
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The result follows immediately from Liouville theorem and the linearity of the pullback
of any differentiable mapping.

Being a unitary transformation, Stone theorem ensures the existence of a self-
adjoint operator L satisfying

Ut = e−iLt. (5)

Being the infinitesimal generator of the Hamiltonian evolution Ut defined above, L
must be determined by the Hamiltonian vector field XH , i.e.

Lψρ = −iXH(ψρ) = −i
(
∂H

∂qk
∂

∂pk
− ∂H

∂pk

∂

∂qk

)
ψρ, (6)

where (qk, pk) represent a chart of Darboux coordinates on M . This unitary operator
translates the dynamics to the functions ψρ which thus satisfy

iψ̇ρ = Lψρ. (7)

We can see that the classical wave functions are functions of both positions and
momenta, and that the infinitesimal generator of the unitary evolution is a first-order
differential operator. It is immediate from these relations to re-obtain in this quantum
language the Liouville continuity Equation (3) for ρ = ψ̄ρψρ.

From the point of view of the operators, notice that q’s and p’s are analogous
variables and therefore the operators having those variables as spectrum (Q̂ and P̂ )
must behave as multiplicative operators and hence they must commute. By extension,
we can conclude that the whole algebra of classical observables is commutative when
realized as linear operators on the Hilbert space. Hence, if we consider the Heisenberg
picture on that algebra, we conclude that it is not possible to define an evolution
corresponding to the action of the commutator with a Hamiltonian contained in the
algebra, i.e., we can not consider inner automorphisms. On the other hand, if we
consider the adjoint action of the Hamiltonian operator (6), we can define a non-trivial
evolution on the space of linear operators of L2(M). Furthermore, the Hamiltonian (6)
is chosen in such a way that the commutative subalgebra corresponding to the classical
operators is preserved by the evolution, i.e., the evolution defines an automorphism of
the classical subalgebra. Some other dynamics can also be considered, with analogous
results on the classical system but small differences in the quantum model (see [29]).

In conclusion, Koopman formalism defines a commutative algebra of operators
representing the classical magnitudes, which is represented as a subalgebra of the
total space of linear operators of the Hilbert space L2(M). Dynamics corresponds to
an outer-automorphism of that subalgebra, generated by the Hamiltonian operator
(6).

2.2 Operator C∗–algebras and the GNS construction

We will now consider the set of observables of our theory in more detail. In order
to do that we are going to consider the C∗ algebras containing the set of classical,
quantum and hybrid operators. For details on these topics, see [33, 10].

Given a C∗–algebra A, we can consider its dual space A∗ and use the norm on the
algebra to define a norm on the dual space. Indeed, given ω ∈ A∗, we define its norm
as

∥ω∥ = sup{|ω(a)|, ∥a∥ = 1}. (8)
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The involution on A allows also to introduce a notion of positivity for linear func-
tionals, and thus for states. Thus, given ω ∈ A∗ we say that it is positive definite
if

ω(a∗a) ≥ 0 ∀a ∈ A. (9)

Definition 2.1. A state of a C∗–algebra A is defined as a positive linear functional
on A with norm equal to one.

Finally, GNS theorem (see [24, 40, 41]) ensures that given a C∗–algebra A and a
state ω, we can always build a representation π of A on the set of (bounded) linear
operators on a Hilbert space B(H) where the state is associated to a cyclic vector of
H, whose orbit under the representation of A is dense in H. This result allows us
to recover the description of the elements of any C∗ algebra as linear operators on a
suitable Hilbert space.

Let us see now how this concept allows us to recover Koopman’s construction in
a simple way, and introduce a treatment of hybrid quantum-classical systems in these
algebraic terms.

2.3 Examples: classical and quantum systems

Let us consider two examples which are relevant for us: the set of observables of a
classical system, and the set of observables of a quantum one. As the quantum case
is simpler and will provide us with some valuable properties, we will consider it first.

2.3.1 The quantum case

Again, for the sake of simplicity we will consider the algebra of bounded operators
B(H) over a Hilbert space H with respect to composition; and the hermitian adjoint
as the involution A∗ = A†. Furthermore, we consider the norm of an operator A

∥A∥ = sup{∥Aψ∥, ψ ∈ H, ∥ψ∥ = 1} (10)

Again, it is a well known fact that this set which will be denoted in the following
as AQ becomes thus a C∗–algebra. Such an algebra contains the set of observables of
a quantum system, which corresponds to the subset of self-adjoint operators:

L =
{
A ∈ AQ|A† = A

}
. (11)

Finally, regarding the set of states of AQ, it is well known that the set of quantum
states is in one-to-one correspondence with the set of density matrices D(H) on the
Hilbert space H:

D(H) =
{
ρ̂ ∈ B(H) | ρ̂ = ρ̂†; ρ̂ > 0; Trρ̂ = 1

}
(12)

From Gleason theorem (see [25]), we know that with this set we are considering all
possible states of a quantum system whose state space corresponds to a Hilbert space
H:

Theorem 2.2 (Gleason). Let H be a separable Hilbert space with dimension greater
than 2 and let µ be a measure defined on the closed subspaces of H. Then, there exists
a positive semi-definite self adjoint operator ρ̂ of the trace class, satisfying that for
any closed subspace A ⊂ H,

µ(A) = Tr(ρ̂PA),

where PA : H → H is the orthogonal projection of the Hilbert space on A.
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This result justifies the use of density matrices to represent the states of any
quantum system for it encodes completely the probabilistic nature of the state (re-
member that the physical magnitudes, being represented by self-adjoint operators, can
be written, by means of their spectral decompositions, as real linear combination of
those orthogonal projectors).

Going back to the representation of the C∗–algebra, it is also well known that the
GNS construction defines an irreducible representation of AQ if we select a pure state,
and a reducible one if the density matrix is a mixed state (see [21]). The corresponding
GNS representation πQ : AQ → B(HQ) is the natural one.

2.3.2 The classical case

For the sake of simplicity we will consider as an example to model the set of physical
observables of a classical system the set of compactly supported complex functions on
a manifold MC , Cc(MC ,C), although other possibilities may also be considered with
analogous properties. In order to endow this set with a C∗–algebra structure we will
use:

• the pointwise algebra ·C
• the complex conjugation as involution f∗(x) = f̄(x),

• and the supremum norm ∥f∥ = sup{|f(x)| | x ∈MC}
It is immediate to verify that the set AC = Cc(MC ,C) becomes thus a Banach algebra.
This algebra can be considered to contain the (bounded) physical observables of a
classical system (since the condition on compactness is a technical restriction which
does not introduce serious physical limitations).

Finally, let us consider the states of AC . From the definition, they must correspond
to the positive-definite elements of the dual space having norm equal to 1. From the
Riesz-Markov representation theorem (see, for instance, [39]), we know that the set of
states on AC coincides with the set of (Radon) measures on the domain of the classical
functions, i.e., given ω ∈ A∗

C , there exists a measure µ satisfying

ω(a) =

∫
MC

dµ a, ∀a ∈ AC . (13)

If we consider a reference measure on MC , as it might be the symplectic phase-space
volume dΩ, for most states (i.e., excluding particular cases as the Dirac delta) we
can compute the corresponding Radon-Nikodym derivative and obtain thus a density
FC :MC → R+ satisfying

ω(f) =

∫
MC

dΩFCa, ∀a ∈ AC . (14)

From the physical point of view, states on AC correspond then to statistical ensembles
on the classical phase space with probability density FC . This is the starting point of
Koopman original proposal, a certain classical probability density. We can reproduce
Koopman construction by considering the representation, via GNS construction, of
the system on a Hilbert space. It is well known, that the GNS construction for AC

with state (14) defines the representation πC : AC → B(HC) as a set of multiplicative
operators acting on the Hilbert space HC = L2(MC , dµ), as we saw in Section (2.1).
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Once on the Hilbert space HC , we know from Gleason theorem that the state can
be written as an element of the set of density matrices D(HC). We can write, in
a simple way, the expression of the density matrix on HC in terms of the original
classical density:

Proposition 2.1. Consider a classical state ω of the classical C∗–algebra AC , defined
by a probability density function FC with respect to a measure dΩ

ω = FCdΩ,

where dΩ defines the cyclic vector of the GNS representation of AC . Then, the expres-
sion of the density matrix associated with ω by the GNS representation can be written
as:

ρ̂C =

∫
MC

dΩ(ξ)

∫
MC

dΩ(ξ′)
√
FC(ξ)FC(ξ′)|ξ⟩⟨ξ′|. (15)

Proof. Indeed, if we take a function a(ξ) ∈ AC , and consider the multiplicative oper-
ator πC(a) = a(ξ), it follows

Tr (ρ̂CπC(a)) =

∫
MC

dΩ(ξ)

∫
MC

dΩ(ξ′)
√
FC(ξ)FC(ξ′)Tr (|ξ⟩⟨ξ′|πC(a)) .

As the classical algebra acts as multiplicative operators on HC ,

Tr (|ξ⟩⟨ξ′|πC(a)) = a(ξ)δ(ξ − ξ′), (16)

we obtain that

Tr (ρ̂CπC(a)) =
∫
MC

dΩ(ξ)
∫
MC

dΩ(ξ′)
√
FC(ξ)FC(ξ′)a(ξ)δ(ξ − ξ′) =∫

MC
dΩ(ξ)FC(ξ)a(ξ) = ω(a), ∀a ∈ AC . (17)

3 The hybrid C∗–algebra

Let us now consider the algebra containing the observables of a hybrid quantum-
classical system. As in general the hybrid model is obtained as a suitable partial
classical limit of a full-quantum model, a natural candidate corresponds to the tensor
product of the two C∗–algebras above, i.e. AH = AC ⊗AQ. As we are mostly focused
on the application to hybrid quantum-classical physical systems, in the following we
will consider only the tensor product of the two examples introduced above, even if
many of our conclusions may be of interest for the product of arbitrary commutative
and non-commutative C∗–algebras.

3.1 The C∗–algebra structure

The hybrid product is defined in terms of the classical and the quantum products on
separable states as:

(a⊗A) ·H (b⊗B) := (a ·C b)⊗ (A ·Q B), ∀a, b ∈ AC , A,B ∈ AQ. (18)
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Let us consider now the involution. On the set of elements of the form

f =
∑
k

γkak ⊗Ak, γk ∈ C, ak ∈ AC , Ak ∈ AQ, (19)

we can consider the operation (18). This makes it an algebra which we will denote as
AH . On that algebra we can consider the involution

f∗ =
∑
k

γ̄ka
∗
k ⊗A†

k, (20)

where a∗k and A†
k represent the classical and quantum involutions respectively. Clearly,

this makes AH an involutive algebra.
Regarding the definition of a norm, a few comments are in order (for a more detailed

explanation see, for instance, [11]). In principle, there are different possible norms to
be defined on the algebraic tensor product AC ⊗ AQ to make the set a C∗–algebra.
But as we are interested in the GNS construction, the most natural candidate seems
to be the spatial norm defined by the inclusion of B(HC) ⊗ B(HQ) in B(HC ⊗ HQ)
and the definition of a representation

πH = πC ⊗ πQ, (21)

with the norm
∥f∥ = ∥πH(f)∥B(HC⊗HQ). (22)

The construction was introduced by T. Turumaru in [46] and does not depend on the
particular representations of the factors. Despite the diversity of possible norms in the
general case, as AC is a commutative algebra and hence a nuclear one, it is possible
to prove that the C∗ norm on AC ⊗AQ is unique (see [11]). Hence, we will keep this
construction above as the constitutive definition of the hybrid C∗–algebra structure
for AH .

3.2 Hybrid states

As we saw above for a general C∗–algebra, hybrid states must be positive-definite
elements of A∗

H with norm equal to 1. Obviously, the tensor product of a classical
state and a quantum one satisfies these requirements. Hence, we may think in an
example of hybrid state as the product of a classical measure dµ onMC and a quantum
density matrix ρ̂Q. This is a particular case of the representation of hybrid states used
in the Literature (see [2, 12, 14, 6, 4, 3, 8] and references therein). If we use the GNS
representation πH : AH → B(HC ⊗ HQ) to write them as states on HC ⊗ HQ, they
become a tensor product of density matrices ρ̂C ⊗ ρ̂Q, i.e., this example turns out to
be what in the quantum systems literature is called a simply separable state. From a
physical point of view, its most remarkable property is the lack of correlations between
the two subsystems, classical and quantum.

More general states of AH can be written as in the previous references as a family
of quantum operators parametrized by classical variables ρ̂(ξ), satisfying the normal-
ization conditions ∫

MC

dµ(ξ)Trρ̂(ξ) = 1. (23)

8



The action on the elements of AH is written as

⟨f⟩ =
∫
MC

dµ(ξ)
∑
k

γkak(ξ)Tr(ρ̂(ξ)Ak), (24)

for an element f ∈ AH written as Equation (19). This is the usual representation
of hybrid states in the Literature. As we argued above, the definition of a suitable
master equation of hybrid dynamics for this type of system is still an open problem.
Next Section is entirely devoted to the definition of different possible solutions for it.

In order to obtain a few useful properties of these hybrid states ρ̂(ξ) let us consider
their representation as elements of D(HC ⊗HQ), i.e., as density matrices. Notice that
as the hybrid state defines a measure on AH , from Gleason theorem [25], there must
exist a density matrix ρ̂H to represent the state of the algebra πH(AH) on HC ⊗HQ.
The states ρ̂H must safisfy thus:

⟨f⟩ =
∫
MC

dµ(ξ)Tr(ρ̂(ξ)f) = Tr(ρ̂HπH(f)), ∀f ∈ AH . (25)

Our main interest in this representation as ρ̂H is that, as we will see below, it will
allow us to write a well defined master equation which captures the hybrid dynamics.
The definition of the dynamics is a very difficult task if the state is of the form (25)
because of the non-linearity of the classical subsystem dynamics (see [13]), but when
realized at the level of the Hilbert space HC ⊗ HQ and as external to the algebra
πH(AH), it is possible to write it in a simple way. This is why we are interested in
this generalization of Koopman classical construction.

Inspired by Proposition 2.1, we are going to consider states on HC ⊗ HQ of the
form

ρ̂H =
∑
mm′

∫
MC

∫
MC

dΩ(ξ)dΩ(ξ′)ρmm′(ξ, ξ′)|ξ,m⟩⟨ξ′,m′ |, (26)

where ρmm′(ξ, ξ′) :=
√
⟨m | ρ̂(ξ) | m′⟩⟨m | ρ̂(ξ′) | m′⟩ and {|m⟩} is a basis for HQ,

which will be assumed to be discrete, for simplicity, (although this is not relevant).
For those systems, it is immediate to prove:

Lemma 3.1. If we consider the marginalized state defined by the trace over HC of
ρ̂H we obtain the same state over HQ defined marginalizing the state ρ̂(ξ) of AH , i.e.

TrC(ρ̂H) =
∑
mm′

∫
MC

dΩ(ξ)⟨m | ρ̂(ξ) | m′⟩ | m⟩⟨m′ |=
∫
MC

dΩ(ξ)ρ̂(ξ), (27)

where TrC stands for the partial trace over HC , i.e., with that operation we can rep-
resent the marginalization of the state ρ̂H . More generally, it can be easily shown
that:

TrC(ρ̂
k
H) =

∫
MC

dΩ(ξ)ρ̂(ξ)k , (28)

Proof. The proof is completely analogous to the one used in the proof of Proposition
2.1 and based on the fact that the trace corresponds to a δ(ξ− ξ′) which produces the
expressions above.

With this result, we can conclude:
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Proposition 3.1. The state ρ̂H given by Eq. (26) is the density matrix on HC ⊗HQ

corresponding to the hybrid state ρ̂(ξ).

Proof. Again, the proof is analogous to the classical case. If we consider separable
hybrid observables we can write that

ω(a⊗A) = Tr(ρ̂HπH(a⊗A)) =∫
MC×MC

dΩC(ξ)dΩC(ξ
′)Tr

( ∑
mm′

ρmm′(ξ, ξ′) | ξ,m⟩⟨ξ′,m′ | πH(a⊗A)

)
=

∫
MC

dΩC(ξ)TrQ

( ∑
mm′

ρmm′(ξ, ξ) | m⟩⟨m′ | (a(ξ)⊗A)

)
=∫

MC
dΩC(ξ)TrQ (ρ̂(ξ)(a(ξ)⊗A)) , (29)

where we wrote that πC(a) = a(ξ), is a multiplicative operator on HC , and we used
the previous lemma for the classical trace. TrQ represents the partial trace over HQ,
and we use that Tr = TrCTrQ. The proof for general elements of AH of the form (19)
is immediate.

3.3 Hybrid entropy function

An important application of this result is the possibility to relate the von Neumann
entropy associated with the state ρ̂H and the hybrid entropy function introduced in
[3]. Indeed, our group introduced a hybrid entropy function for states of the form
ρ̂(ξ), based on the analysis of mutually exclusive hybrid events, which reads:

SH [ρ̂(ξ)] = −
∫
MC

dµ(ξ)Tr (ρ̂(ξ) log ρ̂(ξ)) . (30)

Based on this function, we were also able to identify a candidate for hybrid canonical
ensemble, using the MaxEnt formalism. For this state to constitute a valid candi-
date for a thermodynamical equilibrium ensemble, it is necessary to identify a valid
dynamics for the hybrid system, having the MaxEnt solution as a stable equilibrium
point. Identifying such a hybrid dynamics is the main motivation for this work. As
we argued above, searching for such a dynamics on the set of hybrid states of the form
ρ̂(ξ) is a difficult task, since the classical subsystem makes the dynamics nonlinear.
Our proposal in this work is to generalize Koopman construction, define the hybrid
system on a Hilbert space HC ⊗HQ, and search for possible hybrid dynamics on the
set D(HC ⊗HQ).

In order to do that, our first task is to prove that we can recover write the hybrid
entropy function in terms of the hybrid state ρ̂H ∈ D(HC ⊗HQ). A natural choice is
to consider the well-known von Neumann entropy

SvN [ρ̂H ] = −Tr(ρ̂H logρ̂H).

Lemma 3.2. Let ρ̂(ξ) be a state for the hybrid algebra AH and ρ̂H ∈ D(HC ⊗ HQ)
the state of the algebra πH(AH) ∈ B(HC ⊗HQ). Then,

SvN [ρ̂H ] = SH [ρ̂(ξ)].
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Proof. As the density matrix is self-adjoint and hence diagonalizable, we can consider
its spectral decomposition, where the spectrum is nowhere negative. From the prop-
erties of the trace and the definition of the logarithm as a series, we can work directly
on the spectrum, and obtain:

SH [ρ̂H ] = −Tr
(
ρ̂H
∑∞

n=1(−1)n−1 (ρ̂H−I)n
n

)
=

Tr
(∑∞

n=1
(−1)n−1

n

∑n
k=0

(
n
k

)
ρ̂k+1
H (−1)n−k

)
=

TrQ

(∑∞
n=1

(−1)n−1

n

∑n
k=0

(
n
k

)
TrC(ρ̂

k+1
H )(−1)n−k

)
(31)

Making use of (28), we can substitute the partial trace over the classical part by an
integral over phase space, and thus:

−SH [ρ̂H ] =

∫
MC

dΩ(ξ)TrQ

( ∞∑
n=1

(−1)n−1

n

n∑
k=0

(
n

k

)
ρ̂(ξ)

k+1
(−1)n−k

)
= −SH [ρ̂(ξ)],

(32)
which is the hybrid entropy function introduced in [3].

This is an important result from the physical point of view, since having an entropy
function we can apply MaxEnt formalism to identify the state which maximizes the
entropy while keeping the average energy fixed. This allows us to write the canonical
ensemble of a hybrid system in this generalized Koopman formalism in a straightfor-
ward way. From our analysis above, we conclude that it can be obtained from the
result identified in [3] using Proposition 3.1. It is important to remark, though, that
the MaxEnt computation for the case of ρ̂H must be done with respect to operator
πH(fH) ∈ πH(AH) associated with the hybrid energy function fH ∈ AH , and not with
respect to a Hamiltonian operator defining the dynamics as we saw in the Koopman
classical formalism. Such an operator may generate the dynamics, but it does not
have a physical meaning as energy of the system since it does not belong to the hybrid
algebra. We shall discuss these issues in some detail in the following section.

It is also important to emphasize that the MaxEnt argument is completely inde-
pendent of the dynamics of the microstates, but it only offers possible candidates to
equilibrium ensembles. For these MaxEnt solutions to define actual thermodynamical
ensembles, it is necessary to prove that the dynamics of the microstates preserves the
solution obtained. Hence, the existence of candidates to equilibrium ensembles defines
constraints to the possible dynamics that can be considered on the hybrid system, as
we discuss in the next section.

4 Hybrid dynamical systems

4.1 Classical and quantum dynamics

As we saw in Section (2.1), Koopman’s original construction proved that Liouville
evolution equation of a classical statistical system on a phase space MC can be real-
ized as a unitary one-parameter group of transformations on a suitably defined Hilbert
space HC . In order to do that, a Hamiltonian operator on HC which does not belong
to the classical (commutative) C∗-algebra which contains the set of physical mag-
nitudes, is required (see [32]). From that unitary group of transformations we can
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define equivalent dynamical systems on the Hilbert space HC (via the Schrödinger
equation), on the commutative subalgebra of B(HC) defined by the representation
πC : AC → B(HC) (via the Heisenberg equation), or on the set of density matrices
D(HC) (via von Neumann equation). All three systems are physically equivalent to
the solutions of the Liouville equation on the set of statistical states on MC , or the
equivalent Hamiltonian evolution on the Poisson algebra of classical observables. No-
tice, though, that the dynamics must be defined on AC as an outer automorphism
since it is commutative and has a trivial Lie structure. We must add an additional
Poisson tensor to the set of functions in AC to be able to define the dynamics at
the level of the algebra. And therefore the resulting dynamical system defines outer-
automorphisms of the C∗–algebra. Nonetheless, this construction is compatible with
the C∗–algebra description of the classical system (in terms of AC) presented above
and the corresponding GNS representation πC : AC → B(HC). Thus, when written
in the Hilbert space language, dynamics takes the usual form, but with a Hamiltonian
which does not belong to πC(AC). This corresponds to the usual Koopman’s con-
struction. Notice that, in the representation process, the non-linear classical Liouville
equation (with a Hamiltonian function in the classical algebra) becomes the linear
Heisenberg equation (with a Hamiltonian which does not belong to the subalgebra
πC(AC)) or the linear von Neumann equation for the corresponding density matrix.
In a certain way, nonlinearities are “smoothed” by the representation.

The quantum case is different since the definition of a dynamical system on AQ

is straightforward using its Lie canonical structure and the corresponding Heisenberg
equation. Choosing a self-adjoint Hamiltonian in AQ (even if non-bounded, in gen-
eral), we can define a unitary evolution which can be implemented either at the level
of the Hilbert space, at the level of the operator algebra, or at the level of the states,
exactly as in the classical case. But finite dynamical transformations correspond to
bounded operators and hence inner automorphisms of the Lie structure of AQ.

4.2 Hybrid dynamics

4.2.1 General considerations

Let us consider now the hybrid case. As we explained above, our final goal is to
consider possible dynamics of hybrid states in order to identify those which are useful
to model statistical quantum-classical systems. Among those, we will have to check
whether or not they have the hybrid canonical ensemble identified with the MaxEnt
formalism as a stable fixed point. If we succeed, we would have found an efficient
way to model statistical hybrid system at finite temperature, which is a very rele-
vant situation for molecular simulations. In this paper we will just consider the first
problem: how to identify possible hybrid dynamics. We will define the problem and
classify the solutions which are unitary, as in the case of classical Koopman dynamics.
More general solutions and the evaluation on the hybrid canonical ensemble will be
considered in future papers.

We will consider directly the GNS representation of the system and therefore a
system characterized by some density matrix ρ̂H ∈ D(HC ⊗ HQ) and the algebra
πH(AH) ⊂ B(HC ⊗ HQ). The problem of defining a dynamical system directly at
the level of the algebra AH or its dual, which has received much more attention in
the Literature, and its relation with our solution in this paper will be considered in
a forthcoming publication. In this paper we will consider the definition of dynamics
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only at the level of the Hilbert space HC ⊗HQ.
From what we learned in the classical and quantum case, it is clear that we are

supposed to build an automorphism of the C∗ algebraAH , or, equivalently, of its image
πH(AH) ⊂ B(HC ⊗ HQ). This automorphism generalizes Koopman construction
to the hybrid case. If the dynamics must act on the classical degrees of freedom
in a non-trivial way, it should contain external elements to AC (and hence to AH

when multiplied by quantum operators) and define an external automorphism of the
subalgebra πH(AH). In this way we define a dynamical system on the space of hybrid
physical magnitudes, which preserves the set, unlike what Ehrenfest dynamics was
seen to do on AH ([13]).

As a generalization of the classical and quantum cases above, we can ask the
dynamics to fulfill the following requirement: it may be defined on the whole B(HC ⊗
HQ) but it must preserve the subalgebra πH(AH). For the sake of simplicity, we will
consider only linear systems. Therefore, we will consider a dynamical system of the
form

dπH(f)(t)

dt
= LπH(f)(t), ∀f ∈ AH , (33)

where L represents a linear super-operator on B(HC⊗HQ) and satisfies L(πC(AH)) ⊂
πC(AH). In that case, we will write the master equation as an equation on the set of
states as:

dρ̂H(t)

dt
= L†ρ̂H(t), (34)

where L† represents the adjoint operator to L. For the sake of simplicity, we assume
that the operator L generates a bounded operator eLt. Nonetheless, this just defines a
flow on the dual space to B(HC ⊗HQ). Furthermore, we know that the set of density
matrices D(HC⊗HQ) corresponds to just a subset of that dual space (since we impose
the conditions on the trace and positivity) and we want the dynamics to preserve that
subset. These conditions must also be imposed as restrictions on the dynamical system
L. Besides, after our analysis on the hybrid entropy and the equilibrium ensembles,
it also makes sense to impose some entropic restrictions to the possible dynamical
systems. If we want the hybrid dynamics to represent a microstate dynamics for a
physical system, the value of von Neumann entropy on ρ̂H(t) must be constant in time
(if the hybrid system is isolated) or increase (if it is not isolated).

A particularly simple case corresponds to the case of unitary dynamics, where there
exists a Hamiltonian operator Ĥ which allows to write the operator L as its adjoint
action, i.e.:

dπH(f)(t)

dt
= −i

(
πH(f)(t)Ĥ − ĤπH(f)(t)

)
, f ∈ AH . (35)

In this case, the dual equation (the corresponding von Neumann equation)

dρ̂H(t)

dt
= −i

(
Ĥρ̂H(t)− ρ̂H(t)Ĥ

)
, ρ̂H ∈ D(HC ⊗HQ) (36)

is known to preserve the set of density states, since it defines the orbits of the coad-
joint action of the evolution operator. Furthermore, in this case it is immediate that
a unitary transformation preserves the von Neumann entropy of the state, since it
preserves its spectrum. We will analyze the properties of these dynamical systems in
the following section.
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4.2.2 Conditions on the automorphism of πH(AH) I: unitary dy-
namics

For the sake of simplicity, let us first consider the case of a unitary transformation,
i.e., we consider as dynamical equation the adjoint action of a certain Hamiltonian
operator Ĥ (as in Equation (35)). As we did above, we can write the Hamiltonian
operator without loss of generality as the sum of three terms:

Ĥ = ĤC ⊗ IQ + IC ⊗ ĤQ + ĤCQ, (37)

where again ĤC represents the energy associated to the classical degrees of freedom,
ĤQ the energy of the quantum ones, while ĤCQ represents the coupling between them.

Written in this form, it is simple to study how to define a (unitary) automorphism
of the image of the hybrid algebra AH . We know that the dependence in the classical
degrees of freedom can not be only on those of AC , but also on those of B(HC) which
do not belong to πC(AC). As πC(AC) is the (commutative) subalgebra of multiplica-
tive operators on L2(MC , dµ), we can look for the external operators among those
corresponding to the derivation operators, i.e., those representing the quantization of
the variables conjugated to those of MC . From Koopman’s construction, we know
that the quantization of those variables define suitable operators to define the proper
unitary dynamics. For the sake of simplicity, let us consider the case MC = R2n, and
let us denote as Πqk and Πpj the conjugated coordinates to qk and pj (required to
define the quantization from T ∗MC on HC = L2(MC)). Let us extend the represen-
tation mapping πC to include these functions and define the corresponding operators
πC(Πqk) and πC(Πpj

). If we ask the adjoint action of Hamiltonian (37) to preserve
the subalgebra πH(AH) we must impose the following condition

[πH(AH), Ĥ] ⊂ πH(AH). (38)

As the action is linear, it is sufficient to impose the condition on separable operators
of the form πC(a) ⊗ πQ(A); and ask the result to belong to the algebra. Also the
coupling term in the Hamiltonian can be supposed to be a linear combination of
separable operators on HC and HQ as HCQ =

∑
jk cjkh

j
C ⊗ hkQ, for cjk ∈ R. As the

condition must hold for any hybrid observable, it is immediate to prove that:

• the term ĤC in the Hamiltonian must be linear in the operators πC(Πqk) and
πC(Πpj

) to recover the non-trivial classical dynamics on the classical degrees of
freedom. Indeed, as πC and πQ are morphisms onto B(HC) and B(HQ) we can
write

[πC(a)⊗ πQ(A), ĤC ⊗ IQ] = [πC(a), ĤC ]⊗ πQ(A) (39)

The condition for [πC(a), ĤC ] to belong to πC(AC) implies that ĤC must be
linear in πC(Πqk) and πC(Πpj

). This is analogous to the Koopman’s case, which
coincides with this one if we fix to zero all other terms in the Hamiltonian.

• Purely quantum terms do not introduce any constraint on the dynamics.

• Finally, the coupling term ĤCQ can not depend on the operators πC(Πqk) and
πC(Πpj

). Indeed, if we consider analytical elements in the hybrid algebra,

[πC(a)⊗ πQ(A), ĤCQ] =
∑

jk cjk[πC(a)⊗ πQ(A), h
j
C ⊗ hkQ] =∑

jk cjk

(
[πC(a), h

j
C ]⊗ πQ(A)h

k
Q + πC(a)h

j
C ⊗ [πQ(A), h

k
Q]
)
. (40)
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For these terms to belong to πH(AH), we obtain that

[πC(a), h
j
C ] ∈ AC πC(a)h

j
C ∈ AC ; ∀πC(a) ∈ πC(AC), ∀j.

This only happens if
hjC ∈ πC(AC), ∀j.

Hence, we have proved that:

Theorem 4.1. The only type of Hamiltonian operator of the form of Equation (37)
which generates a unitary dynamics on B(HC ⊗HQ) that defines an outer automor-
phism of the hybrid subalgebra πH(AH) has

• a linear dependence on πC(Πqk) and πC(Πpj
) in ĤC as

ĤC =
∑
kj

(
αkπC(Πqk) + βjπC(Πpj

)
)
, (41)

where αk, βj , H̃C ∈ πC(AC).

• The other coefficients must belong to the corresponding subalgebra, i.e., ĤQ ∈
AQ, ĤCQ ∈ πH(AH).

The dynamics is non-trivial in the classical degrees of freedom only if αk ̸= 0 or
αj ̸= 0. In order to recover the expression of Koopman’s construction, we may write

αk = πC

(
∂HC(q, p)

∂pk

)
, βj = −πC

(
∂HC(q, p)

∂qj

)
, (42)

where the function HC(q, p) ∈ AC represents the energy of the classical degrees of
freedom. With that choice, for a non-interacting system (HCQ = 0), a separable state
of the form ρ̂C ⊗ ρ̂Q would evolve separately since the evolution operator factorizes.
Hence we our construction includes as limit cases the classical and the quantum cases.
Any non-trivial interaction (i.e., HCQ ̸= 0) modifies both terms, and introduces a
hybrid behavior. Obviously, in any case, the evolution is Hamiltonian. A similar
dynamics is also considered in [29], from a slightly different perspective.

4.2.3 The master equation

Let us consider now the corresponding equation on the set of density matrices. Notice
that the immediate consequence of Theorem (4.1) above is that if we consider the
master equation for the state ρ̂H defined by von Neumann equation for the same
Hamiltonian, we obtain:

i
dρ̂H
dt

=
∑

kj

[
πC

(
∂HC(q,p)

∂qj Πpj −
∂HC(q,p)

∂pk
Πqk

)
⊗ IQ, ρ̂H

]
+

[IC ⊗ ĤQ, ρ̂H ] + [ĤCQ, ρ̂H ], (43)

where H(q, p) ∈ AC , ĤQ ∈ πQ(AQ) and ĤCQ ∈ πH(AH) and we used that πC(AC) is
commutative. By construction, this evolution takes the previous Heisenberg equation
to the set of physical states, and being unitary, it defines the corresponding dual
unitary action on that space. Hence, the solution must be well defined inside the
space of hybrid states since it corresponds to the co-adjoint action of the unitary
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group. In this way, this construction allows us to write a well defined dynamics on
the set of hybrid states.

It is important to notice that, despite the automorphism being external to πH(AH),
it is completely determined by the hybrid energy via the previous expression. As the
dependence must be linear in the momenta Πqk ,Πpj , there is no freedom left in the
external degrees to determine the Hamiltonian.

On the other hand, at the formal level the dynamics can be integrated straightfor-
wardly, since it is defined by the evolution operator generated by the Hamiltonian Ĥ.
If we assume that the Hamiltonian does not depend on time, the evolution operator
corresponds to

Û(t) = e−itĤ , (44)

which is a unitary operator on HC ⊗ HQ, whose adjoint action on the set of linear
operators preserves the subalgebra πH(AH). Therefore, its co-adjoint action must
preserve the corresponding set of density operators. This case represents the simplest
generalization of Koopman construction to the case of hybrid systems.

4.2.4 Conditions on the automorphism of πH(AH) II: arbitrary lin-
ear dynamics.

If we consider arbitrary (bounded) linear dynamics of the form of Equation (33),
possibilities are much richer. In principle, as we are considering linear subspaces, the
condition of being an automorphism for πH(AH) implies that the operator generating
the automorphism satisfies

eLt(πH(AH)) ⊂ πH(AH). (45)

Furthermore, if the automorphism is not unitary, we need to impose also some condi-
tions on the dual operator L† for the master equation to be well defined. In particular
we must take into account:

• the evolution must be tangent to the set of density matrices, i.e., define a curve
in the space of self-adjoint positive-definite operators. As we can safely assume
that the Hilbert space under consideration is separable, we can always choose
a numerable basis and turn this space into ℓ2(N) under a unitary isomorphism.
Then, the Cholesky decomposition indicates that it is always possible to factor
the positive semidefinite density matrix ρ = LL† with L lower triangular with
respect to the order induced in the basis by the isomorphism (see [36]). Hence a
simple way to implement this condition may be to impose that

eL
†t(T †

1T1) = T †
2T2, (46)

for T1, T2 arbitrary bounded invertible mappings.

• Furthermore, the trace must be preserved:

Trρ̂H(t) = 1, ∀t⇒ Tr

(
dρ̂H(t)

dt

)
= 0. (47)

• Finally, if the dynamics is considered as the dynamics of a thermodynamic sys-
tem, we must ask it to be compatible with the corresponding physical constraints.
Thus, von Neumann entropy must be preserved or increased along the solutions
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(depending on the type of system) and the ensembles which must be of equilib-
rium (as the hybrid canonical ensemble discussed above) must be fixed points of
the dynamics.

In general, the set of admissible dynamical systems may be large. We will explore
this set and its properties in a forthcoming paper.

5 Conclusions and outlook

In this paper we have introduced a new framework based on Koopman’s construction to
study hybrid quantum-classical dynamics. We first consider the set of hybrid operators
AH defined as the tensor product of the classical and the quantum C∗–algebras.
The quantum C∗ algebra corresponds to the usual algebra of linear operators of a
Hilbert space. As it is well known, it is non-commutative. The classical C∗–algebra
is commutative and corresponds to the differentiable functions of the classical phase
space. We can consider that it is the result of the classical limit of a quantum algebra.
From this point of view we can think on the hybrid algebra as a partial classical limit
of an originally full-quantum one.

We can use the usual GNS construction on the hybrid algebra to define a represen-
tation of the hybrid observables as a subalgebra of the (bounded) linear operators of
a hybrid Hilbert space HC ⊗HQ. The corresponding hybrid states are then realized
as regular density matrices on this Hilbert space. We have built explicitly the density
matrices from the states of the hybrid algebra, and we have also proved that von Neu-
mann entropy of those density matrices coincides with the notion of hybrid entropy
introduced in [3] for the hybrid states. This allows us to import to this framework
a relevant physical result as the hybrid canonical ensemble determined in the same
paper. Hybrid dynamics is introduced on the algebra as an outer-automorphism of
the representation of AH on HC ⊗HQ or, equivalently, as the corresponding dual dy-
namics on the set of density matrices. We have characterized the conditions of those
dynamics, and have classified all possible unitary evolutions satisfying them. Notice,
though, that from a physical point of view, the resulting family of unitary dynamics
is limited, since it can not include back-reaction, i.e., the classical subsystem follows
a dynamics which does not see the quantum subsystem. A detailed analysis of more
general solutions and their properties will be presented in a forthcoming paper. We
will also consider the relation with the dynamics written directly at the level of the
C∗–algebra and its states, which is the most frequent case in the literature.

Notice that, despite the apparent paradox of treating hybrid classical-quantum
systems in a Hilbert space language, it offers several advantages. First, complexity is
significantly decreased from an original full-quantum model, since the Hilbert space
HC representing the classical degrees of freedom is simpler than the original Hilbert
space containing all the degrees of freedom, and its operators form a commutative
subalgebra. Second, Hilbert space language offers several tools to consider linear dy-
namics which become non-linear at the classical level (as Koopman dynamics shows).
Finally, it also offers the possibility of studying classical-quantum correlations of the
statistical ensembles in a simple way, considering the hybrid density matrices. There
are also some drawbacks, as the difficulties to consider pure statistical hybrid states (as
it happens in the Koopman’s pure classical case). Nonetheless, from a physical point
of view, the most common applications of these models correspond to experimental
situations where it is impossible to assign precise initial conditions to the physical
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particles (for instance in a molecular system) and then we consider that missing pure
states is not a serious limitation.
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