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Twisted Alexander polynomials, chirality, and local deformations of
hyperbolic 3-cone-manifolds

Hirosar Gopa
TAKAYUKI MORIFUII

Abstract

In this paper, we discuss a relationship between the chirality of knots and higher-dimensional twisted
Alexander polynomials associated with holonomy representations of hyperbolic 3-cone-manifolds. In
particular, we provide a new necessary condition for a knot, that appears in a hyperbolic 3-cone-manifold
of finite volume as a singular set, to be amphicheiral. Moreover, we can detect the chirality of hyperbolic
twist knots, according to our criterion, using low-dimensional irreducible representations.

1. Introduction

The Alexander polynomial is one of the fundamental invariants of a knot in the 3-sphere
§3. 1t is determined by the maximal metabelian quotient of the fundamental group of
the complement of a knot (namely, the knot group), and hence is far from a complete
invariant. In particular, it often fails to detect geometric or topological properties of a
knot. For example, the Alexander polynomial has mutation invariance, and cannot detect
the chirality of knots, because a given knot and its mirror image have isomorphic knot
groups.

The twisted Alexander polynomial was originally introduced by Lin [18] for knots
in $* and by Wada for finitely presentable groups [33]. It is defined for a group and its
representation and provides a natural generalization of the Alexander polynomial. Wada
shows in [33] that Kinoshita—Terasaka and Conway’s 11 crossing knots are distinguished
by the collection of twisted Alexander polynomials associated with representations over
a finite field. That is, we might be able to detect mutant knots using twisted Alexander
polynomials, even though such knots share many polynomial invariants (see [24] for
example). As for the chirality of a knot, Dunfield, Friedl and Jackson presented a criterion
for determining whether a given hyperbolic knot, that is, a knot whose complement
admits a complete hyperbolic metric of finite volume, is amphicheiral by means of the
normalized twisted Alexander polynomial, the hyperbolic torsion polynomial, associated
with a lift of the holonomy representation into SL(2, C). See the survey papers [7, 22]
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and the references therein for recent developments on twisted Alexander polynomials and
their applications.

The purpose of this paper is to give a new necessary condition for a given knot
that appears in a hyperbolic 3-cone-manifold of finite volume as a singular set to be
amphicheiral using higher-dimensional twisted Alexander polynomials associated to a
lift of the holonomy representation of a 3-cone-manifold (Corollary 3.2). This result
generalizes the result of Dunfield, Friedl and Jackson mentioned above in two directions.
One is for higher-dimensional irreducible representations of knot groups, and the other
is for deformation of hyperbolic 3-cone-manifolds. To the best of our knowledge, the
latter is a new application of the twisted Alexander polynomials to local deformations of
hyperbolic 3-cone-manifolds. Furthermore, for hyperbolic twist knots, an infinite family of
hyperbolic two-bridge knots, we can detect their chirality in hyperbolic 3-cone-manifolds
using our criterion with low-dimensional irreducible representations of knot groups.
Roughly speaking, the following three conditions are equivalent (see Theorem 4.2 for a
more precise statement): (i) a hyperbolic twist knot is amphicheiral, (ii) the hyperbolic
torsion polynomial is a real polynomial, (iii) either the adjoint torsion polynomial (see
Subsection 2.3 for the definition) is a real polynomial or its coefficients are pure imaginary.

The remainder of this paper is organized as follows. In the next section, we review
some basic notions, twisted Alexander polynomials and higher-dimensional irreducible
representations of the special linear group SL(2, C). In Section 3, we state our criterion
for a given knot to be amphicheiral. In the final section, we discuss a characterization of
the chirality of a twist knot in a hyperbolic 3-cone-manifold.

Acknowledgments

The authors would like to thank Professor Hirotaka Akiyoshi and Professor Makoto
Sakuma for helpful comments. They also would like to thank the anonymous referee for
the evaluation of our paper and for useful suggestions.

2. Preliminaries

2.1. Basic notions

We review basic notions on knots in accordance with [29]. A knot K is a smoothly
embedded circle in the 3-sphere S3. Two knots K and K are said to be equivalent, K = K’,
if there is a self-homeomorphism f of §3 such that f(K) = K’, i.e., the pair (53, K) is
homeomorphic to the pair (S, K”). If the homeomorphism f preserves the orientation
of 3 and hence is isotopic to the identity homeomorphism, then K and K’ are said
to be isotopic. Every knot is represented by a knot diagram, a 4-valent planar graph
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whose vertices are endowed with over/under information. A vertex of a knot diagram with
over/under information is called a crossing.

For a knot K, the knot K*, the mirror image of K, is the image of K under an
orientation-reversing homeomorphism of S3. K* is represented by the knot diagram
obtained from that of K by reversing the over/under information at every crossing. A
knot K is amphicheiral (or achiral) if K* is isotopic to K; otherwise, it is chiral. It is
well-known that the trefoil knot is chiral, and that the figure-eight knot is amphicheiral.

An oriented knot is a knot K for which the circle K is also endowed with an orientation.
(We assume that S° has the standard orientation.) Two oriented knots K and K’ are said
to be isotopic, if there is an orientation-preserving self-homeomorphism f of §* with
f(K) = K’ such that f|g : K — K’ is also orientation-preserving. This is equivalent to
the condition that there is an isotopy of S° that carries the oriented circle K to the oriented
circle K’. For a specific oriented knot K, we obtain the following three (possibly isotopic)
oriented knots by reversing one or both of the orientations of S3 and the circle K:

-K = (8%, -K), K" == (=8°,K) = (§*,K*), —=K* = (=$°, -K) = (5°,-K").

Let M be a complete hyperbolic 3-manifold of finite volume. There is a faithful
representation pg : 71(M) — Isom*(H?) = PSL(2,C), where H? denotes the upper
half-space model of the hyperbolic 3-space with discrete image such that H? /Im pg = M.
The representation py is called a holonomy representation and is unique up to conjugation.
Since conjugate representations correspond to the same geometric structure and from the
Mostow—Prasad rigidity theorem the hyperbolic metric is unique as long as it is complete.
Thus, the unique complete hyperbolic structure of a complete hyperbolic 3-manifold
corresponds to the discrete faithful representation. It is also known that a peripheral torus
subgroup of po(m1(M)) c PSL(2,C) is conjugate to a group of cosets of matrices of the
from () V), where v € C. In particular, the traces (defined up to sign) of the elements of
such a group are +2.

Let C be an orientable hyperbolic 3-cone-manifold of finite volume with 1-dimensional
compact singularity X. C carries a nonsingular but incomplete hyperbolic structure
on the complement of the singularity N = C — X. C itself inherits a metric induced
from a Riemannian metric on N. We assume that C is complete with respect to this
metric. In particular, the metric completion of N is identical to C. As in the case
of a complete hyperbolic 3-manifold of finite volume, we have a developing map
of N from its universal covering space N, say, D¢ : N — H? and a holonomy
representation pc : w1 (N) — PSL(2,C). These are called a developing map and a
holonomy representation of the cone-manifold C. In this case, a developing map is a local
isometry, but is never injective. A holonomy representation of C is hardly discrete nor
faithful.
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In this paper, we assume that C = S° and that the singularity ¥ is connected, i.e., it
forms a knot K in S3 with cone angle @ € (0, o). Let m be an oriented meridian loop for
the singular set K. The image pc (m) under the holonomy representation is an elliptic
element rotating H> by « about the axis, though the rotation angle of pc () makes sense
only modulo 2.

Hereafter, we regard a cusp as an empty singular set, following which we can consider
a finite volume hyperbolic 3-manifold M as a 3-cone-manifold of cone angle zero. In this
sense, we denote a holonomy representation of a cone-manifold C with cone angle a by
Pa- In [30], Thurston shows that pg can be deformed into a one-parameter family {04}«
of representations to yield a corresponding one-parameter family {C,}, of singular
complete hyperbolic 3-manifolds. These C,,’s are called the hyperbolic 3-cone-manifolds
with cone angle a along K.

The holonomy representation py of a complete hyperbolic 3-manifold is known to
lift into SL(2, C) in [30]. Kojima proved that the holonomy representation of a compact
orientable hyperbolic 3-cone-manifold can be lifted to an SL(2, C)-representation, if the
cone angle is at most 7 ([17, Corollary 2]). An element of SL(2, C) is a nontrivial rotation
of HB if and only if its trace is real and contained in (-2, 2), and that

tr(pg(m)) = £2 cos(a/2). 2.1

The sign of this formula depends only on the choice of the lift to SL(2,C) of the
representation into PSL(2,C). By abuse of notation, we denote by p, a lift of the
holonomy representation of the hyperbolic 3-cone-manifold with cone angle «.

2.2. Twisted Alexander polynomial

Let K be an oriented knot in the 3-sphere 3, and Ex = S* — int(N(K)) the exterior of K
in §3. Here, N(K) is a closed tubular neighborhood of K. We denote 7| (Ex) by G(K)
and call it the knot group. We choose and fix a Wirtinger presentation of G (K):

G(K)={x1,...,x¢ | r1y....re—1)

where every generator corresponds to an arc in a knot diagram D (K) of K and every
relator comes from a crossing in D (K). The abelianization homomorphism

a : G(K)—> H(Ek;Z) =Z=t)

is provided by assigning each generator x; to the meridian element t € H(Ek;Z).

In this paper, we consider a representation of G (K) into the k-dimensional special
linear group SL (%, C), say, p : G(K) — SL(k,C). The maps p and a naturally induce
two ring homomorphisms p : Z[G(K)] — M(k,C) and a : Z[G(K)] — Z[t*'], where
Z[G(K)] is the group ring of G(K) and M (k, C) is the matrix algebra of degree k over
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C. Then @ ® p defines a ring homomorphism Z[G (K)] — M (k,C[t*']). Let F, denote
the free group on generators x1, ..., x¢ and

@ : Z[F,] — M(k,C[*'])

the composition of the surjection ¢ : Z[F;] — Z[G(K)] induced by the presentation of
G(K) and the map a ® p : Z[G(K)] — M (k,C[t*']).
Let us consider the (£ — 1) x £ matrix A whose (i, j)-entry is the k X k matrix

@(@) € M(k,C[t*']),
(9)61‘

where % : Z|Fg]l — Z[F/] is the free differential. We call A the Alexander matrix
of the knot group G(K) associated with p. For 1 < j < ¢, let us denote by A; the
(€-1) x (£ - 1) matrix obtained from A by removing the j-th column. We regard A; as a
k(€ —1) X k(€ - 1) matrix with coefficients in C[¢*!]. The twisted Alexander polynomial
of aknot K associated with a representation p : G(K) — SL(k, C) is the rational function
det AJ

Ak = a0 -1

and is well-defined up to multiplication by #/ (j € Z) if k is even, and by ¢/ if k is odd
(see [33] for details). In particular, it does not depend on the choice of a presentation of
G(K).

Remark 2.1. Let G(K;) (i = 1,2) be the knot groups with abelianizations a; : G(K;) — Z.
If there is an isomorphism ¢ : G(K;) — G(K3) such that a; = a, o ¢, then for any
representation p : G(K;) — SL(k,C) of G(K)), we have Ak, (1) =Ak, poy-1 (1)
(see [33, Section 3]).

2.3. Irreducible representation of SL(2, C)

A representation p : G — SL(k, C) of a group G is called irreducible if there is no proper
invariant subspace of C* under the action of p(G). The group SL(2, C) acts naturally on
the 2-dimensional vector space C2. The symmetric product Sym*~!(C?) and the induced
action by SL(2, C) provide a k-dimensional irreducible representation of SL(2,C). In
fact, Sym*~! (C?) can be identified with the vector space V; of homogeneous polynomials
on C? with degree k — 1, i.e.,

k=1 _k-2 k=2 _k-1
Vi =spanc(z]{™ ", 2y "22,...,21%y 25 ).

The action of P € SL(2,C) on V} is

P-p(z)=p (P_lz) , Z= (Zl)

<2
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which induces a representation o : SL(2,C) — GL(Vy). For P € SL(2,C), the complex
conjugate of P, we have

Pop@=p(P'z)=p (PT) = p (P12) = P o).

This equality shows that o (P) = o (P). It is well-known that the image of o is actually
contained in SL(k, C). For a representation p : G(K) — SL(2,C), we denote by p¥)
the composition o o p : G(K) — SL(k, C), whereby p®) = p.

Let Ad be the adjoint action of SL(2, C) on the Lie algebra s1(2,C), Ad : SL(2,C) —
Aut(sl(2,C)); A — (Ady : x — AxA~1). It is known that Ad is faithful and irreducible,
and that Adop : G(K) — Aut(sl(2,C)) < SL(3,C) is equivalent to p®). We call
Ak adop(t) the adjoint twisted Alexander polynomial of K, and in particular, we call
Ak Adop, (1) the adjoint torsion polynomial of the hyperbolic knot K.

Remark 2.2. It is known that Ag ,) () is a polynomial if p : G(K) — SL(2,C) is a
non-abelian representation (see [16]). More generally, if p*)|[G (k). (k)] is nontrivial
for an irreducible representation p : G(K) — SL(2,C), then Ag ) () is a polynomial
(see [6]).

Remark 2.3. Suppose p is a non-trivial representation such that the twisted homology
group H,.(Ek, p) vanishes. Substituting + = 1 for the twisted Alexander polynomial
Ak ,(t) yields the Reidemeister torsion 7(K, p) = Ak ,,(1) of the exterior Ex (see [15]
and Proposition A.2 in Appendix). If p is a lift of the holonomy representation of the
complete hyperbolic structure, then H..(Ex, p®)) = 0 and 7(K, p*)) = Ak, (1) when
k is even, while H,(Ex, p'¥)) # 0 when k is odd. In this case the Reidemeister torsion
depends on the choice of some bases h = {h!, h?} for the twisted homology groups. If we
choose the longitude of K as the base, the Reidemeister torsion 7(K, p(k), h) is equal to
lim,—1 Ag a0 (£)/(1 = 1). See Appendix for details.

3. Chirality and twisted Alexander polynomial

In this section, we describe a relationship between a higher-dimensional twisted Alexander
polynomial of a hyperbolic knot K and its mirror image K*, following which we provide
a new criterion for a given hyperbolic knot to be amphicheiral.

3.1. Twisted Alexander polynomial of mirror image

Let us denote by R(7) the rational function whose coefficients are the complex conjugates
of those of a rational function R(z) € C(t).
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Theorem 3.1. Let p, : G(K) — SL(2,C) be a lift of the holonomy representation of a
hyperbolic 3-cone-manifold with cone angle a € [0, ) along the singularity K. For the
mirror image K* of K and its lift of the holonomy representation py, : G(K*) — SL(2,C),

AK*,pz(k) (l‘) = AK’pilk) (t) holds.

Proof. Let ¢ : G(K) — G(K¥) be the isomorphism induced from an orientation-
reversing self-homeomorphism of 3 taking K to itself. A lift of the holonomy repre-
sentation of the mirror image K* is p%, = po o ~! : G(K*) — SL(2,C), where each
P o(x) is the matrix that is the complex conjugate of p,(x). Thus, by Remark 2.1 and
ok (P) = ok (P),

AK*,pi;("’) (1) = AK*,crkOPfx(t) _
= AK,O'kO(PfyOIP)(I) = AK,O%Oﬁa (1) = AK,T%(I) = AK’O—"OP" )
= AK,pfrk) (l)

This completes the proof. O
As an immediate corollary of Theorem 3.1, we have the following.

Corollary 3.2. Under the same assumption as in Theorem 3.1, if K is amphicheiral, then
every coefficient of A . p0 (2) is real if k is even, and is real or pure imaginary if k is odd.

Remark 3.3. When k = 2, Theorem 3.1 and Corollary 3.2 were proven originally by
Dunfield, Friedl and Jackson ([5, Theorem 1.2]), though they consider only the holonomy
representation corresponding to the complete hyperbolic structure of the complement of
a hyperbolic knot in 3. Porti shows that similar properties hold for Reidemeister torsions
associated with higher-dimensional representations of closed hyperbolic 3-manifolds ([27,
Section 4]). Moreover, Dubois [3] refined the Reidemeister torsion, which is a real number
with a well-defined sign, has the property to change its sign when the knot changes in its
mirror image.

3.2. Example

Let us consider the figure-eight knot 4, which is one of the hyperbolic two-bridge knots
and amphicheiral. By [1, 2, 25, 28], for a hyperbolic two-bridge knot K, there exists an
angle ag € [27/3, nr) such that C,, has the following types of cone-manifold structures: (i)
hyperbolic for @ € (0, ag), (ii) Euclidean for @ = ak, and (iii) spherical for a € (ak, 7).
In particular, a4, is known to be 27/3 (see [10, 19, 26]).

Now, let us compute the twisted Alexander polynomial of 4; associated with 2- and
3-dimensional representations (see [4, Example 4.1] for adjoint representation). The knot
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group G (4;) has the following presentation:
G(41) ={a, b |aba™'b~'ab 'a " bab™ ).

See Figure 1 for the definition of @ and b. Suppose p : G(41) — SL(2,C) is an irreducible
representation. Up to conjugation, we can assume that

p<a>=(g s'l) and p<b>=(2fy SOI)

where s # 0 € Cand y # 2 € C satisfy the equation
V(52482 + D)y +(s2+5>+1) =0. 3.1
We set x = trp(a) = trp(b) = s + s~! and note that y = tr p(ab™"). Using the letter x,
this equation becomes
V(2 =1)y+x*-1=0. (3.2)
Denoting the relator of G(41) by r = aba™'b~'ab™'a~'bab~", we have
or

%a =1-aba ' +aba 'b" —aba 'blab'a " +aba b ab 'a7 b
a

=1-aba ' +aba 'b™' —ba 'b"" + ba” !,

and

det A, = 'QD (2—;)’ = |I —tp (aba_l) +p (aba_lb_l) -t 'p (ba_]b_]) +p (ba_l)‘

1 3
=5 ;(s_1 +8)+2(s 2+ 52 +3) = 3t(s™ +5) + 12,
where we have used the relation (3.1). On the other hand, the denominator of the twisted
Alexander polynomial is det®(h — 1) = 1 — (s~ ! + )¢ + 1. Consequently,
det A, 1 —1 2\ . 2
A t=—=—(1—2 + t+t)=1—2t+t.
W)= G- - 2 (57 +5) *

Substituting ¢ = 1 for A4, ,(¢) yields the Reidemeister torsion 7(41, p) =2 — 2x (see [27,
Example 3.18]).

Next, setting z = y — 2 yields the adjoint representation

s2 0 O 572 zstl 2
pP@)=c30pla)=|-2s"" 1 0| and pPB)=| 0 1 2zs]|.
1 —s 2 0 0 52
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Thereby a similar computation shows that

-1+1
B4y (1) = 5= (1= (2572 4 142571 +7%)

= —1+2(-1+x) 1 =2(-1+xD)2+ 1

and

Ay, o0 (1)
-1

If x = +2 cos(a/2) (refer to (2.1)), the coefficients of the twisted Alexander polynomials,

and hence the Reidemeister torsions, are all real. According to (3.2), y € C\ R, if

1 < x? < 5. The case x = 1 corresponds to @ = 27/3 = a4, . These results were obtained

using Mathematica.

(41,0 h) = lim 5-2x2.

4. On the converse of Corollary 3.2

In this section, we show that the converse of Corollary 3.2 holds for 2- and 3-dimensional
representations of hyperbolic twist knots, one of the infinite families of hyperbolic genus
one two-bridge knots. Cf. [5, Open problem 5 in §1.7].

4.1. Genus one two-bridge knot

In accordance with [13], let K = J(k, [) be a two-bridge knot, as shown in Figure 1. A
positive number corresponds to the right-handed twist, and a negative number corresponds
to the left-handed twist. Note that J(k, ) is a knot if and only if k/ is even and is the
trivial knot if kI = 0. Furthermore, J(k, ) is the mirror image of J(I, k) = J(—k, —I).

It is known that any genus one two-bridge knot is equivalent to J(2m, 2n) for some
m, n. In particular, J(2, 2n) is called the twist knot, denoted K, for simplicity. The typical
examples are the trefoil knot J(2,2) = K, and the figure-eight knot J(2,-2) = K_,. It
is also known that J(2m, 2n) is hyperbolic if (m,n) # (1, 1). Hereafter, we assume that
K =J(2m,2n) is a hyperbolic knot.

The knot group of K = J(2m, 2n) has a presentation

G(K)={a,b|w"a=bw")

where a, b are meridians and w = (ba~')"*(b~'a)™. Suppose that p : G(K) — SL(2,C)
is an irreducible representation. Up to conjugation, we can assume that

N

p<a>=(0 sll) and p(b)=(2fy 01)

N
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b b

G Gz
Remm——
@ z —)> = DK

a  Jk,)=J(2m,2n) a J(2,-2)

Ficure 4.1. Genus one two-bridge knot J(2m, 2n)

where complex numbers s # 0 and y # 2 satisfy the Riley equation ¢ (s, y) = 0. We call
bk (s5,y) € Z[s*!, y] the Riley polynomial of K. Note that y = tr p(ab~"). Hence, the set

Xg ={(s,y) € C?| ¢ (s,y) = 0,5 #0,y # 2}

describes every conjugacy class of the irreducible representation p : G(K) — SL(2,C).
In [31], Tran shows that the Riley polynomial can be expressed explicitly as

Pk (5.3) = Sa-2(D) = (1= (2= 6 S1 () (Sm-1 () = S-2 (1) ) S-1 ()
where x = trp(a) =trp(b) = s+ s~ ! and
Li=trp(w) =2+ (y=2) (y+2-x2) 82, ().
This is equivalent to
2= 252,(3) = 208w (NSm1 () + (—xy +202 457 = 2) 82, ().

Note that an equation corresponding to this in [31, p. 2 line 15] contains an error. Here,
the S;(v)’s are the Chebyshev polynomials of the second kind defined by

So(v) =1, S1(v)=v and S;(v) =vS;—1(v) = Si-2(v)
for all integers /. We can easily check that
STV) = vSi(v)Sim1(v) + 57, (v) = 1. 4.1)

The formulas of the twisted Alexander polynomials for 2- and 3-dimensional represen-
tations are provided by Tran in [31, 32].
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Lemma 4.1 ([32, Theorem 1], [31, Theorem 1.1] ). Suppose p : G(K) — SL(2,C) is
an irreducible representation of a genus one two-bridge knot K = J(2m, 2n).

(1) The twisted Alexander polynomial of K associated with p is
Sm(y)_Sm—Z(y) -2 Sn(/l) _Sn—Z(/l) -2
y=2 =2
+X8m-1(¥)Sn-1(2).

Ak p(t) = (t+17" = x)

(2) The adjoint twisted Alexander polynomial of K associated with p©®) = Ad op is
-1
(Y+2-x2)(4-x2+(y-2)(y+2-x2)82 ()
y (mmz L ADHBOIHCH) mn)
44 (-2 (y+2-x2)82 (v
where A(y), B(y), and C(y) are rational functions in y.

AK,Ad op(t) =

Using these formulas, we can reproduce those in Subsection 3.2. An application of
Lemma 4.1(2) to the fibering and genus detecting problems for hyperbolic knots is
discussed in [23].

4.2. Chirality of twist knots

In Corollary 3.2, we presented a necessary condition for a hyperbolic knot to be
amphicheiral. For hyperbolic twist knot K»,,, we can show that the converse is also true
for 2- and 3-dimensional representations.

Theorem 4.2. Let p, : G(K) — SL(2, C) be a lift of the holonomy representation of the
hyperbolic 3-cone-manifold with cone angle a along the hyperbolic twist knot K = K»y,.
There exists € > 0 such that the following three conditions are equivalent for a € [0, €).

(1) K is amphicheiral.
(2) Ak p, (1) € R[t*1].
(3) Ak.adop, (1) € R[] or Ak adop, (1) € IR[F*'].

Remark 4.3. Note that Ak, (¢) and Ak adop, (1) are both polynomials (see Remark 2.2).
In fact, po : G(K) — SL(2,C) is irreducible, and p| [G(K),G(K)] 1s nontrivial,
because Ad is faithful and irreducible. These facts also follow from the formulas of Tran
in Lemma 4.1.
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To prove Theorem 4.2, we must describe a solution of the Riley equation corresponding
to the complete hyperbolic structure of the complement of twist knots according to [12].
We choose a lift of the holonomy representation py : G(K,) — SL(2,C) such that
x=s+s" ! =2 Thatis to say, we consider one of the solutions of the restricted Riley
equation ¢ (1, y) = 0, which describes parabolic representations of the twist knot Ky,,.
Here, we note that the variable z in [12] corresponds to y — 2 in our notation. In particular,
we denote by yg the solution of ¢k (1, y) = 0 which corresponds to zg in [12, Theorem 1].

As in [12], arg(z) denotes the principal argument of z lying in (-x, 7] and logz =
In|z| +iarg(z).

Lemma 4.4. For the hyperbolic twist knot K = Ky, (n # 0, 1), let zo be the complex
number appearing in [12], Theorem 1. Then, zo has the argument

2n -3

m < arg(zp) < g, ifn>0;
n—1
2n

Remark 4.5. Our notation using 7 is different from that of Hoste—Shanahan in [12]. Our
n corresponds to —# in [12, Theorem 1].

g < arg(zg) < n, ifn<O.

Proof. By the proof of Theorem 1 and Proposition 1 in [12], the complex number z( is
contained in the compact region bounded by the following curves: the imaginary axis
Re(z) = 0, the circle |z| = 2, and the two hyperbolas |z + 2i| — |z — 2i| = 4sin6;,i = 1,2,
where

2n-3)x 2n-2)m
0 = ——— an _

. do, = I if n > 0;
2 2 2 1

g, = DT de, = FEDT e o,
4n 4n

If n > 0 (resp., n < 0), the region is in the first (resp., second) quadrant of the complex
plane. Moreover, we can assume that arg(zg) # /2.

First, we consider the case in which n > 0. The intersection point of two curves |z| = 2
and |z + 2i| — |z — 2i|] = 4sin % (n > 0), which lies in the first quadrant of the
complex plane, is

2n—-13 2n—-173
Z=20052u+2i\/1 —COS4M.
4n 4n

Since 2 cos % > 2 cos? %, % < arg(zo) < /2.

Next, we consider the case in which n < 0. The intersection point of the two curves
|z| =2 and |z + 2i| — |z — 2i] = 4sin Q’T% (n < 0), which lies in the second quadrant
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of the complex plane, is

1 / 1
2n 2n

Since n < 0 and 0 < "2—‘:117r < % we have
n-—1 n+1 n+1
2 cos m=-2cos 7 < =2cos’ .
Then, 7 < arg(zo) < ”2—_”17r, completing the proof of Lemma 4.4. m]

Lemma 4.6. Let 7 be the complex number in Lemma 4.4. If n # 0, +1, then z> is never
real or pure imaginary.

Proof. By Lemma 4.4,

-19 -2n-9 -
Eﬂ' < Zn n < arg(zg) < 7” ifn > 5;

- 3 6n-9
- < arg(zg) < 777 or §7T < " T < arg(zg) <nm if2<n<4
- 1
TH < arg(za) < VR if n =-2;
T carg(d) < = <0, ifn < -3.

2 2n
Hence, if n < =3 orn > 5, zo> is never real or pure imaginary.
Next, we consider the exceptional cases (n = +2, 3,4). Here, we provide a proof only
for the case in which n = 4, following which we can show other cases in a similar manner.
Let zg be the unique root of the Riley equation ¢ g (1,y) = ¢x (1, z+2) = 0 such that
- < arg(zg) < 5t or %n < arg(z0?) < m. We must show that arg(zo®) # n. Setting

z0 =re3' (r > 0) and substituting it for ¢x (1, z + 2) yields

bx(1re¥ +2) = L)+ B0,
where
p(r) = =2+4r +6r> =201 + 5r* + 6r° — 21 + /7,
gr)=r(r+D)(r=2)(F2+2r =2)(r* —r +1).
Since r is a positive real number, Im(¢x (1,73 +2)) = Oif and only if r = 2, =1 +V/3.
Simple calculations show that Re(¢x (1,re3’ +2)) = 71 if r = 2, and —541 + 3123 if

r = —1 + V3, leading to a contradiction. Hence, arg(zo’) # &, completing the proof of
Lemma 4.6. m|
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4.3. Proof of Theorem 4.2

In this subsection, we provide a proof of Theorem 4.2. Note that a twist knot K is
amphicheiral if and only if K is the figure-eight knot. By Corollary 3.2, condition (1)
implies (2) and (3). For the converse direction, we first show the assertions for the case of
a = 0, alift of the holonomy representation py = (1, yg) € Xk of the complete hyperbolic
structure of the complement of K»,. Then, we discuss local deformation of holonomy
representations of hyperbolic 3-cone-manifolds.

Let K>, be a chiral hyperbolic twist knot. We assume that n # 0, +1, excluding the
trivial, trefoil and figure-eight knots.

(3) = (1). Settingm = 1andx = 2 in Lemma 4.1 (2), the coefficient of the highest-degree
term of Ak Adop, (?) is n/zo>, where we have used the relation yo — 2 = zo. Since zo°
never real or pure imaginary by Lemma 4.6, the same is true of n/z¢°>.

is

(2) = (1). Settingm =1, x =2,and ¢t = 1 in Lemma 4.1 (1) yields the Reidemeister
torsion 7(Kzn, p0) = Aky,p0(1) = 28,-1(1) (Remark 2.3), where 1 = 20 + 2. If
7(Kan, po) € R for a chiral hyperbolic twist knot, the assertion follows.

For the complete hyperbolic structure of the complement of K»,,, the restricted Riley
equation becomes

¢k (1,y0) = Sp-2(2) = (3 = y0)Sn-1(1) = 0.
Hence, S,—2(4) = (3 = y0)Sn-1(2) = (1 — z0)Sn-1(2). Substituting this for the relation
Spo1 (D) = ASu-1 (D) Su-2(D) + 57 () = 1

(see (4.1)) yields Si_l ()z0> = 1. Thus, 72(Kan, po) = 4/20>. Since Lemma 4.6 implies
that 72(Kan, po) is never real, we can conclude 7(K»,, po) ¢ R for a chiral hyperbolic
twist knot.

Now let us consider local deformation of cone angles. We note that the Riley polynomial
¢k (s,) is a regular function on C? \ {s = 0,y = 2}, and po = (1, y0) is a smooth
point of Xk (see [27]). Hence, the implicit function theorem implies that there is a
neighborhood U c C of s = 1 and a regular function ¢ : U — C such that ¢(1) = yo and
ok (s,(s)) =0fors € U. Composing y = ¢(s) with the coeflicient of the highest-degree
term of Ag adop(?) and the Reidemeister torsion 7(K>,, po), we can regard them as
continuous functions on U.

On the other hand, for example, Ak ,,(¢) ¢ R[] being an open condition, this
property is retained under a continuous function. Hence, there is a neighborhood V c U
of s = 1 such that Ak ,(5)(#) ¢ R[] for any p(s) = (s, ¢(s)),s € V.
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Finally, taking the intersection of V and the path connecting the complete hyperbolic
structure (@ = 0) and the Euclidean cone-structure (@ = ag, where ag € [27/3, 7))
enables us to obtain the desired local deformation of holonomy representations.

This completes the proof of Theorem 4.2.

Remark 4.7. Note that conditions (1), (2) and (3) in Theorem 4.2 are equivalent to
T(K,pa) = AK,pa(l) eR.
4.4. Concluding remark

As mentioned at the beginning of this section, Dunfield, Friedl and Jackson propose some
open questions on chirality of hyperbolic knots (See [5, Section 1.7]).

(1) Does Ak ,,(t) contain information regarding symmetries of the knot other than
information on chirality?

(2) If Ak p,(2) is a real polynomial, is K necessarily amphicheiral?
(3) For an amphicheiral knot, is the top coeflicient of Ag ., (¢) always positive?

As for the question (1), we refer to the papers [9, 11, 14]. Our result (see Subsection 3.2
and Theorem 4.2) answers the question (2) for higher-dimensional twisted Alexander
polynomials corresponding to local deformation of holonomy representations of hyperbolic
twist knots. Therefore, it is natural to ask the following question.

Question 4.8. Does the statement analogous to Theorem 4.2 hold for the hyperbolic
genus one two-bridge knot J(2m, 2n) ? Moreover, is the top coefficient of Ak ., (t) always
positive for an amphicheiral genus one two-bridge knot K = J(2m, 2n)?

Since the point of our proof of Theorem 4.2 is Lemma 4.4, we must first generalize
Theorem 1 in [12] to genus one two-bridge knots. Another question is to clarify a relation
with global deformation of holonomy representations. Accordingly, we conclude this
paper with the following problem.

Problem 4.9. Prove Theorem 4.2 for cone angle a € [0, ak), where ag € [2n/3, n).
Appendix

Here, we state the definition of the Reidemeister torsion, and summarize the relationship
between the twisted Alexander polynomial and the Reidemeister torsion for a knot. For
more details, see [8, 15, 27, 35].
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Let F be a field and C, = (C,, d) a chain complex of finite dimensional F-vector
spaces:

3 8 3
0-Cq4—>Cq-1—---—>Cy—0.
8 i)
For each i, we denote by B; = Im(C;+; — C;), Z; = ker(C; — C;_1), and the homology
is denoted by H; = Z;/B;. Then, we have the following exact sequence:
i)
0—-Z%2 - C — Bi-1 —0,
O—)Bi—>Zi—)Hi—)0,

Let Ei_l be a lift of B;_; to C;, and ﬁi a lift of H; to Z;. Then, we can decompose C; as
follows:

Ci=7Z;® E[,l
=B; @ﬁi €B§i_1.
Let ¢! be a basis of C; and ¢ the collection {c’};>0, and let i’ be a basis of H; if
nonzero, and h the collection {h'};>o. We choose b’ a basis of B;. Let b'~! be a lift
of b'~1 to C;, and A a lift of A’ to Z;, then we have a new basis b’ L b*~1 U A of C;,

where LI means a disjoint union. We denote by [b', b'~!, i /¢'] the determinant of the
transformation matrix from the basis ¢’ to b* L b*~! L A,

Definition A.1. The torsion of the chain complex C. with basis ¢ and h for H; is

d
tOI'(C*,C, h) — I—[[bi,gi—l’Zi/ci](—l)Hl c Fk/{il}
i=0

It is known that tor(C;, ¢, h) is independent of the choice of b’ and the lifts 5! and ',
Let W be a finite CW-complex, and p : 71 (W) — SL(k,F) a representation of its
fundamental group. Consider the chain complex of vector spaces

C.(W,p) :=F g, C.(W;Z)

where C,(W;Z) denotes the simplicial complex of the universal covering of W and ®,,
means that one takes the quotient of F* ®; C..(W;Z) by Z-module generated by

p(y)y vec-vey-c.
Here, v € FX, y € 71 (W) and ¢ € C,(W;Z). Namely,

vey-c=p(y) vec
for any y € m(W). The boundary operator is defined by linearity and d(v ® ¢) =
(Id®d)(v ® ¢) = v ® dc. We denote by H.(W, p) the homology group of this complex.
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Let {vy,..., vk} be a basis of F* and let ¢/, . . ., ¢} denote the set of i-dimensional
cells of W. We take a lift ’c'; of the cell ci,. in W. Then, for each i, ¢ = {c',....cl }isa

basis of the Z[7; (W)]-module C;(W;Z). Thus, we have the following basis of C;(W, p):
¢t ={v ®E’i,vz®5’i,...,vk®52}.

Suppose H;(W,p) # 0, and h' be a basis of H;(W,p). We denote by h the basis
(h°, ..., h9mWY of H, (W, p). Then, tor(C.(W, p),c,h) (€ F/{=1}) is well-defined.
Note that it does not depend on the lifts of the cells ¢! since det p = 1. Further, if the
Euler characteristic of W is equal to zero (e.g. the case that W corresponds to the exterior
of a knot), it does not depend on the choice of a basis {vy, ..., vi}.

As in Subsection 2.2, let a be a surjective homomorphism from (W) to the
multiplicative group (t). Instead of a representation p : 71 (W) — SL(k, C), consider the
tensor representation

a®p:m (W) - M(k,C(1)),

where C() is the field of fraction of the polynomial ring C[¢]. By the same method as
above, we can define tor(C.(W, a ® p),1® ¢, h) (€ C*(r)/{xt*}).

Let K be a knot in the 3-sphere S°. In this paper, we focus on the knot exterior
Eg = 83 —int(N(K)). In this setting, a result of Waldhausen [34] implies that the torsion
tor(C.(Ek,a® p),1®c, h) does not depend on the choice of the CW-structure. Thus, we
may denote it by 7(K, p,h) if h # 0 and by 7(K, p) if h = 0, and call it the Reidemeister
torsion of a knot K.

Proposition A.2 ([15, Theorem A)). Suppose p is a non-trivial representation such
that H.(Eg,p) = 0. Then, H,(Ex,a ® p) =0 and 7(K, a ® p) = Ak ,,(t), in particular,
(K, p) = Ak ,(1) holds.

See also [27, Theorem 2.13].

Suppose K is a hyperbolic knot. As in Subsections 2.1 and 2.3, we consider the
holonomy representation py, its lift and the composition with oy : G(K) — SL(k,C),
denoted by p®). By Corollary 3.7 in [20], we have that dim H; (Ex, p*¥)) =0 (i =0, 1,2)
if k is even, and that dim Hy(Eg, p'®) = 0, dim H, (Eg, p'*¥)) = dim Hy(Eg, p%)) = 1
if k is odd. Further, in [21], Menal-Ferrer and Porti proved the following.

Proposition A.3 ([21, Proposition 4.6]). Suppose that H,(0Ex, p®)) # 0. LetG < G(K)
be some fixed realization of the fundamental group of dEk as a subgroup of G(K). Choose
a non-trivial cycle 6 € H(0Ek;Z), and a nonzero vector v € Vy, fixed by p*) (G). Then,
the following holds:

(1) A basis for H\(Ex, p™) is given by i..([v ® 0)).
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(2) A basis for Hy(Ex, p™®) is given by i..([v ® 0Ek]).

Here, i : 0Eg — Ek denotes the inclusion.

The homology group H; (dEk;Z) has the basis {[u], [1]}, where [u] is the homology
class of the meridian of K and [A1] is that of a longitude of K. Set 2! =i, ([v ® A]), h* =
i.([v® 0Ek]) and h = {h', h?}. Then, we have the following proposition.

Proposition A.4 ([8, 35]). Under the above notations, the following holds:
(1) Ifk is even, then (K, p%)) = Ak pto (1)

Ag ) (1)
t—1

(2) If k is odd, then (K, p®) h) = lim,_,;
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