MATHEMATICAL COMMUNICATIONS 235
Math. Commun. 28(2023), 235-255

Time-consistent investment-proportional reinsurance strategy
under a jump-diffusion model

CALISTO GUAMBE*

Department of Mathematics and Informatics, Eduardo Mondlane University, Maputo,
Mozambique

Received February 11, 2023; accepted June 28, 2023

Abstract. In this paper, we formulate a mean-variance portfolio selection problem of
an insurer who manages her underlying risk by purchasing proportional reinsurance and
investing in a financial market consisting of a bank account and a risky asset following
jump-diffusion dynamics with random parameters. We then obtain a time-consistent equi-
librium strategy via a flow of backward stochastic differential equations. Finally, we apply
our results to a mean-reverting Lévy-Ornstein-Uhlenbeck process and obtain closed form
solutions.
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1. Introduction

The classical results on the mean-variance formulation for the portfolio allocation
problem proposed by [9] in 1952 has inspired several extensions. Due to the presence
of a nonlinear expectation, the dynamic mean variance problem is time-inconsistent.
Therefore, it does not satisfy the Bellman principle, that is, optimal control today
may not be optimal tomorrow. Recently, researches on time-consistent problems
of time-inconsistent ones have attracted the attention of many scholars. In [2],
it is studied the dynamic mean-variance portfolio problem and its time-consistent
solution is derived using dynamic programming. In [3], the authors consider a time-
inconsistent problem in a general continuous time framework. They established an
extended Hamilton-Jacobi-Bellman (HJB) equation and the associated verification
theorem (for more details see [15, 4], and references therein).

Otherwise, managing risks is always an important topic for investors and compa-
nies, and reinsurance has proved to be an effective way to control risks for insurers.
Many researchers pay much attention to the investment-reinsurance problems under
the mean-variance criterion. In [22], the authors studied the optimal time-consistent
policies of an investment-reinsurance problem and an investment-only problem un-
der the mean-variance criterion for an insurer. They proved that the two problems
have the same investment policies. This problem was then extended to a jump-
diffusion case by [23]. An optimal investment-reinsurance problem with delay under
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the diffusion framework is considered in [12]. The authors solved the problem via a
maximum principle approach. See e.g. [1, 7].

Most of the works mentioned above considered problems with deterministic pa-
rameters under a Markovian setting. However, for long-term investment problems,
it is important to consider the randomness of parameters, jump fluctuations on
the risky asset price and surplus process, path dependence and memory. This mo-
tivates our approach to consider a mean-variance investment-reinsurance problem
with jumps under a non-Markovian framework.

Recently, [6] considered a general time-inconsistent linear quadratic problem in a
non-Markovian system with random parameters. Through a system of forward back-
ward stochastic differential equations (FBSDEs), the authors derived a necessary
and sufficient condition for equilibrium controls and then presented a mean-variance
portfolio selection problem as a special case. In [16], their mean-variance problem is
extended to incorporate regime-switching. Further, a similar linear quadratic prob-
lem with jumps is considered in [13]. The authors applied their results to solve
a mean-variance portfolio selection problem in a jump-diffusion financial market
with deterministic coefficients. In [18], the authors considered an optimal time-
consistent reinsurance-investment strategy selection problem in a financial market
with a jump-diffusion risky asset solved by the dynamic programming approach. A
similar problem with constant coefficients as in [18] is also considered in [24], but
in this case, the insurer is allowed to purchase combining quota-share and excess of
loss reinsurance for claims. Other references include [20, 19, 21].

In this paper, we model a claim process using a pure jump process and the stock
price using a geometric jump-diffusion process. This model is an extension of [14]
to a jump-diffusion case. Although the presence of jumps and random coefficients
reflects the reality more, they have shown to bring more mathematical difficulties to
the corresponding problem. Following a similar method in [14] and [17], we derive the
equilibrium control strategies for investment and reinsurance via a flow of FBSDEs.
Then we apply our results to a mean-reverting Lévy-Ornstein-Uhlenbeck stochastic
interest rate, where we obtain the corresponding equilibrium strategies by solving
partial integro-differential equations (PIDEs). The results obtained in this paper
can also be viewed as an extension of a mean-variance selection problem considered
in [13] to a more general market model with random parameters.

The rest of the paper is organized as follows: in Section 2, we give a formulation
of the optimal investment-reinsurance problem with jumps and define the time-
consistent equilibrium strategy. In Section 3, we derive an open-loop equilibrium
strategy via a system of FBSDEs and prove the existence and the uniqueness result
of the corresponding BSDEs with jumps. We also state the uniqueness result of the
equilibrium control strategy. In Section 4, we discuss an example with a stochastic
interest rate defined by a mean-reverting Lévy-Ornstein-Uhlenbeck process, which
concludes the paper.

2. Model formulation

Let T > 0 be a finite time horizon representing the investment period and (Q, F, {F;},
P) a complete filtered probability space. We define on (2, F, {F:},P) a one dimen-
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sional Brownian motion {W(t), 0 < ¢t < T} and two independent Poisson random
measures N (t,-) and NY(t,-) with the corresponding Lévy measures defined by v(-)
and 19(-), respectively. The compensated Poisson random measures are given by

N(dt,d¢) := N(dt,d¢) — v(dC)dt

and
NO(dt,d¢) := NO(dt, d¢) — v°(d¢)dt.

Furthermore, we consider the following spaces:

o L% (4 R) - the space of Fi-measurable functions £ : © +— R, such that
E[|¢P] < oo, where p > 1.

e H%.(s,t;R) - the space of F-adapted functions Z : [s, ] x Q — R such that

E Ut |Z(u)|pdu} < .

e S%(0;C([s,t]);R) - the space of F-adapted cadlag processes Y : Q x [s,t] — R
such that

E[ sup [Y(¢)[P] < 0.
t€[0,T]

e H} - - the space of predictable processes T : Q x [s,] x R+ R, such that

E M/Rw(u,z)wy(dz)du] < .

Suppose that the insurance risk process is given by
AR(E) = p(tydt — [ N (dt, o), 1)
0

where the premium rate p(t) is F;-progressively measurable and uniformly bounded
with values in HZ (s, t; R).

Assume that the insurer receives the premium continuously at the rate c(t) =
(1 + k(t))p(t), where k(t) is a relative security loading of the insurer. We assume
that it is an F;-adapted process. With no investment and reinsurance strategy, the
surplus process X (¢) of the insurer is given by

dX(t) = c(t)dt — dR(t)

E(t)p(t)dt + - CNO(dt,d¢). 2)

In order to control the claim risks, we assume that the insurer acquires a new business
by purchasing proportional reinsurance as follows: Let ug(t) > 0 be the retention
level. The insurer pays 100ug(t)% of the claim, while the re-insurer pays the rest,
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i.e., 100(1 — ug(t))% of the claim. Therefore, the insurer should pay (1 + w(¢))(1 —
ug(t))p(t) to the re-insurer, where u(t) > ug(t) is the reinsurance security loading.

Then, the surplus process of the insurer after purchasing the proportional rein-
surance is given by

dX(t) = (1+k@)pt)dt — (1 4+ w())(1 — uo(t))p(t)dt — ug(t)dR(t)
=<Mﬂ—ww+ummw»mmﬁ+A Cuo(E)N° (dt, dC)

Furthermore, we assume that the insurer can invest its wealth in the financial market
composed by a risk-free asset and a risky share. Suppose that the risk-free asset has
price B(t) defined by

dB(t) = r(t)B(t)dt,

where r(t) is the risk-free interest rate. We assume that the interest rate is contin-
uously bounded and F;-adapted with values in H%(s,#;R). The risky asset S(t) is
defined by the following geometric jump-diffusion process:

dS(t) = S(t) | u(t)dt + o (1)dW (1) + /R Yt QN (dt, dC)] (3)

where u(t), o(t) € HZ(s,t;R), vs(t,-) € Hi}-(s,t; R) are F;-predictable bounded
processes on the interval ¢ € [0, T], representing the appreciation rate, volatility and
jump rate, respectively. We also assume that vys(¢, ) is bounded below by —1.

Suppose that the value amount that the insurer invests in the risky asset at time
t is denoted by 7(t). The wealth process is then given by

~—

+ (k(t) = u(®))p(t)

+/Ooo Cup ()0 (dC) | dt + m(t)o (t)dW (t) + Rﬂ(t)fys(t,()N(dt,dC)

= [T(t)Y(t) + u()uo()p(t) + (u(t) — r(t))m(t

+AmommN%ﬁAo. (4)

Definition 1. A strategy {(n(t),uo(t))}icjo, 1) s said to be admissible if it satisfies
the following conditions:

L. (m(t),uo(t)) € H%(0,T;R) x H%(0,T;R), and

2. The SDE (4) has a unique strong solution Y (t) € H%(0,T;R).
We denote by A a set of all admissible strategies.

We will now formulate the investment-reinsurance mean variance investment
problem without pre-commitment. In order to understand such kind of problems, we
first define the pre-commitment mean variance optimization problem. This problem
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can be described as the maximization over all the admissible strategies (7 (), ug(-))
of the following functional:

T(O,Y(0),7(), uo(-)) := 5Varo[Y (T)] ~ XEo[Y (T,

where A is the risk aversion parameter. Here, Eg[], Varg[-] are the expectation and
variance conditioned on the event [Y(0) = y], respectively.

For any given (t,Y (t)), we define the mean-variance cost functional of the insurer
by

1
j(t7Y(t)77r(-),u0(~)) = §Vart[Y(T)] - AEt[Y(T)]ﬂ
where A > 0.
Our aim is to solve the following minimization problem of an insurer:

(mr(-);u0(-))€A

This problem is a continuous time version of a standard mean-variance investment
problem where we want to minimize the risk by the conditional variance 3 Var,[Y (T))],
while controlling the utility of final wealth A\E,[Y (T")]. Studying the mean-variance
portfolio selection problem of an insurer helps investors to make informed investment
decisions, manage risks, enhance financial performance, comply with regulations, and
gain a competitive advantage in the insurance market. These factors are crucial to
insurers to thrive in a complex and competitive financial landscape.

Note that from the expectation function in the variance cost function, our prob-
lem (5) is a nonlinear function acting on the conditional expectation, which leads to
a time-inconsistent optimization problems pointed out in [3]. Therefore, an optimal
strategy at time t does not guarantee the optimality of J at subsequent moments
s > t. However, since the time horizon T is very long, the investment-reinsurance
preference may change over time; then it becomes very important to formulate the
time-consistent optimal investment-reinsurance problem. Following [3, 6, 14], we
define an equilibrium strategy which is consistent with time change, i.e., the optimal
strategy derived at time ¢ should agree with the optimal strategy at time t+¢, € > 0.

Definition 2. A pair of strategies (7*(-),uy(-)) € HZ(0,T;R) x H%(0,T;R) is
an equilibrium control strategy if for any t € [0,T) and (v1,v2) € H%(0,T;R) x
HZ.(0,T;R),
m(s) := m(8) + 11444 (8), fort <s<T
u§(s) == uj(s) + volppq(s), fort <s <T
satisfies the property
lim inf j(t7X (t),ﬂ' ()7u0()) — j(th (t)77T (')auo(‘))

e—0 €

> 0.

The equilibrium value function is defined by
O(t,Y*(t) = T(t,Y(t), 7 (), ug("))- (6)

Since the equilibrium strategy above is defined in the class of open-loop controls,
(7*(),ug(-)) and Y*(-) are called an open-loop equilibrium strategy and an open-
loop equilibrium state process, respectively.
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3. An open-loop equilibrium strategy

We first give a sufficient condition for the equilibrium strategy, which generalizes
[17, 14] to a jump-diffusion case.

Theorem 1. Suppose that the following conditions hold:

1. There exists Y*(-) € S%(0,T;R) and (P(-,t), Z1(-,t), Z2(-,t), Z3(-, 1)) € S%(0,
T;R) x H%Z(0,T;R) x HEJ_-(O,T;R) X HEOJ(O,T; R) that solve the following
forward-backward system of equations:

dY™*(s) = [T(S)Y*(S)+U(S)U*(S)P(S)+( (s)—r(s))m"(s)+(k(s)—u(s))p(s)
/ Cug (s }ds+7r (s)o +/R7T ¢)N(ds,d¢)
+ [ G as o), ™)
dP(s,t) = —r(s)P(s,t)ds + Z1(s,t)dW (s) +/RZQ(5 t, )N (ds, d¢)

+/OOo Z3(s,t,¢)N°(ds, d() (8)
Y*(0) = yo, P(T,8) = Y*(T) = B[y *(T)] = A,
2. Suppose that for
Ai(s,t) = (u(s) —r(s))P(s,t) + o(s)Z1(s,1) +Avs(87<)22(8,t7C)V(C)

Aa(s. 1) = / G (dQ)) Pls.1) + / (s, WO (dC),
0
it holds that

1 t+e
lim inf -E, [/ Ai(s,t)ds]=0, as., for s€[t,T], where i=1,2. (9)
t

e—0 €

Then, the strategy (7*(+), u§(-)) € HZ(0,T; R) x HZ(0, T; R) is an equilibrium control
strategy for any t € [0,T).

Proof. Suppose that (7*(-), ui(-)) satisfy (1) and (2) above. For a given strategy
(7¢(-), u§(+)), we define the process Y"“"*"*? := Yyterivz(.) — Y*(.), where Y*(-)
and Y©&¥1:72(.) are the state processes associated to the strategies (7*(-), uf(-)) and
(m€(-), u§(+)), respectively. Then, from (7), we can easily check that

dY[ S (s) = {T(S)Yf’e’yl’uz (s) 4+ (u(s) = r(s))v1liere(s)
O ORY RSRTS) PATEIE) PR
+O’(S)V11[t7t+€](8)dW($)+/RVll[t7t+6]($)’ys(8,C)N(ds,dg)

—I—/O Vol i1q(s)N°(ds, dC)
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and Y"""2(.) € S%(0,T;R). Note that this is a linear SDE, so its solutions exist
and are unique. Moreover, one can check that

JEY7 (), 7 (), up () = T (&Y™ (), 77 (), ug () = %Vart[Yf’e’”“” ()] + 7 (@),

where
Ji(t) = By[(Y*(T) = B [Y*(T)] = N)YO""2(T)).

Applying Ité’s formula for SDEs with jumps (Theorem 1.16, [11]) to
YY1 (5)P(s, t), we have:

let’e’”l"’z(s)P(s7 t)
= (A1(s, )1l 4 (5) + Aa(s, vl 44q(s))ds
+lo(s)viP(s, 1)1 p44(s) + Ylt’e’"l"/2 (8)Z1(s,t)]dW (s)

"f‘/R[Vl’yS(Sa C)(P(Sa t) +ZQ(83 tv C))l[t,t-i-e] (S) +Y1t’6’yl’l/2 (S)Z2(sa tv C)]N(dsv dC)
+/O [VQC(P(Sv t) +ZS (57 t, C))l[t,t-i-e] (5)+Y1t-,€’1’171’2 (5)23(55 t, g)]NO(d& d()

Taking the conditional expectation, we see that

T
Ji(t) =B /t (A1 (s, 01 (5) + Ao, o1 (5))ds .

Then, by condition (2) of the theorem, we have

RS o1 T
lim inf gjl(t) = lim inf E]Et{/t (Al(sat)’fll[t,ﬁe](s)+A2(Sat)V21[t,t+e](5))dS} =0,

which completes the proof. O

Next, we are going to derive the equilibrium control strategy such that the first
condition in Theorem 1 is satisfied. We construct the solution to (8) by the following
ansatz:

P(s,t) = Po(s){PL(s)Y"(s) = Ee[PL(5)Y ()] + E[APa(s)] — AP5(s)}, (10)

where (Py(s), Qo(s), Ko(s,-)) and (P;(s), Q:(s), K;i(s,-), M;(s,-)), i = 1,2, 3 solve the
following BSDEs:

dPy(s) = —r(s)Po(s)ds + Qo(s)dW (s) + [ Ko(s, C)N(ds,d¢), for 0 < s < T
B(T) =1,
(11)
and
dPi(s) = = fi(s,-)ds + Qi(s)dW (s)+ [y Ki(s, Q)N (ds, d()
+Jo Mi(s, Q)N (ds, d¢), (12)
Py(T)=Ps(T)=1, and Py(T)=0,
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for f;(s,-) to be defined later.
For each fixed ¢, by applying It6’s formula to (10) with respect to s, we have:

aP(s,t) = { Po(s){ Pi(s)[ ()Y (5) + uls)p(s)u5 (5) + (u(s) = 7)) (5)
+(k(s) =~ u(s)p(s) + [ " Gy (4O~ Y () + o) ()Q (5)
+ [ 7 Ol O, ) + [ a0 (5,0 ac)
~Ei [ Pi(s) [r(5)Y* (5) + u()p(s)up(s) + (1(s) = r(5))7" (5)
+(k(s) ~u(s)p(s) + [ " Cup(s)°(d0)| ~ ()Y (3) + ()" () Qa5
+ [ 76l OB, 0m(d0) + [ G600 - Afalo)]
(s)

1 P(s, 1)+ APo(5) f3(5) + Qo) (0 (3)7* (5) Py () + Q1 (5) Y * ()~ AQs (5))
/ Kols (5, O)(Pu(5) + K1 (5,0)) + K (5, )Y ()

~AK(s, Q) <d<)}ds +[Pos) (o5 (5) Pr(s) + Qu(5)Y ™ ()
~2Qs(5)) +Qo(s) (Pu(5)Y" (5) ~ Eu[ Pr(5)Y*(5)] + E[APa(s)]
~APy(s)) W (5) [ [(Pu(s)+ Kals, ) (7 (5175, )Py () + Ka(5.)
R
FE1 (5, QY (5) = AKs(5,0)) + Ko(s, Q) (P ()Y (5) = By [Py ()Y (5)]
HEDP(s)] = APa(s)) | N (ds, dc) + Puts) | " (P (s) + M1 (s.))
0
My (5, )Y (5) = MM (s, ) ) N°(ds, dC). (13)
Comparing the coefficients of dW (s), N(ds,d¢) and N°(ds,d¢) with (8), we get:
Z1(s,1) = Po(s) (o) (5) Pa(s) + Qu ()Y () = AQa(s) ) +Qo(5) (P1()Y " (5)
~Ei[Pi(5)Y*(s)] + EINPa(s)] = AP3(s) ) (14)

Z5(5.4,0) = (Ro(s) + Ko(s, ) (n* (s)7s(5 ) (P (s) + K (5,0)) + Ki (5. )Y *(5)
—AKs(5.0)) + Kol5. Q) (Pu(s)Y " () = B[ Pu(5)Y " (s)] + EPPo(5)]

—)\Pg(s)); (15)
Zs(s,,¢) = Po(s) (5 (5)C(Pi(s) + Mi(s,)) + Mi(s, Q)Y (5) = AM(,€) ). (16)
Note that from the limit function in (9), we can deduce that

Al(t,t) =0 and Ag(t,t) =0, Vte [O,T]
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Then,

(1) = r(5) Pl5.8) + () Z1(5,5) + [ 155, Za(s,5.wC) = 0
- VO S,8 - S,S8 VO =
+ [ w0) P+ [ il a0 <o,

which implies that

243

Lutac))

(20)

(21)

where
LI R (1+ £552 ) 75 (s, O (5, ()
' Pi(s)(02(s) + fp (1+ 55552 ) (1 + B ) 22 )
_ 1
Ui(s) = PI(S)(UQ )+ fa (1+ Ko(a ) ( KI:ﬁ((ssc (s, O)v )
x [)\(Pg(s) - Pg(s))(u(s) (s) o + Rvs
Ao+ [ ass0) (145 )
1
Pale) = _IOOOCZ(Pl(S)wLMl( Nr0(dC) / CMa(s, Q)2(dC) - and
1
a0 = ety G (7, ¢0) e - )

—A /O " (M5, OO(dC)

(22)

Furthermore, we compare the ds term in (8) with that in (13) to obtain the following

equation:

Po(){r(s)Y" () P1(5) + 5 (5) (u(s)p(s) Pr(s) + / " UPS) + M (. 0)(dC))

7 (5) ((u(s) = () Pi(s) + o(5)Qu(s) + / 75, O K (5, O (dC)

+(k(s) = u($)p(s)Pr(3) = fu(s)Y*(5) [+APo(5) fals) + 7 (5) P1(3) (0() Qo)

+ [ 5660 (1 v KP(()C)) Kols, ou(dc))w*(s) (Qo(S)Ql(S)

/ Ko Y(dC)) ~AQols)@s(s) — A / Ko W (dC)
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~Po()E [r(s)Y " (5) Pi(s) + 15 (3) (u(s)p(s) P (5) + / T P+ M (5, )00 )
7 (5) ((u(s) = () Pi(s) + o(5)Qu(s) + / 75, O K (s, O (dC)
+(k(s) = u(s))p(s) Pi(5) = Fi(5)Y"(5) + Ma(s)| = 0. (23)

Note that the above equation is of the form A(s) + b(s)E:[B(s)] = 0, where

As) = Po(s){r ()Y () Pi(s) + 1 (s) (u(s)p(s) Pr (s) + / ")+ M (5, (C))
+7°(5) (1) = (NP1 ) + 0@ (9 + [ 75(5. 0K (s, vl0))
+(k(s)=u(s)p(s) Pi(s) = F1(5)Y () AP (3) fa )+ () Pa(5) (0(5) Qo(s)
# [ase0 (14 K;ff;f)) Ko, <>u<dc>)+y*<s> (Qo(S)Ql(S)

+ [ Fo(s. OB (5.00(d0)) -2Qu(e)Qs(s) =1 [ Kols VO(dc)

+o

BS) i= 1) (A + 15(6) (alA) + [ CPi(e) + My, ()

+7°(5) (1) = (NP1 ) + 0@ (9 + [ 75(5. a3, vl0))
+((5) = u(3)p(3) Pi(5) = F(5)Y " (5) + Afas):

Following these arguments, equation (23) is satisfied if A(s) =0, i.e.,

Po(){r(s)Y"* () P1(5) + 5 (5) (u(s)p(s) Pr (s) + / " UPs) + M (5,0 0(C))
47 (5) ((1(s) = r)Ps) + 7 (6)Qa(3) + [ 75(5, (s o))
R
+(k(s) = u()p(s) Pr(3) = fu(s)Y*(5) [+APo(5) fals) + 7 (5) Pi(5) (0() Qo )
+ 55,0 (1 + K;fff)> Kols, <)u(d<>)+y*<s> (Qo(S)Q1(8
+ [ Kot d0)) ~2Qu(3)Qs(s) = X [ Kol V(d¢) = 0.

From this, we substitute 7*(s) and ug(s) from (17)-(18) to get the following generator
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functions (suppressing the variable s):

fi(s, Pr, Q, K, My) (24)
—rP, +i(QoQ1+/KOK1V ))
o(5)Qu(s) + Jp (1+ 55 s v(dC)

X

Pi(s)(o2() + <1+K,2<fs< ) (1+ P“O) <)u<d<))

X [(M )P +0Q1 + U%?R + /R<K1 + % (P + Kl))VSV(dC)}

Jo© ¢MyP(dC) > 0 _
T ER6) + Mits, )00 < P+ /0 P+ M0

f3(57P37Q37K37M3) (25)
1 k
= (@@ + [ Korawtag)) -
. 1

Pi(s)(02(s) + Jir (1+ 55552) (14 S5 ) 92 (s, Ow(a))
X [(u —r)P +0Q1 + U%Pl + /}R(fﬁ + % (P + KI))'VSV(dO}
X [(PQ — Pg)(/,b —r+ a%s + /RVS%V(CK))—UQ?,

— [sts.6) (14 5520 s, ot

1
+
Jos(5,0) (1+ 5552 ) K, Qw(dQ)

X [upPl —l—/o C(Py+ Myp)° (d(j)}

x [(P2 —Pg)(up—i—/ooo guo(dg))—/ooo CMguo(dC)]

Moreover, the term under the expected value in (23) should also be zero, i.e., B(s) =
0. Hence

r(s)Y () Pi(s) + s (3) (u(s)p(s) P (s) + / T CPs) + M (5,00 )

+7(5) ((u(s) = () Pi(s) + o()Qu(s) + / Ys(s, O K (s, O (dC) )
+(k(s) = u(s)p()Pi(s) = fi(s)Y"(5) + Afals) = O,
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which similarly implies that (suppressing the variable s)

fa(s, P2, Q2, K2, M>) (26)
= il Pan Qs Ko, M) = 3 (Qu Qs + | KoRiw(dc))

*

APy

1 Qo + /R KoK 1v(dC)

o)@1Y ) (s O K (5, Q)
Pa(s) (02(s) + Jy (1+ 55552 ) (1+ S5t ) (s, Owldc) )

x (an + /Rnglz/(dC))}

@) + e (14 TR (5. O (5. Q)
Pi(s)(02(s) + Jy (1 55857 (14 55552 3 5. Qa0 )

x[(Pe = Py) (=7 + o%‘j + /RWS%V(dQ) —0Qs

_ /Rfys(s,C) (1 + K]g(ffsf)) Ks(s,C)V(dC)]-

Remark 1. [t is easy to see that (11) is a linear BSDE with jumps. Then, following
Proposition 3.4.1 in [5], there exists a unique solution (Py, Qo, Ko) € S%(0,T;R) x
HZ%(0,T;R) x H £(0, T;R) such that

Py =E, [esz r(s)ds} ’

for any t € [0,T]. Moreover,

/t TQo(s)dW(s) and /t ' /]R Ko(s,)N(ds, dC)

are bounded mean oscillation martingales, with Q¢ and Ko derived by the martingale
representation theorem.

Furthermore, we state the following proposition for the existence and uniqueness
of the solution to (12), with the generators given by (24)-(26), respectively.

Proposition 1. The system of BSDEs in (12) admits a unique solution (P;, Q;, K;,
M;) € S%(0,T;R) x H%(0,T;R) x HEJ_-(O,T; R) x H2, ~(0,T;R), for any p > 1.

Proof. Note that the generator function f; is quadratic w.r.t diffusion control )y
and the jump controls K7 and M;. Then, one can check if f; satisfies the assumptions
(H1) and (Hs) in [10]. The result then follows from ([8], Proposition 5.1) and ([10],
theorems 1 and 2). To prove (12), for ¢ = 2,3, we first define the following BSDE
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(P, Qa, K4, My) := (P> — P3,Q2 — Q3, Ko — K3, My — M3). Then

dPy(s) = 3 2 (QoQs + [ KoK3v(d()) — 5 |QoQ1 + [ KoK1v(dC)
0 0
(8)Q1(5)+ fi (1 28552 ) v (5,0) K (s, v (dC)
Py (s) (02 ()4 fi (1+ 50852 ) (14 K2 )wé(s,C)v(dC))
X (le + Jp VsKlV(dC))}
o (5)Qu(5)+fi (1875 ) 5 (5,0 Ko (5,0 (dC)
Py (s) (02(5)+fk(1+ Kol (1+%)v§(s,<)u(d<))
X [P4(u —rt o+ fp 'YS%?V(dC))
~0Qs — Jos(s.0) (1+ 5350 ) Ka(s.Quldo)| pas
+Q4(8)dW(8) + f]R K4(S7 C)N(dsv dC) + fOOO M4(S7 C)No(dsv dC)v
—1.

Py(T) =

This is a linear BSDE with jumps. Then, by ([5], propositions 3.3.1 and 3.4.1), there
exists a unique solution (Py, Q4, Ky, My) € S%(0, T; R) xH3%(0, T; R)xHZ, £(0,T;R)x
H2, (0, T;R).

We can now rewrite the BSDE for (Ps, Qs, K5, M3) with

fé(sv P37 Q37K37 M3)

1

= FO(QOQg +/RK0K3V(dC)>*

k—u
A
1

Pr(s)(02(s) + fp (1+ St ) (1 + 52552 ) 23 (s, Om(do) )

X [(u —r)P +0Q1 + U%(;Pl + /}R([ﬁ + % (P + KI))'VSV(dO}

pP1

+

X[P4(u—r+a%§+/RW’S%?V(CZC))—UQ3

- [0 (1 ; K]g(ff;f)> Ky (s, Ov(dQ)|

1
+ o1 (5,€) (14 5500 Ka(s, Ow(d)

X [upPl + /000 C(Pr+ Ml)l’o(dg)}

x [P4 (up + /Ooo guo(dg)) - /OOO CMgl/O(dC)] .

+

According to ([5], propositions 3.3.1 and 3.4.1), there exists a unique solution

(P3,Q3, K3, M3) € S%_-(O,T; R) x H%_—(O,T;R) X Hg’]_—(O,T; R) x H307F(O,T;R).
Then, the unique solution for (Py, Q2, K2, M) is given by (P2, Q2, Ko, Ma) =

(P4 + F)g7 Q4 + Qg, K4 + Kg, M4 + Mg) This completes the proof. O
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The following theorem states the main result of this paper.

Theorem 2. Let (7*(), u(:)) be given by (17)-(18) and Y™*(-) the corresponding
solution to (4). If

E| sup Q3(1)2] < o0, (28)
t€[0,T]
2
5w [ IG0,0Pva0] < oo (29)

Then, (7*(-), u(+)) is an open-loop equilibrium strategy for our problem (5).

Proof. Applying the It6 formula in the ansatz P(-,-) in (10), the controls Z; (-, "),
Zs(+y+ ), Zs(+,+) in (14)-(16) were derived by comparing the coefficients of (8)
and (13). Therefore, (P(-,-), Z1(-,*), Z2(+,+,+), Z3(, -, -)) is the solution to BSDE (8).
Moreover, Equation (7) is a linear SDE. Therefore, from (28), (29) and Proposition
1, both q’)j() and ©¥;(-), 7 = 1,2, in (19)-(22) are uniformly bounded, which im-
plies that (7*(-), u§(-)) is bounded. Hence, Y*() € S%(0,T;R) and (7*(-), u§(-)) €
H2(0,T;R) x H? (0 T;R). Then, by Theorem 1, (7*(-), u$(-)) is an open-loop equi-
librium strategy. O

Following arguments similar to [13], Theorem 4.2, one can prove the following
uniqueness result.

Theorem 3. Let (Py, Qo, Ko) and (P, Qi, Kiy M;), i = 1,2,3 be the solutions to
BSDEs (11)-(12). Then, (7*(-), ui(-)) given by (17)-(18) is the unique equilibrium
investment strategy for our optimization problem stated in (5).

Next, we show the equilibrium value function and the efficient frontier.
Proposition 2. The equilibrium value function at time t is given by

T
3.7 (1) = 3B [ [7 000 + ol (OP(s) = AQu(5)°

+/R(Y*(S)K1(S,C) +75(5, )T (s) Pr(s) — A (s, 0)*w(dC)
+f TV (M(5.0) + U () Pa(s) — AQa(s))20(dc) ] ds
=AY (t)P1(t) — APs(1)). (30)
Furthermore, the corresponding efficient frontier is given by
T
Varly ()] = E{ [ [0 9@ + o5 (P(s) = AQa()°
+/R(Y*(S)K1(S, ¢) + 755, Q)" (s) Pr(s) = AKa(s, ()’ v(dC)
[ 0 @M. + U Pils) - AQa ]} (31)
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Proof. By It6’s formula, it is easy to check that
dY*P, — APy) = (Y*Q1 + on™ P — AQ2)dW (s)
+ /R(Y*Kl + s (Py + K1) — AK32)N (ds, d¢)

+ / (V" My + Cuj(Py + M) — AQ2) N°(ds, dC).
0

Then
YH(T) = YX(T)Pi(T) — APo(T)
T
= Y*(t)Pl(t) - )\Pg(t) + / (Y*Q1 + 0‘7T*P1 - )\QQ)CZW(S)
t
T
+/ /(Y*K1 + ygm* (P + K1) — AK3)N (ds, d¢)
tT Roo N
+/ /0 (Y*M; + Cul(Py 4 My) — AQ2)N°(ds, d¢)
t
and

E[Y*(T)] = Y (t)Pi(t) — APa(t).
Following similar arguments as above in (Y*(¢)P;(t) — AP»(t))?, we have

T

B (1)) = L @O+ E [ [0 616 + o(s)7" (9P(s) = AQa(s))?

t

+ [ O (6) K 5.0) + 755, O (9PA5) = AR5, O)P(dd)
+ /O ()M (5, Q) + Cud () Pa(s) — AQ2(s))°(dC) s |-

Then (30) and (31) follow from (6) and the definition of the efficient frontier, re-
spectively. O

4. Application to the stochastic interest rate

We consider the interest rate r(-) defined by the mean-reverting Lévy-Ornstein-
Uhlenbeck as follows:

{ dr(t) = aa —r(t))dt + BdW (t) + [ v¢(N(dt,dC), for 0 <t < T

T(O) =19 >0, (32)

where a, a, 8, v > 0, € R.

Moreover, we assume that for the risky asset (3), ¢ > 0 and g > 0 are determin-
istic bounded functions and p(-) = r(-) + 6(-), where 6(-) > 0 is also a deterministic
bounded function.

As in [14, 17], we point out that r(-) in (32) is not bounded as previously assumed
in this paper. However, the boundedness of the coefficients is only used to prove the



250 C. GUAMBE

existence and uniqueness of the solutions of the BSDEs and the integrability of the
wealth process.

We consider the following important lemma, which extends lemma 4.1 in [17] to
the jump-diffusion case.

Lemma 1. For any constant k > 0, we have E[SuPte[o,T] em\r(t)l} < 00.

Proof. Note that (32) is a linear SDE with jumps. Its solution is then given by

0= o va(er 1) + [ peomawis) + [ [ e wtas. )

Then for any « > 0,

) = exp{ﬁ;e at {r0+a( at 71 / Be**dW (s / /’y(eo‘sN (ds do]}
< Dexp{ _O‘t[ / |koe®?| ds—l—/ / e“c" 1—7/@Cea8)u(d(j)ds}}

—at

x (M),

where D > 0 is a constant and

M(t) = exp{— /Ot[ |koe™ |2 + /(e””cew 1- 'mg“eas)z/(d()}ds
—|—/t koe**dW (s / / e"“(e N(ds, dC)}
0

One can easily check that

dM(t) :M(t—)[moeatdW(t)+ / (e'm@‘” - 1)N(dt,dg)}

R
and
sup M(t) < oo
te[0,7]
Hence
IE[ sup (M(t)¢ | < o0, which implies that IE[ sup e""(t)} < o0
t€[0,T te[0,T]
Then, the result follows. O

In the following proposition, we derive the solutions to BSDEs (11) and (12).

Proposition 3. Suppose that the interest rate r(-) is given by (32) and let ¢(t) =
é(l - e‘o‘(T_t)). Then, the solutions to BSDEs (11) and (12) are given by:

(Po(t), Q(), Ko(t,€)) = (Ga())e? "0, Bo(6)Go(£)e? "), G (1)) (7€ — 1)),
(P, Qa(0), K1 (2,€)) = (G1(D)e? D0, o) G (e 7O, G ()70 (¢ — 1)),
(PQ(t)7Q2(t)7K2(t’C)):(GZ(t)7070)a

(P5(£), Qa(1). Ks(t,0)) =(Ga(t) — Gs(1).0,0)
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where

Go(t) = eXP{/t
61(0) = exo{ [ [o06)(ant 32006+ [ (1) 470 109 otac)
0B0(s) + Jp a5 (1~ 1)ude)

o+ 23w (dl)

+/}Rfyg ((22”’C - 1) V(d()”ds}, (34)

T T T
Gs(t) = elr Tr(o)ds (/ Ty(s)e Je T1()dzg 1),

t

T

[aa(s) + 5202 (s) + [ (90 = 1= 5¢o(s) )t s} (33)

x [6(s) +2086(s)

Ga(t) = /tT((l —T'1(s))Gs(s) + Fg(s))ds. nonumber

The functions I'1(-) and T'a(-) are given by equations (36)-(37) below.

Proof. From the definition of the interest rate in (32), we can conclude that M; =
My = M3 = 0. We consider the following partial integro-differential equation (PIDE)
using the generalized Feynman-Kac formula:

Fualtor) +ala = 1)Fip(60) + 58 Fin () + [ (Fitor +40) - Bt

R
_'YCFi,r(taT))V(dC) + fz (t7 Fi(ta r)vﬁFi7r(t7r)7 Fi(ta r+ ’YC) - Fi(tar)): 0. (35)

If (35) admits a unique classical solution, then by It6’s formula, we know that
(]Dia Qia Kz) = (Fi(tv T)a ﬂFi,r(ta 7‘), Fi(ta T+ ’YC) - Fi(t’ T))a i = 07 ]-7 27 3
satisfy BSDEs (11) and (12).

Moreover, we observe that ¢(t) =
differential equation (ODE):

é (l—e_o‘(T_t)) satisfies the following ordinary

{¢’(t)a¢(t)+1_0, for0<t<T
¢(T) = 0.

We consider the following ansatz:

Fy(t.r) = Go(t)e? "0, Fi(t,r) = Gi(8)e?"),
Fy(t,r) = Ga(t) and Fi(t,r) = Ga(t) — Gs(1).
Then, inserting Fy(¢,7) and Fi(¢,r) into (35), after some algebraic calculations, we

obtain the following linear ODEs:

Go(t)+Go(t) [aae(t) + 58262 (1)+ fy, (1640 —1—1¢o(t) )w(dC) [0, t € [0,7]
Go(T) =1,
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and

Grat) + Gr(H){6(5) (aa + §820(5))

+ fR((e"’C — 1) +erees) 1 — 7C¢(s))y(dg)
oBe(s)+ [ vse?< | e =1 |v(dC)

o2+ [ v5e*7¢v(dC)

X [9(3) +20B0(s) + [, 7s (e2’7< - 1)u(d§)} }: 0, ¢ € [0,7]
Gu(T) =1,

which imply (33) and (34). We now have to solve for Go(-) and G3(-). Motivated
by (27), we first look for the solution to (Py,Q4,K4), since My = 0. We look
for the ansatz function Fy(t,r) in the form Fy(t,r) = G3(t). After some algebraic
calculations, we obtain the following linear ODE:

Gs.(t) —T1(t)Gs(t) + Ta(t) =0, t € [0, 1]
G3(T) = —1,

where

oBOt) + oy (7 = 1)(dC)

D) = —— 5t e < 0+ o860

+/RWS(e7<— 1)u(d§)), (36)

o B )
T Go(t) (02 + Ja 7%6274u(d§))

—(62¢2(t) + /R (674 - 1)2y(d<))e¢<t>r}w. (37)

Its solution is then given by

T T T
Ga(t) = elv T1(o)ds (/ [y(s)e™ Js Til=)dzgg 1).

t

Finally, to solve for i = 2, we can see that, based on (26) and the ansatz Fy(t,7) =
G-(t), PIDE (35) becomes the following linear ODE:

Ga(t) + (1 =T1()G3(t) + T2(t) = 0,
with the terminal condition G2(T') = 0. We then have that
T
G (t) :/ (0= Ta())Gs(s) + Ta(s)) ds,
¢

which completes the proof. O
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The strategy (7*(t), ug(t)) in (17)-(18) becomes

where

B0(s) + Je s (€ = 1)u(dc)

P1(s) = Py T T ;
AG ) + 7 —1)v(d
oty = GO #0890 + s (2~ 1)od0)
G1(s)(02 + fu 2B v (d0))
Aup + Jy ¢v0(d0)) Gs)
s) fooo ¢2v0(dq)
and Y* is the corresponding surplus process.
Furthermore, conditions (28) and (29) are also satisfied, i.e.,

Ua(s) = — e O()r(s),

B[ s 1G30)7] = [ sup_ 562 (0GE0 ] < o

te[0,7T] te[0,T]
2
sup [ IKEOPv(d0)] =B swn [ 6302070 (¢ —1) w(a0)] < o
teOT] t€[0,T] JR

Then, by Theorem 2, (7*(t), u(t)) describe the equilibrium strategy.
Finally, from (30) and (31), the equilibrium value function and the corresponding
efficient frontier become:

a1,y (1) = 5B / [(B6()G1 ()Y (5) + o7 (5)Go(s))?
+ / (s ()G () + Y* ()G () (€ — 1))?0(dC)
R

+f <2<us<s>01<s>>2u0<d<>}ez¢<s>r<s>ds}
MY ()G (e — AGa (1)),

T
Vardv* (1)) = E{ [ [(ﬁas(s)Gl(s)Y*(s) +om* (5)Co(s))’
+ [ (57 (961 (9) + Y ()G (5)( = 1)2u(d0)
+ [T sG] s).

Remark 2. If the interest rate is a constant r > 0, thena =a =0 =~v=0. It is
easy to check that ¢(t) = T—t, Go(t) = G1(t) = 1, G3(t) = —1 and Ga(t) = —(T—t).
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The equilibrium strategy, the value function and the efficient frontier become:

ein A (Tr
(1) = 02+ [ yEv(dC)’

o Mepr [T or@0)
U‘O(t) = fooo CZVO(dC) € s

2.7 = [ [P0 60+ [ erua0
+ [ o] s
MY ()T L \(T — 1))

Vardy o) = [ [0 + [ 23 6P
+ [T et ] s

We observe that when the interest rate is constant, the equilibrium strategy is in-
dependent of the surplus process. Moreover, the optimal investment strateqy is an
increasing function of time and expected return 6. This implies that as the time ap-
proaches maturity, the insurer will keep more investments in the risky asset. More-
over, it is decreasing with respect to volatility o and jump rate vs. In this case, when
o and ys increased, the insurer would reduce his investment in the risky asset. The
findings are consistent with the results existing in the literature, see e.g., [18, 19, 21].
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