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A fnite diference algorithm that evaluates the health conditions of a bonded joint is presented and discussed. Te mathematical
formulation of the problem is developed, paying particular attention to the singularity around the corners of the joint and
implementing an original discretisation method of the partial diferential equations governing the propagation of the elastic
waves. Te equations are solved under the only hypothesis of a bidimensional feld. Te algorithm is sensible to defects in the
bonded joint and can be used as an efective structural health monitoring tool, as proven by the experiments that show close
agreement with the numerical simulations.

1. Introduction

Adhesive bonding is an efective alternative to riveting and
welding when lightweight structures are designed. In the
aerospace and automotive industries, the use of adhesion is
more andmore pronounced, especially since whenmetals have
often been replaced by composites for their high strength-to-
weight ratio.When the application of the adhesives is related to
structural parts demanding in terms of strength and/or fatigue
requirements, the concern of the structural monitoring of the
bonding integrity can rise [1–4]. Structural health monitoring
(SHM) has received growing interest withmultiple applications
oriented to the development of damage/defect detection sys-
tems able to allow the transition from scheduled maintenance
to condition-based maintenance in several areas [5–8]. An
efective SHM method is the result of a reliable mathematical
description of the structural part under control and the sub-
sequent implementation of this model into a monitoring

technique [9–11]. A number of studies were conducted in the
last three decades about the inspection of adhesive joints using
diferent methods that can be categorised according to the
physical principle they are based on ultrasounds [12–14], X-
rays [15], and thermography [16]. In the present paper, we
employ a particular ultrasonic technique.

Mathematically, the presence of damage (debonding) in
the joint can be seen as a discontinuity in velocity values for
the elastic waves traveling in it: fnite diference methods
(FDMs) have been extensively used to develop mathematical
models describing elastic waves propagation in structures
[17, 18]. Other mathematical works are focused on mod-
elling singularities around the corners such as the ones in
single lap joints or at the crack’s tips [19, 20]. In [21], an
integral equation describing the stress feld at a rounded V-
shaped notch or hyperbolic notch (with an equal opening
angle) is numerically solved through the complex variables
theory: the main outcome of this work is that the singularity
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of a sharp notch can be efectively handled considering the
asymptotic behaviour of a rounded notch.

In [22], the authors propose a novel technique for the
solution of Laplace problems describing the two-
dimensional stress feld around obtuse, or reentrant, cor-
ners: the real parts of rational functions, for which the poles
cluster around the obtuse corners, are used to approximate
the boundary solution. In [23], the problem of the singu-
larity at the obtuse corners of adhesive joints is addressed
using an alleviation factor called stress concentration limiter.
Te intense stress gradients around the obtuse corners are
alleviated through a fnite element algorithm describing how
the stress is actually attenuated in singularity points.

From an engineering point of view, the monitoring
technique of adhesive joints by ultrasounds is based on
diferent possible algorithms. Te basic principle of the
technique is that an ultrasonic wave is passed through the
material and is then refected and/or mode converted by
a defect [24]. A transmitter excites ultrasound waves into the
structure, and the obtained signal is picked up by a receiver.
In the simplest arrangement, the transmitter and receiver are
placed on opposite surfaces of the specimen [25–28]. More
specifcally, Lamb waves can be used to detect defects in
bonded joints. Nicassio et al. exploit the linear interference
[29] and nonlinear interaction [30, 31] of elastic waves to
characterise the health conditions of metal joints. In [32],
a scanning laser Doppler vibrometry is used to monitor the
health conditions of adhesive joints stimulating Lamb waves
propagation: a damage imaging is successfully achieved. In
[33], ultrasonic-guided waves are used to monitor the in-
terfacial mechanical properties between solid bodies in
contact. Te main results of this study indicate that the
applied load afects the attenuation and induces mode
conversion of the studied S0 vibration mode.

In this manuscript, the development of an FD 2D model
of a single lap joint (SLJ) is presented and discussed. A
structural health monitoring technique using Lamb waves
propagation was numerically developed. Because, in com-
mon and practical cases, the joint fails at the edges of the
overlap where the stress is higher, the aim of the proposed
technique was the use of the Lamb wave propagations to
verify the state of the adhesive region and estimate the size of
possible disbonds into the overlap area. Te present paper is
divided into two main parts: in the frst part, a novel
mathematical model of a three layers bonded joint crossed
by ultrasonic waves and its numerical implementation are
presented and discussed; in the second part, experiments on
an SLJ are carried out by using two PZTsensors attached on
the upper and lower plate in pitch and catch confguration.
Te S0mode is used to investigate the integrity of adhesive in
the bonded zone. Frequencies below the cut-of value are
used in order to avoid the presence of higher symmetric and
antisymmetric modes. Te received signals are transformed
by short time fourier transform (STFT) in order to correlate
frequency spectra to the structural health of the adhesive.
Several wave packets with diferent driving frequencies are
used to investigate the bonded area. Experiments reveal, in
agreement with numerical simulations, that there is a spe-
cifc exciting frequency (per each damage characteristic

length) at which the signal is attenuated.Temain novelty of
this work is the development of a mathematical technique
based on the use of the fnite diference method to discretise
the 2D problem of the single lap joint that is able to mitigate
the singularity at the corners: a novel reduced-order FD
model is obtained, and it appears simpler, cleaner and easier
than FE model. In view of industrial applications, one point
of strength of the proposed study is that numerical simu-
lations can be carried out by a relatively simple and novel
MATLAB code with a short computational load.

2. Material and Methods

2.1. Mathematical Model

2.1.1. State of Art Investigation and Background. Te
mathematical model stems from the Cauchy–Navier equa-
tion for elastodynamics with nonconstant Lamé coefcients.
Indeed, the key feature lies in the fact that the space-
dependent Lamé coefcients are locally constant, with
discontinuity on the boundary with the debonded region.
Tis implies that it is possible to fnd a fnite diference
discretisation of the Cauchy–Navier equations that is in-
sensitive to the singularities between the go through
a smooth transition with a steep gradient between the dif-
ferent layers, which is close to the physical situation.

Te discretisation of the Cauchy–Navier system is
performed by a second-order scheme that follows existing
literature but introduces new elements as well. In particular,
in [34],traveling wave solutions to the equations of surface
waves in a piezoelectric-hydrogel layer on an elastic sub-
strate are found in an analytic way.Te setup has some point
of contact with ours, being a layered structure with ho-
mogeneous layers of diferent materials. However, traveling
wave solutions for our equations are much more difcult to
obtain, as the system and the geometry of its domain are
both much more complicated than in the case considered by
the authors. Also in [35], specifc waves (love ones) are used
to solve the Cauchy–Navier problem. Tis approach is too
simple in terms of geometrical domain and numerical al-
gorithm, and hence not appropriate for our test case. In the
paper [36], it is proved that, for constant Lamé moduli, the
discretisation is second-order accurate and energy conser-
vative, hence stable on a domain that is a parallelepiped or
a box. It is noteworthy that Nilsson’s work considers iso-
tropic materials subject to a stress-free boundary condition,
and this scenario allows an easier wave equation formula-
tion. Another second-order fnite diference approach with
variable Lamé moduli and on a box can be found in [37],
despite no experimental correlation and relative validation
provided.

In our paper, we extend the same discretisation to Lamé
moduli that are separately constant on each layer of the
bonded joint. Moreover, our domain is the union of adjacent
but displaced boxes. While, due to these two factors, it is not
easy to extend the previously mentioned mathematical re-
sults, the scheme is a direct generalization of that in [36].
More precisely, the discretisation preserves the structure of
the obvious conservation laws (in the absence of external
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forces), and it is made by second-order approximations.Tis
allows us to take into account the contribution of the de-
rivatives of the Lamé coefcients across the discontinuity.

In our model, the treatment of corners is one of the most
delicate points. Acute corners are dealt with by means of
boundary conditions, external pseudonodes, and an original
approach to discretized derivatives. On the other hand, we
introduce a new technique to deal with obtuse corner sin-
gularities in the numerical method. Te singularities exist
only in the virtual reality of the mathematical model, as the
physical setup does not have perfectly sharp corners; the
attenuation factor allows us to get rid of the virtual sin-
gularities in an elegant way and yields a result that is a perfect
match with the experiments. Note that the presence of
“virtual” singularities makes a mathematical convergence
analysis difcult, also in view of the results in [22].

It should be observed that some higher-order fnite
diference schemes for Cauchy–Navier equations have been
proposed in the literature [38] (see also [39]). However, the
usefulness of our approach is that the speed of convergence
of our second-order scheme is so high that we did not feel
the need for a more accurate (and more complicated)
method presented in the technical literature.

A preliminary simpler version of the FD method was
developed by the authors in [40]. Te most signifcant
diferences between the present work and the previous one
are the following:

(i) For the geometry, in the previous work a homoge-
neous area simulated the overlapped zone, while in
the present one, a 3-boxes approach is followed with
a complete model of the experimental sample

(ii) For what concerns the fnite diference method,
previously, the Cauchy–Navier equations were
diferentiated, and then all the derivatives were
discretized, now a new discretisation operator is
adopted, preserving the physical meaning of
the terms

(iii) In the previous model, only acute corner pseu-
donodes were used, while in the current one, acute
and obtuse corner pseudonodes are used

(iv) In the present paper, a singularity attenuation factor
is introduced

More specifcally, despite the good agreement between
numerical and experimental results in [40], the homoge-
nization approach concerning the overlap area is a weakness
of the previous approach since the interaction between the
layers in the joint area (aluminium—adhesive—aluminium),
with the diferences in wave speed through the layers, was
completely lost. Moreover, in the present approach, the
mechanical properties of the entire joint can easily modifed
without additional homogenization tools. In terms of ge-
ometry, the absence of obtuse angle in [40] leads to a weak
solution; actually, the maximum stresses grow out of an
obtuse areas and cause the disbonds studied in these two
works. Te presented FD model allows us to evaluate the
stress evolution for the entire SLJ, thanks to the singularity
attenuation factor introduced in the obtuse zones.

2.1.2. Te System of PDEs and the Stress-Free Conditions.
In this section, we will derive the mathematical model that
we will use to predict the results of the experiments. We will
use the theory of linear elasticity in two space dimensions.
Te partial diferential equations of the theory will be set up
in a form that will be the most suitable for the numerical
solution. Our source is [41].

Te dynamics of a continuum body on Ω⊆R2 is mod-
elised by equations of the local balance of linear and angular
momentum as follows:

ρutt � ∇ · S + ρf , (1)

where u � (u, v)T is the displacement vector feld, whose
components u and v are the unknown functions in our
problem. Moreover, ρ is the density of the medium, S is
the Piola–Kirchhof stress tensor and f � (f1, f2)T is the
body strength measured per unit of volume. Let us defne
H � ∇u. Te infnitesimal strain tensor is defned as E �

1/2(H + HT). Under the hypothesis of isotropic linear
elasticity, the Piola–Kirchhof tensor takes the following
form:

S � λ(x, y)(trE)I + 2μ(x, y)E,

� λ(x, y)

ux + vy 0

0 ux + vy

⎛⎜⎝ ⎞⎟⎠ + 2μ(x, y)

ux

uy + vx

2

uy + vx

2
vy

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(2)

where λ and μ are the Lamé moduli. By substituting S into
the main equation (1) and dividing by ρ the Cauchy–Navier
system of partial diferential equations (PDEs) governing the
phenomenon is explicitly given.
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utt �
1
ρ

S
11
x + S

21
y  + f

1

�
1
ρ

λux( x + λvy 
x

+ 2 μux( x + μuy 
y

+ μvx( y  + f
1
,

(3)

vtt �
1
ρ

S
12
x + S

22
y  + f

2

�
1
ρ

μuy 
x

+ μvx( x + λux( y + λvy 
y

+ 2 μvy 
y

  + f
2
.

(4)

Te Lamé moduli depend on the physical properties of
the medium. In our case, the medium has constant physical
properties separately in each of the three diferent regions of
the SLJ (two aluminum plates and adhesive layer), with
a discontinuity between the metal and the glue. Tis means
that our Lamé moduli will be piecewise constant functions,
with jump discontinuities on the internal boundaries be-
tween metal and glue.

Te previously mentioned feature of our model implies
that it is better to keep the gradients in previously mentioned
equations (3) and (4) in nonexpanded form for a dis-
cretisation that preserves the obvious conserved quantities,
as we will see in the next section.

We will produce concentrated stress at one end of our
experimental setup; this will create waves that propagate
through the domain. Tis is modelled as a force f that is
defned as follows:

t↦
F(t), if t ∈ tI, tF ,

0, otherwise,
 (5)

with,

F(t) � A 1 − cos
2π]
Ni

(t − 2∆t)  sin (2π](t − 2∆t)), (6)

where A is a given amplitude, tI � 2∆t, Ni is the number of
impulses of the probe signal, ] is the frequency of the probe
signal and tF � Ni/] + 2∆t. Tis is the source of the me-
chanical impulse, and it is a smoothed tone burst obtained
from a pure tone fltered through a Hanning window (for
a bell-shaped signal spectrum centered at the desired fre-
quency). Te choice of Ni and the frequency determines the
length of the wave packet. Te produced signal and the
relative FFT are plotted in Figure 1.

We require stress-free boundary conditions on all the
upper and lower horizontal sides of the plates, whereas
conditions of free ends are required on all vertical sides (see
Figure 2(a)).

Let us defne,

c
2
L �

λ + 2μ
ρ

,

c
2
T �

μ
ρ

,

(7)

the longitudinal and shear wave speeds, respectively. Let us
stress that the functions cL, cT, and ρ are nonconstant
functions of (x, y).

Ten, stress-free conditions are modelled by the fol-
lowing conditions holding on horizontal boundaries:

c
2
L − 2c

2
T ux + c

2
Lvy � 0, (8a)

c
2
T uy + vx  � 0, (8b)

while the conditions of free-ends for vertical boundaries are
as follows:

c
2
Lux + c

2
L − 2c

2
T vy � 0, (9a)

c
2
T uy + vx  � 0. (9b)

2.1.3. Finite Diference Model. We will provide a numerical
solution for systems (3) and (4) by a fnite diferencemethod.

Tere are several good reasons for the choice that we
made, in particular:

(i) Te domain Ω of our problem is regular enough to
make an implementation of a fnite diference
method relatively simple. We thus avoid the use of
sophisticated fnite element proprietary software
and allow a much easier and open reproducibility of
our results;

(ii) We wrote a “pure” MATLAB code (i.e., with no use
of additional packages such as PDEtools) that can
also be run with minor changes on free MATLAB
language emulators such as Octave, thus making an
industrial use even more cheap;

(iii) Te moderate use of computational resources that
we make in our code allows us to run it on a desktop
computer or on a laptop in a relatively short time;

(iv) Te same computational features allow straight-
forward future extension to 3d structural health
monitoring.

In order to represent the domain of the experiment, we
have developed a 3-boxes approach (see Figure 2(a)). Te
frst and the third grey boxes have the same geometric and
mechanical properties and describe the two aluminum
panels. Te second (yellow) box represents the glue layer.

Tis approach leads to several advantages in computa-
tions. First of all, we can use diferent couples of variables in

A
m

pl
itu

de

Time Frequency

Figure 1: Toneburst signal.

4 Structural Control and Health Monitoring



the boxes, for example u1 and v1 in the frst box and
analogously in the other boxes. Tis makes the code clearer,
and it is easier to identify the waves along the panels.
Secondly, it is easier to deal with boundary conditions, as
each box has a very simple rectangular shape. It is then easy
to let the values of variables on coinciding boundary points
be the same.

Indeed, the key point of this approach is the connection
between the boxes. As described in Figure 2(b), the con-
nection is implemented by overlapping a line of points for
each pair of boxes (left plate and glue; glue and right plate).
In this area, the value of the variables is set to coincide.

Tis scheme is also very useful when the debonding area
is introduced in the model (see Figure 2(b)). In this case, it is
sufcient to keep in connection only a part of the overlapped
points, whereas the nonconnected ones are treated as ex-
ternal boundary points.

Following the previously discussed ideas, we introduce
three rectangular uniform grids on the three boxes, with
spacing ∆x and ∆y along the two axes.We use three diferent
couple of variables (one for each box) such that.

(i) (u1, v1) are functions of (x, y, t) on I1x × I1y × It,
where I1x � [0, lPx] and I1y � [0, lPy]. Te frst box
is I1x × I1y

(ii) (u2, v2) are functions of (x, y, t) on I2x × I2y × It,
where I2x � [0, lGx] and I2y � [0, lGy]. Te second
box is I2x × I2y

(iii) (u3, v3) are functions of (x, y, t) on I3x × I3y × It,
where I3x � [0, lPx] and I3y � [0, lPy]. Te third box
is the same as the frst box.

Te time interval is It � [0, lt] for all boxes. We choose
a time step ∆t in such a way that the CFL stability condition
is fulflled as follows:

∆t≤
∆x

������

c
2
L + c

2
T

 . (10)

Te positive numbers lPx, lPy, lGx, lGy, lPx, and lPy are
taken in such a way that the numbers.

M1 � M3 �
lPx

∆x
+ 2,

N1 � N3 �
lPy

∆y
+ 2,

M2 �
lGx

∆x
+ 2,

N2 �
lGy

∆y
+ 2,

(11)

are integers. Ten, every point on the box α(α � 1, 2, 3) is
identifed by (xα

i , yα
j ) with 1≤ i≤Mα and 1≤ j≤Nα, where

x
1
1 � 0,

x
1
M1

� lPx + 2∆x,

x
2
1 � 0,

x
2
M2

� lGx + 2∆x,

x
3
1 � 0,

x
3
M3

� lPx + 2∆x,

(12)

and

y
1
1 � 0,

y
1
N1

� lPy + 2∆y,

y
2
1 � 0,

y
2
N2

� lGy + 2∆y,

y
3
1 � 0,

y
3
N3

� lPy + 2∆y.

(13)

In order to describe the numerical approximations of
equations (3) and (4), we denote by ui,j � ui,j(t) �

u(xi, yj, t) the value of the displacement at the point (xi, yj)

of the grid in one of the three boxes (i and j are suitable

Pseudonodes
Aluminium Nodes
Glue Nodes

Lef Box
Glue

Right Box

Pseudonodes
Aluminium N
Glue Nodes

Lef Box
Glue

(a)

OVERLAP ZONE
Pseudonodes “become” internal nodes

Debonding

(b)

Figure 2: Graphic representation of used discretisation approach. (a) Tree boxes. (b) Tree boxes connections.
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integers) and at a generic time t; we will use a similar no-
tation for all other functions involved.

In order to discretise the derivatives in equations (3) and
(4), the most straightforward idea would be to use the chain
rule on the terms of the form z/zx(λ(x, y)ux) and then
discretise the resulting terms using the standard fnite dif-
ference formulas for derivatives. Nevertheless, as pointed out
in [42], this is not a good idea, especially when there are large

jumps in the coefcient (and that is precisely our case). Te
discretisation that we will use is motivated by the fact that it
preserves the conservative structure of the equations. An-
other feature of our discretisation is that the term λux

represents a tension, and a direct discretisation of its de-
rivative preserves its physical meaning. For these reasons, at
every internal point (xi, yj) in the three boxes we introduce
the discretisation operator Dx as follows:

λ(x, y)uxx xi, yj, t( )≃Dx λ(x, y)ux( 
i,j �

1
∆x

λ i +
1
2
, j ux xi+1/2, yj, t  − λ i −

1
2
, j ux xi−1/2, yj, t  , (14)

where the terms ux are further discretized as follows:

ux xi+1/2, yj, t ≃Dx(u)
i+1/2,j

�
ui+1,j − ui,j

∆x
,

ux xi−1/2, yj, t ≃Dx(u)
i−1/2,j

�
ui,j − ui−1,j

∆x
,

(15)

and analogously for all other second order nonmixed de-
rivative terms. Te coefcient λ(i + 1/2, j) can be computed
as the arithmetic mean.

λ i +
1
2
, j  �

1
2

[λ(i + 1, j) + λ(i, j)], (16)

In a similar way.

λ i −
1
2
, j  �

1
2

[λ(i − 1, j) + λ(i, j)], (17)

and analogously for μ.
Te terms with mixed derivatives are discretized as

follows:

λvy 
x

xi, yj, t ≃Dx λvy 
i,j

�
1
∆x

λ i +
1
2
, j vy i +

1
2
, j  − λ i −

1
2
, j vy i −

1
2
, j  ,

(18)

where the “internal” derivative is approximated by an in-
cremental ratio of two arithmetic means:

vy i −
1
2
, j ≃Dy(v)

i−1/2,j
�

1
4∆y

vi,j+1 + vi−1,j+1 − vi,j−1 − vi−1,j−1 , (19a)

vy i +
1
2
, j ≃Dy(v)

i+1/2,j
�

1
4∆y

vi+1,j+1 + vi,j+1 − vi+1,j−1 − vi,j−1 . (19b)

Other mixed derivative terms are treated in the same
way. Te numerical approximation of the system (3) and (4)
is thus completed on all internal points of the domain.

A signifcant problem is represented by the nodes on the
boundary of the domain. We will calculate the numerical
approximation of the system by means of external pseu-
donodes. Te pseudonodes are located in the three boxes
according to the pattern of empty red dots in Figure 2(a).
Te values of the displacements at the pseudonodes at each
time step tk are calculated from the boundary conditions as
follows.

Let us consider the case of bottom horizontal line seg-
ments on the boundary: here vi,j−1 and ui,j−1 are unknown.
Te discretisation of the horizontal boundary conditions
(8(a)and 8(b)) leads to the following system:

C
ui+1,j − ui−1,j

2∆x
+

vi,j − vi,j−1

∆y
� 0, (20a)

ui,j − ui,j−1

∆y
+

vi+1,j − vi−1,j

2∆x
� 0, (20b)

where

C �
c
2
L − 2c

2
T

c
2
L

. (21)

By using (20(b) and 20(a)), it is possible to compute the
unknown values of ui,j−1 and vi,j−1.

Te remaining values of u and v to be computed are at
the pseudonodes on the corners of the domain. We will treat
separately the acute and the obtuse (or reentrant) corners.

First of all, let us notice that we can use all boundary
conditions (8) and (9) at the corners. Tis yields the
conditions,

ux � 0,

vy � 0,

uy � −vx,

(22)

on all corners.
Let us start with acute corners, and consider the ghost

node on the upper leftmost corner of our domain.Te values
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of the displacements that we need to fnd are ui−1,j+1 and
vi−1,j+1. Te directional derivative of u along the line x � −y

is as follows:

∇u · −
1
�
2

√ ,
1
�
2

√ 

� −
1
�
2

√ ux +
1
�
2

√ uy

�
1
�
2

√ uy,

(23)

using the boundary conditions (22).Te left-hand side of the
previous equation has the second-order numerical
approximation.

ui−1,j+1 − ui+1,j−1

2
���������

∆x
2

+ ∆y
2

 . (24)

Using a second-order numerical approximation of uy

and equating the two approximations, we get the equation.
ui−1,j+1 − ui+1,j−1

2
���������

∆x
2

+ ∆y
2

 �
1
�
2

√
ui,j+1 − ui,j−1

2∆y
, (25)

that yields the unknown value of the “diagonal” ghost node
ui−1,j+1 in terms of “horizontal” and “vertical” ghost nodes
ui−1,j and ui,j+1 and the internal node ui+1,j−1.

Te values of the displacement u (as well as that of v ) on
other acute corners can be computed in the same way. Te
abovementioned treatment of the corners, although simple,
seems to be another novelty element of our
numerical model.

A diferent treatment turns out to be necessary when we
deal with the internal obtuse corners of our domain. We
stress that the way in which we simulate a debonding yields
four obtuse corners (see Figure 2(a)). As shown in
Figure 3(a), the four obtuse corners are represented by four
internal nodes of the boxes. It follows that the value of
variables u and v can be computed by using the eight ad-
jacent nodes. Such corners are known in literature [21, 22]
for generating singularities of the stress; indeed, numerical
simulations show a divergence of our numerical model
exactly on the obtuse corners if no special care is taken.

Tere could be several ways to deal with the problem.
Te simplest idea is to increase the number of grid points, at
least around the singular corners. Unfortunately, this idea
does not work, as the refnement of the grid has a negative
infuence on the strength of the singularities. A possible idea
in the literature is to approximate the solution in the corners
using functions with singularities, either in an ansatz or
asymptotic estimate of an exact solution or as fnite elements
[22, 43].

Our way follows from the consideration that in our
physical situation such corners are not sharp in reality, and
we can think that they are round at a microscopic scale.
Indeed, no divergence can be observed in experiments; on
the theoretical side, this can be realised as in [21, 44, 45].
Note that the homogeneous part of the systems (3) and (4) is

invariant with respect to a simultaneous change in scale in x

and y, and that the force can be changed accordingly. Tis
shows that the behaviour of the solution at the singular point
is scale-independent (see [44]).

In [44], an accurate approximate solution u of the
Laplace equation on a domain with a reentrant corner O is
built from a solution close to the corner, which is self-similar
and singular at the corner, and an exact solution far from the
corner, which is not infuenced by the values at the sin-
gularity. Due to the greater simplicity of the equation in [44]
(but see also [21]) an asymptotic estimate of the exact so-
lution is provided.

In our case, an asymptotic analysis of the exact solution
of the systems (3) and (4) is unpractical, due to the greater
complexity of the system. However, we can assume that the
singularity is in the derivatives of the solution at the obtuse
corners, as the value of the solution does not have big in-
crements in experimental data and due to the fact that re-
entrant corners are points at the boundary between
materials, where the Lamé moduli have a jump
discontinuity.

Tis leads us (see Figure 3(b)) to the direct use of
a singularity attenuation factor: at each time step of the
numerical method, we evaluate values of u and v at the nodes
closer to the reentrant corners (in the Ωε subdomain, dotted
circle in Figure 3(b)) by a multiple Ku and Kv, where
0<K< 1 (purple lines in Figure 3(b)).

Te presented approach is a “support algorithm” that
simulates the attenuation of stresses in regions of high-stress
gradients, particularly present around singular points. It
smoothens these high gradients by K: it redistributes the
stresses (by acting on u and v), producing a new stress state
that converges. Basically, this parameter determines the
region over which numerical stresses must be reduced. Te
working of the singularity attenuation factor can be
explained as follows: to obtain the stress distribution in the
presented domain (see Figure 3(b)), the frst step is to build
a regular FD model; then, per each integration time step,
weighted displacements (i.e., stress values) are determined in
Ωε. Te attenuation factor K, the value of which is chosen
according to observations that will be subsequently dis-
cussed, is extremely sensitive to grid density. To justify the
use of the K, two conditions have to be satisfed by the FD
grid. First of all, the mesh must be sufciently refned to
accurately represent the actual geometry of the SLJ and its
mechanical properties. Convergence of stress values in re-
gions that are not afected by stress singularities must be
established. TenK should be used to ensure the additional
convergence of stresses only around singular locations.
Secondly, the mesh should be sufciently refned to allowK

to afect the stress distribution inΩε. If the distance between
the grid points is too large, the efect of the singularity at-
tenuation factor is too small.

Te proposed approach aims to fnd the bigger value K
that reduces Ωε in the unique obtuse corner node, for fxed
∆x and ∆y (see Results Section). With regard to Figure 3(b):

(a) 0.975<K< 1⇒ a completely convergent stress/
strain distribution can never be obtained since
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displacement feld singularities locally cause stresses
and strains to diverge with these values of K

(b) K � 0.975⇒ it is enough to obtain the convergence
of the numerical method, with Ωε that subtends just
the only obtuse corner node

(c) K< 0.975⇒ a completely convergent stress/strain
distribution can always be obtained, but too con-
servative values of K provide a nonrealistic model
behaviour (too conservative stress evaluation with
respect to the actual one, green line in Figure 3(b))

Summarizing, the main factors that impact the accuracy
of the proposed approach are (i) mesh dimensions ∆x and
∆y, (ii) singularity attenuation factorK, and (iii) simulation
time step ∆t.

A similar approach was implemented in [23] by using
a stress concentration limiter that simulates the local at-
tenuation of stresses around singular nodes, as it occurs in
empirical observations. Tis approach makes use of spatially
averages through exponential weight functions at the nearest
nodes to the singular one. In a diferent way, our factor acts
exactly on the value of the displacements at the singular
node, previously computed using the adjacent nodes.

Te numerical model is completed by the discretisation
of the time derivatives utt, vtt by means of the usual centred
second order approximation. Let us denote the values of
displacements in an arbitrary box (note that we are not using
the indices that refer to a specifc box) at the time tk by uk

i,j �

u(xi, yj, tk), vk
i,j � v(xi, yj, tk). Ten, the values of the dis-

placements at the time tk+1 are given by explicit formulas.

u
k+1
i,j � 2u

k
i,j − u

k−1
i,j +

(∆t)
2

ρi,j

Dx λDxu( 
k
i,j

 + Dx λDyv 
k
i,j

 + 2Dx μDxu( 
k
i,j

 + Dy μDyu 
k
i,j

 + Dy μDxv( 
k
i,j

  + f
1 k

i,j

 , (26a)

v
k+1
i,j � 2v

k
i,j − v

k−1
i,j +

(∆t)
2

ρi,j

Dx μDyu 
k
i,j

 + Dx μDxv( 
k
i,j

 + Dy λDxu( 
k
i,j

 + Dy λDyv 
k
i,j

 + 2Dy μDyv 
k
i,j

  + f
2 k

i,j

 , (26b)

in terms of the values of displacements at previous times tk

and tk−1.

2.2. Te Experimental Setup. Two aluminium plates
(630mm× 126mm× 1.2mm) were used to manufacture
several SLJ samples (see Figure 4). Artifcial defects (dis-
bonds) were introduced in the overlap zone of 30mm
(nominal adhesive thickness of 0.3mm) with increasing
debonding values Deb of 3–5–7.5–10–12.5–15mm. Tefon
sheets were carefully used during the SLJ manufacturing
process to reproduce actual damages. Te materials’ prop-
erties are as follows:

(i) 2024 Aluminium alloy

Modulus of elasticity� 72GPa
Density� 2770 kg/m3

Poisson’s ratio� 0.33

(ii) Adhesive

Modulus of elasticity� 3.69GPa
Density� 1300 kg/m3

Poisson’s ratio� 0.3

Vibration-absorbing sponges under the sample were
used to achieve stress-free conditions during the test
campaigns.

In Figure 4, the experimental set-up is shown.

Obtuse
Nodes

(a)

StressAnalytical

Actual

Attenuation
factor

A

B

C

Ω

Ωε

(b)

Figure 3: Obtuse corners approach. (a) Treatment of obtuse corners. (b) Graphic representation ofΩ and the singularity attenuation factor
efect.
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(1) Te exciting signal to the sample is provided by the
generator TG5012A of Aim and Turlby Tandar
Instrument

(2) Te signal is powered (×50 the input voltage) by
WMA-300 of the Falco System

(3) Te piezo-sensor P1 (low harmonic distortion and
phase noise, high-frequency resolution) is excited by
the incoming signal

(4) Te signal excites the overlap zone and the disbond
region and comes into the receiver sensor P2

(5) Te oscilloscope 3000 PicoScope captures and dis-
plays the waveforms by monitoring the signal and
waiting for the voltage to rise above a set threshold
(variable for each disbond length) via single trigger
mode control

(6) All signals are low-pass fltered and processed by
using software PicoScope 6 and MATLAB codes on
PC in order to detect the diferences for the various
wave packets and to evaluate relative disbond lengths

3. Results and Discussions

Figures and Table present the main results of this work. Te
uniform space grid of the fnite diference method was
constructed with the following features.

(i) ∆x equal to 0.5mm is the greatest common divisor of
Deb values (expressed as 1/10mm) in order to have
an integer number of nodes simulating the disbond

(ii) ∆y is equal to 0.3mm in order to correctly simulate
the glue layer with at least one node and to obtain an
integer number of plate thickness nodes

Smaller values of ∆x and ∆y imply a sensible increase in
execution time and are not considered. Nevertheless, the gap
between nodes is smaller than 1/40 of the bigger wavelength
propagating in the SLJ excited at several frequencies. Te
uniform time grid of the FD problem ∆t was constructed
with a time interval equal to 1/4 of the CFL stability
time value.

In Figure 5, spectrograms of the transient FD signals are
reported at the top of each subfgure. Te wave packet was
generated with several frequency contents (see Table 1) and
arrives at the box simulating the aluminium plate. Te
observation time window is reported on the y-axis of each
spectrogram and represents the time evolution of the STFT
applied to the transient signals. In each subfgure, the
spectrogram is associated with a subplot representing the
PSD (probability spectral density) of the signals, obtained by
selecting a particular STFT at an instant of time.

Te destructive interference, clearly represented in the
FD spectrograms and PSD plots, is characterised by a strong
amplitude attenuation at the exciting frequency ]att related
to the specifc value of disbond. Tis amplitude attenuation
can be associated in the spectrograms with “valleys” (in
colour map blue represents low amplitude, yellow represents
high amplitude): cutting the spectrograms at these “valleys”
time coordinates, PSD plots are obtained representing the
frequency content of the signal acquired at a specifc instant
of time: all these plots are characterised by a two “bell-shape”
frequency spectrum that mean frequency values with very
low amplitude. From these Figures, it is possible to evaluate
the ]att reported in Table 1 in column FDM.

In Table 1, the experimental, analytical, and numerical
results are reported for comparison.Te increasing debonding
lengths are listed in the frst column. Disbond lengths smaller
than 3mm (<10% of the overlap area) were not taken into
account for manufacturing reasons. Te experimental tests
were performed fve times per each value of Deb, to average the
measurements and verify their repetitiveness.Te third, fourth,
ffth, and sixth columns report the excitation frequency value
]ex � ]att for which destructive interference occurs. Te su-
perscript ∗ indicates technical literature data reported in [29]. It
can be seen in the Table that the percent error for all FDM ]att is
never more than 8% on the experimental results (last column),
in the worst case being on average 4.4% in the comparison
between experimental and FDM results. Furthermore, the
FDM percent errors are comparable to FEM ones: the main
feature of the presented FDMmodel is the small computational
time consuming, few minutes vs. at least one hour for FEM
simulations reported in [29].

P1
P2

TG5012A

WMA-300

3000 PICOSCOPE

PC

Figure 4: Experimental setup.
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Figure 5: STFTand PSD plots for all Deb values. (a) Deb� 3mm. (b) Deb� 5mm. (c) Deb� 7.5mm. (d) Deb� 10mm. (e) Deb� 12.5mm.
(f) Deb� 15mm.

Table 1: Debonding attenuation results.

Deb Ni
∗ EXP. AN.∗ FEM∗ FDM EXP. Vs. FEM EXP. Vs. FDM

(mm) ]att (kHz) (%)

3 8 344 352 320  65 −6.9 6.1
5 5 230 229 240 215 4.3 −6.5
7.5 155 153 165 15 6.4 −1.3
10 116 114 115 121 −0.9 4.3
12.5 95 92 92 102 −3.1 7.4
15 3 87 79 80 86 −8.0 −1.1
FDM data are written in bold to highlight the results of the presented manuscript with respect to experimental and literature data.
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4. Conclusions

Tis article presents a novel 2D fnite diference method
model with an attenuation factor for structural health
monitoring of single lap Joints.

Te mathematical model is the Cauchy–Navier equation
of linear elasticity with variable Lamé moduli. Te corre-
sponding system of two partial diferential equations in two
unknown functions of time and two space coordinates was
solved using a novel fnite diference method (grid of nodes
and pseudonodes) for two thin plates connected by a glue
layer and excited by Lamb waves. Te presence of an overlap
zone with damage (debonding) was simulated by means of
a regular domain and a particular interaction between
pseudonodes at the boundary. Te numerical joint spectral
response was carefully investigated to relate the damage to
the signal content.

Fairly good experimental/numerical correlations were
found in terms of specifc frequencies for each value of
disbond and relative signal attenuation representative of the
damage. It is worth to remark the important role of the
approach based on the use of a singularity attenuation factor
in the processing of the pseudonodes on the obtuse (or re-
entrant) corners of the domain. Tis original method allows
to dampen the displacements at the points in which the
numerical method has a singularity that is not consistent
with the physical facts.

In our opinion, there are strong reasons that make the
method interesting.

(i) Te numerical domain of the SLJ problem has
a relatively simple geometry. Our custom code can
be implemented in any programming language with
minor changes. In particular, our code runs in
Octave, which is a free software emulator of the
Matlab language, with almost no change. Hence, we
avoid relying on expensive proprietary codes.

(ii) Te simplicity and low computational cost of the
proposed method make it particularly interesting
for future works (extension to 3D SHM model with
punctual damage): the proposed approach solves 2D
geometry (invariant behavior on the 3rd dimension).
In this way, the method solves a geometry with
endless damage, far from the actual scenario. An-
other point of interest is the further industrial ap-
plication (i.e., online SHM on working structures).

(iii) We plan to publish the code that we used to cal-
culate the solutions of the mathematical model in
a separate paper in order to make our results
completely accessible to the scientifc community.
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