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ARTICLE INFO ABSTRACT
Keywords: A new mathematical model for spheroidal droplet heating and evaporation is proposed. This
Spheroidal droplet model takes into account the effect of liquid finite thermal conductivity and is based on the
Heating previously obtained analytical solution for the vapour mass fraction at the droplet surface and
Evaporation . . . . . . .

. a new correlation for the convective heat transfer coefficient incorporated into the numerical
Mathematical model de. The h ‘ . in the liquid ph . Ived icall . he fini
COMSOL multiphysics code. The heat transfer equation in the liquid phase is solved numerically using the finite-

element heat transfer module of COMSOL Multiphysics. It is shown that the lifetime of spheroidal
(prolate and oblate) droplets is shorter than that of spherical droplets of the same volume. The
difference in the lifetimes of spheroidal and spherical droplets, predicted by the new model, is
shown to increase with increasing aspect ratios for prolate droplets and decreasing aspect ratios
for oblate droplets. As in the case of stationary spherical droplets, the d?-law is shown to be
valid for spheroidal droplets after the completion of the heat-up period. The predictions of this
model agree with experimental observations. The duration of the heat-up period is shown to
decrease with increasing aspect ratios for prolate droplets and decreasing aspect ratios for oblate
droplets. The maximal surface temperatures are predicted near the regions where the surface
curvature is maximal. The aspect ratios are shown to be weak functions of time, in agreement
with experimental observations.

Couples solution

1. Introduction

The majority of the models of droplet evaporation and heating developed so far have assumed that droplets are spherical although
in many industrial applications this assumption is not valid [1]. Non-spherical droplets are commonly observed in internal combus-
tion engine sprays [2,3]. It is not feasible to develop a model for evaporation and heating of droplets of arbitrary shapes except
by using direct numerical simulations [4,5], the application of which for practical engineering problems is limited. They cannot be
incorporated in in-house or commercial CFD (Computational Fluid Dynamics) codes [6]. Also, these simulations of a complex process
such as droplet evaporation do not always help to understand the physics of the individual processes, since overlapping of many
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Nomenclature
English symbols we function defined by Expression (7).............. -
4 parameter defined by Expression (3). .. ........ m X, Y, 2 Cartesian .coord1nates .......................... m
A area m2 Y, mass fraction of vapour......................... -
a,(a,) radial (axial) droplet semi-axes................ m Greek symbols
By, Spalding mass transfer number................. -
¢ specific heat capacity ................... J/(kg K) « a =1 (prolate) ,Or a=2 (oblate? """"""""" )
D diffusion coefficient m2/s B,y parameters defined by Expressions (29) and (30) -
7 function defined by Expression (22) ............ ] € as;.)ec.tratlo..... ................................. -
G In(1—Y,) ) S elliptical coordinates....................c.ooe m
) e e e ) .
g, parameter defined by Expression (5)............ } 0 sphe?lcal coordinate.............ooeiiiiinin.. rr31
h local convective heat transfer coefficient p density ... S kg/m2
(non-uniform surface temperature) .... W/(m2K) o surface tension...........coveiiiinneenn... kg/s
h, convective heat transfer coefficient (uniform Subscripts
surface temperature) .................. W/(m? K) .
k thermal conductivity ................... W/(m K) a air .
Le Lewis number ) cor correlation
M molar mass................oooiii kg/kmole d droplet .
my droplet Tass......covvveeeeeiniiieeeannnnn.. kg ev evaporation
iy droplet evaporation rate.................... kg/s eff effective
m!! mass evaporation flux.................. kg/(m?s) f fuel
P A Ut Pa g gas
ey heat flux due to evaporation .............. W/m? ! liquid
q heat fluxX....ovvvee e, W/m? max maximum
r spherical coordinate................cooviinn.n. m n normal component
Ry effective radius............ooooiiiiiiiiiiil m hum numerical
Ry, dropletradius.............oooiviiiiiiiiiinn. m r radial component
1 HINE . .t s S surface
T EEIMPEIALULE . ..\ \vveeeeeeeeeeeeeeeeeeeeeeeennss K T total
ty characteristic time of diffusion................. s sat saturated
t, characteristic time of evaporation.............. s v vapour
t, characteristic time of oscillation................ s z axial component
v velocity of the recession of a surface......... m/s 0 initial state
WO” function defined by Expression (6).............. - oo ambient condition

phenomena in most cases hides the importance of each single one. The importance of each phenomenon can be better understood
when the others are switched off, as is the case in relatively simple models like the one that is the focus of this paper. In most simple
models of this kind, it has been assumed that non-sphericity of droplets can be approximated by oblate or prolate spheroids.

Niven [7] was the first (to the best of our knowledge) to solve analytically the heat transfer equation in a spheroid, 143 years ago.
Complementary analytical solutions to this equation for steady state temperature distribution near a prolate spheroid were presented
in [8].

These approaches, however, were focused on the problem of the heating of spheroidal bodies and their direct application to the
investigation of droplet evaporation and heating is limited. Grow [9] seems to have been the first to solve the problem of mass and
heat transfer near spheroidal particles, using the assumption of their zero relative velocities. The key limitation of her analysis is that
both heat and mass transfer equations were presented as Laplace equations, which are valid only when the effects of the Stefan flow
from the particle surfaces are not considered. The effects of this flow were described using the analytical solutions to the heat and
mass transfer equations in the gas phase near a spheroidal droplet by Tonini and Cossali [10]. The key assumption of their analysis
was that there is no temperature gradient along the droplet surface. They assumed that evaporation does not affect the droplet’s
spheroidal shape.

A problem of spheroidal droplet evaporation and heating, as in [10], was considered in [11]. Li and Zhang [11] focused on the
gas phase species conservation equation. Similarly to [10], they used the assumption of infinitely large liquid thermal conductivity.
Contrary to [10], in [11] the relative velocities of droplets were taken into account, assuming that the dependencies of the Sherwood
and Nusselt numbers on the Schmidt, Prandtl and Reynolds numbers are not affected by droplet eccentricities. Li and Zhang [11]
considered the dependencies of droplet temperatures and sizes on time, focusing on oblate droplets.

Zubkov et al. [12] generalised the model developed in [10] to consider the contribution of finite liquid thermal conductivity.
Their analysis used a combination of the analytical gas phase model described in [10] and the numerical analysis of the heat transfer
process in the liquid. We call this model semi-analytical. The model presented in [12] assumed that the droplets are close to spherical.
The temperature gradient in the direction along the droplet surface was assumed to be small compared to that in the direction normal
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to this surface. These assumptions limit the applicability of this model to practical engineering applications and are relaxed in the
new model, the results of the development of which are presented in Section 2.

The new model described in the current paper uses the gas phase model described by Tonini and Cossali [13] and the numerical
solution to the heat conduction equation in the liquid phase using the boundary conditions inferred from the model presented in
[13]. Thus, we refer to the new model as semi-analytical as in the case of the model presented in [12]. In contrast to [13], no
restrictions are imposed on the values of the liquid thermal conductivity. In contrast to Ref. [12], no restrictions are imposed on
the eccentricity of the spheroid and the gradients of vapour mass fractions and temperature along the surface of the spheroid. Thus,
we can consider the new model to be a generalisation of the previously developed semi-analytical models of spheroidal droplet
evaporation and heating. The lack of restrictions imposed in the previously described models makes the new model particularly
attractive for practical engineering applications.

We need to emphasise that no attempts to generalise the analytical solution obtained in [7] have been made since the publication
of [7], to the best of our knowledge. The solution obtained in [7] cannot be used in our analysis as this solution is based on uniform
Dirichlet boundary conditions and does not consider the effects of non-uniformity of droplet surface temperature on which the
present paper is focused.

The details of the new model are described in Section 2. Section 3 focuses on the solution procedure. The predictions of the new
model are verified in Section 4. In Section 5 the predictions of the new model for a wide range of input parameters are investigated.
The validation of the new model is discussed in Section 6. The key findings of the paper are summarised in Section 7.

2. Mathematical model

The mathematical model used in our analysis is based on the modified and extended version of the gas phase model of mass/heat
transfer from/to spheroidal droplets described in [13]. The predictions of the gas phase model, described in Section 2.1 will be used
as the boundary conditions for the liquid phase model described in Section 2.2.
2.1. Gas phase model

The model described in [13] is based on the assumption that all processes are quasi-steady-state and all transport and thermo-

dynamic properties are constant during each timestep (they can change from one timestep to another). The problem was solved in
spheroidal coordinates defined as [14]:

x=aV\{2—-1V1-n2cosp; y=aV&2—-1vy1-n?sing;

z=aln (prolate) (D
x=aV{2+1V1-n2cosp; y=aVi2+1V1—-n2sing;
z=aly (oblate). 2

The coordinate space is limited as

1<f{<o0; —1Zn<Ll; 0LZ@<L2rx

for prolate spheroids and

0<f{<o0; —-1<9n<l; 0L@<L2rx

for oblate spheroids.

A schematic presentation of spheroidal coordinate systems for prolate and oblate spheroids is shown in Fig. 1.

The surfaces ¢ =const are prolate spheroids (for the prolate spheroidal system) or oblate spheroids (for the oblate spheroidal
system); the surfaces n = const are hyperboloids and the surfaces ¢ =const are half planes passing by the z-axis. In both cases the
droplet surface can be fitted into an iso-coordinate surface by defining it as £ =¢,.

Formulae (1) and (2) reduce to the spherical coordinate system when # =cos® and ¢ = V/r2 + 1 (prolate) or { = Vr? — 1 (oblate),
where r=14/x2+y2> 1.

Introducing R, as the radius of a sphere which has the same volume as the spheroid (effective radius), parameter a can be
estimated as:

‘1 e )1 /2
a=R, T s 3
where € = Z—i (aspect ratio), a, and a, are radial and axial droplet semi-axes.
The analytical solution to the vapour mass conservation equation in these coordinate systems was presented as [13]:
0
G=g Wy )+ Y, &P, (W) + Gy ©)

n=1
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-

Fig. 1. A schematic presentation of spheroidal coordinate systems for prolate (left) and oblate (right) spheroids.

where
1
o =/ G (1) P, (m)dn ;
-1
In &=t
3 ncpr—ll a = 1; prolate
we@y =4  midg .
0 1 a:ctangg;—”/z
2wetan(g) 22 *T 2; oblate
2n+1 0,(0)
= oy a=1; prolat
W)= s 21 QQ"((CE)) a prolate ;
n n+ , (0 A
2 0,(i%) a =2;oblate,
G=In(1-Y,) .

(Y, is the mass fraction of vapour), P, are the Legendre polynomials, and O, are the Legendre functions of the second kind of integer
degree and zero order. P, and Q, can be calculated as [14]:

o d[(2-1)]
TR ©
k=n
_1 l+x P (0P, (x)
0,= b (1) - F BB (o, o

The conditions at the droplet surface and at infinity

G(¢=Cpn)=G,(); G =00,m=GCy an
allowed Tonini and Cossali [13] to obtain the coefficients g, and the constant G.,. The value of G at infinity was assumed to be

constant since the vapour mass fraction is considered uniformly distributed at an infinite distance from the droplet. Note that

Pv,sat (Ts (l’])) MU (12)
(TS (’7)) (Mu - Ma) +PrM,

G,(m=In|1-
s (m) n< 7

v,sat
where M, and M, are molar masses of vapour and air, Py is the total pressure of the mixture of air and vapour.

Following [13], six terms in the series in (4) were used in our analysis as a compromise between an acceptable accuracy in
reproducing the surface distribution of the function G and relatively low computational costs.

The components of the mass fluxes are estimated as:

1 0G 1 s
W =pDg—— L = D —— | o W) + E WPy (W) 13
My =P ]()\/gE o p 10\/@ |:g() 0 © n=1g () (C):|
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LN, g
=pD)y—— WPl W , 14)
p 10\/% [Zg (m (C)]

. 1 090G
m;/ ) = leO
/8y 0N

where

5 42_’12 ) 5 4:2_;,]2 ) at
& =4a 1— 72 > 8 =4 2_1)’ profate

2,2 2,2
26 +n 2 (8 +n
=a ; =a ;  oblate
S ( e > s <42+1 )

W, % (&) and P, (n) are the derivatives of W (¢) and P, () with respect to their independent variable.

Note that at the surface of the droplet ¢ = ¢, only the component /) o (mass flux normal to the droplet surface) contributes to
the evaporation process.

Unfortunately, Tonini and Cossali [13] were not able to obtain analytical expressions similar to (13) and (14) for heat fluxes. In

what follows, approximate expressions for these fluxes, to be used in our analysis, are obtained.
If the surface temperature is uniform, then the heat transfer coefficient, s, can be calculated analytically [13]:

-z dw
mon = 5 (5= 2) ()
" he(m) \ 1-e~2 4 Je=g (15)
z - 1mn (ﬂ)
Le -y, )’
where Le is the gas Lewis number, W' is defined by Expression (6).

Expression (15) is identical to Expression (14) of [12].
This expression allows us to estimate the heat flux reaching an element of the droplet as

n=1

=T, ~T,). (16)

where T, and T, are ambient gas and droplet surface temperatures, respectively; 4 is the local convective heat transfer coefficient
for non-uniform temperature distribution at the droplet surface.
Our approach to estimation of the local values of 4 in the case of non-uniform surface temperature is based on the approximation
of the results of numerical estimation of this parameter, presented in [13]. Tonini and Cossali [13] introduced the parameter
h—h,
A= —, 17
h

u

where i = 2hRyq [kgs h, =2h,Ry/ kg, Ry is the initial droplet equivalent radius (radius of a sphere with a volume equal to that of a
spheroid), k, is the thermal conductivity of a mixture of air and vapour.

A for a given species (n-dodecane) depends on 7, ¢, T, (the average surface temperature), and T, (see Figures 6, 8, 10 and 11 of
[13]). As follows from Figure 9 of Ref. [13], A is proportional to AT,,, (the maximal variation of the temperature on the droplet
surface). Thus we can write:

A=g (71769 Tx’Too) ATmux a8)
or

i ,

W= 1+ g (n.6.T,.Ty,) ATy (19

u

In [13] the temperature distribution was chosen to satisfy the conditions

[T(m=1)—T (n=0)| = AT (20)
<0_T> -0 T("=l)+T(”=O):TS‘ 21)
on /), 2
Let us introduce the new function
fi=1=1 (22)
n= .
! ATmax
We look for the following approximation of f;(n):
S =an*+bi* +c. (23)
Only even powers of # were used in (23) to satisfy the symmetry condition at the droplet equator (7 =0).
It follows from Equations (20) and (21) that a=2¢, b=—-2a and ¢ = %, where Ty=T(n=0)and T, =T(n=1).
The dependence of g (1,¢,T,T,,) on y is presented as
g(neT.To) =aV (e.T,.T) f1 (). 4
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|=

This leads to the following presentation of P

<

h -
— =1+ (X(l) (£9TS"TOO> fl (”)ATmax

u

=1+aW (e,T,.T,,) (T) = T,). (25)

=

The following procedure is suggested for finding oV (¢,T;,T,,) in Correlation (25). Considering the case shown in Figure 8a of
[13] (T, =380K and T,, = 700K), we can use the power law interpolation of the curves shown in this figure:

A, (€,380,700) = BAT, e (26)
Remembering that | f|| <0.5, Equations (18) and (24) allow us to write
A 1

ATﬂ =8 (7]0’5’ Ts’Too) = Ea(l) (E’ T.?’Too) . (27)

max

From (26) and (27) it follows that

oV (e, T, T ) = p (T, Ty ) 7 (). 28)

rhsr T oo §*7 00
Functions 8 (T,,T,,) and y (T,T,,) are found by interpolating the data shown in Figures 10 and 11 of [13]:
¥ (Ty. Ty ) = 0.849 — 1.5 x 1077, — 1.4 X 107 T, (29)
B (T, Ty) ==0.0377 = 1.62x 10T, + 1.64 x 10747, (30)

where all temperatures are in K.
This leads to the final correlation

|=

=14+ (T, Ty, ) e 7 ToTo) (T () = T . (31)

=

Correlation (31) is used to find the local heat transfer coefficient / as a function of izu. This correlation shows an explicit
dependence of the heat transfer coefficient on the local surface temperature, inferred from the numerical results presented in [13].
The results presented in [13] for n-dodecane prolate and oblate droplets evaporating in air at various operating conditions are

used to obtain the coefficients in Egs. (29) and (30). Fig. 2 shows a comparison between the numerical results (i) and the
num

u

values predicted by Correlation (31) ((hi) ) for prolate and oblate droplets. The maximal discrepancy between the numerical

u / cor

data presented in [13] and the predictions using Correlation (31) was found to be 4.2%. Note that different conditions for which
numerical data were obtained may yield different coefficients in Equations (29) and (30). Also, different correlation selections may
yield different levels of agreement with numerical data. We need to emphasise that the aim of the present investigation is to show
the applicability of the new approach to the analysis of the effect of non-uniform surface temperature, rather than to demonstrate
the validity of the proposed correlation.

2.2. Liquid phase model

The analytical solution to the vapour mass transfer equation and the correlation for the heat transfer in the gas phase around a
spheroidal droplet, described in Section 2.1, were used as boundary conditions for the heat transfer equation in the liquid phase.
The temperature gradients inside the droplet and at its surface, and the changes in their shape during the heating and evaporation
process, were considered, although the droplet was assumed to remain spheroidal. As in [12] the effects of droplet motion and surface
tension on droplet heating and evaporation were not considered. In contrast to [12] no specific restrictions on the eccentricity of the
spheroid were imposed in our analysis apart from the assumption that Correlation (31) is valid.

The following transient heat transfer equation in the liquid phase was solved numerically [12]:

oT
pi€; i V(k,VT)=0, (32)

where p,, k;, and ¢, are liquid density, thermal conductivity, and specific heat capacity, respectively.
Equation (32) was solved subject to the boundary condition

-k VT) =g, + MT, =T;) at  {=¢, (33)

where n is the unit vector normal to the droplet surface, ¢, is the latent heat of evaporation [6]. The convective heat transfer
coefficient h predicted by Correlation (31) was used.

The droplet evaporation was considered but not its thermal swelling. The droplet shape was recalculated at the end of each time
step assuming that the droplet remains spheroidal. For the case of isothermal droplets without internal flows or external forces this
was rigorously proven in [12]. In that case, the uniform Dirichlet boundary conditions yield a mono-dimensional solution to the
species and energy conservation equations in spheroidal coordinates. The latter also ensured the constancy of the droplet aspect
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117 Prolate 1

0.7 L . . . L

0.7 0.8 0.9 R R 1.1 1.2 1.3
(h/hu)num

11F Oblate o o 1

( ;7/ hu) cor

08} °o~ o :

07 " . . L L
0.7 0.8 0.9 1 1.1 1.2 1.3

(il/ilu )num

Fig. 2. Comparison between the numerical results ((i ) ) and the values given by Correlation (31) ((
num

h
hy h

T) ) for prolate (top) and oblate (bottom) droplets.

ratio. The changes in the size of the droplet perpendicular to and along the z-axis over time follow from the following expressions
[12]:

dn=-+ . dm=-t D) 34)
u=rm/2 i u=0

dniy . .
where ¢ is the evaporation mass flux.
The following initial conditions were used

a,(0)=a,,, a,(0)=ay,. (35)

The vapour density and temperature at the droplet surface were linked by the ideal gas law. p,, was assumed equal to zero.
The normal component of velocity of the surface of the evaporating droplet v, was estimated as [12]:

v, =Uv.n,+ U0, (36)

v,=r(r*d./a} + 2d.[a)), v,=z2(d./a} + 22d.[a)), 37

nr=l‘/a% /r2/0f+22/a‘;, nZ:z/a§\/r2/0f+Zz/lI§. (38)

Note typos in Expressions (29)-(30) of [12].
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Fig. 3. The geometry (1) and mesh (2) used for numerical simulations: (a) — prolate (¢ = 1.5) and (b) — oblate (¢ =2/3) spheroids. The model is axisymmetric around
the vertical axis (the dotted-dashed line). Mesh parameters: maximum element size 7.4 X 10~ m, minimum element size 2.5 x 10~ m, maximum element growth rate
1.25, curvature factor 0.01. Fine mesh was used near the droplet surfaces.

The contribution of natural convection and the Marangoni effect (see [15] and the references in this paper) are not considered.
The temperature dependence of all transport and thermodynamic properties was considered in numerical simulations using our new
model.

The key assumptions of the model described in our paper are similar to those used in [17-19] which considered a different
problem of droplet evaporation on a substrate. The key difference in our approaches is that the authors of [17-19] based their
investigation on purely numerical analysis of the conservation equations, while a combined analytical/numerical analysis is used in
this paper.

3. Solution procedure

Equations (32)-(34) were solved numerically using the finite-element heat transfer module of COMSOL Multiphysics. It was
assumed that the droplet remains axisymmetric. Approximations of key thermodynamic and transport properties of air, liquid and
vapour n-dodecane are presented in Table 1. All droplet properties were recalculated at the ends of the time steps for updated average
droplet temperatures.

The computational geometry and mesh domains are shown in Fig. 3a for prolate (¢ = 1.5) and Fig. 3b for oblate (¢ =2/3)
spheroids. A deformed geometry with mesh smoothing type Yeoh was used. The stiffening factor was 10, and a prescribed normal
mesh velocity type was used to describe the moving interface due to evaporation effects. As a result, the droplet surface was allowed
to move to optimise the droplet shapes. Automatic remeshing was used to control mesh quality at deformed geometry.

It was ensured that the solutions remained unaffected by the mesh size and time steps below certain minimal values were
used. The minimum element quality, element area ratio, and grid element convergence index (GCI) were evaluated for four grids
with initial numbers of cells ranging from 554 to 27,491. The calculation of the GCI was based on the procedure for estimation
of uncertainty due to discretisation described in [20]. The grid with initial number of cells equal to 4528 was used for calcula-
tions.

The calculations were performed on a quad-core PC (3.4 GHz Intel Core i5-3570 CPU, 32 GB, 64K L1 cache, 1 MB L2 cache).
Typical computation times were in the range 5 to 100 minutes. For example, the computational time for the case of an n-dodecane
droplet with Ry, =10 pm, £ = 1.5, P, =30 bar, T, =700 K, T;, = 300 K was 34 minutes.
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Fig. 4. Plots of spherical droplet radii R, (a) and surface temperatures T, (b) versus time predicted by the model described in this paper (1), in-house MATLAB code
(2) and the model developed by Zubkov et al. [12] (3) for the input parameters described in Section 4.

4. Verification of the results

To verify the results of calculations we considered an n-dodecane droplet with initial radius 10 um and initial temperature 300
K placed in air at temperature 700 K and pressure 30 bar. Note that Correlation (31) was obtained for atmospheric pressure. It was
not, however, used in the verification procedure, in which the droplet was assumed to be spherical. Thermodynamic and transport
properties of liquid and vapour n-dodecane and air are presented in Appendix A.

Verification of the results was based on a comparison between the predictions of the code in the limiting case of a spherical
droplet, the predictions of the MATLAB code specifically developed for spherical droplets, and the predictions of the code for
spheroidal droplets (close to spherical droplets), developed by Zubkov et al. [12] in the limiting case of spherical droplets. The
results of the comparison between the predictions of these three codes are presented in Fig. 4. As can be seen in this figure, the
predictions of all three codes almost coincide within the accuracy of plotting. The differences between the results are less than about
1%. These differences are comparable with the expected errors in calculations using any of these codes. This allows us to conclude
that the COMSOL predictions are verified for the limiting case of spherical droplets.
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Fig. 5. Plots of effective droplet radii versus time for the same input parameters as in Section 4 predicted by the in-house MATLAB code for a spherical droplet (1),
the model described in [12] for a spheroidal droplet with £ = 1.5 (2) and € =2/3 (3), the new model for a spheroidal droplet with e =1.5 (4) and £ =2/3 (5).

5. A parametric study

As shown in the previous section, for spherical droplets the predictions of the models described in [12] and in the current paper
coincide as expected. We would not expect to see such agreement between the prediction of the current model and the model in [12]
for spheroidal droplets. This is because the model in [12] is based on the assumption that the temperature gradients along droplet
surfaces are much smaller than those perpendicular to these surfaces. It was not possible to quantify the errors introduced by the
model in [12] in the case when the gradients of this temperature along the droplet surface are small but not equal to zero. The
estimation of these errors only became possible based upon direct comparison between the predictions of the model in [12] and the
model described in this paper which does not make the above-mentioned assumption.

Plots of effective droplet radii versus time for the same input parameters as in Section 4 predicted by the model described in [12]
for spheroidal droplets with € = 1.5 and £ = 2/3, and the new model for the same droplets, are shown in Fig. 5. The same figure shows
the plot of droplet radius versus time for a spherical droplet predicted by the MATLAB code. As can be seen from this figure, both the
model described in [12] and the present model predict shorter evaporation times for spheroidal (both prolate and oblate) droplets
than for spherical droplets with the same volume. At the same time, the present model predicts faster spheroidal droplet evaporation
compared with that predicted by Zubkov et al. [12]. This clearly demonstrates the limitations of the model described in [12]. The
latter model can be used for qualitative analysis of the effect of non-sphericity on droplet heating and evaporation but not for its
quantitative analysis in the general case. Note that the curves predicted in [12] for prolate and oblate droplets almost coincide.

In what follows in this section the focus will be on the parametric study of the predictions of the new model.

Temperature profiles in prolate and oblate droplets at four time instants for the same parameters as in Fig. 5 are shown in Fig. 6.
As follows from Fig. 6, the maximal temperatures at the droplet surfaces are predicted in the regions of maximal curvature (poles in
prolate droplets and equators in oblate droplets). In [10] it was shown that the heat and mass fluxes on the surface of a spheroidal
droplet are proportional to the fourth root of the surface Gaussian curvature. This means that, in the case of a droplet exposed to
a hot environment, the region with the highest curvature is expected to reach the highest liquid temperature and vice versa. This
agrees with the prediction of the model described in [12]. In both cases shown in Fig. 6 the difference between the surface and
central temperatures can be clearly seen until the late stages of droplet evaporation, although this difference decreases with time.

Plots of ¢, absolute values of the temperature difference at the equator and the pole, and the ratios a/,/a/ versus time for prolate
(with initial € = 1.5 and € = 2) and oblate (with initial e =2/3 and & = 1/3) droplets are presented in Fig. 7.

As can be seen in Fig. 7a, ¢ for prolate spheroidal droplets slowly decreases with time, while that for oblate spheroidal droplets
slowly increases with time. This means that the shapes of both prolate and oblate droplets become more spherical. This result is
consistent with the one predicted by Zubkov et al. [12], although the speeds of these processes were slower compared with the
predictions of [12].

As follows from Fig. 7b, for both prolate and oblate droplets the values of AT initially increase with time, reach maximal values
and then decrease with time until AT becomes close to zero at times close to 4 ms. The initial increase in temperature difference
between poles and equator is due to the already mentioned differences in the heat fluxes due to the different surface curvatures.
Then the internal heat transfer due to finite liquid thermal conductivity leads to a reduction in these differences. This result is also
consistent with the prediction of the model in [12] except that the latter model predicted finite AT until the final stage of droplet
evaporation at ¢ close to 5 ms.

Fig. 7c shows that o/ /a/ for the prolate droplet initially increases with time, reaches the maximal value and then decreases with
time. For the oblate droplet the same figure shows that o/ /a/ initially decreases with time, reaches the minimal value and then
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Fig. 6. Temperature profiles in a prolate (¢ = 1.5) (a) and oblate (¢ =2/3) droplets at four time instants for the same parameters as in Fig. 5.

increases with time. These results are consistent with those described by Zubkov et al. [12] although the numerical values of this
ratio predicted by both models at specific time instants were slightly different.

Plots of effective droplet radii versus time for prolate and oblate droplets with various ¢ and the same input parameters as in
Figs. 5-7 are shown in Fig. 8. As follows from this figure, increasing ¢ for prolate droplets and a reduction in this parameter for oblate
droplets lead to an increase in droplet evaporation speed. This is an expected result as in both cases the surface areas of droplets
with the same volume increase and the local Gaussian curvature becomes non-uniform in both cases; these two effects lead to the
intensification of droplet evaporation [10].

The results for large and small values of £ shown in this figure could not be obtained using the model described in [12] as in
these cases the values of the temperature gradients along the droplet surfaces are expected to be comparable with these gradients in
the direction perpendicular to the droplet surface.

Plots similar to those presented in Fig. 8 but for (R,/ Rdo)2 versus time are shown in Fig. 9. As can be clearly seen from Fig. 9,

except during the initial stage of the droplet heating and evaporation processes (heat-up period), (R, /Rdo)2 linearly decreases with
time for both spherical and non-spherical droplets. This shows that the non-sphericity of droplets does not affect the validity of the
well-known d2-law for stationary or slowly moving droplets (for fast moving droplets this law turns into the 1.5 power law [16]). At
the same time it follows from Fig. 9 that non-sphericity of droplets strongly affects the duration of the heat-up period. This period is
substantially shorter for droplets with small and large aspect ratios compared with spherical droplets.

Plots of average heating rate and mass evaporation flux of droplets versus time for the same input parameters as in Fig. 9 for
prolate and oblate spheroids, and for a sphere, are presented in Fig. 10. The average mass evaporation presented in Fig. 10 was
calculated as

ml = () + (),

where subscripts r and z refer to radial and axial directions, respectively.

As can be seen from this figure, the heating rates of both prolate and oblate spheroids are larger than that for a sphere at the
beginning of the process and smaller than that for a sphere at the end of the process. In all cases the mass evaporation fluxes of both
prolate and oblate spheroids are larger than that for a sphere. The decrease in the heating rate with time for both spheroidal and
spherical droplets is attributed to the rise in average droplet surface temperatures with time. The higher heating rate of spheroidal
droplets compared with spherical ones at the initial stage of the heating process is linked with the higher than average surface
temperature rise near the poles for prolate droplets and equators for oblate droplets. Then the temperatures at the poles and equators
of spheroidal droplets start to level, and by about 1.2 ms the temperature gradient along the droplet surfaces reduces to less than
5 K/um. At this time instant the heating rates of spheroidal and spherical droplets are equal. The fact that at longer times dT'/dt
becomes smaller for spheroidal droplets than for spherical is linked with the fact that at these times the average evaporation flux
from spheroidal droplets is noticeably larger than that from spherical droplets.

6. Validation of the model
It has not been easy to perform the experimental validation of the results predicted by our new model due to the rather restrictive
assumptions of the model (e.g. the assumption that the droplets retain their spheroidal shape, without oscillation). Among relatively

few sets of experimental data supporting our modelling results we can mention the observation by Al Zaitone [21] that the aspect
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£=15(2), e=3(3), £ =5 (4). (b) Oblate droplets with initial e =1 (1), e=2/3 (2), e=1/3 (3), e =1/5 (4.

ratio of levitated evaporating methanol oblate droplets remains almost constant (see their Figure 5). This is consistent with the
results presented in Fig. 7a. Also, Al Zaitone [21] observed that the d2-law for stationary droplets remains valid for spheroidal
droplets which is consistent with the results presented in Fig. 9.

The evaporation of steady-state oblate spheroidal droplets moving in a gas flow was observed by Pruppacher and Bear [22] and

Birouk and Fabbro [23]. We are not aware of any observations of evaporation of prolate spheroidal droplets. Note that the model in its
2

R
present form is not applicable to the analysis of oscillating droplets, unless the typical droplet heating and evaporation times (7, = D—”

Rzp
_mg __ R
and 1, = 5t = 5 a7 By)

[24,25] for the details).

In in-house experiments, specifically designed to validate the new model, evaporation of oblate kerosene droplets was investigated
at room temperature and atmospheric pressure. A coordinate mechanism was used to introduce the droplets into the registration area,
at the end of which was a nichrome wire holder of diameter 0.2 mm. A Finnpipette Novus electronic dispenser, with liquid intake
from 0.5 to 12.5 pl (with steps of 0.01 ul), was used to generate the droplets. Direct intake of liquid was carried out by special
interchangeable tips, which were equipped with electronic dispensers. The initial droplet volume was 5 +0.02 pl. The initial droplet
temperature was controlled by a thermocouple and maintained at 300+ 5 K. The experiments were performed at atmospheric pressure,
assumed to be equal to 101325 Pa; gas temperature was controlled by a thermocouple and maintained at 300 + 5 K. The registration

R3
) are much shorter than the droplet deformation time during the oscillation process <ta = %) (see
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Fig. 9. The same as in Fig. 8 but for (R‘,/Rdo)2 versus time.

area was illuminated by a Qantel ‘Evergreen 70’ pulsed solid-state Nd:YAG laser. The droplet evaporation processes were recorded
with the help of an ImperX IGV B2020M’ cross-correlation CCD video camera. Frame resolution was 2048 x 2048 pixels, interframe
delay was 1 s. The process of movement of the droplets from the place of their generation to the registration area took about 0.5 s at
a speed of 0.2 +0.05 m/s.

The video frames produced during the experiments were processed using specially developed MatLab software. The latter was
used to infer droplet sizes during their evaporation, from video images. Video frames showing the changes in the shapes of droplets
were transferred into avi format, and then into a sequence of 8-bit black and white images. In the following step the images were
binarised. The binarisation threshold was chosen individually for each series of experiments using Otsu’s method. The fill the gaps’
function was used to fill the empty areas formed due to light glare reflected from the surface of non-spherical droplets, and the holder
after the subtraction procedure. At the final stage, the number of pixels of the image occupied by a non-spherical and asymmetrical
droplet was determined, followed by calculation of the actual area occupied by this droplet. The equivalent radius was estimated
as the radius of a circle with an area equal to the actual area occupied by the droplet. Each experiment was repeated 3 times. The
systematic errors of measured droplet initial radii did not exceed 0.0035 mm. Random errors Ar were estimated as Ar = t(a,,n)S,
where S is the root squared deviation, and #(a,, n) is the Student’s coefficient. The latter depended on the number of measurements
n and confidence level a,, taken equal to 0.95. Total errors (random and systematic) of the measurements did not exceed +0.05 mm.

The observed normalised droplet radii squared ((R,/R,)?) and the ones predicted by the model for an oblate kerosene droplet
are compared in Fig. 11. Kerosene was approximated by n-decane. The properties of the n-decane were taken from [26]. Two values
of ¢ were considered in the modelling: € = 1 (droplet deformation was ignored) and & = 0.9 (actual value of ¢ for the droplets used in
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Fig. 10. Plots of average heating rate (d7'/dr) of prolate (¢ = 1.5) (1) and oblate (e =2/3) (2) spheroids, and for a sphere (e = 1) (3); mass evaporation flux (m') of
prolate (e = 1.5) (4) and oblate (¢ =2/3) (5) spheroids, and for a sphere (¢ = 1) (6) versus time for the same parameters as in Fig. 9.
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Fig. 11. Comparison of the results of numerical simulation and experimental data for oblate kerosene droplets with ¢ = 0.9: (1) — experimental data; (2) — model
prediction using the assumption that £ = 1; (3) — model prediction considering the actual value of £ =0.9.

the experiments). As can be seen from Fig. 11, the prediction of the model with £ = 0.9 is much closer to experimental results than
the prediction of the model with £ = 1. The agreement between the model prediction and experimental data when ¢ = 0.9 can be
considered satisfactory for the conditions of the experiment in which the droplet shapes are rather crudely approximated by those of
spheroids.

7. Conclusions

A new mathematical model for spheroidal droplet heating and evaporation is developed. The new model considers the effect
of liquid finite thermal conductivity and is applicable to a wide range of aspect ratios (eccentricities), provided that Correlation
(31) is valid. The model is based on the previously obtained analytical solution for the vapour mass fraction at the droplet surface
(Expression (4)) and Correlation (31) for the convective heat transfer coefficient incorporated into the numerical code. The heat
transfer equation in the liquid phase is solved numerically using the finite-element heat transfer module of COMSOL Multiphysics.

In the limiting case of spherical droplets the predictions of the new model are shown to coincide with the predictions of the
MATLAB code specifically developed for spherical droplets and the predictions of the code for spheroidal droplets (close to spherical
droplets), developed by Zubkov et al. [12] in the limiting case of spherical droplets.

It is shown that the lifetimes of spheroidal (prolate and oblate) droplets are shorter than those of spherical droplets of the same
volume, in agreement with the results presented in [12]. The difference in the lifetimes of spheroidal and spherical droplets, predicted
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Table 1
Approximation of transport and thermodynamic properties of fluids.

Parameter Approximation Unit
Py exp [8.1948 — 7.8099 (300/T,)
~9.0098 (300/7, )’ bar
Tt QT +T,)/3 K
Yier @Y, +Y,)/3 -
K, 0.1405 — 0.00022(T — 300) W/(m - K)
¢ 2.18 +0.0041(T — 300) KJ/(kg-K)
2
k, 0.0036+0.0252 (1t ) ~ 0.00189 ( L ) W/(m-K)
02979+ 1.4394 ( Lt ) +.0.1351 (B ) kJ/(kg-K)
Cpo . - 300 . 300 /(kg-
Py (Mopoa + My - (P = Pia)) / (R Tt kg/m?
L 37440 - (T, —Tor)"™ I/kg

by the new model, however, is shown to be larger than that predicted by Zubkov et al. [12]. This difference is shown to increase
with increasing aspect ratios for prolate droplets and decreasing aspect ratios for oblate droplets.

As in the case of stationary spherical droplets, the d?-law is shown to be valid for spheroidal droplets (both prolate and oblate)
after the completion of the heat-up period. This prediction of the model is shown to be consistent with experimental observations.
The duration of the heat-up period is shown to decrease with increasing aspect ratios for prolate droplets and decreasing aspect ratios
for oblate droplets.

The maximal surface temperatures are predicted near the regions where the surface curvature is maximal. The absolute values
of the difference between the droplet temperatures at the poles and equator are shown to increase initially. This is followed by a
decrease leading to homogeneous surface temperature at the final stage of droplet evaporation.

The aspect ratios are shown to be weak functions of time, in agreement with experimental observations.

The model validation was performed based on in-house experimental data for the evaporation of oblate kerosene droplets.
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Appendix A. Approximation of transport and thermodynamic properties of n-dodecane and air

Approximations of key thermodynamic and transport properties of air and of liquid and vapour n-dodecane are presented in
Table 1. Note that the expression for p, given in this table is valid at T < 0.997T,,. At higher temperatures it is approximated as [12]:

15(T, - 0.99TC,)]

Dsat ©XP [ 0-99Tcr

Since the effects of thermal swelling were not considered, the temperature dependence of liquid n-dodecane density was ignored.
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